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DIMENSION ON BOUNDARIES OF ε-SPHERES

B. R. WENNER

The purpose of this paper is to make somewhat more ac-
cessible the topological dimension-theoretic properties of met-
ric spaces. We shall show that any metric for a space can
be replaced by a topologically equivalent metric which has
the following property: the boundary of any ε-sphere meets
each of a specified countable collection of closed, finite-dimen-
sional subsets in a set of lower dimension. An additional
property of the new metric is that for any fixed e, the collec-
tion of all ε-spheres is closure-preserving.

In the case of a separable metric space, the result can be
sharpened to produce a totally bounded metric with the above
properties, and in this case we obtain for each fixed ε at most
finitely many distinct e-spheres.

Our dimension function, denoted by dim, will be the covering
dimension of Lebesgue. All spaces throughout this paper will be met-
ric, and under this condition the Lebesgue dimension coincides with
the inductive dimension in the large of Menger and Urysohn [6],
Now let us consider a space together with countably many closed,
finite-dimensional subsets X19 X2, these subsets need not cover X
(X itself may not even be finite-dimensional). It is immediate from
the Menger-Urysohn definition of dimension that for any point p e X
and any fixed positive integer k, there exists a fundamental system
of neighborhoods of p for which the boundaries meet Xk in a set of
dimension lower than that of Xk. There is no reason why any of
these neighborhoods should be ε-spheres under the given metric; J.
Nagata, however, has shown [8] that if any Xk = X, then an equiva-
lent metric can be defined on X such that the boundary of any ε-
sphere (about any point) has dimension lower than that of X. We
shall prove that this condition can be dispensed with and that an
equivalent metric can be introduced on X in such a way that the
boundary of any ε-sphere meets each of the Xk in a set of lower
dimension:

THEOREM 1. For each k = 1,2, let Xk be a nonvoid closed
subset of X such that dim Xk = nk < oo. Then there exists an equiva-
lent metric p for X such that for any ε > 0, any x e X, and any
positive integer k,

dim [Xk Π Bdry S(x, e)] <L nk - 1 .

We shall define this metric by constructing a uniformity with
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certain desirable properties. To construct the uniformity we shall
need several lemmas, and we make the following definitions to clarify
the terminology.

DEFINITION. Let © be a collection of subsets of X, and peX.
( i ) local order^ © ̂  n if and only if there exists a neighbor-

hood of p which meets at most n members of ©.
(ii) local order © g n if and only if for all xe X, local order,,

© ^ n.
(iϋ) © = {G: G e ©}.

LEMMA 1.1. Let F be a closed subset of (X,d), dimF^ n, and
11 = {Ua: ae A} a collection of open subsets of X which covers F.
Then there exists a collection 93 = {Va: aeA} of open subsets of X
which covers F, refines U one-to-one, and such that local order
93 ̂  n + 1.

Proof. Let © = {Ga:aeA} be a locally finite open cover of F
such that Ga c Ua for all aeA. Since dim F ^ n, there exists a
locally finite closed cover g = {Fa: aeA} of F such that order g <£
n + 1 and FaczGa for all α e A ([1], [5]). Then, by [5, Lemma in
§ 3 and Theorem 1.3] there exists a locally finite collection 93 =
{Va:aeA\ of open subsets of X such that order 55 = order % and
for each C U G ^ ^ C Va c V« c Z7α. For each a? e X the set

is a neighborhood of # which meets at most n + 1 members of 93, so
93 is the desired collection and the Lemma is proved1.

LEMMA 1.2. Let Xu •• ,Xfc be closed subsets of X such that
dim Xi = 7ii < oo for all i = 1, , k, and let 11 be an open cover of
X. Then there exists a locally finite open cover 93 of X satisfying

( i ) 9 3 < U

(ii) for all i = 1, , k and all x e Xif local orderx 93 ̂  n{ + 1.

