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CONVERGENCE OF A SEQUENCE OF
TRANSFORMATIONS OF DISTRIBUTION FUNCTIONS

W. L. HARKNESS AND R. SHANTARAM

Let F be the distribution function (d.f.) of a nonnegative
random variable (r.v,) X all of whose moments z, = | z*dF(x)

0
exist and are finite. Define, recursively, the sequence {G,} of
absolutely continuous d.f.’s as follows: put

Gi(x) = p? S:[l — F(y)ldy for >0 and
Gi(x)=0 for z<0; for n>1, let

Gu(z) = p,_, S:[l — Gui(y)ldy for x>0 and
G.(x)=0 for x <0, where

P = S:’u — Gy .

It is shown that if F is distributed on a finite interval, then
the sequence {G,(x/n)} converges to the simple exponential d.f.
On the other hand, if F(x) <1 for all 2z > 0 and G.(c.x) — G(%),
where G is a proper d.f. and {c,} is a sequence of constants
such that {c./c,-,} is bounded, then (among other things) it is
shown that (a) the convergence is uniform, (b) G is continuous
and concave on [0, ), (¢) ¢, is asymptotically equal to

asr/b(n + g, where b = ”[1 — Gw)]du and (d) limc,/c,—;

exists. Finally, criteria for0 the existence of a sequence {c,}
such that {G.(c.x)} converges to a proper d.f. are given. In
particular, it is shown that this sequence converges if F' is
absolutely continuous with probability density function (p.d.f.)
f and F' has increasing hazard rate.

The d.f. G, is obtained as an (integral) transform of the d.f. F.

These transforms (although not explicitly labeled as such) have been
encountered frequently in renewal theory. In particular, it is such a
transform (d.f.) which, in a delayed renewal process, makes the renewal
rate a constant. In order to verify that G, (and hence, inductively, G,
for n > 1) is indeed a d.f. one makes use of the well-known alternative
computational formula for the mean g, of a nonnegative r.v. X with
d.f. F:

= S:xdF(m) - S:'u — F@))dz .

More generally, it may be shown that (cf. Feller [3], p. 148)
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(1.1) = g:x”dF(x) = nfx”-l[l — F)ldz .

A d.f. F is said to be a finite d.f. if there exists real numbers a
and b such that F(x) =0 for xt < a and F(x) =1 for x = b. The d.f.
G, given by G(x) =1 — ¢** for 2 > 0 and zero for x <0, with b >0,
is called the exponential d.f. The c.f. ¢ of a d.f. F, defined for all

real ¢t by o(t) = S“ e*dF(x), is said to be an analytic ec.f. if o(¢)

coincides in some (real) neighborhood of £ = 0 with an analytic function
A(z) of a complex variable z = ¢t + 4v. In particular, if A(z) is entire
then ¢ is called an entire c.f.

In §2 we calculate explicitly the moments and c.f. of G,,n = 1.
We prove in § 3 that for a finite d.f. F' the sequence {G,(z/%)} converges
to the exponential d.f. The following three sections are devoted to
the problem of existence of a sequence {¢,} of constants such that the
sequence {G,(c,x)} converges to a proper d.f. Finally, in the last section
some examples are given.

2. Moments, characteristic functions. Throughout # will be
a d.f. of a nonnegative r.v., all of whose moments y, are finite. Let
or and @, denote the c.f.’s of F' and G,, respectively; the &™ moment
of G, will be denoted by p,,.. We first consider the case n = 1.

THEOREM 2.1. The c.f. ¢4 of G, is given by
(2.1)  @g,(t) = (itp)pp(t) — 1], for t+0, and ¢4(0) =1.

