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ALMOST DIFFEOMORPHISMS OF MANIFOLDS
R. DE Sario

Let f: M*»— X* be a homotopy equivalence between two
closed, differentiable (of class C*) n-manifolds such that f
induces, from the stable normal bundle V.(X*) of X" in the
(n + k)-sphere S**%, a bundle over M” that is equivalent to the
stable normal bundle V,(M") of M* in S***, Then it is found
that the disjoint union XU M" bounds a differentiable (n+1)-
manifold W»*! with a retraction »: W»t! — X* such that the
restriction | M is equal to the given homotopy equivalence
f. Furthermore, let n = 2¢ — 1 or 2¢q, where ¢ = 3, and sup-
pose that X" is simply connected if » = 2¢ — 1, and that X»
is 2-connected if » = 2q. Then, if the restrictions of the
bundles 7*V(X*) and Vi(W»t!) to the (¢ — 1)-skeleton of W*!
are equivalent, where 7*V,(X") is the bundle induced by
r: Wrtt — X» and Vi(W»+!) is the stable normal bundle of W»*!
in S*** then M and X" are diffeomorphic up to a point. In
particular, //* and X* are homeomorphic.

It was S. P. Novikov who first gave sufficient conditions for
homotopically equivalent, closed, simply connected n-manifolds M* and
X™ to be homeomorphic, provided that » = 5. In this paper one of
his sufficient conditions is replaced by a weaker condition. The other
condition of Novikov is assumed here, namely that the given homotopy
equivalence f: M"— X" has the property that the induced bundle
f*V.(X™ is equivalent to V,.(M™).

The homeomorphism obtained here is actually an almost diffeomor-
phism (as was obtained by Novikov) in the following sense: an almost
diffeomorphism of closed n-manifolds M and X* is a homeomorphism
g: M"— X" that is a diffeomorphism except possibly at a single point.
For n =+ 3,4 this is equivalent to the statement that there is a
homotopy n-sphere V* such that M" is diffeomorphic to the connected
sum X"# V™. Of course Novikov’s conclusion is stronger than the
one obtained here in that he concludes that the homotopy #-sphere
V™ bounds a parallelizable manifold, which may not be the case here.
This is due to the fact that we have removed one of Novikov’s
conditions on the homotopy equivalence,

The reason for removing this condition is clear from the following
example, Let n =9 or 13 and let M™ be the tangent (n — 1)/2-sphere
bundle to the (n + 1)/2-sphere. Let X" be the connected sum of M*
with a homotopy n-sphere that does not bound a parallelizable manifold;
such homotopy n-spheres exist at least for n = 9, 13, and 15 (see [5]).
Then M"™ and X" have the same homotopy type (they are almost
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diffeomorphic) and have trivial stable normal bundles in a high dimen-
sional (n + k)-sphere S"**. But for any homotopy #n-sphere V™ that
bounds a parallelizable manifold, the manifolds M* and X"# V" are
never diffeomorphic (see [2]). A more trivial example of this would
be to take M™ = S™ the standard n-sphere, and to take X" to be a
homotopy n-sphere that does not bound a parallelizable manifold, say
for n =9, 13, or 15.

In other words, what is desired is a necessary and sufficient
condition for two closed n-manifolds M* and X" of the same homotopy
type to be almost diffeomorphic. A necessary condition is that there
exists a homotopy equivalence f: M*— X" such that f induces, from
the stable normal bundle of X" in S"**, a bundle over M" that is
equivalent to the stable normal bundle of M* in S*t*, This follows
immediately from the fact that homotopy n-spheres have trivial stable
normal bundles in S*** (i.e. they are m-manifolds). However, in general
this necessary condition does not appear to be sufficient, although it
is in fact a sufficient condition for almost diffeomorphism in either
one of the following two cases:

1. m =29 >4 and M" is (¢ — 1)-connected (see [6]).