Proof. We shall first prove the lemma for the case nι ^ ^ nk.
By Lemma 1.1 we obtain an open refinement 93X of 11 covering XL

such that local order 93: ̂  nγ + 1; then the normality of X gives us
an open set WΊ such that Xλ c W1 c Wx c (J 931# If we define U2 =
U /\{X — Wj}, we see that 93X U ll2 is an open cover of Xγ U X2, and
we can hence apply Lemma 1.1 again to obtain an open one-to-one
refinement 932 which covers Xx (J X2 and such that local order 932 ̂

1 The author is indebted to the referee for shortening the proof of this lemma.
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n2 + 1. Continuing in this manner, we finally define the open set Wk

such that UίW X%c Wk c Wkcz\J%$k, and the open collection Uk+1 =
U Λ { I - FT*}.

Now let 33 be a locally finite open one-to-one refinement of
33Λ U UΛ+1; we assert that 33 is the desired cover. The cover 33 satisfies
(i), as

33 < S3, U U t + 1 < (33,^ U Uk) U Uk+ι

< as*-, u ( j ΰ ^ ) < < 33, u ( y ϊt<) < u.

For condition (ii), let a G X; and let iV(*τ, i) be an open neighborhood
of x meeting at most ni + 1 sets of 33ί# Then we define the open
neighborhood N(x) = iV(α;, i) π (Πi=< Wy); w e n e e d o n l y show that JV(a?)
meets at most n{ + 1 sets of 33.

First we show that N(x) meets at most n{ + 1 sets of 33ΐ+1.
Suppose F α Π N(x) Φ 0 for some Va e 33ί+1; then Va is a subset of
the corresponding Ua e 33̂  U U<+1. As iV(x) c Wi and (U Uί+1) Π W{ = 0 ,
we know Ua e 33ί# But JV(a5) Π ί7α ^ 0 for at most n{ + 1 sets Ϊ7α G 33̂
(as N(x) a N(x, i)), and hence JV(«) Π Va Φ 0 for at most the corre-
sponding Ui + 1 sets F α G 33ί+1 (as 3 3 m refines 33̂  U VLi+1 one-to-one).
This argument can be repeated to show that N(x) meets at most
n{ + 1 sets of 33i+2, , 33̂ , and finally 33, and we see that 33 satisfies
condition (ii).

To prove the lemma in its general form, we rearrange the X{ in
such a way as to make their dimensions increase monotonely. Then
the above proof will show that the conditions are satisfied, and the
lemma is proved (as neither condition is concerned with the order in
which the X{ are arranged).

LEMMA 1.3. For each i — 1, , k, let X{ be a closed subset of
X, and let 11 be a locally finite open cover of X such that for all
i fj k and each x e Xif local orderx U ^ m{. Then there exists an
open cover 33 of X such that

( i ) 33** < U,

(ii) for each i = 1, --',k and every x e Xif S6(x, 33) meets at
most πii sets of U, and

(iii) for every xeX, S\x, 33) meets only a finite number of sets
ofU.

Proof. For each i = 1, , k and every x e X4 we define N(x, i)
to be an open neighborhood of x meeting at most m{ sets of II. We
then define ©* = {X - XJ U {N(x, i): x e JQ, and note that ©< is an
open cover of X, as X{ is closed. Now for any x e X we define an-
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other set N(x) to be a neighborhood of x meeting only a finite number
of members of U, and define ©&+1 = {N(x): x e X}. Now we define
© = (Aί=l®ί) Λ 11. The collection © is an open cover of X, so we
can define 33 to be an open cover of X such that 33*** < © (33 exists
by the full normality of X). We shall now prove that 33 is the
desired cover.

Condition (i) is clear, as 33*** < © < U. For (ii) we let i ^ k
and let xeX^, then there exists some Ve 33 which contains x, as 33
covers, X, and there exists a set y***G33*** s u c h that

£*** = S(S(S( V, 93), 93*), 33**) => S(S(S(x, 33), 33*), 33**)

S(£, 33), 33), 33**) 3 S(S3(a;, 33), 33**) D S6(X, 33) .

Since 33*** < © we know there exists a set G e © such that F*** c G.
As © < ©i and G n ^ ^ 0 , there exists a point yeXi such that
G c N(y, i). Thus S6(x, 33) c F*** c G c Λ%, i), so S6(α;, 33) meets at
most πii elements of U.