Proof. Clearly, ¢4(0) =1. For t+#0,
Po®) = | o d6.@) = p| eI - F)lda
= i lim S:e“”[l — F(o)]de
= lim (itpl)*l{e““[l — F@)] + S:e““dF(w) - 1}
= (itp)pr(®) — 1]«
THEOREM 2.2. The moments p,, of G, are given by
fon = b+ Dy, h=1,2 e,
Proof. By definition,
Lan = S:x"dGl(a:) = y;lrx"[l — F(z)}do
= ten/(k + 1)p,
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using (1.1).
Using the recurrence relation
o = Smx"dGﬂ(rc) - p:;_lrxk[l — Gy ()]d
c 0
- ‘ulc—?—l,n—l/(k + 1)#1,1@—-1

and mathematical induction, we obtain the following result.

THEOREM 2.3. For all positive integers n and k,

n + k\™*
(2.2) Vi = k0, /(R + B)lpe, = ( i ) 1y A

The result given in Theorem 2.3 is of some independent interest,
inasmuch as it asserts that if {z,} is the moment sequence of a non-
negative r.v. then the sequence {¢, .}, given in (2.2), is also a moment
sequence for every n.

Similarly, using the recurrence relation (for ¢t == 0)

Pe,(t) = (1t ) pe, () — 1],

obtained by replacing G, by G, and F by G,_, in Theorem 2.1, and
induction, we can prove the following theorem, which again is mostly
of independent interest.

THEOREM 2.4. The c.f. of G, is given by

(it)’
J!

(2.3) Po,®) = — ] pelt) = 3 11

PXCE Je=o

with g (0) = 1.

Finally, we observe that if {¢,} is a sequence of positive real
numbers then {H,}, H, = G,(¢c,x), is a sequence of d.f.’s, with the k™
moment of H, being given by

(2.9) t(H,) = il

3. Convergence of {G,} for finite d.f.’s. We shall prove in
this section that for finite d.f.’s lim,_.. G.(x/n) is an exponential d.f.
We need some lemmas.

LEmMA 3.1. If all the moments p, of F are finite then {t,.,/1,}
18 o monotonically nondecreasing sequence.

Proof. For n a positive integer and ¢ real,
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0 § S (x(n+l)/2 + tw(n—l)IZ)zdF(x) — )“nﬂ + Zt;!n + tzﬂn—q .
0
Hence (£, — ft, it < 0 implying that g, < ../t n = 1.
COROLLARY' [’lﬂ’:’k/#n Z (‘un+1/(an)k! /n’ k g 1'

The following result is easily proved (see Boas [2]).

LEmMMA 3.2. If Fis a finite d.f. on [a,b] where 0 < a < b < o and
b = inf {x| F'(x) = 1} then lim,_. /" = b.

LemmA 3.3. Under the hypothesis of Lemma 3.2
lim #aza‘—k//f‘n = bk, k _Z 0.

Proof. Since {f,.,/1t,} is a nondecreasing sequence lim,_., ¢£,../t¢t, =
L = - exists. By a well-known theorem this implies that lim,_., z/" =
L and by Lemma 3.2 it follows that L = b < «». Hence

lim Aun+k//“!n - (lim l’enﬁ-l//’!n)k = le - bk .
The lemma is proved.

THEOREM 3.1. Let F be a finite d.f. on [a, b], where
b=1inf{z| F(x) =1}.
Then lim,_., G.(z/n) = Gx) =1 — e~** for x > 0 and zero for x < 0.

Proof. Letting ¢, = 1/n we get from (2.2) and (2.4) that p,(H,) =
np,,,, — klb* as m— co. The limit is the £ moment of the exponential
d.f. G(x) given in the statement of the theorem. The present theorem

new follows from the moment convergence theorem (cf. Loeve [7],
p. 185).

4. D.F.’s on an infinite range. For finite d.f.’s Theorem 3.1
gives an explicit sequence {c,}, namely, ¢, = 1/, of normalizers such
that G,(c,z) converges to an exponential d.f. We investigate, in the
remainder of this paper the problem of existence of the sequence {c,}
for d.f.’s F on [0, ) (i.e., F(x) < 1 for all z) all of whose moments
o, are finite. Henceforth F' will stand for such a d.f.

