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NONCOMMUTATIVE CONVOLUTION
MEASURE ALGEBRAS

JosepH L. TAYLOR

A convolution measure algebra is a partially ordered Banach
algebra in which the norm, order, and algebraic operations
are related in special ways, Examples include the group
algebra L'(G) and measure algebra M(G) on a locally compact
group G and, more generally, the measure algebra M(S) on
any locally compact semigroup S,

This paper demonstrates several ways in which a convo-
lution measure algebra can be realized as an algebra of
measures on a compact semigroup. A relationship is established
between such realizations and certain classes of Banach space
representations of the algebra. These results give a partial
extension to the noncommutative case of the structure theory
of commutative semi-simple convolution measure algebras,

The notion of convolution measure algebra was introduced in [22].
The main theorem of [22] states that a semisimple commutative
convolution measure algebra I may be represented as an algebra of
measures on a compact Abelian topological semigroup S, where S has
the property that the multiplicative linear functionals on It are given
by the semicharacters of S. In this paper we seek analogous results
in the noncommutative case.

The central idea of the paper is this: we attempt to represent a
given convolution measure algebra I as an algebra of measures on a
compact semigroup S in such a way that certain key structural
properties of I are reflected in the structure of S. The map from
M into the measure algebra M(S) will be called a realization of I
on S. It turns out that for a given convolution measure algebra
there are several different semigroup realizations, each of which has
intrinsic importance. We motivate the study of semigroup realizations
as follows: compact topological semigroups have a very rich structure
which has been the object of a great deal of study recently (cf. [1],
[12], and [23]); it is hoped that structure theorems for compact
semigroups will suggest structure theorems for convolution measure
algebras and aid in their proofs. In particular, if 9% has a realization
on a semigroup S, then the kernel, idempotents, maximal groups, and
ideals of S should be related to corresponding structural elements of
M. For a given M and S the success of the above program depends
on having transportation between I and S; i.e., one must develop
ways of interpreting structure in S in terms of structure in I and
vice versa. This is where the greatest difficulties in the theory lie.
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For the commutative case the above program shows some promise
(ef. [18], [19], [20], [21], and [22]). In this paper we make only a
modest beginning on the program for the noncommutative case. We
restrict our attention primarily to the problem of constructing semi-
group realizations.

In §1 we collect together the information on L-space theory which
will be required in the later sections. In § 2 we define the notion of
convolution measure algebra and develop a method for constructing
realizations. The relationships between Banach space or Hilbert space
representations, and realizations for a convolution measure algebra are
discussed in §3. Here we also show the existence of maximal jointly
continuous and separately continuous realizations.

1. Preliminaries. The Banach space structure of a convolution
measure algebra is that of a complex L-space. In this section we
recall some of the salient points of the theory of complex L-spaces.

Real L-spaces were defined by Kakutani in [10] as lattice ordered
real Banach spaces in which the norm and order relations satisfy
certain conditions. In [15] Rieffel extended the notion to the complex
case. For our purpose here, we do not need the abstract definition
of L-space. It suffices to know that complex L-spaces are ordered
complex Banach spaces that are characterized by the properties listed
below.

1.1. Let X be a locally compact Hausdorff space and M(X) be
the ordered Banach space of finite complex regular Borel measures on
X. An L-subspace of M(X) is a closed subspace %t such that g eI
and v absolutely continuous w.r.t. ¢ implies ve . Every L-subspace
of M(X) is a complex L-space (cf. [22]).

1.2. If I is any complex L-space, then there is a compact
extremely disconnected Hausdorff space X and an order preserving
isometry pt— gty of I onto a weak-* dense L-subspace of M(X) such

that every FeI* has the form F(y) = Sfdpx for some fe C(X).

The correspondence F'— f is an isometry between IN* and C(X) (cf.
[2] and [22]). We shall call X the standard domain of .

For a given L-space I, there are many ways of representing It
in an order-preserving isometric fashion as an L-subspace of a measure
space M(Y). The above gives a canonical such representation. Certain
measure theoretic notions are independent of which of these concrete
representations are used; these include real and imaginary part, total
variation, absolute continuity, and L-subspace. These notions are
invariant because they can all be defined purely in terms of the order,
linear space structure, and norm on IN.
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1.3. According to 1.2, the dual IM* of an L-space M has in a
natural way the structure of a commutative C*-algebra with identity
(since it may be identified with C(X)). This C*-algebra structure is
characterized by the condition that (f-f)(#t) =0 for 0 < p eI and
feM*, where f— f is the involution (complex conjugation in C(X)).

Henceforth, we shall always consider the dual of an L-space to be
an object in the category of commutative C*-algebras with identity.
A morphism in this category will be a *-homomorphism which preserves
the identity.

