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ON GENERATING SUBGROUPS OF THE MOEBIUS
GROUP BY PAIRS OF INFINITESIMAL

TRANSFORMATIONS

FRANKLIN LOWENTHAL

The Moebius group, i.e., the set of all transformations of
the form w = (az -f b)fccz + d), a,b, c and d complex numbers
such that ad — be Φ 0, and its connected subgroups have been
extensively studied. Its one-parameter subgroups are easily
determined; the subgroup generated by a pair of such one-para-
meter subgroups or by their infinitesimal transformations will
be defined in the usual manner. It is found that all except
one, to within an inner automorphism, of the connected sub-
groups of the Moebius group can be generated by an appro-
priate pair of infinitesimal transformations. Further it is
shown that the necessary and sufficient condition that a pair
of infinitesimal transformations generate the entire Moebius
group is that there is no Hermitian form that is left invariant
by both of them. Simple criteria are given to determine
whether a given pair of infinitesimal generators satisfy this
condition.

The infinitesimal transformations, i.e., elements of the Lie algebra,
of the Moebius group (denoted by H— Lie algebra—h) are quadratics:
az2 + 2bz + c, a, b and c complex constants. This means that the
one-parameter subgroups of H are the solutions of the differential
system:

(1) — = aw2 + 2bw + c , w(0, z) = z
CLΊ/

i.e., for each t, — °o < t < oo, w{t, z) is an element of H and the set
of all elements of H that are solutions of (1) form a one-parameter
subgroup. It can easily be shown that under the transformations
of the Lie algebra induced by inner automorphisms on the group,
the discriminant (b2 — ac) of the infinitesimal generator is an absolute
invariant. In case the discriminant is real, we can classify the
generators as follows: negative discriminant-elliptic; zeroparabolic;
positive-hyperbolic.

It is easily seen that H may be identified with the group of all
2 x 2 complex matrices having determinant equal to • +1, provided
that we identify the matrices A and — A, for one may always normalize
the transformation w — {az + b)/(cz + d) with ad — be Φ 0 so as to
make ad — be equal to + 1 .

The subgroup generated by a pair of infinitesimal transformations
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is defined to be the smallest topologically closed (with respect to H)
subgroup that contains the one-parameter subgroups generated by
each of the two infinitesimal transformations. Thus it consists of
all finite products of elements of each of the two one-parameter sub-
groups together with all nonsingular limits. It turns out that no
new transformations are obtained by taking nonsingular limits. This
can be seen as follows: the set of all finite products is an arcwise
connected subgroup of a Lie group and Yamabe [4] showed that this
implies that it is in fact a sub-Lie group. Malcev's theorem [3]
asserts that a connected sub-Lie group is closed if and only if it
contains the closure of each of its one-parameter subgroups, and it
is easily seen that all the one-parameter subgroups of the Moebius
group are closed. Therefore it follows that the subgroup of all finite
products must itself be closed.

The sub-Lie group generated by a pair of infinitesimal transfor-
mations has associated with it a subalgebra of h; this is called the
generated subalgebra—it is a linear space closed under the bracket
operation, which for h is given by:

dw

For connected Lie groups it is well known that if the generated
subalgebra is the entire Lie algebra, then the generated subgroup is
the whole group. Any split semisimple Lie algebra can be generated
by two elements [2], and since these conditions are satisfied by h, it
follows that some pair of infinitesimal transformations generate the
whole group H; Theorem 1 furnishes a criterion which tells whether
a pair of infinitesimal transformations does in fact generate the whole
group. Theorem 2 tells which connected subgroups of H can be
generated by a pair of infinitesimal transformations. It is of interest
to mention that for the real projective group on the real line, i.e.,
the set of all transformations of the form y = (ax + b)/(cx + d), a,b, c
and d all real and ad — be Φ 0, a pair of infinitesimal transformations
will generate the entire connected component of the identity if and
only if they have no common root.

The following is a list of all the connected subgroups of H to
within an inner automorphism, a result that can be established using
the theory of Lie algebras (cf. [1]).

