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WEIGHTED LATTICE PATHS

R. D. FrAY AND D. P. ROSELLE

A lattice path in the plane from (0,0) to (m,n) with
weighted horizontal, vertical, and diagonal steps will be called
a weighted lattice path. We determine the number of
unrestricted weighted lattice paths, the number of paths
below a line, and the number of paths which must remain
between two parallel lines with unit slope. We also obtain
generating functions for the number of paths which remain
below the line y = x; these extend results obtained by Carlitz
and Riordan for the ballot numbers.

The number, ('m, ;1; n)) of unrestricted minimal lattice paths from
(0, 0) to (m, n) is an old and well-known result, see MacMahon [5,
I, p. 167] or Feller [3, p. 68]. The Catalan number ¢, = (%:b)/(n + 1)

is the number of paths from (0, 0) to (n, ») which never rise above the
line y = « (c.f. [1]). The enumeration of the paths which must remain
below the line y = ax + b has been obtained by Lyness [4], Mohanty
and Narayana [7], and Carlitz, Roselle, and Scoville [2]. Recently
several authors [6], [8], and [10] have considered the same problem
when diagonal steps are allowed in addition to the usual horizontal
and vertical steps, and Stanton and Cowan [11] studied the resulting
numbers in a different connection.

In [6] Mohanty and Handa enumerate the unrestricted lattice
paths from (0, 0) to (m, n) where ¢ diagonal steps are allowed at each
position. They also determine the number of such paths which must
remain below the line x = ay, and they indicate that a formula can
be obtained for the number of paths which must remain below
& = ay — b, where a and b are nonnegative integers. All of these
results have been extended to weighted lattice paths in the present
paper.

We remark that we will treat the case of weighted lattice paths
bounded above and below by functions which are not necessarily
straight lines in a paper now under preparation. This paper will also
contain a generalization of a problem posed by Elwyn Berlekamp and
solved in [2].

2. Unrestricted lattice paths. By a weighted lattice path we
mean a path from (0, 0) to (n, k) where a lattice point (%, 7) may be
approached from any of the lattice points (4,5 — 1), (¢ — 1,7), or
{1 — 1,7 — 1), and the horizontal steps are assigned the weight @, the
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vertical steps the weight y, and the diagonal steps the weight z.
If f(m, k) = f(n, k|x, y,2) denotes the number of weighted lattice
paths from (0, 0) to (n, k), then it is immediate that

2.1 f(n,k)=af(n -1k +yf(n,k—1) +2f(n—1k—1),

whenever n, k= 1. It is clear that (2.1), together with the initial
conditions f(n,0) = 2" and f(0, k) = y*, determines f(n, k). The
following table gives the first few values of f(n, k).

N 0 1 f(nzyk) 3
0
1
2
3
4
5

1 Y y? Y3

X 20y + 2 3xy? + 2yz 4oy + 3y*z

x2 | a2y + 22 6x2y? + 6ayz + 22 1022y® + 12xy2z 4 3yz?

x3 | 4ady + 3x2z 1023y2 + 12x2yz + 3xz? 20x3y3 + 30x2y2z + 12xyz2% + 28

xt | Bxty + dxdz 15x4y? + 20x3yz + 6x222 35xtyd + 60x3y%z + 30x2y2? + 4xz3
z® | 6%y + Btz | 2lady? 4 30xiyz + 10x322 | B6asy® + 106xiy2z + 60x3yz2 + 102228

In the next place, if we put

Fyw) =3, f(n, kyu,
it follows from (2.1) that
Fyw) = ouF(u) + yFi(u) + 2uF) (%) .

Repeated application of this recurrence gives

Y + zu\*
Fiw = (L2224 Fw)
_ (y + zu >k 1
1—2u/ 1—2u
= Z ur 2 ( ) <n + 7') x'n—ryk—rz'r
n=0 r=0 \ P k
Therefore we obtain
v (kN [(n+k—7r
(2.2) fln, k) = >, ( ) ( ) ar Yk,
r=o \ P k
In particular, we have
"
(2.3) fln, k|1,1,z—1) = (7')( )z*,
+ k
(2.4) fn, k|1, 1,0) = (” . )
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&) fm kL 1L,1) = rzi“o r‘(v(znjr;cv(; i)!r)Y )

where (2.3) follows by an application of equation (5) on page 8 in [9].
The equation (2.4) is the familiar result stated in the introduction,
and (2.5) is due to Moser and Zayachkowski [8] and Stanton and
Cowan [11].