THEOREM 4.1. lim,_. ft,. /¢, = + o

Proof. Since {{,../tt,} is nondecreasing its limit L < + oo exists.
Assume to the contrary that L < +o. This implies lim,_, p#¥" =
L < co. We now show that this is a contradiction by proving that
lim,_ ., p#/* = +c. Let A > 0 be an arbitrary (fixed) number. Then
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" = S:xndF(x) > S:x"dF(x) = A"[1 — F(4)] .

Hence, lim,_., inf g;/» = A. Since A was arbitrary we conclude that
pl* — 400 as n— . Hence L = + oo,

We shall need the following result which is easily proven by
induction on .

LEMMA 4.2. If Nm g, pt./p2., = 1 < oo then for each k=0 and
0= r <k UM, o il twsrlinsir = U7,

LEmMMA 4.3. If F(x) has an analytic c.f., liminf,  z¢, .00/t = 1.

Proof. By Lemma 3.1, liminf, . ¢ttt/ =a=1. If a>1,
«choose B such that @« > 8 > 1. Then there exists N such that

ﬂn-}-z#n//‘"i-kl > B

for n = N. Hence pyiofty/tty > B; 1.e., ftyi, > Bayby where ay =
Uyei/tty and by = py,,. Similarly, gy, > B°aiby, and, by induction, it
follows that py, .., > B " Pakb,, k = 1. Letting N + k + 1 = n this
becomes p, > pn—Min=¥-bizgrn=¥-1p  for n = N + 2 and so

lim sup g;/*/n = lim sup B"¥"Pay,, = +
since B8 > 1. This is a contradiction since lim sup,,_.. 2£/*/n < o if F(x)
has an analytic c.f. (see [8] p.136). The lemma is proved.

The main theorem of this section is the following.

THEOREM 4.1. Let {c,} be a sequence of positive real numbers
such that H,(x) = G,(c,x) — G), with G(x) a proper d.f. and assume
that lim SUp, e C,/Chy = 1 < co. Then

(i) {b,} is a bounded sequence where b, = S:[l — H, (w)]du.

(ii) b=§ [l — G(u)]du < o.

(iii) b,—b as n— oo.

(iv) lim, ..c./c,.. =1

(v) If lim,..a, =)\ where a, > 0,x >0 thern lim,_, H,(a,x) =
G(\x).

(vi) G(z) is continuous and concave on [0, ) and lim,_., H)(z) =
G (x) for x> 0.

(vil) 1 =1 and equality holds if F has an analytic c.f.

(viii) lim,.. g (H,) = p(G) for k=0, where p,(G) is the k™
moment of G.
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Proof. Let b, = S:[l — H,(u)]dw and b = S“[l — Gw)]du .

(i) Since limsup,-. ¢,/¢,_; = | < o, there exists N’ such that
€y <1+ 1 for n > N'. Also there exists x, and N” such that
G(x,) > % and H,(x,) >} for » > N”. This last assertion is valid
since H,(x,) — G(x,) > 3. Now

Hy(@) = Gyle,) = |11 = Guldu /|11 = 6, w)ldu
(4.1) o _1° °
- b;;j " H, L (w)]du

0

by a simple change of variable. For n > max (N’, N") (4.1) yields

(l+1)xo
H,(x) < b;;j [l — H,_(wdu .
0
Hence

(¢

lim sup b,_, < lim supg U~ =, ()] H(x,)

(4.2) i

0

(1+1)zg
- So [ — G(u)]du/G(xo) < oo
(ii) By Fatou’s lemma and (4.2)
b= r[1 — G(w)]du < liminf S‘”[l — H,w)]du < o .
0 n—o0 0

(iii) Let sup, b, = D < c and sup, ¢,/¢,_, = M < . From (4.1),

1— H@) = b;:,r [1— H,_(wldu,

cpxley
so that for n =2 and x = 0

o

- H s (" 01— H @

epeley—1

= b,[1 — H,(2)] = D[1 — H,(2)] .