1.4. If I and N are L-spaces and ¢: M — N is a bounded linear
map, then @ is a morphism of L-spaces (or L-homomorphism) if:

(1) op =0 whenever p = 0;

(2) |lopll =gl if £=0, and

(3) 0= peM and 0 < w < pu implies there exists veN such
that v = w (cf. [22], Definition 1.3).

For a bounded linear map @: M — N the following are equivalent:
(a) @ is an L-homomorphism; (b) o*: * — IN* is a *-homomorphism
preserving identities; (¢) ¢**: M** — N** is an L-homomorphism, (cf.
[22], Th. 1.2). Hence, with this definition of L-space morphism
M — M* is a contravariant functor from the category of L-spaces to
the category of commutative C*-algebras with identity.

It turns out that if an L-homomorphism ¢: I — N is injective,
then it is an order preserving isometry of It onto an L-subspace of
N (ef. [22]).

Since the dual ¢*: * — IN* of an L-homomorphism o: M — N is
a *-homomorphism preserving the identity, it follows that @* induces
a continuous map a: X — Y, where X and Y are the standard domains
of M and N respectively. The maps ¢, p*, and a are related by

| 2 fin = 077 = P = | sdon

and @*f(z) = fla(x)) for feN* = C(Y), peMc M(X), and xeX.
Here, we have taken the liberty-as we shall often do-of identifying
certain spaces with their images under canonical isomorphisms. This
greatly simplifies notation with no great loss of clarity (we hope).

1.5. If M is an L-space, then the C*-algebra structure of IN*
can be most readily identified in applications in the following way:
if 0 < peIN, then there is a natural order preserving isometry ¢, =
(f— fdp) of L'(p) into M. The dual @} of this map is a map of IM*
onto L'(p)* = L=(¢). That ¢} be a C*-algebra homomorphism for each
¢ is a condition characterizing the C*-algebra structure of I*.
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1.6. If M and N are L-spaces, then there is a pair consisting of an
L-space M Q@ N and a bilinear map (¢, ) > @ V: M X N—->MRIN
such that the following condition holds: (*) if X and Y are locally
compact Hausdorff spaces and g — gy, v— v, order preserving iso-
metries of I and N onto L-subspaces of M(X) and M(Y) respectively,
then ¢ Qv — py X v, determines an order preserving isometry of
M RN onto the closed linear span in M(X x Y) of the measures
Uy X V(e M, veN). The space M QN can be defined as the closed
linear span in M(X x Y) of the measures g x y(re M, veN), where
X and Y are the standard domains of IN and N respectively (cf. [22]).
It is then quite easy to show that (*) holds even if X and Y are not
the standard domains.

2. Convolution measure algebras and semigroup realizations.
We defined the class of convolution measure algebras in [22]. For
convenience, we restate the definition in an equivalent form below:

DEFINITION 2.1. A convolution measure algebra is a complex L-
space I together with an L-homomorphism ¢: M @ M — M which is

associative (p(1 @ 9(v @ 0) = P(P(1t @ ¥) @ ).

Under the operation (g, v) — ¢#-v = (¢t Q v), a convolution measure
algebra is a Banach algebra. We shall use the abbreviation C.M.A.
for the term convolution measure algebra. If I is a C.M.A. then
an L-subalgebra of It is a subalgebra which is also an L-subspace
(§ 1.1). An L-subalgebra of a C.M.A. is again a C.M.A.

The interesting examples of C.M.A.’s arise as L-subalgebras of
the measure algebra M(S) on a topological group or semigroup. By
a topological semigroup S we shall mean a semigroup with a Hausdorff
topology such that for each teS the maps s—st and s—ts are
continuous from S to S (separate continuity). If (s,t) —st: S x S— S
is also continuous, then S will be called a jointly continuous topological
semigroup.

In [22] we proved that if S is a locally compact jointly continuous
topological semigroup, then M(S) is a C.M.A. under convolution multi-
plication. The same thing is true even if the multiplication in S is
not jointly continuous. However, the proof is more subtle due to the
possible nonmeasurability of a separately continuous function on a
product space. The next two lemmas are designed to circumvent this
difficulty.

Let X and Y be locally compact Hausdorff spaces. We denote by
C*(X x Y) the space of bounded separately continuous functions f on
X x Y (i.e., x — f(x, ¥,) and y — f(x,, y¥) are continuous for each fixed
2, € X, ¥, €Y). Using Grothendieck’s weak compactness theorem (cf.



NONCOMMUTATIVE CONVOLUTION MEASURE ALGEBRAS 813

[7], Th.5), Glicksberg in [6] proves that if fe C*(X x Y), e M(X),
ve M(Y), then

[f@ vap@ and [f@, axw)
are continuous functions of y and x respectively and

(7@ vauaavw) = [{7@ pivadue) .