In the same manner we see that, for any xe X, there exist
T7***e33***,iϊe@, and N(z) such that S6(x, 33) c T7*** <zH(zN(z),
so S6(#, 33) meets only finitely many elements of U.

Proof of Theorem 1. We shall use Lemmas 1.2 and 1.3 to de-
velop a sequence {11̂ : i = 0, 1, 2, •} of open covers of X with special
properties. First we define Uo = {X}. Now set ®ί = {S(x, 1/4}: x e X};
by Lemma 1.2 there exists a locally finite open cover 11L of X satisfying

(Γ) ! ! , < © ,
(2') for all x e Xu local orderx 1^ <̂  nι + 1
(3') mesh Ux ^ 1/2, and
(4') U** < Uo.

Therefore an application of Lemma 1.3 yields an open cover 332 of X
such that

( i ) 33** < Ulf

(ii) for all x e Xl9 S6(x, 332) meets at most n± + 1 members of U19

and
(iii) for all x e X, S%x, 332) meets only finitely many members

of Ulβ

Now set ©2 = 332 Λ {S(x, l/S):xeX}, and apply Lemma 1.2 to obtain
a locally finite open cover U2 of X satisfying

(Γ) U2 < ©2, and
(2') for j = 1, 2, all xe Xh local orderx U2 g % + 1. We note

also that U2 satisfies
(3') Mesh U2 ^ 1/4,
(4') U** < Ux,
(5') for all xeX19 S6(x, U2) meets at most nγ + 1 members of 1ZU

and
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(6') for all xe X, S\x, U2) meets only a finite number of mem-
bers Of UJL.

By alternating applications of Lemma 1.2 and Lemma 1.3, the
same method can be used to construct U3, U4, with properties an-
alogous to (Γ)-(6') above. This procedure will yield a sequence
{Uii i = 0,1, 2, .} of open covers of X satisfying the following four
conditions:

( 1 ) {X} = U o > U * * > U 1 > U ? * > •••,
( 2 ) for i = 1, 2, , mesh U< ̂  1/2%
( 3 ) for j = 1, 2, , all x e Xh all i ^ j , S6(x, U m ) meets at

most Uj + 1 members of VLiy and
( 4 ) for i = 1, 2, , all xeX, Se(x, Ui+1) meets only finitely

many members of Ui#

We shall use these covers to define certain open subsets of X,
and the new metric will be defined in terms of collections of these
subsets. For any finite set 0 <S m1 < < mv of integers and any
open subset U of X we define inductively an open set Smr..m (U) by

Smt...mp(U)= U for p = l, and

SMv..mp(U) = S*(Sm2...mpJU), Ump) for p > 1 .

Next we define open covers of X by

@Wi = Umi, and

©.,...., = {Smr..mp{Uy. UeUmι} for p > 1 .

Now we define a nonnegatively valued function p on X x X by

p(x, y) = inf {l/2*i + + 1/2W :̂ 2/ e S(x, 0^...^)} .

J. Nagata has shown [7] that if a function 7 is defined in this way
from a sequence of covers which possesses properties (1) and (2), then
7 is a metric on X equivalent to the given metric.

Now for any sequence 0 ^ m1 < m2 < of integers and any
open subset U of X, we define the open set

and the open cover

Now let ε be such that 0 < ε £ 1. Then ε has a unique nonterminat-
ing expansion

(1.1) ε = l/2mi + l/2m2 + , where 1 ^ m1 < m2 < ,
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and we can prove that for any xe X,

(1.2) S(x, e) = S(x, @wim2...) ,

in the same manner used by Nagata [8] (where the ε-sphere is assumed
to be with respect to p).

We shall use (1.2) to prove that for any xe X and any

k = 1, 2, . , dim [Xk n Bdry S(x, e)] ^ nk - 1 .

Before doing this, we note that for any finite set 1 ^ m1 < < mp

of integers and any open subset U of X,

S\SUr..mp_ι(U), Ump) c S\U, Umi+1)

this relation is due to Nagata [8]. Hence it is immediate that for
any sequence of integers 1 ^ m^ < m2 < , we have

and therefore

(1.3) S^Γ3

We are now in a position to prove that

(1.4) @m1m2 is locally finite, for 1 ^ fmι < m2 < .