Note that it follows from (2.2) that

_(y\"*
Flem = (L) Fn by
and

f(n, kla, y, xy) = a™y* f(n, k1,1, 1) .

We remark that (2.2) could be obtained directly from equation
(1) in [6]. It is also possible to give a simple combinatorial proof of
(2.2). By a block on a weighted lattice path from (0, 0) to (n, k), we
mean one of the moves (4,5) > (¢ + 1,57 +1) or (4,5)— (3,5 +1)—
(t + 1,7 +1). Next notice that a path consists of blocks connected
by moves of the form (¢,7)— (¢ + h,j)— (@ + h,j7 +t). Now if a
path contains r blocks, it is immediate that the rows in which these

blocks can occur can be chosen in <ff> ways and the columns may

. n . . e .
be chosen in <r> ways. Since there are n — » remaining horizontal

steps and & — r remaining vertical steps, and since a block has weight
Y + 2,

n k
sn 1) =33 ’;’) (T ) (o + 2oy

“ [k n+k—s
()

In particular, it follows that
S(n, klz,y, —oy) = 2"y" .

3. Paths below y =x +r and x =sy. Next we obtain the
number, e(n, k, r|x, y, 2) = e(n, k, r), of weighted lattice paths from
(0, 0) to (», k) which remain below the line y = x + », for » a positive
integer. Let g(n, k, r) be the number of weighted paths from (0, 0)
to (n, k) which touch, cross, or traverse the line y = x + ». Then it
is immediate that '

(3.1) e(n, k, r) + g(n, k, r) = f(n, k) .
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First we shall determine g(n, k, r) for ordinary lattice paths, that
is, we let x =y =1 and 2z = 0. Note that any such path « which
touches y = « + r does so at a last lattice point and that if the
portion of a from this point to (m, k) is reflected about the line
y =« + r, we obtain a path «’ from (0,0) to (k — », n + 7). Since
this procedure is reversible, we obtain

n+k)

(3.2) mmhMLL®=(n+r

In order to determine g(n, k, r) for the general case, suppose we
are given a weighted lattice path from (0, 0) to (%, k) with ¢ diagonal
steps which touches the line y = 2 + ». Removing the ¢ diagonal
steps we obtain a path from (0, 0) to (» — ¢, £k — t) with no diagonal
steps which touches y = # + r. Since we may reverse this process,
we have from (3.2), allowing for the weighting factors,

n+k—2t\n+k—1t k—r\(n+k—t

) xn—-tyk—-tzt — ( xn—tyk—tzt
n—t+7r t ) t kE—r

paths from (0, 0) to (n, k) with ¢ diagonal steps which touch y = « + 7.

Hence
ner ([ fp — kE—t
g(n, k, r) = >, ( T) <n N ) xrtyt it
t=0 t ]C -7

= (L) s+ m 1.
It follows from (3.1) that

en, by r) = fn, ) = (L) fln+ v k=),

where n =k —r and 1 < r < k.

It will be convenient to let b(n, k) denote the number of paths
from (0,0) to (n, k) which remain below the line ¥y = x. Since any
such path must first go to (1, 0) we see that

b(n, k) =xe(n — L, k1) =2xf(n—1,k) —yf(n, k—1).
From this last expression and (2.2), we find that for £ > 1
n—ke (E\(n+k—-1—7r\
3.3) b(n, k) = 7 gb(»,-)( b1 )m Yyt
In the next place, let a(n, k) be the number of weighted paths

from (0, 0) to (n, k) which may touch, but not traverse or cross, the
line y = x. Then for n = 1, we have
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(3.4) b(n, k) = a(n, k) — ya(n, k — 1) .

This formula follows easily for » = k. For n > k (3.4) will follow
by showing that ya(n, k — 1) is the number of weighted lattice paths
from (0,0) to (», k) which must touch the line y = x at a point
different from (0,0). Now a path which must touch ¥ = x does so
at a last point, and the immediately preceding step must have been
a vertical step. If this vertical step is removed, we obtain a path
from (0, 0) to (n, k — 1) which may touch the line y = «. Since this
process is reversible we obtain (3.4). Now from (3.3) and (3.4) we
have

a(n, k) = b(n, k) + ya(n, k£ — 1)
ko .
= ;y’b(%, k—7).
After a little reduction we find that

aln, k) = zk;l(f)x"—fyk—fzr'g(n —r—5(" +J9f .

r=0 N

In particular,

1 /(n n ,

(3.5) a(n,nll,l,z—1)—§)Z<7><T+1)z .
The numbers a(n, |1, 1, 0) are the Catalan numbers mentioned in the
introduction, and it is interesting to note that the coeflicients of 2"
in the right member of (3.5) are what Riordan [9, p. 17] has called
the Runyon numbers.