Note that this may not imply the existence of the double integral
S fdp x v. We require a sharpened form of this theorem.

LEMMA 2.1. Let X and Y be locally compact Hausdorff spaces,
feCXx Y),0=peM(X), and 0 <veM(Y). Then there exists
a unique element ge L=(¢t X v) such that

0 = | ]I/ w0, 1) | 4p@dsw)
= Sglf(w, v) — 9@, y) | du(y)d () ;
i.e., f and g agree almost everywhere on x or Y cross-sections.

Proof. Without loss of generality we may assume X and Y are
compact. If feCX x Y) then function |f(x,v) — f(&',y)| is
bounded, continuous in (z, ') e X x X for each y € Y, and continuous
inyeY for each (z,2)e X x X. It follows from Glicksberg’s result
that the function

ho, @) = || @, 9) = £, ) | d)

is continuous on X x X. Since h(x, ) = 0 for every x and the diagonal
in X x X is compact, there exist for each %k points %, -+, z, € X and
an open cover {U, ---, U,} of X such that x,e¢ U, and h(z, z') < k'
for (x, ") e U; x U,.

Let @, --+, @, be a partition of unity in C(X) subordinate to the
open cover {U,, ---, U,}. We set g.(z, y) = > p:(x)f(x;, ¥). Note that
9,€C(X x Y) and

[[1@ 1) = g, 9) | dp@)aste)
= [l » - 0.0 0 | @A

= 5 @I f@ v) - r00) | @i
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= 3 |pu@hie, z)dpw) < 121
It follows that {g,} coverges in L'(¢ X v)-norm to an element g € L=(¢t X v)
which has the properties we require. The uniqueness is trivial.

Note that the lemma does not directly imply that f is g x v-
measurable. Whether or not this must be the case seems to be an
open question. However, the lemma makes this question almost irrele-
vant for most purposes.

The correspondence f— g of Lemma 2.1 is clearly a C*-algebra
homomorphism of C*(X X Y) into L=(¢ X v) which extends the natural
homomorphism of C(X X Y) into L=(p x v). If M and N are L-
subspaces of M(X) and M(Y) respectively, then I @ N can be
identified with the linear span in M (X x Y) of the product measures
pxypedl,veN) (cf. §1.6). It follows from this and §1.5 that
there is a natural C*-algebra homomorphism 7: C*(X X ¥) — (M Q N)*
which satisfies

(1@ = |[f @ nap@a) .

For 7 to be injective it is obviously necessary and sufficient that M
and 9 be weak-* dense in M(X) and M(Y) respectively. Hence, we
have proved:

Lemma 2.2, If X and Y are locally compact Hausdorff spaces
and M and N are weak-* demse L-subspaces of M(X) and M(Y)
respectively, then there is a *-isomorphism 7 of C(X X Y) onto a
subalgebra of (M Q N)* such that

(@) = Hf(x, ndp(Eav) = | [fe vdwdue .

THEOREM 2.1. If S is a locally compact topological semigroup,
then the equation

(2.1) |rate-s) = SSh(st)dy(s)dv(t) (feCuS))

defines a multiplication on M(S) under which it is a convolution
measure algebra.

Proof. Glicksberg proved in [6] that equation (2.1) defines a multi-
plication on M(S) which makes it a Banach algebra. To show that
M(S) is a convolution measure algebra, we will show that this multi-
plication is defined by an L-homomorphism @: M(S) @ M(S) — M(S).

Let C,(S) denote the algebra of bounded continuous functions on S.
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We define a *-algebra homomorphism 6: C,(S) — (M(S) Q M(S))* as
the map & — f: C,(S) — C“(S x S) (where f(s, t) = h(s-t)) followed by
the map »: C“(S x S) — (M(S) Q M(S))* of Lemma 2.2. Notice that
equation (2.1.) simply says that

ghd(y-v) — (e RVY) .

If @ is the dual 0*: (M (S) Q M(S))** — C,(S)* of 4 restricted to M(S)
& M(S), then @ is an L-homomorphism (cf. § 1.4), since # is a *-homo-
morphism preserving identities. Since p-v = (¢t @ v), M(S) satisfies
Definition 2.1 and is a convolution measure algebra.

The morphisms in the category of convolution measure algebras
are defined in part (a) of the following definition.

DEFINITION 2.2. (a) A map@: N — N between C.M.A.’s I and
N will be called a C.M.A.-homomorphism if it is both an algebraic
homomorphism and an L-homomorphism between I and 9 as L-spaces.