(4.3)

Now let ¢ > 0 be arbitrary. Pick x, such that 1 — G(x,) < ¢/2D and
pick x, > Mz, such that S [1 — G(u)]duw < e. Then there exists N such
that for » > N, 1 — Hn(xs) < ¢/D and also

‘S:lll — H,_(w)]du — 521[1 — Gw)ldu| <e.
Since (4.3) holds for all =,
SZ[I — H, ,(w)]du < S;o[l — H,_(w)]du < D[1 — H,(x)] < ¢.
Then for n > N,
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{S:[l — H,_(u)]dw — S:[l — G(u)]du[
= |\ - B - 1L - G|
+ S:[l — H,_(u)]du + SZ[1 — G(u)]du < 3¢ .

Hence b,—b as n— . In other words the sequence of first moments
of G,(c,z) converges to the first moment of G(x). Recalling (2.2) and (2.4)
we conclude that ¢, ~ z,.,/b(n + 1)p,. Note that b > 0 since G() is
a proper d.f.

(iv) Since {c,/c,_,} is bounded the sequence will fail to have a
limit only if oo > limsup,..¢./¢... = p > q = liminf, . ¢,/c,_.. It
suffices to assume p > 0 and p > q and obtain a contradiction.

Let 0 <e<(p—¢q)/2. Then p —e>q +e. Let {c,/c,_} be a
subsequence converging to p and let ¢,./c,_, > p — ¢ for »’ > N. Then,
from (4.1) for 2 > 0 and »' > N we have

H,(x) = b;f_lg‘”"”“{l — H,_(w)]du
0

so that G(z) = b—ls(p_m[l — G(w)]du. In a like manner,
0
G(z) < b—lg(“””u — Gw)]du .
0
Since p — € > q + ¢ these inequalities together imply that

g”’""”[l — Gw)ldu = 0
(g+o)z

or that G(u) =1 a.e. on [(q + &)z, (p — ¢)x]. If G(x) is continuous on
(0, =) it would follow that G(u) =1 on [(¢ + ¢)x, (p — &)x] for z > 0
and so G(x) is degenerate at the origin which is a contradiction of
our hypothesis. Hence p = ¢ and lim,_.¢,/c,_, = | exists. Hence it
suffices to show that G(x) is continuous on (0, ). It is clear that
G.(x) has derivatives for z > 0 up to order n — 1. Therefore, for
n = 3. we obtain from (4.1) that

(4 4) Ho:(m) = (cn/cn—L)[l - Gn—-l(cnx)]/bn—-l Z 0
) Hr:,(x) - _szll - Gn——Z(an)]/cn—lcn-2bn—-lbn—2 é O
for x > 0. Hence H,(x) is a concave d.f. for =3 and = > 0. So
GOz + 1 — O)y) = lim H,(6z + (1 — 0)y)

2 lim [0H,(x) + (1 — O)H, ()] = 0G(x) + (1 — 6)G(y)

n—oco
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and G(x) is concave for x > 0 and hence continuous on (0, ).
(v ) Lete>0begivenandletx>0. Let a,>0anda,—x\> 0.
Since G is continuous at Ax, there is a 6 > 0 such that

|G + h) — GO\x) | < € for |h]|<o.

Pick ¢ such that 0 < & < min (¢, 6/x). Then for » large H,(a,x) —
H,(\z) < H, (M + €)z) — H,(\x) — G(\x + €'x) — G(\x) < &. Hence for
large enough n, H,(a,x) — H,(Mx) < 2¢. Similarly, for large enough n,
H,(a,2) — H,(nx) > —2¢. Thus

+ | H,(M) — GO\x) | < 26 + & = 8¢

for sufficiently large n. That is, lim,_. H,(a,x) = G(A\x).
(vi) By virtue of (4.4) and (iii), (iv), and (v),

H(z) — 1b7'[1 — G(lz)]
for x > 0. On the other hand we see from (4.1) that

(4.5) G) = b—IS:’”[l — G(w)]du, © > 0

and so for £ > 0

(4.6) G'(z) = Wb'[1 — G(lx)] = ligl° H,(z) .