2. m =29+ 1, where ¢ is even and M" is (¢ — 1)-connected and
stably parallelizable such that H,(M") is cyclic (see [2]).

In general the necessary condition above does imply the existence
of a cobordism between M™ and X" with a certain nice property.
Then in order to conclude that M and X" are almost diffeomorphic
we make an assumption about this cobordism. In all honesty, it must
be said that this assumption is really quite unsatisfactory at least
because it is not a necessary condition in general.

Differentiable (or smooth) will mean of class C* and all manifolds
are assumed to be differentiable, compact, and oriented (except as
noted).

1. The cobordism. For a space X and integer n = 0 there is
defined the n-dimensional unoriented bordism group M,(X) as developed
by Conner and Floyed [1]. The abelian group RN,(X) consists of bordism
classes [M™, ], of singular n-manifolds (M™, f), where M" is a closed
(possibly nonorientable) n-manifold and f: M" — X is a map.

Suppose that M™ and X" are closed n-manifolds and that /: M* —
X" is a map. Then the singular n-manifold (M", f) determines an
element [M", fl,e N, (X"). Now the identity map id: X" — X" also
determines an element [X",id],eN.(X™ and in general [M", /], #
[X", id],., However, Conner and Floyd [1] give a necessary and
sufficient condition for [M~, f], = [X", id], in terms of the so called
Whitney numbers of a map. If it is true that [M=®, f], = [X", id],,
then by definition there is a compact (n + 1)-manifold W™*!, possibly
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nonorientable, with boundary the disjoint union X" U M" and a map
r: Wt — X" such that | M” = f and r| X" is the identity on X".
That is, 7 is a retraction of W"*' onto X",

We have a map f: M"—X" of closed n-manifolds. Let y, € H,(M™; Z,)
be the fundamental class. Then for any v e H*(M"; Z,) there is defined
the Kronecker index <{v, pt,>€ Z,. Now let w, =1, w,, ---, w, denote
the Stiefel-Whitney classes of M". Choose any cohomology class
¢"e H~X"; Z,); then for any partition ¢ + --- +4, =n — m the
produet w;, « - - w;, f*(c™) lies in H"(M"; Z,) and hence {w;, -+ - w;, f*(c™),
t.o€Z, is defined. Following [1], this integer mod 2 is called a
Whitney number of the map f associated with c¢™e H™(X":. Z,). We
remark that the Whitney numbers are also defined when M" is non-
orientable in exactly the same way. There are also defined the
Whitney numbers of the map ¢d: X" — X". Now a result of [1, Th.
17.2, p. 47] asserts that [M", ], = [X", id], if and only if f: M — X"
and id: X" — X" have the same Whitney numbers.

NoraTioN. Let V,(X) denote the stable normal bundle of a
manifold X in euclidean space.

LeMMA 1. Let f: M™— X" be a homotopy equivalence such that
the induced bundle f*V,(X") is equivalent to V,.(M"). Then there
is an (n + 1)-manifold W™ with boundary the disjoint union
X*U M" and a retraction r: W — X" such that »| M"™ = f.

Proof. Since f*V.(X") is equivalent to V,(M"), f induces the
stable tangent bundle of M™ from the stable tangent bundle of X".
Hence by the naturality of the Stiefel-Whitney classes we have

JH;) = w; ,

where ), is the i-th Stiefel-Whitney class of X". By previous remarks
it is sufficient to show that f: M* — X" and ¢d: X — X" have the same
Whitney numbers, as follows. If p,e H(M™; Z,) and f,e H (X" Z,)
are the fundamental classes, then

since f is a homotopy equivalence and hence, given c¢™ec H™(X"; Z,)
and ¢, + --+ + 4, = » — m, we have

<wi1 “ee wikf*(cm), /’tn> = <w11 oo wikc
= <77)11 e wikcmr /’en>

as desired.
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2. The condition.