(b) A realization of M on a locally compact topological semigroup
S is a C.M.A.-homomorphism 8: I — M(S) with weak-* dense range.
If 6 is injective it will be called a strict realization. If S is compact,
0 will be called a compact realization.

The purpose of the paper is to demonstrate the existence of
certain compact realizations of a convolution measure algebra . In
practice, a C.M.A. M will usually be given as an L-subalgebra of the
measure algebra on a group or semigroup. In this situation we already
have one semigroup realization of 9 in hand. However, the given
semigroup may not reflect strongly the structure of IM. Hence, it is
worthwhile to seek another realization in which the underlying semi-
group has a richer structure. In the commutative case, this is illus-
trated by the algebra M(G), where G is a nondiscrete l.c.a. group. It
is not true that every complex homomorphism of M(G) is determined
by a character of G; however, there is a realization of M(G) on a
compact jointly continuous semigroup S such that every complex
homomorphism of M(G) is determined by a semi-character of S (cf.
[22]). We seek similar “structurally rich” realizations in the noncom-
mutative case.

Throughout the remainder of this section I will denote a C.M.A.
with multiplication map ¢: :M @ M — M and standard domain X (cf.
§1.2). We shall consider I to be an L-subspace of M(X) and M Q M
to be the closed linear span in M(X ® X) of the product measures
uox (e, ve k).

According to Lemma 2.2, we may consider the algebra C*(X Q X)
of separately continuous bounded functions to be a subalgebra of
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(M M)*. Thus, we shall simultaneously consider an element of
CX x X) (or C(X x X)cC*X x X)) as a function on X X X and
as a linear functional on IN & M.

If feC(X)=M* then p*fe (M R M)* may or may not lie in the
subalgebra C*(X x X). If it does lie in C¢(X x X) then it makes
sense to talk about its cross sections (p*f)., and (p*f)°, where

(@*f).(y) = p*f(x, y) and (p*f)*(y) = *f(y, «). For each ve X these
cross sections will be elements of C(X).

THEOREM 2.2. Let A be a closed *-subalgebra of IN* = C(X)
containing the tdentity. There is a compact realization 6: I — M(S)
of IN such that 6%: M(S)* — IN* maps C(S) tsomorphically onto A if
and only if A satisfies the following conditions:

(1) o* maps A into C*(X x X);

(2) if feA then (p*f).€ A and (p*f)"€ A for every xe X.

The semigroup S has a jointly continuous multiplication if and
only if p*AC C(X x X). The realization 6 1is strict vf and only if
A is weak-* dense in IN*.

Proof. With minor differences the proof is the same as the proof
of Theorem 2.2 of [22]. Hence, we settle for a brief outline here.

If S is the maximal ideal space of the commutative C *-algebra
A, then S is a compact Hausdorff space and A ~ C(S). Conditions
(1) and (2) on A insure that ¢*: A — C“(X x X) may be considered a
map from C(S) into C*(S x S). It follows that ¢* induces a separately
continuous semigroup operation on S. The realization 6: I — M(S) is
defined in the obvious way noting that M(S) = A* and A C IM*.

DerFINITION 2.3. For a given realization 6: It — M(S), the algebra
A = 6*C(S)c M* of Theorem 2.2 will be denoted A,.

Obviously, the algebra A, completely determines the realization 6.
The following theorem has a trivial proof which we omit; however,
it is probably worth stating explicitly:

THEOREM 2.3. Let 0,: I — M(S,) and 6,: I — M(S,) be compact
realizations of M. The relation A, C Ay, holds tf and only if there
is a continuous surjective homomorphism «:S,— S, such that the
diagram

M(S,)
2
EDE\ lea
0~

M(S)
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is commutative, where O, (E) = pa=(E)).

An example of an interesting semigroup realization is the reali-
zation constructed in [22] for a commutative C.M.A. M. Here the
algebra A, is the closed linear span in I * of the complex homomorphisms
of M.

3. Representations. In this section we will demonstrate the
existence of semigroup realizations in which the structure of the
underlying semigroup S is sufficiently rich to allow a certain class of
Banach space representations of I to be viewed as arising from
representations of S.

We are motivated by the work of Eberlein in [3], De Leeuw and
Glicksberg in [4], and Loomis in [11], on almost periodic functions.

Throughout this section I will denote a convolution measure
algebra with standard domain X. If 2 is a Banach space, then B()
will denote the algebra of bounded linear operators on 2. A left
representation of I on A is a bounded homomorphism g — T, of M
into B(). A right representation of I on A is a bounded anti-
homomorphism g — T, of M into B(A). Most of our results will be
stated for left representations only, though analogous results hold
for right representations. We shall use the term “representation” to
mean “left representation” unless otherwise specified. For a compre-
hensive study of representation theory for Banach algebras see [14].