We can show that if x e X and x e U' e UW ι + 1, then Ϊ7' is the desired

neighborhood of x. For if U' meets SW2W3...(£7) for Z7eUmi, then 17'

meets S4(t/,Um i + 1) by (1.3); hence U meets S6(x, Umι+1) (as £/'eUm i + 1).

By condition (4) this can occur for at most finitely many C/eUmi, so

17' meets at most finitely many members of @»lW2....
By using condition (3) instead of (4) in the above proof, we see

also that

(1.5) order^ @WlW2... ^ί nk + 1 for k ^ mι < m2 <

and yeXk.

We shall use this fact to prove that for xeX, ε as in (1.1), i ^ k,
and y e [Xk Π Bdry S(x, ε)], then order^ VLm. ̂  nk. For suppose there
existed distinct members Uu •••, ί/̂ ^+i of Uw. containing ?/. Now

yeS(x,e) =

by (1.4), so there exists a set U'ettmi such that



DIMENSION ON BOUNDARIES OF ε-SPHERES 207

= Smi+imi+r..(Sur..mi(U'))

= Smi+imi+2...(\J{UeUmi:

= \J{SMi+ιmi+v..(U): UeUmv UczSm2...mi(U')}

= Ό {Smi+ιmi+r..(U): UeUmi, Ucz Smr..m.(U')} ,

again by (1.4). Hence there exists a set UeUm. such that
yeSmi+ιmi+r.Xϋ) and such that Uc:Smi...mi(U')c:Sm2msJu')<zS(x,ε);
this set U cannot be the same as any one of Ulf •••, Unk+1, as each
of the latter contains the boundary point y of S(x, e). But

Ve Sm.+ιm.+2...(Uj) for all i = 1, , % + 1 ,

and by the above we know that y e Sm.+im.+2...(£/), so

order,, @w.m.+1... ̂  wfc + 2 ,

which contradicts (1.5).
To complete the proof of the theorem, we first note that the

condition is trivially satisfied by ε > 1, so we may assume 0 < ε <£ 1
and hence ε may be written as in (1.1). For any xeX and k —
1, 2, , we define U'm. = Um. A {Xk Π Bdry S(x, e)} for all i ^ k. Then
{VL'm.: ί = k,kl, •} is a sequence of relatively open covers of

Xk Π Bdry S(x, e)

of order g nk with mesh —> 0 as i —* oo and such that for all i ^ fc,

fimί+1 < 11^.. Thus by a Theorem of C. H. Dowker and W. Hurewicz

[2] we conclude that dim [Xk π Bdry S(x, ε)] ^ nΛ — 1.

COROLLARY 2. // ̂  is the metric for X constructed in the proof
of Theorem 1, then for each ε > 0 the collection {S(x, e):xeX} is
closure-preserving.

Proof. As in Theorem 1 we note that the case ε > 1 is trivial,
as S(x, e) = X for every xe X. For 0 < ε <̂  1 we can write ε as in
(1.1), so for any subset A of X we have

\J{S(x,s):xeA}

: UeUmι,xεSm2mr..(U)}:xeA}

= \J {Smtms...(U): UeUm,AnSm2m3...(U) Φ 0}

= U {Sm^...(U): UeUmi, A n Sm2mr.XU) Φ 0}

= U {U {S»2.,...(£/): C/GU

by (1.4), which completes the proof of the corollary.
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When we restrict our attention to the separable metric case, we
would hope that the new metric would be totally bounded in addition
to satisfying the conditions of Theorem 1 and Corollary 2. This
is indeed the case if we use finite covers throughout.

THEOREM 3. Let (X, d) be separable and for each k — 1, 2,
let Xk be a nonvoid closed subset of X such that dim Xk = nk < oo.
Then there exists a totally bounded metric p for X, equivalent to d,
such that for any ε > 0, any x e X, and any positive integer k,
dim [Xk Π Bdry S(x e ε)] ̂  nk - 1.