THEOREM. Let f: M™— X™ be a homotopy equivalence of simply
connected, closed n-manifolds such that f*V,(X™) 1is equivalent to
V.(M™). Then:

(a) The disjoint union M"™ U X" bounds an (n + 1)-manifold
W+ with a retraction r: W — X" such that r| M" = f.

(b) Let r: W' — X" be as in (a) and suppose that the restric-
tions of the bundles r*V (X™) and V (W) to the [(n — 1)/2]-skeleton
of Wt are equivalent. Then M" and X" are almost diffeomorphic
for m =5, provided that X" is 2-connected when n s even.

REMARK. Here [x], where z is a real number, denotes the greatest
integer less than or equal to . Furthermore, if H,(X") has torsion
consisting entirely of elements of order two, then, by considering the
Pontrjagin numbers of the map f: M — X" (cf. [1, p. 48]), we may
apply [1, Th. 17.5, p. 49] to conclude that the manifold W"*! of Lemma
1 (and hence of (a) in the theorem) may be taken to be orientable;
hence by application of the method of Browder and Novikov as employed
in the following proof, the manifold W"*' of (a) in the theorem may
be taken to be simply connected.

Proof. For convenience write » =29 — 1 or 2¢,q = 3. In the
first place if »*V,(X™) is equivalent to V,(W"*'), then it can be shown
that this condition is equivalent to the condition of Novikov and hence
it follows from the theorem of Novikov that M™ and X" are almost
diffeomorphic. However, the assumptions made here are sufficient to
insure that we may apply the technique of Browder and Novikov (see
[6] or [8]) to kill the kernel (which is finitely generated at each stage)
of r.: (W) — m(X") in dimensions ¢ < g by spherical modifications
of W', It is only necessary to check that each element in the kernel
of r, for 4 < q is represented by a smooth embedding S‘ — W*** with
trivial normal bundle. The existence of the embedding is due to
Whitney-Haefliger (since # + 1 > 27 + 1 for 4 < q) and the fact that
it has trivial normal bundle follows from an argument similar to one
due to Milnor [7, Th. 3] (the assumption concerning the (¢ — 1)-skeleton
of W=+ plays a role here to conclude that »*V, (X" and V (W="*)
are equivalent when restricted to an open submanifold of W=+ that
contains the (¢ — 1)-skeleton of W™"*!). Hence we may assume that
Ty: T( W) — (X ™) is an isomorphism for ¢ < ¢ and therefore, from
considering the exact homotopy sequence of the pair (W=, X"), it
follows that w,(W=+, X") = 0 for 72 < ¢q. Since r|M" is a homotopy
equivalence it follows similarly that =, (W"+, M") = 0 for 7 < q.

It follows from handlebody theory that W"*' may be obtained
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from X* (or M") by successively attaching a finite number of “handles”
to X* x I (or M" x I, where I =[0,1] is the unit interval) or, what
is the same thing, by performing a finite sequence of spherical modi-
fications on X* (or M"). The argument now splits up into two cases,
n =29 —1 and n = 29q. Both arguments use the fact that

(1) T(WrH, X = n(W*, M") =0, ¢<q.

Case 1. n = 2q — 1. It follows from (1) and [9, p. 539] that

Wr+t is diffeomorphic to
x* x DY (U Dy x D),
o \j=1

where @: Ji-, (0D% x D) — X™ x 1 is an embedding of s copies of
0D? x D?* = S*' x D? (D? the unit g-disc in real g-space) disjointly in
X" x 1 and where the handles D? x D? are attached along X" x 1 by
means of ¢. Now in the portion of the exact homotopy sequence