There are natural left and right representations ¢ — L, and ¢t — R,
of M on M* defined by L,.f(v) = f(vy) and R, f(v) = f(pv) for fe M*
and g, veM. If p— T, is any representation of I on a Banach
space 2, then a subspace 2, of 2l is said to be invariant under pz— T,
if T,A, U, for every peM. A subspace A of IM* is said to be left
(righ) invariant if it is invariant under g — L.(¢x— R,). If we set
N() = {feM*: f(r) = 0 for every peJ}, then JF— N(J) defines a
one-to-one correspondence between the set of all closed right (left)
ideals ¥ of M and the set of all weak-* closed left (right) invariant
subspaces of I*.

DEFINITION 8.1. If #¢t— T, is a representation of I on 2A, then
an element e will be called almost periodic (under p— T,) if
(T.&:peM, |||l <1} has compact closure in the norm of A. If
{T.&:ppeM, || || =1} has compact closure in the weak topology of
9, then ¢ will be called weakly almost periodic. If every £e U is
almost periodic (weakly almost periodic), we will say that p— T, is
an almost periodic (weakly almost periodic) representation. An element
feM* will be called left almost periodic (left weakly almost periodic)
if it is almost periodic (weakly almost periodic) under y— L, and
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right almost periodic (right weakly almost periodic) if it is almost
periodic (weakly almost periodic) under p — R,.

The above definitions are adaptations of definitions used in [4].

LemmaA 3.1. If 1 — T, is a weakly almost periodic representation
of M on A, then there is a map x— T, of X into BR) such that
x— T, is continuous from X to B() with the weak operator topology

and (T3 = | NT.HAu@) for peM, se, and peA*. If p— T,
v X

18 almost periodic, then x — T, is continuous from X to B) with

the strong operator topology.

Proof. For fixed & € 2 denote the map ¢ — T.& by +. Then **
is a map from I** = M(X) into U** which is continuous from the
weak-* topology on M(X) to the weak-* topology on 2**. The weak-*
closure of the unit ball of I in M(X) is the unit ball of M(X) and
so ¥** maps this onto the weak-* closure in 2[** of

(e, (gl S 1 = (T&pel, 2l < 1) .

However, since p — T, is weakly almost periodic {T.&: eI, || ¢ = 1}
has weakly compact closure in 2 and so its closure in 2 agrees with
its weak-* closure in 2**. Thus, the range of +** lies in A. If
N e M(X), we denote v**\ by U,. Clearly U,& depends linearly on
g, and A— U, is a bounded linear map of M(X) into B() which is
continuous from the weak-* topology of M(X) to the weak operator
topology of B(2). If we set T, = U,, where o, is the point mass
at x, then the continuity of N — U, implies p(U,%) = | 7(T.5)dn(x)
for ne M(X), e, and neA*. Since T, = U, for ;eeEDAE, the map
x — T, has the required properties.

If ¢ — T, is almost periodic, then the map +** of the above
argument carries the unit ball of M(X) onto a norm compact subset
of . On this set the weak and norm topologies agree. Hence **
is continuous, on the unit ball of M(X), from the weak-* topology
of M(X) to the norm topology of 2. It follows that »— T, is
continuous from X to B(X) with the strong operator topology.

In the following lemma ¢@: M ® M — M denotes the multiplication
map of I, as in §2.

LeMmA 3.2. If feIR* = C(X) then the following statements are
equivalent:

(1) @*feC(X x X) (C*(X x X));

(2) f 1s left almost periodic (left weakly almost periodic);

(3) f s right almost periodic (right weakly almost periodic);
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(4) there is an almost periodic (weakly almost periodic) repre-
sentation p— T, of M on a Banach space A and {& €A, ne A*} such

that f(r) = (T,8).

Proof. We shall show that (1) = (2) = (4) = (1). Since statement
(1) is symmetric it follows that (1) = (3) is also true.
To show that (1) implies (2) we note first that if p*fec C*(X x X)

and #eM, then L,f(x) = g o*f(x, y)dp(y), since

L) = fo) = | | o fia, pduw)ave)
for ve M. Also, if p*feC(X x X), then the map y — (p*f),, where
(p*f),(x) = @*f(x, y), is continuous from X to C(X) with the topology
of pointwise convergence on X. By Grothendieck’s weak compactness
theorem (cf. [7], Th. 5), ¥ — (p*f), is also continuous from X to C(X)
with the weak topology. It follows that if we define U,f(x) =

S @*f(x, y)d\(y) for Ne M(X), then N — U,f is continuous from

ZWY()? ) with the weak-* topology to X with the weak topology. Since
the unit ball of M(X) is weak-* compact and L, = U, for eI, we
have that {L.f: e, || #|| = 1} has weakly compact closure in C(X).
Hence f is left weakly almost periodic. If o*fe C(X x X), then the
map y — (p*f), is continuous from X to C(X) with the norm topology,
the map » — U, is continuous from M (X) with the weak-* topology
to C(X) with the norm topology, {L.f: r£€ M, || || = 1} has norm com-
pact closure, and f is left almost periodic.