We shall need to restate Lemmas 1.1-1.3 in terms of finite covers
before we can prove Theorem 3. In each case only a minor adjust-
ment is required.

LEMMA 3.1. Let F be a closed subset of (X,d), d i m F ^ n, and
12 a finite open cover of F. Then there exists a finite open one-to-
one refinement 33 of U, covering F, and such that local order S3 <̂
n + 1.

Proof. The proof of Lemma 1.1 can be used without modification,
as a one-to-one refinement of a finite cover must itself be finite.

LEMMA 3.2. Let Xu '-',Xk be closed subsets of X such that
dimX; = Ui < oo for all i = 1, , k, and let 11 be a finite open
cover of x. Then there exists a finite open cover S3 o/ X satisfying

( i ) S3 < U, and
(ii) for all i = 1, , k and all x e Xiy local orderx S3 ̂  n{ + 1.

Proof. We use the proof of Lemma 1.2, substituting Lemma 3.1
for Lemma 1.1. Then SSX and U2 are finite, so 3^ U U2 and hence 232

are finite. Similarly, 9SΛ Π Uk+ι is finite, so the one-to-one refinement
S3 is itself finite.

LEMMA 3.3. For each i = 1, , k, let X{ be a closed subset of
X, and let U be a finite open cover of X such that for all i ^ k
and each x e Xίy local order\ U ̂  mim Then there exists a finite open
cover 53 of X such that

( i ) S3** < U, and
( i i ) for each ΐ = l , •••,& and every x e Xi9 S6(x, S3) meets at

most mi sets of 11.

Proof. For each x e X we define the set
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N(x) = Γi{UeU:xeU}- \J{UeU:x£ U}

for all i r£ k, N(x) is a neighborhood of x which meets at most m*
members of U. Furthermore, there are only finitely many distinct
N(x), as there are only finitely many ways in which elements of the
finite set U can be combined, so for each i = 1, , k, the family

©i - {X - Xi) U {N(x): x e X,}

is a finite open cover of X (assuming we count each distinct element
only once). Hence & = (Λ<=i®») A U is a finite open cover of X.

To find a finite open cover S3 such that S3*** < ©, it suffices to
establish that any finite open cover has a finite ^-refinement. This
follows from a proof of K. Morita [5, Th. 1.2J, in which a z/-refine-
ment is constructed from intersections of binary covers; if the original
cover were finite, then the total number of possible intersections would
be finite, so the resulting z/-refinement would have to be a finite cover.

The proof that S3 satisfies (i) and (ii) is exactly the same as in
Lemma 1.3, and the lemma is proved.

Proof of Theorem 3. We shall closely follow the proof of Theorem
1, using Lemmas 3.2 and 3.3 (instead of 1.2 and 1.3) to construct a
sequence {Û : i = 0,1, 2, •} of finite open covers which satisfies con-
ditions (l)-(4). This can be done exactly as in Theorem 1 if we know
that for each positive integer ί, there exists a finite cover of X of
l/2*-spheres. Although this may not be possible with respect to the
given metric d, the fact that X is separable guarantees the existence
of a totally bounded metric dr for X which is equivalent to d [3, Th.
V4], Therefore we can proceed as in Theorem 1 to construct {U<: i =
0, 1, 2, •} and then to define the metric p which is equivalent to df

and hence to d. The proof that the boundaries of the ε-spheres (with
respect to p) meet the Xk in sets of lower dimension is exactly the
same as in Theorem 1, so to prove Theorem 3 it suffices to show
that p is totally bounded.

We need only consider ε such that 0 < ε <̂  1, which we can write
as in (1.1). But {S(x,6):xeX} = {S(x,®mimr..):xeX} by (1.2) and
®m1m2." is finite as Umi is finite, so there are only finitely many distinct
sets of the form S(x, @Wl«2...) = S(x, ε). This proves Theorem 3, and
also proves the following analogue of Corollary 2:

COROLLARY 4. // p is the metric for X constructed in the proof
of Theorem 3, then for each ε > 0 the collection {S(x, s): xe X} is
finite.
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