T (W, X" = 1, (X7 - 7, (W)

where 7: X — W™*' is the inclusion and %, is an isomorphism, we see
that 0 is trivial and hence ¢ | 9D? x 0 is homotopically trivial. Thus
@ is homotopically trivial and, since X" is simply connected, it follows
from the engulfing theorem of [4] that @(|J; 0D? x 0) is contained in
the interior of a combinatorial n-disc embedded in X" x 1. The
boundary of this disc may be smoothed in X" x 1 to conclude that
p(U; 0D x D) is contained in a smooth n-disc in X" x 1. Hence
W=+t ig diffeomorphic to the boundary connected sum (X" x I,
X™ x 1) # (Wyt, oWrt), where W+t = D' J, (IJs-. D¢ x D%. That
is, Wy*' is a handlebody such that oWy # X" is deffeomorphic to
M~. It is well known that 0 W;*' is a simply connected n-manifold
and since X" and M" have the same homotopy type, H,(0W;*) =0
for 0 <4 <mn. Thus oW, is a homotopy n-sphere, as desired.

REMARK. I should like to thank M. Hirsch for informing me that
the engulfing theorem of [4] could be applied here. I later discovered
that this engulfing theorem could also be applied to the more com-
plicated situation found in Case 2 below.

Case 2. n = 2q. It follows from (1) and [9] that there is a
smooth embedding

91U (0D§ x D) — X* x 1

that (by the same argument as that of Case 1) embeds J:i_, 0D? x D+
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into the interior of an wm-disc D" that is embedded in X" x 1, and
there is a smooth embedding

i U ODY x D) — (X* x 1§02+,

where W+ = D' U, (Ui D? x D**'), such that W=+ is diffeomor-
phic to the boundary connected sum

(X" x I, X* x 1) % (W, aWeD] U [(J Dt x D"] ,
v L=

with the handles D?'! x D? attached by means of . We shall show
that we may assume that « embeds U;oD!** x D? into o W;*'-point,
from which it will follow that W=*' is diffeomorphic to (X" x I,
X x 1) £ (N**, oN"*), where

Ne = wrry (Yo < ),

and hence M* is diffeomorphic to X* £ oN"*'; but, as in Case 1, ON***
is a homotopy n-sphere.

LEMMA 2. If A and B are simplicial complexes such that A
is simply connected and B is (¢ — l)-connected, then w,(A\ B) =
m(A) + w(B) for 1 =1 =q.

This is a well known result in homotopy theory and follows from
the fundamental fact that
w(AV B) = 7, (A) + 7,(B) + 7;,.(A x B, A\ B) (t>1)

and the relative Hurewicz theorem, noting that H;. (4 X B,A\V B) =0
for 7 < q. We shall apply this lemma to the case where

A = X" x 1l-point , B = 0 Wp+-point .

Since A \/ B has the homotopy type of (X" x 1) # oWy, with a point
removed, we shall write for convenience

AV B =[(X" x 1)£3W;+]-point .

We begin by showing that we can assume that »| A \/ B is the
identity on A = X" x l-point and is, after changing the g¢-handles
in the decomposition of W=*' if necessary, homotopically trivial on
B = 0Wp+tt-point. It will then follow that the homomorphism

(2) T (A4) + 7 (B) = w (A V B) — w (4)
that is induced by »| A \V B is the identity on 7, (A) and is zero on
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w(B). We shall divide this argument into two steps. For convenience
introduce the notation

e = (@ x DY (U Ds x D)

then o Vp+ is the disjoint union of the “lower” boundary X» = X" x 0
and the “upper” boundary Y = (X" X 1) oW,

Step 1. Consider the portion of the exact homotopy sequence of
the pair (V1 *, X™):

0 — 7, (X" T2 2 (VP 2 7 (Vi X% — 0,
Tx [/

where %, is induced by the inclusion. Since » is a retraction, this

short exact sequence splits and # is the unique homomorphism such

that »,0 is zero and /.0 is the identity. By the relative Hurewicz

theorem the g-cells D! x 0 attached by means of ¢ represent a set of

free generators x;(j =1, ---,s) for 7 (V "+, X").