Since G(x) is continuous it follows from (4.5) that G'(x) exists for all
x> 0.

It remains to show that G(x) is continuous at the origin. Clearly,
by definition, G(0) = 0. Also, from (4.5), G(x) < lb~'v < e for > 0
sufficiently small. Together with the argument in (iv), this completes
the proof that G(z) is continuous and concave on [0, ).

(vii) From the remark at the end of (iii) we know that ¢, ~
Moii/O(0 + )pe,. Since ¢,/¢c,_, —1 it follows that g, .0,/ — 1. Hence
=1 (Lemma 3.1) and ! = 1 if F' has an analytic c¢.f. (Lemma 4.3).

(viii) Since pt,4.pt,/ i, — 1 by (vii) we have from Lemma 4.2 that

k ko
(#n/#n+1)k#n+k/1an = E pn+i#n/#n+i—1#n+1 - E lz—l = lk(k—l)ﬂ .
Further, from (iii) ¢,../(n + )¢z, —b. Hence

n + k\*
t(H,) = ( " ) s ] 120 C

~ BNt/ (0 A 1)Cu ) (o] Vi) Py T —> 0
— FlOFEEDE =y say.
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The proof of (viii) would be completed on showing that v, is the k™
moment of the limiting d.f. G(x) and this we show now. From (4.5)
dG(zx) = Ib7'[1 — G(lz)]dx and hence by (1.1)

2@ = rm"dG(x) - kroc"“‘[l — G(o)]de
- kbrxk—‘dG(x/l) = kbl (G)
It follows by induction that, for k& > 0, p,(G) = kb1 =y,

5. Remarks on Theorem 4.1. The above theorem yields among
other things a complete picture about the sequence {c,} (when it exists
satisfying the conditions of the theorem). It shows (a) that asympto-
tically ¢, ~ f,+./b(n + 1)p, thus bringing out explicitly the connection
between the normalizers and the growth rates of moments; (b) that the
limiting d.f. G(x) is continuous everywhere, concave and differentiable
on (0, o) and has finite moments of all orders which are the limits
of the corresponding moments of G,(c,x); (¢) that the convergence
G.(c,x) — G(x) is uniform (cf. Parzen [9], p.438) and (d) that the
limiting d.f. satisfies the integral equation (4.5). The solutions of
this equation will therefore yield the class of limit d.f.’s. This is an
interesting equation and will be discussed elsewhere.

Note that if I > 1 we can conclude from the form of vy, that the
limit d.f. is not exponential.

We close this section with the following simple result which is
an easy consequence of Theorem 4.1.

THEOREM 5.1. Under the hypothesis of Theorem 4.1, G(x) is an
expotential d.f. provided that any one of the following equivalent
conditions holds (a) lim sup,... ¢, < = (b) tt,../tt. = 0(n).

6. An existence criterion for {¢,}. It was shown in Theorem
4.1 that if the ¢, are normalizers and limsup,..¢,/¢._, < oo then
lim, ... fty1ott./tte+, exists and is finite. In Theorem 6.1 below we show
that this latter requirement is a sufficient condition for the existence
of {¢,} and in Theorem 6.2 we show that this condition is satisfied
for a very wide class of distributions.

THEOREM 6.1. Let F be a d.f. of a nonnegative r.V. having finite
MOMENLS 4y, thay *+ +, SUCh that 0, = ot/ —1 as m— o, If ¢, =
Pori/(0 + D)1, then G,(c,X) — G(X), where G(X)=1—e¢* for X=0
and G(X) =0 for X < 0.