To show that (2) implies (4) we first assume that I has an
identity . If f is left almost periodic (left weakly almost periodic),
then the norm closure 2 in M* of {L.f: peI} is a left invariant
subspace of IM* in which every element is left almost periodic (left
weakly almost periodic). Therefore, the representation p— L,, re-
stricted to this subspace, is an almost periodic (weakly almost periodic)
representation of 9. Furthermore, we have that

[ = FCp) = (L f)Q) -

If M does not have an identity, we go to the algebra I’ obtained
by adjoining an identity { to 3. If X’ is the standard domain of
M, then X' = XU {x,}, where x, is a discrete point of X’ and { is
the point mass at x,, We may identify I* = C(X) as the space of
functions in (M')* = C(X’) which vanish at x,. It follows that f is
left almost periodic (left weakly almost periodic) as an element of I*
if and only if it has the same property as an element of (I)*.
Replacing I by M’ in the above paragraph leads to the conclusion
that (2) = (4) in general.
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That (4) = (1) follows from Lemma 8.1, since f(¢) = 7(T,{) implies
that f(x) = »(T.0) and o*f(x,y) = n(T,T,0). Since multiplication in
the unit ball of B() is separately continuous in the weak operator
topology and jointly continuous in the strong operator topology; we
have ¢*fe C*(X x X)(C(X x X)) if #— T, is almost periodic (weakly
almost periodic).

Theorem 2.2 may be restated in terms of the representations
pr— L, and ¢ — R, as follows:

THEOREM 3.1. If A s a subset of IM*, then A = A, for some
compact realization 0 of M 1f and only if the following conditions
hold:

(1) A is a closed subalgebra of IN* which is closed under
conjugation and contains the constant functions,

(2) every feA is weakly almost periodic,

(3) A s invariant under both the right representation 1 — R,
and the left representation p— L, of M on IM*.

The semigroup S s jointly continuous if and only if every
fe A is almost periodic.

Proof. In view of Theorem 2.2 and Lemma 3.2, we need only
show that in the presence of the other conditions, condition (2) of
Theorem 2.2 holds if and only if condition (3) of Theorem 3.1 holds.
To see this, recall that in the proof of Lemma 3.2 we showed that if

f is weakly almost periodic and we set U,f(x) = S @*f(x, y)d\(y) for
X

e M(X), then U,f = L,f for peM and the map A — U,f is con-
tinuous from M(X) with the weak-* topology to I* with the weak
topology. Thus, if A is a closed subspace, it follows that L,fe A
for every pe I if and only if U,fe A for every e M(X); and this
holds if and only if (p*f)"c A for every xe X, where (p*f)"(y) =
o*f(x, ¥). An analogous argument shows that R,.fe A for every prc It
if and only if (p*f),e A for every x ¢ X. Hence A is both left and
right invariant if and only if fe A implies (p*f)"€ A and (p*f). € A
for xe X.

A standard theorem in the study of group algebras is that every
representation of such an algebra on a reflexive Banach space is
induced by a representation of the underlying group (cf. [11], § 32).
We now develop an analogue of this result.

DEFINITION 3.2. A representation of a topological semigroup S
on a Banach space 2 is a bounded homomorphism s — T, of S into
the multiplicative semigroup of B() such that s— T, is continuous
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from S to B(2) with the weak operator topology. If s— T, is con-
tinuous from S to B() with the strong operator topology, then s —
T. will be called a strongly continuous representation.

DEFINITION 3.3. If ¢— T, is a reprsentation of I on A and 4
is a realization of I on S, then px— T, will be called #-induced if
there is a representation s — T, of S on U such that

nT.E) = SSW(TSS)dﬂy(s) for £e, neAr.

If s— T, is strongly continuous, then ¢ — T, will be called strongly
#-induced.

THEOREM 3.2. If p— T, is a representation of I on A and 0
is a compact realization of M on S, then p— T, is O-induced if
and only if p— T, is weakly almost periodic and each element
feMm*, of the form f(ur) =n(TE) for £eW and ne*, is in A,.
Also, if pt— T, 1s 0-induced, then it is strongly O-induced if and
only if p— T, is almost periodic.