(1) the whole group H — 6 dimensional;
( 2 ) w = az + β, a Φ 0, a, β arbitrary complex numbers—this is

the similarity group and is 4 dimensional; oo is the common fixed
point of all transformations of this subgroup;

(3) isometry group of the hyperbolic geometry—all Moebius
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transformations that take the unit circle into itself, interior going
into the interior—3 dimensional;

( 4 ) isometry group of the spherical geometry—all linear fractional
transformations which under stereographic projection correspond to
rotations of the Riemann sphere—3 dimensional;

( 5 ) w = az + β, I a I = 1—this is a 3 dimensional subgroup of
the similarity group which is just the isometries of the Euclidean
geometry;

( 6 ) w = e{1+bί)tz + 3, — o o < £ < o o , S arbitrary, b real, fixed—for
each b we obtain a 3 dimensional subgroup of the similarity group
(b = 0 yields w = az + 3, a > 0);

( 7 ) w — z + δ — 2 dimensional;
( 8 ) w — az + ί>, a > 0,6 real—2 dimensional;
( 9 ) w — Xz, X Φ 0 — 2 dimensional;
(10) the one-parameter subgroups.

The Hermitian form azz + bz + bz + c, a and c real, is said to
be invariant under the Moebius transformation w — (az + β)/(jz + δ),
aδ - βy Φ 0 if:

( 3) avow + few + bw + c — = — ( α ^ + bz + 62: + c) .
(72 + <5)(72 + d)

It is easily seen that if one introduces coordinates zl9 z2, wu and w2

by requiring w = {w^lw2, z = (z^jz2i then the above definition of in-
variance reduces to the familiar one. A one-parameter subgroup
w = Tt(z) with infinitesimal generator given by

^L = w = aw2 + 2βw + 7
dt

leaves the Hermitian form in (3) invariant if and only if for some
real d:

( 4 ) avow + awϊh + bw + bw = (αz + az + d)(azz + bz + bz + c)

(left side is evaluated at £ = 0—then w = z). This reduces to:

+ 2/92: + 7)2 + αa;(α52 + 2^i + 7) + b(az2 + 2βz + 7), 5 x

+ b(az2 + 2βz + 7) = (az + S5 + ώ)(α^ + 6z + 6^ + c) .

Given α, 6 and c, α and c real, this equation imposes conditions on
a, β and 7 and conversely.

Any Hermitian form azz + bz + 6^ + c is Hermitely congruent to
one of the following 3 forms:
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(a) zz + 1

( 6 ) (b) zz - 1

(c) 1

and hence it suffices to study only these forms.
One easily finds from (5) that zz + 1 is left invariant by infinitesimal

generators if and only if they are of the form: (dw/dt) = aw2 + 2ibw + a
where b is real—clearly this is an elliptic generator and further the
fixed points zuz2 satisfy zλz2 = — 1. zz — 1 is left invariant by:
(dw/dt) = aw2 + 2ίbw — a—clearly the discriminant must be real.
Finally 1 is left invariant if and only if α = 0, i.e., (dw/dt) = 2βwJr7.

One observes that every proper connected subgroup of H leaves
some Hermitian form invariant; the similarity subgroup (and all its
subgroups) leaves 1 invariant; the isometries of the hyperbolic geometry
leave zz — 1 invariant and the isometries of the spherical geometry
leave zz + 1 invariant. Clearly the whole group H does not leave
any Hermitian form invariant.

THEOREM 1. A pair of infinitesimal transformations generate
the whole group H if and only if there is no Hermitian form that
is left invariant by both of them.

REMARK. If a Hermitian form is left jointly invariant by both
generators, then the locus of points where the form is zero can be
considered a joint orbit of the generators—this is a real locus except
in the positive definite case and to within an inner automorphism the
real joint orbit is always either the unit circle or the point at infinity.

COROLLARY 1. If an infinitesimal transformation has discrim-
inant with nonzero imaginary part, then the subgroup generated by
it and any other infinitesimal generator equals H if and only if
they do not have a common fixed point.

Proof. The necessity of the condition is obvious; to prove the
sufficiency we note that if a proper subgroup is generated, then there
is a Hermitian form left invariant. Since one generator has discrim-
inant with nonzero imaginary part, it cannot leave the forms zz + 1
or zz — 1 invariant, and hence the Hermitian form left jointly invariant
may be assumed to be 1 so that oo must be a common fixed point.

A parabolic generator is determined by knowledge of its fixed
point and fixed line element; the roots of a parabolic generator are
defined as any two distinct points on this line element. If z0, z1 are
the fixed points of one infinitesimal transformation, w0, wγ of another,
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then the cross-ratio of these fixed points is the expression: (z^z^ wQ,wλ).