Proof. From the assumption 6, —1 as n— o it is clear that
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¢,/ — 1. Furthermore, from the proof of Theorem 4.1 (iii), it follows
that p.(H,) — k! as n— o for k =1,2, ---. The sequence {k!} is a
moment sequence uniquely determining the asserted d.f. G and there-
fore the assertion of the theorem is a consequence of the moment
convergence theorem.

In order to exhibit distributions for which p, ¢, ./tth., converges
(to one) we need the following definitions and facts.

A function g¢g(z, y) of two real variables ranging over linearly
ordered one-dimensional sets X and Y, respectively, is said to be totally
positive of order = (denoted by TP,) if for all = <z, < --- < 2,
Y <Y< oo < Yum, With 3, X, y;€ Y, and m =1,2, ---, r, the deter-
minant of the mxm matrix with (¢, 7)™ element g(z;, ¥;) is nonnegative.
If g(z, y) is TP, for all », this fact is indicated by saying g(z, y) is
TP. Also, a nonnegative function k(x), defined for all real z, is said
to be a Polya frequency function of order r (PF,) if g(z, y) = k(z — y)
is TP,. In statistical applications, y is usually a parameter and g(x, ¥)
is a probability density function (p.d.f.) in 2 for each fixed y.

Following [1] we shall say that a d.f. F has increasing hazard
rate (IHR) if In[l — F()] is concave (in which case the support I of
F is an interval). The following results are well-known (see [1], [4],
[5], and [6]). (6.1)

(i) F has IHR if and onlf if 1 — F is PF,.

(ii) If F' is absolutely continuous with p.d.f. f, then F has IHR
if and only if the hazard function q(x) = f(x)/[1 — F(«)] is nondecreasing
in zel.

(iii) The class &7 of all d.f.’s which have IHR is closed under
convolution: F,Ge 2F = H = FxGe 5~

(iv) Each member of the exponential family, a class of d.f.’s
having p.d.f.’s of the form k(x, y) = B(y)e*? with respect to a o-finite
measure /t on (— oo, =), is TP. Here, X = (— oo, ) and

Y= {y: B(y) = Se”dpz(x) < oo}

is an interval. The family includes the binomial, Poisson, gamma,
and normal d.f.’s, for example.

(v) If F has IHR, then 1 — F'(x) tends to zero as x — o expo-
nentially fast. Thus, if F has IHR or 1 — F' is PF,, all moments of
F exist and are finite; in fact, F' has an analytic c.f.

(vi) F and/or 1 — F may be PF, while the p.d.f. f (if it exists)
is nmot PF,. This is so even if F' has IHR. However, if F is an
absolutely continuous d.f. such that the p.d.f. f is also PF,, then F
has ITHR.

(vil) If G(y) =1 —e* for y = 0 and zero elsewhere, and F is a
d.f. of a nonnegative r.v., then F has IHR if and only if there exists
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a nonnegative convex increasing function % such that F(z) = G[h(x)].

In [1], p. 384, it is shown that if F (1) is absolutely continuous,
(2) is the d.f. of a nonnegative r.v., and (3) has IHR, then for all
real numbers ¢ > s > 0,

(6.2) i e/N)* = (e o/N)*

where \, = p,/['(r + 1) with g, = Sox’dF(x). The inequality (6.2) was
proven in [6] (cf., equation (16), p.1032) for the special case 7 = 0,
assuming that F has a continuous p.d.f. f(x) which is PF,. From
(6.2), it follows immediately, on putting 7 =% — 1,¢ =2, and s = 1,
that

(6.3) [Lare/(n + 1)(n + 2)p1,] = [ptos/(0 + D2, ]
i.e.,
(6.4) Uniotlal o =1+ (n + 1),

Since g, .opt./pt2e, = 1 always, we obtain the following theorem.