Proof. Since 0*:C(S) — A, c C(X) is a *-algebra isomorphism, it
is induced by a surjective map a from X to S. Then A, consists of
those elements feIN* of the form f(x) = g(a(x)) for geC(S), i.e.,
those elements feI* for which a(x) = a(y) implies f(x) = f(y). If
¢ — T.is weakly almost periodic, let # — T, be the map from X to
BQA) given by Lemma 3.1. If for each £e2* the element fe M*,
defined by f(¢) = »(T.¢), is in A, then a(x) = a(y) implies 7(T,¢) =
f(@) = fly) = (T,6). It follows that a(x) = a(y) implies T, = T,, and
x — T, defines a map s — T, of S into B() such that 7, = T,.,,. Then

n(T.é) = SXU(TxE)dy(:c) = Ssv(Tsé)dﬁy(s)

for pre M, e, peA*. The map s — T, is continuous into B(A) with
the weak operator topology since x — T, is continuous. That s— T,
is a homomorphism follows from the equations

SSL?](TS T,&)d0p(s)dov(t) = (T, T.&)
= 7](T/!-u§) = SSSS'Y](T“E)dG/J(S)dal)(t)

for g, ve I, £ A, neA*.
If #— T, is almost periodic, then « — T, and thus s— T, are
continuous maps into B() with the strong operator topology.
Conversely, if ¢ — T, is 6-induced, then there is a representation
s— T, of S on U such that
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P(T,E) = SS77( T&)dop(s) for peM, e, ne*.

Since S is compact, it follows that g — T, is weakly almost periodic,
and if s— T, is strongly continuous, then g — T, is almost periodic.
If f(r) = p(T.€), then f(x) = g(a(x)) where g is the function in C(S)
defined by g(s) = (T.§). Thus fe A, and the proof is complete.

We can now state our main theorem.

THEOREM 3.3. There are compact semigroup realizations w: MN —
M(S,) and o: M — M(S,) such that the following conditions hold:

(1) A, is the space of all weakly almost periodic functions in
M* and A, is the space of all almost periodic functions in IM*;

(2) FEvery weakly almost periodic representation of IM is w-
induced and every almost periodic representation of M is strongly
o-induced;

(3) S, ts jointly continuous.

Proof. It follows from Lemma 3.2 that the spaces of almost
periodic and weakly almost periodic functions are *-subalgebras of
IM* containing the identity. Both subalgebras are clearly invariant
under each L, and each R,. Hence, the theorem follows directly from
Theorems 3.1 and 3.2. ‘

COROLLARY. Fwery representation of M in a reflexive Banach
space is w-induced. Every representation of M in a finite dimensional
Banach space is g-induced.

COROLLARY. A C.M.A. M has a strict compact realization if
and only if the weakly almost periodic elements of M* are weak-*
dense. It has a strict compact realization on a jointly continuous
semigroup f and only if the almost periodic elements of M* are
weak-* dense.

If there are sufficiently many vrepresentations of M wn reflexive
(finite dimensional) Banach spaces to separate points of M, then M
has a strict compact (jointly continuous) realization.

Note that Theorems 2.3 and 3.2 imply the realizations w: %t —
M(S,) and o:IM — M(S,) are maximal compact and compact jointly
continuous realizations in the obvious sense. That is any compact
realization of I can be factored through @ and any compact jointly
continuous realization can be factored through o.

We now turn briefly to the study of *-representations of a convo-
lution measure algebra MM with involution. It is natural in this
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situation to insist that the involution respect the L-space structure
of M.

DEFINITION 3.3. A convolution measure algebra with involution
is a convolution measure algebra I with an algebra involution g — p*
which satisfies the following additional condition: if g = z£* (the
complex conjugate of p¢*), then g — g/ is an L-homomorphism of M
onto k.

If G is a locally compact group, then M(G) is a convolution measure
algebra with involution, where p*(E) = p(E-'). Here the L-homo-
morphism g — g’ is defined by p/(E) = p(E-"). More generally, let S
be a locally compact topological semigroup with an involution s — ¢,
i.e., a map s — s which is a continuous anti-isomorphism of S with
s” =s. If we set p/(E) = p(E'") and p* = ¢/, then M(S) becomes a
convolution measure algebra with involution.

Throughout the remainder of this section, M will denote a fixed
convolution measure algebra with involution. A *-realization of IN
will be a realization 6 on a semigroup S with involution s — s’ such
that dp*(E) = 6p(E’). We shall obtain a result relating *-realizations
to *-representations of N on a Hilbert space H.

LEMMA 3.3. There are natural tnvolutions on S, and S, such
that w and o are *-realizations.