Let s be a positive integer, and let b(n, k, s) denote the number
of weighted lattice paths from (0, 0) to (n, k) which remain below
the line © = sy. Then b(sk, k, s) = 0, b(n, 0, s) = z*, and

(3.6) b(n, k,s) =xb(n — 1, k,s) + yb(n, k — 1, s)
+z2b(n—1,k—1,5)

whenever n > sk. It is now straightforward to verify that for £ > 1

o mn—8k & (kN[ n+Ek—1—=7\ .t herr
@1 b ks = 1 ;ﬂ(r)( T >x v
which agrees with (3.3).
Again, if a(n, k, s) denotes the number of weighted paths from
(0,0) to (n, k) which may touch, but not traverse or cross, the line
x = sy, then as before

b(n, k, s) = a(n, k,s) — ya(n, k —1,s) .
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Combining this with (3.7) we have

o by 9) =5 (7 )ourw s (")

r=0 N,

4. Paths bounded above and below. Let D(n, k;r, s) denote
the number of ordinary lattice paths from (0, 0) to (%, k) which remain
below the line y = @ + » and above the line ¥y = 2 — s, where » and
s are positive integers. In order to determine D(n, k; r, s) we shall
enumerate the paths from (0,0) to (n, k) with a particular touch
sequence. A path from (0, 0) to (n, k) is said to have a touch sequence
of the form rsr, for example, if it touches or crosses the line
Yy = ¢ + r one or more times without touching ¥y = x — s, then touches
y = ¢ — s several times without touching ¥ = © + 7, and then touches
y =2+ r. Note that if a path has a touch sequence of the form
rsr, it also has sequences of the forms 7, s, rs, and sr. We shall say
that a path has a touch sequence of the form rsh if it has a sequence
of the form rsrs--.rs with h pairs »s, and it has a touch sequence
of the form »rh if it has a sequence of the form 7srs --- rsr with A
pairs rs. Similarly we define sequences of the form srh and ssh.

Let a be a path from (0, 0) to (%, k) which possesses an rsh touch
sequence. In its last rsh sequence, let a, be the last point where «
touches ¥y = & + » in its first collection of » touches; let b, be the
last point where a touches y = & — s in its first collection of s touches;
let a, be the last point where « touches y = x + » in its second
collection of » touches, etc. Now reflect that portion of a between
a, and (», k) about the line y = # + . This new path &’ goes from
(0,0) to (k—7,n+ r). The point b now lies on the line y =
x + 2r + s. Reflect the portion of &’ from b, to (kK — r, n + r) about
the line y =2 + 2r +s. The new path «” goes from (0,0) to
(m—17r —s,k+ r+s). Reflecting the portion of &’ between a, (which
now lies on y =2+ 3r + 2s) and (n —r — s, k + r + s) about the
line y = © + 3r + 2s we obtain a new path from (0, 0) to

k—2r —s,m+2r+s).

Continuing this process we eventually obtain a path from (0, 0) to
(% — h{(r + s), k + h(r + s)). Since this process is reversible, the
number of paths from (0, 0) to (n, k) with an 7sh touch sequence is

"+ k _— .
<k + h(r + s))’ Similarly, the number of paths with an rrk touch
n+ k

—r— hr + S)>, the number with an srk touch sequence

sequence is <lc
is ( n+ k

k— h(r + s)); and the number with an ssh touch sequence is
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(k4 o™ nle 4 5))- Hence we have that
()
- z‘(chr sn++hfr+ s))
ta (lc +nh;;"li s)>
& <k —nhz:"i S)>

If a is a weighted lattice path from (0, 0) to (n, k) with ¢ diagonal
steps having an rsh touch sequence, then by romoving the diagonal
steps we obtain a path from (0,0) to (n —¢t, k — ¢) with an rsh
touch sequence. Hence the number of weighted paths from (0, 0) to
(n, k) with ¢ diagonal steps having an rsZ touch sequence is