COROLLARY 2. Let e and rj be elements of h with real discrim-
inants and no common roots. Then if exactly one of them is elliptic,
the generated subgroup is equal to the whole group H if and only
if the absolute value of the cross-ratio of the fixed points is not equal
to unity. In all other cases H is generated if and only if this cross-
ratio is not real.

Proof. Suppose first that neither generator is elliptic and that
they have no common root but generate a proper subgroup of H.
Then clearly the Hermitian form zz — 1 or equivalently iz — iz may
be assumed to be left invariant by both generators, i.e., the real axis
may be assumed to be a joint orbit and hence all fixed points lie on
a line so that the cross-ratio is real.

If one generator is elliptic, the other not and there is no common
fixed point but a proper subgroup of H is generated, then we may
again assume that the real axis is a joint orbit. Thus the roots of
the elliptic generator are complex conjugates and those of the nonelliptic
generator are real. But \(a,b;z,z)\ = 1 provided a and b are real.

If both generators are elliptic without common fixed points but
generate a proper subgroup of H, then either zz + 1 or iz — iz may
be assumed to be left invariant. In the former case one knows that
the roots of each generator satisfy ztz2 = — 1 and one verifies that:
(z, ( — l)/z; w, ( — l)/w) is a negative number (z Φ w). Thus the fixed
points lie on a circle and interlace. In case the real axis is a joint
orbit, the roots of each generator are complex conjugates and one
verifies that (z, z; w, w) is a positive number (z Φ w). Thus the fixed
points are on a circle and separate.

The steps in each of the arguments above are reversible. For
example, if two elliptic generators with no common roots have a
negative cross-ratio for their roots, one can find a Moebius transfor-
mation that takes them into 0, oo and a, — (l)/α respectively for some
a (a not unique). The new generators will then both leave the
Hermitian form zz + 1 invariant.

Finally one is interested in what proper subgroups of H can be
generated by a pair of infinitesimal transformations.

THEOREM 2. All the connected subgroups of the Moebius group
can be generated by an appropriate pair of infinitesimal transfor-
mations, with one exception. The subgroup of H; w = az + β,
a > 0, β complex, a three dimensional subgroup, cannot be generated
by any pair of infinitesimal generators.
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Proof. One should refer to the list of connected subgroups of H
by number.

(1) The whole group H—already considered.
(2 ) The similarity group—let ε = iw,τ] = w + 1.

The subgroup generated by ε and η is just the similarity group, for
one observes that oo is a common fixed point of ε and η and a simple
calculation shows that the generated subgroup is an least four
dimensional.

(3) Isometry group of the hyperbolic geometry—take any two
elliptic generators whose roots lie on a circle and separate.

(4) Isometry group of the spherical geometry—take any two
elliptic generators whose roots lie on a circle and interlace.

(5) Isometry group of the Euclidean geometry—let ε = iw,η =
iw + 1. One observes that the generated subgroup is at most a three
dimensional subgroup of the similarity group and it is easily seen that
ε, Ύ] and [ε, rj\ are linearly independent over the reals.

( 6 ) w = e{1+bί)tz + δ, -oo < t < oo, δ arbitrary, b fixed—it is
assumed that b is not zero. Let ε = (1 + bi)w, η = (1 + bi)w + 1.
Verification is completely similar to the preceding case.

( 7) Translation group—let ε = 1, η = i.
(8) w = az + 6, a > 0, b real—let ε = w, η = 1.
( 9 ) w = Xz, λ Φ 0—let ε = w, η = iw.
It remains to prove that w = α2: + /3,α>0,/3 complex is not

generated by any pair of infinitesimal transformations. One observes
that the subalgebra of h associated with this subgroup has a basis
eλ = w, ε2 = 1, ε3 = i; one need only show that for any pair ε and rj of
the form:

( 7 ) ε = bjjo + b2 + bzί , η = cxw + c2 + czi

(all coefficients real), there exist real constants r and s such that

( 8 ) [ε, 7j] = re + sη .

But one finds that in fact:

( 9 ) [e,y] = *>j] - cfi .

This completes the proof of Theorem 2.

The author wishes to acknowledge his debt to the late Professor
Charles Loewner.
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