Proof. Themap p— p' = F is an L-homomorphism and, hence,
it induces an algebra isomorphism f— f’ on C(X) such that f() =
(). The lemma will follow if we can show that A, and A, are
invariant under this isomorphism. The required involution s — s’ on
S. (resp. S,) is then induced in the obvious manner by f— f’ on
A, ~ C(S,) (resp. A, ~ C(S,)).

Let 2 — 2’ denote the homeomorphism of X such that f’(x) = f(«’).
If fe A, then by Lemma 3.2, o*fe C*(X x X). A simple computation
shows that the function g(x, ¥) = *f(¥/, ') on X X X determines the
linear functional @*f” on M Q M. It now follows from Lemma 3.2
that fec A, implies f"€ A, and fe A, implies f’ € A,. This completes
the proof.

DerINITION 3.5. Let A, be the closed linear span in IM* = C(X)
of linear functionals of the form f(x) = (4.h, h), where £ — A, is a
*_representation of 9% on a Hilbert space H and he H. Let A, be
the closed linear span in IN* of the functionals of the form f(y¢) =
(A.h, h) such that p#— A, is an irreducible *-representation of I on
H and heH.
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The functionals described above are the states and pure states
respectively of the *-algebra M. Note that A, A,cC A,, since a
Hilbert space is reflexive.

If S is a semigroup with involution s — s’, then a *-representation
of S on a Hilbert space H is a weakly continuous homomorphism
s— U, of S into the multiplicative semigroup of B(H) such that U, =
Ur. If p— A,is a *-representation of M, then by the first corollary
to Theorem 3.3 it is induced by a representation s — U, of S,. Itis
clear that s — U, is a *-representation of S,. Hence, *-representation
of M are all induced by *-representation of S,. Similarly, irreducible
*_representations of I are induced by irreducible *-representations of
S.. However, there may not be enough *-representations (or irre-
ducible *-representations) of S, to separate points. One can obtain the
following result by factoring out equivalence relations in S,:

THEOREM 3.4. There are compact *-realizations o and ¢ of N
on semigroups S, and S, respectively, such that:

(1) A, =p*C(S,) and A; = *C(S);

(2) the *-representation of M are all p-induced by *-represen-
tations of S, and the irreducible *-representations of I are all ¢-
induced by irreducible *-representations of S,;

(3) the *-representations of S, separate points in S, and the
wrreducible *-representations of S, separate points in S,;

(4) o and ¢ have the same kernel.

Part (4) of the above theorem follows from the fact that the
weak-* closed convex hull of the set of normalized pure states is the
set of all normalized states (cf. [14]).

An interesting problem in connection with Theorem 3.4 is the
following: when is it true that the involution on S, or S, is normal
in the sense that s’s = ss’ for all s? If a semigroup S has a normal
involution and s — U, is a *-representation of S, then each U, is a
normal operator, U, is a projection if pe S is an idempotent, an U,
is a partial isometry if s lies in a subgroup of S. Obviously then,
the study of *-representations of a semigroup S will be considerably
simpler if S has a normal involution.

4. Conclusions and problems. We do not have satisfactory
conditions on an abstract convolution measure algebra I which guaran-
tee that 9% has a strict realization on a compact semigroup. This
seems to be a hard problem. However, from our point of view it is
largely irrelevant. The theory initiated here is intended for use as a
tool in the study of the representation theory of specific convolution
measure algebras such as M(G). As is the case with M(G), one may
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expect to have a-priori knowledge that the algebra he is studying has
sufficiently many representations in a reflexive Banach space to separate
points. Of course, the algebra then has a strict realization on S, by
the second corollary to Theorem 3.3.

Given the work we have done here, one should now be able to
use the structure theory of compact semigroups and semigroup re-
presentations both as a tool in proving results about convolution measure
algebras (such as M(G)) and as an intuition aid in deciding what these
results should be. The monograph of Berglund and Hofmann [1] and
the fundamental paper of Glicksberg and DeLeeuw [4] should be
useful in this connection. We shall leave this project to someone else.

If 6: M — M(S) is a compact semigroup realization then there are
some trivial results concerning the connection between structure in I
and structure in S that can be carried over directly from results in
[22] for the commutative case. We will close by mentioning some of
these without proof.

If 9% has an approximate identity {z,} with || ¢#.|| =<1 (or ¢, = 0)
for each «, then S has an identity (cf. [22], Theorem 3.1).

If every one-dimensional representation of It is 6#-induced, then
there is a one-to-one correspondence between prime L-ideals of I
and open-compact prime ideals of S, (cf. [22], Th. 3.2).

If I = LYG) for a locally compact group G, then S, is the
weakly almost periodic compactification of G and S, is the almost
periodic compactification of G (cf. [22], §4). If M = M(G) then S, and
S, contain as closed ideals copies of the corresponding semigroups for
LYG) (cf. [22], §4).
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