( n+k— 2t <n+k—t s
x Tyttt
k—1t+ hir+s) t

Therefore the number of weighted paths from (0, 0) to (%, k) with an
rsh touch sequence is

E+nhir+9)\/ n+k—1t :
z xn*tyh—tzt
=0 t k+ hir + s)

—h(r+s)
- <_~Z.> Ff(n — W(r + 8), k + hir + s)) .
Similarly, the number of weighted paths with an »rh touch sequence
is (y/x) "+ flm + v + h(r + 8), k — r — W(r + s)), the number with
an srh touch sequence is (y/x)*"* fin + hir + s), k — h(r + s)), and
the number with an ssk touch sequence is

(y/a)=>="* f(n —s — h(r +8), k + s+ h{r +3)).

Hence if d{m, k; 7, s) is the number of weighted lattice paths from
(0, 0) to (n, k) which remain below the line y = « + » and above the
line y = x — s, then

d(n, k;r,s) = f(n, k)

B 2 <l>r+h(r+s) f(n o h(’i" + S), k—p — h(?" + S))
=0\

S (_y_)ﬁs"'””” fr— s —h(r +s), k + 5+ h(r + 5))
h=0 X
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y N\ —h(r+s)
+3 <Z) Fn = hr + ), k + h(r + 8)

i }; (-,Z_>h(r+8)f(n + h(”' -+ S)’ k — h(r + S)) .

5. The number of paths below y =sx + r. Let e(n, k; r, s)
be the number of weighted lattice paths from (0, 0) to (n, k) which
remain below the line # = sy — », where s and » are integers, s > 1
and » = 0. Also let » =sq¢ — t where 0 < ¢t <s. Since

e(n, k; r, s) = f(n, k)

if £ <q or m < t, we shall assume throughout this section that k& > ¢
and n = t. As before we shall determine the number of paths from
(0,0) to (m, k) which touch the line z = sy —». Any such path
must touch the line at a last point, which will have coordinates
(t+sj,qg+17) forj=0,1,---, k — q. The number of paths from (0, 0)
to (n, k) which touch z = sy — » for the last time at (¢ + sj, ¢ + 7)
is f(t +sj,g +)b(n —t —sj, k —q —7,s). Thus the total number of
paths from (0, 0) to (», k) which touch 2 = sy — r is

k_q . -
(5.1) ]gf(t+sj,q+j)b(n—t—sy,k—q—a,8)-

Then
(5.2) e(m+t,p+qrs)=f(m+1tp+q)

— 3% £t + 55, g + 9)b(m — 55, p — 4, 5)

for any nonnegative integers m and p. Combining (5.1) with (2.2)
and (3.7) we have that the second term on the right of (5.2) has the
explicit expression

R m+t—u ¢—uup < m_si(?((Z‘]‘j)(p—j)
A T —
DI PP

= op—J3 \u—nh h
<q+t+j(s+1)—u+h><m+p—j(3+1)—l—h>
q+7 p—J—1 ’

The numbers e{n, k; r, s) can also be expressed as a determinant.
Counting the number of paths from (0, 0) to (» + 7, k) which remain
below x = sy according to the points where these paths intersect the
line © = », we have

(5.3) b(n + 7k, 5) = ae(n, k7, s) + S b, j, s)e(n, k — j; v — js, s) ,

where
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h(/", jy 3) = b(’r, jy S) - b(”',j - 1’ S) .

By repeated application of (5.3) we get
(5.4) eln, ki, 5) = o 5 (—1YCr, 5, b(n + r — js, k — 4, 9) ,

where C(r,s,0) =1 and, for j =1, C(r,s,j) is the determinant of
the j X j matrix (c,,,) defined by

0 ifo>u+1
Cuw = 11 fov=u+1
2 h(r—(v—1Ds,u—v+1s) ifov<ut+l.

In order to prove (5.4) note that if C(r, s, j) is expanded about its
first column, we have

(5.5)  C(r, s 4) = 3 (=D h(r, i, )C(r — is, 5,5 — 1) -

The proof of (5.4) will be completed by induction on q. For ¢ =1
the equation follows directly from (5.8). Assuming the equation true
for integers less than or equal to ¢ we have from (5.8) and (5.4) that

e(n, k;r,s) = x7b(n + 71, k, s)

g .
— a7 3 M, g, ST
J=1

X 2 (=1)Clr — js,s,Db(n + r — s(i + j), kb — i — 4,8)
= x—rb(n + 'r, k, 3)

—x"’i‘,b(n—{—r——us,k—u,s)

%=1

X

(_l)umjx_(r_j:;)h(rr jy S)C(T - jS, S, U — .7) .