Let

zjzﬁ(xj) (j:].,"',S)

and note that, by the theorems of Haefliger, each z; may be represented
by a g-sphere S? that is smoothly embedded in the interior of V.
We may suppose that the S? are pairwise disjoint and disjoint from
X" x [0,1/2]. Now choose an n-disc that is smoothly embedded in
X" x % and then, for each j =1, ---, s, choose a smooth (¢ — 1)-sphere
within this n-disc in X" x { such that these (¢ — 1)-spheres are
pairwise disjoint. For each 7 =1,-.-,s run a tube of the form
St x I in the complement of X" x [0,1/2] in V' from the j-th
(g — 1)-sphere in X" x % to S% these tubes being pairwise disjoint,
such that the result is the manifold X" x 4 with g¢-cells attached.
We may then thicken these ¢-cells so that the result is a manifold

of the form
P = (XX [0,1/2) Y @1 Dt x D“‘)

that is smoothly embedded in V*'; here )\ is a smooth embedding of
U;-, oD% x D** into an n-disec in X" X 4. Now let

Bic D" X" x [0,1/2]

be a ¢-disc with B¢ = \(@D? x 0) such that Bi{J,(D?x 0) is a
gq-sphere embedded in
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wee = Dy (U Dy x D).
2 J

Clearly, we may suppose that the g-sphere B?|J,(D? x 0) represents

the element z; in 7, (V"*'). But then

7e(z;) = 1 0@;) =0 (F=1,--+,5)

and so | B2, (D! x 0) is homotopically trivial for each j and hence
r | Wr+'-point is homotopically trivial. In particular, » |0 W;*'-point is
homotopically trivial.

Step 2. We shall now show that we can isotopically deform the
manifold V*!' onto V*', the isotopy lying within V' and leaving
fixed a neighborhood of X x 0. It will then follow from Step 1 that,
by replacing Wr** by Wr*' if necessary, we can assume that r| AV B
is homotopically trivial on B=0 W *'-point. The closure C (V' — V1)
of the complement of V7' in V' is an (n + 1)-manifold with simply
connected “lower” boundary Y, = (X" x 1/2) £ 0 W+ and simply con-
nected “upper” boundary Y = (X" x 1) #oWy+'. It is enough to show
that Cl(Vp+t — V') is diffeomorphic to the product Y x I; by the
h-cobordism theorem of Smale this is equivalent to showing that
CI(V+t — Vy*1) is an h-cobordism between Y and Y. Hence we
must show that the groups H,(CI(V ™ — V*'), Y,) are zero for all ¢
and k£ = 1,2. Now by excision, H;(Cl(V* — V+'), Y,) is isomorphic
to Hy(Vy*, Vrt) and thus is zero if we show that the inclusion
a: Vi< Vr*t induces isomorphisms of homology in all dimensions.
The inclusion « induces a map of split short exact sequences of
homology groups:

P hx
0 — Hy(X") == H(V!""") == H(V", X") — 0

Tx 6
Il Ia* Ia*
Tk hx
0 — H(X") = H(V") = H(V2*, X*) — 0
Trx 0
The maps ., 7, h,, 6 of this commutative diagram are denoted by the
same symbols as those used in the homotopy sequence of (V7' X")
appearing above, and no confusion should arise because of this. Now
Vot and V' each have the homotopy type of X"V (V;S? and
a: Vit Vet is the identity on X™ = X™ x 0. Hence a,: H(X") —
H,(X™") is the identity for all « and Hy(V>*, X") = H(V ', X") =0
for all 7 # ¢q. In dimension ¢ = ¢ we recall the set of free generators
{x;19#1,---,s8 for H(V ™, X") and that the element

z]’ - ﬁ(.’U]) S Hq( V1n+1)
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was represented by the smoothly embedded g-sphere B! U, (D? x 0)
in V. But B:U, (D% x 0) also represents an element 2} e H (V)
such that «,(z}) = #z;. Furthermore, the elements h,(2}) (j =1, -+, s)
form a set of free generators for H (Vr+', X*) such that «a.h.(z}) =
hya,(z;) = «; for each j=1,---,8 and hence a,: H/(V; " X")—
H/(Vr+, X*) is an isomorphism. It follows that a,: H(V;")—
H;(Vr+Y) is an isomorphism for all ¢ and hence, as noted above,
H,C(Vr+t — V), Y,) = 0 for all ©. Now by successive applications
of the Poincaré duality theorem and the universal coefficient theorem
we see that H(CWV!'— V), YY)~ H{(CHVrtt— Vith), Y, is
zero for all 7, and thus it follows that CI(V*! — V*!) is an h-cobordism
between Y and Y, as claimed.