THEOREM 6.2. Let F be the d.f. of a nonnegative r.v. and assume
that F' has IHR and is absolutely continuwous. Then

311. = #n#n-}-z/#i-ﬂ - 1 ’ as N — oo,

We remark that if F is a finite d.f. on [, 8],0 < a < b < <o, then
by Lemma 3.3, d,—1 as n— co; no other assumptions are needed.
Furthermore, all d.f.’s satisfying the hypotheses of Theorem 6.2 have
analytic c.f.’s; an example in the following section shows that this
is mot necessary, so that Theorem 6.2 provides only sufficient conditions
for 6, to converge to unity.

7. Examples. This section contains several examples illustrating
the results obtained in this paper. The first example illustrates Theo-
rem 3.1; the second shows that analyticity is not necessary for the
existence of normalizing constants ¢, such that G,(c,®) — G(x) with
§,—1; and the last few examples illustrate the concepts of §6 and
Theorem 6.2.

ExampLE 1. Let F(z) =1 —p for 0 <2 =<1, 1 for « > 1 and zero
elsewhere be the d.f. of the Bernoulli distribution P(X = 0) =1 — p,
PX=1)=p,0<p<1, withmean g, =p. Then G,(x)=1—- (1 — )"
for 0<a2=<1,1 for # >1 and zero elsewhere. G,(x) converges to the
d.f. degenerate at the origin, but lim,_. G,(x/n) = G(z) =1 — e for
x > 0 and zero elsewhere.
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ExaMPLE 2. p, = (4n + 3)!/6 is the »™ moment of a d.f. F which
is not uniquely determined by {z¢,} and hence does not have an analytic
c.f. (cf., Widder [11], p. 126). But since

pn+2/‘en//“3&+1 - 1’ C, = #n-l—l/(n + 1)#7& ~ 2567’&3

are normalizing constants, i.e., G,(c,x) — G(x). Since [ = 1 the limit
d.f. G is exponential. (This can be varified by the moment conver-
gence theorem also).

ExXAMPLE 3. Let Fy(x) =1 — e, for z > 0, 8 > 0, and zero other-
wise, be the d.f. of the Weibull distribution. The corresponding p.d.f.
is given by fa(x) = Bxf~'[1 — Fy(x)], so that the hazard function ¢(z) =
Bxf~' is nondecreasing for B = 1, so that (using 6.1 (ii)) F has IHR
for these values of 8. By Theorem 6.2, 6,—1 as n— -, for £ =1.
By direct calculations it is easily seen that p, = I'(n + B8/AR) and that
0,—1 for all B > 0; clearly, the assumptions of Theorem 6.2 are not
necessary.

ExamPLE 4. Let G,; = F xF; be the convolution of two Weibull
d.f.’s with parameters a and 8. Then for a > 1,8 > 1, we conclude,
using 6.1 (iii), that G, has IHR, so that Theorem 6.2 applies. Veri-
fication of the fact that 0, —1 by computing the moments of G,
directly would appear to pose some difficulty.

ExAMPLE 5. For >0, let Fi(w) =1 — ¢ =1 — ¢ Fiy(x) =
l—e*=1—e¢m" ... F.(®)=1-— """ where h(x) =2z, h(z) =
e*, « oo, by (x) = "=, It is readily seen that k, ---, h, are convex
increasing functions, so that by 6.1 (vii) F, ---, F,, have IHR’s, and
Theorem 6.2 again is applicable.

ExAMPLE 6. The p.d.f. f(x, y) = e=—v—==¥_ for
e>y>0,0<y < oo,

belongs to the exponential family of distributions. Since f(x, y) =
k(x — y), it is seen that f is TP, i.e., f is PF; Theorem 6.2 applies.

ExaMPLE 7. It is shown in [4] that
fle) = A i (—1)e, o >0;0 for x<0.

is TP, where A is a normalizing constant. For suitable choice of A4,
f is PF,, for all r, i.e., f is PF. More generally, each member of
the family of p.d.f.’s given by flx — 9),0 <y < o, 2 >y, is PF.
Therefore, the conclusion of Theorem 6.2 holds.
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