U
=1

<,

We then obtain the desired result by applying (5.5).
The determinantal expression for e(n, k; r, s) follows from (5.4);
specifically,

e(n, k;r, 8) = (=1)"" det (vy)
where (v;;) is the ¢ x ¢ matrix defined by
(0 ifjg>7+1
1 ifj=19+4+1
zb(n+r— (G —Ds,k—75+1,s) ifi=gq
2 hr — (J —Ds,t— 7+ 1,9 ifj<i<gq.

Vi; =
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Now let & be any path from (0, 0) to (%, k) which remains below
the line y = sx + 7, where s is a positive integer. If we interchange
the initial and terminal points of « and reverse the direction of the
path, we obtain a path from (0, 0) to (%, ») which remains below the
line * = sy — ns + k — r and whose horizontal and vertical weights
have been interchanged. Since this procedure gives us a one-to-one
correspondence, we have that the number of paths from (0, 0) to (n, k)
which remain below y = sx + », for s a positive integer, is (y/x)~"*
e(k, n; ms + r — k, s).

6. Generating functions for b(n, k). Let
bo(w) = S b(n, k)u* .
k=0

Since the numbers b{%, k) satisfy the recurrence (3.6) with s = 1, we
obtain
(6.1) (1 — yu)b,(u) = (x + 2u)b,_,(u) — yub(n, n — 1)

for » > 1. Repeated application of this relation yields
(1 — yuybu(u) = oz + 2u) — y 3 (1 — yup~(@ + 20)"ub(j, j — 1),

which is an extension of equation (2.3) in [1].

Next we shall determine the generating function b&(u) for
b(n + 1, »). By definition b(n + 1, n) is the number of weighted
lattice paths from (0, 0) to (n 4 1, #n) which remain below y = 2. We
shall count these paths according to the last point, excluding
(n + 1, »), where each touches y = x — 1. There are y b(1, 0)b(n, n — 1)
paths which last touch v =2 — 1 at (1,0); there are ¥b(2, 1) x
b(n — 1, n — 2) paths which last touch the line at (2, 1), etc. Hence

b(n + 1, m) = 2b(n, n — 1) + y S b(G + 1, )b(n — j, m — 1 — j)
for » = 1. Then

b(w) = 3, b(n + 1, njw
=z + zubu) + yub’(u) ,

and therefore

b(u) = 2—;%—[(1 —u2) — V(1 — ur)* — 4acyu] .

For x =y =1 and z = 0 this reduces to the generating function for
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the Catalan numbers (c.f. equation (1.3) in [1]).
We can also determine the generating functions

Bulu) = 3 b(m, Ky
and
b(u, v) = i gb(n, Byurv® .

Note that

b(w, v) = 3y b(wur = S8we*
From (6.1) it follows that

1 — yv)b(u, v) = 2u + (& + zv)u b(u, v) — yuv b(uw) ,
and hence
b(u, v) = w(x — yv blww))[(1 — zu) — v(y + 2u)]™
= u(e — yv bluv)) g; " 2 fn, kyur

(6.2) = 2‘, wf(n kvt

||M8 ﬁM8
ﬁMs

ij‘ yf(m, k)b(s + 1, S)’z}k+s+1un+s+1 .
Therefore
- > k—1
63) fun) = Syaf(e, byt — S0 S yptn — s,k — 1= 9bis + 1, 9)
_u_(yi_@"_{_ S 1 e }
— x yéb(s+1,s)(y+ ) wl

(1 — xu)r+ 2U

The equations (6.2) and (6.3) are extensions of equations (3.1) and
(3.10) in [1]. Comparing coefficients of u in (6.3) we have for n < k
that
For k) = L3 fm — 5,k — 1= 9)b(s + 1,9 ,
2L s=0
and for n > k

f(n,k+1)=%[b(n+1,k+1)+yéf(n—s,k—s>b(s+1,s)1.

Of course these expressions can be obtained directly; this would give
another derivation of (6.3).
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