We now turn to the study of the embedding +. Note that
4| 0D{*' x 0 represents an element in 7,(A\ B) and clearly #+ | 0D?+ x 0
is homotopically trivial. Therefore, since the homomorphism of (2) is
the identity on 7,(A) and zero on w,(B), 4 |o6D?* x 0 is homotopic to
a map 0D X 0— B and thus + is homotopic to a map

U (GD:** % 0) —— B = 3 Ws+-point .
i=1

We should again like to apply the engulfing theorem of Hirsch and
Zeeman [4] and conclude that « is isotopic to an embedding with
image in B. To this end note that B is a (¢ — 1)-connected 2¢-manifold
and hence has the homotopy type of a wedge of g¢-spheres V,.S?
embedded in B, each ¢-sphere S? smoothly embedded in B. Hence +»
is homotopic to a map with image in V,S? and it follows that in
the language of [4], ¥(U;dDi* x 0) is (V. S{)-inessential. Since
AV B is 2-connected and 7,(4AV B, V.S =0 for ¢ < 2 (recall that
A = X" x 1-point is 2-connected by hypothesis) all of the conditions
of the engulfing theorem [4] are satisfied and hence (|J;0D?:* x 0)
is contained in a regular neighborhood of VY, S¢ in

AV B =[(X" x 1) % 3W+]-point .

It is well known that the boundary of this regular neighborhood may
be smoothed in A \V B and hence we can assume that +(|J; oD x 0)
is contained in a smooth regular neighborhood of V,Sf in AV B.
Now

o Wy+l-interior of smooth n-disc < 6 W *l-point = B

is a smooth regular neighborhood of VY, S/ in B and hence in A \/ B.
But a result of [3, Th. 1] asserts that any smooth regular neighbor-
hood may be isotopically deformed onto any other, and hence
Y(U; 0D x 0) may be isotopically deformed into B, completing the
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proof of the theorem.

COROLLARY. Let f: M™ — X™ be a homotopy equivalence of simply
connected n-manifolds such that f*V,(X") is equivalent to V. (M™).
Then:

(@) The disjoint unton X™ U M™ bounds a (n + 1)-manifold W=+
such that there ts a retraction r: Wt — X with r| M" = f.

(b) Let W+ be as in (a) and suppose that w(W*+, X") =0
for 1 < [(m —1)/2]. Let n =5 and tf n is even, then assume that
X" 18 2-connected. Then M" and X" are almost diffeomorphic.

The corollary follows from the proof of the theorem.

REMARK. It can be shown that any homotopy =-sphere bounds
a simply connected (n + 1)-manifold N**', In view of the above
theorem the following question arises naturally: Can N"' be taken
to be [(n — 1)/2]-connected? If the answer is yes, then the condition
on W= given in (b) of the theorem is necessary and sufficient for
M" and X" to be almost diffeomorphic (= = 5 here).

However, the answer is negative for n=2¢ —1 and ¢q =
3,5, 6,7 (mod 8) since in this case N"** would necessarily be paralleliz-
able if it were (n — 1)/2-connected. This is so because 7,_,(SO) = 0 for

= 3,5,6,7(mod8). Hence the homotopy sphere obtained in (b) of
the theorem bounds a parallelizable manifold for n = 2¢ — 1 and
q =3,5,6,7(mod8), and thus the condition given there is not in
general necessary for M™ and X" to be almost diffeomorphic.
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