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EIGENVALUES OF SEMINORMAL
OPERATORS, EXAMPLES

R. W. CAREY AND J. D. PINCUS

If T* is completely hyponormal and [T, T7%] has one
dimensional range, a necessary and sufficient condition for a
point z to belong to the point spectrum of 7T is known. Using
this criterion two examples are constructed.

In the first example the point spectrum of T is empty,
in the second example the spectrum of 7 is nowhere dense
but almost every point of it is an eigenvalue.

The construction of both examples uses results about
trigonometric series and the so-called principal function map
T < g which associates with every bounded operator T with
TT* — T*T = 2/x C trace class a Lebesgue summable function
g(v, 1) defined on ¢(T'), the spectrum of T.

The present paper will only consider the relatively simple case
where C has one dimensional range.
Let T= U+ 1V be the Cartesian decomposition of 7. With
C=kQ®Fk it is known [4], [9] that
1+ L (V= 0)U =2k, k)
Foth

— exp { 21 SSg())’ y)_di___dfi_}

2mi y—1l p—2z
for some function g(v, f£) with
(1) 0<g(,)<1 a.a. ypu
(2) SSg(v, Wdydpy = 2 trace C .

On the other hand, given any compactly supported measurable
function satisfying (1) there exists an operator .7~ which is com-
pletely hyponormal and for which 9 9 * — 7 *9 = 2/n% is of
one dimensional range such that

1+ ;17;—«% — )2 — 2% )

= exp {—2—71?%.—“9(”, 1) vo%fl %}'}

where 9~ = % + i7" is the cartesian decomposition of 7~ and & =
x QK x
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For the proof of this result see [5]. We remark that it is also
known that all such . ’s are unitarily equivalent.

Let 0,(T) denote the point spectrum of 7. We will use the
following theorem, established in [6].

THEOREM 1. zeo,(T) if and only if, with dA denoting area
measure,

| eraa <

for some ball B, centered at z, and g({) = g(v, p), ¢ = tt + .

Let y, denote the characteristic function of a set F. We will
say throughout the following paragraphs that a set F’ which is a
subset of the real line has one dimensional density positive at p if

]
SM x=(t)dt = 0 for every 6 > 0. A set F which is a subset of the
P-4
plane is said to have positive two dimensional density at p provided

that S SXF(’)’)dA # 0 for every positive 4.
3

l7r=2|<

ExAMPLE 1. An operator T with T* hyponormal, TT* — T*T
of one dimensional range, and g,(T) = Q.
We will exhibit a principal function ¢({) with

1—9() -
Ssjlc—zlz dA = for all z.

The construction of Example 1. Let F be a perfect, compact,
nowhere dense set, lying in an interval (e, b) with a > 0, of positive
Lebesgue measure and positive density at each of its points.

Let

2 ={qge*:qe F,0 < ¢ < 21},

It follows easily from this definition that 2 is compact, perfect, and
nowhere dense.

LEMMA 1. 2 has positive two dimensional density at each of
its points.

Proof. If the proposition were false, we would have

Sls'—zl<ss XQ(C)dA =0 ’
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with y, the characteristic function of 2, for some z in 2 and some
positive e.
But

S |g_,;<ESX"(C)dA = qus 17 + 2)dA .

Let 7 = pe*, then

SMKESXQ(W + 2)dA = Sz’”da S:Xﬂ(foew + 2)pdp =0 .

Thus,

SEXQ(IOQM + 2)odp =0 a.a. 0,
0

and thus
SEXQ(,OGM +2)do =0 a.a. 0.
0

Also setting ¢ = 6§ — 7, we have

S; ao S:xq(pe"”"“ + 2)odo =0
and hence
Sexg(,oe“”“”’ +2)dp =0 a.a. 0.

Thus, for almost all 6, both of the sets: {o: pe [0, &] and pe’’ +
ze R}, {0:pe[0,¢e] and pe!’™ + ze Q} have zero one dimensional
measure.

We will show that this contradicts the fact that F has positive
density at r = |z]|.

The set of all p in (0, &) with pe”’ in 2 — 2z coincides with the
set of all p in (0, &) for which pe€ (2 — 2).

Let 4, = {g: ¢ > 0 and e *(qe’* — z) is real for some @}.

A point ¢ is in 4, if and only if ¢sin(p — ) — rsin(a — 0) =0
for some .

We may suppose that 0 < |sin(a — )| < 1.

We consider two cases:

Case 1.
cos(a@—6)>0.

For |q — r| sufficiently small, there exists an angle @(gq) such that
cos (2(q) — 6) > 0 and sin ((q9) — ) = r/gsin (@ — ). Let



350 R. W. CAREY AND J. D. PINCUS

Fi(q) = Re {¢”[ge™ — re*]}
= (¢* — r*sin®* (@ — 6))'* + r cos (o — 6) .

Note that Fiy(r) = 0 and Fi(q) is a strictly monotone increasing
function of ¢ for ¢ larger than ».

Thus, for ¢ in a right hand neighborhood of » the values of
Fy(q) range through some interval (0, 9).

This shows that F has zero right hand density at .

To discuss the left hand density of F at r, we consider the
angle 6 — 7.

Note that cos(a@ — 6 + 7) < 0, and

F(q) = Re(e7#[qe "2 — re'*]) = — Fi(q) .

Thus, for ¢ less than » and |g — r| sufficiently small the range of
F.(q) lies in (0, 9).

Thus F has zero left hand density at », and hence F has zero
density at ». This is a contradiction.

Case 2.
cos(a—0)<0.

For |g — r| sufficiently small there exists an angle ®(q) such that
cos (@(q) — 0) < 0 and sin (p(q) — 8) = r/gsin (o — §). With Fi(q) as
before we have

Fq) = —V'¢* — r*sin®* (e — 6) — r cos (@ — 0) .

Note that Fyr) = 0 and F,(q) is strictly increasing. Thus, for ¢ < »
and r — ¢ sufficiently small the values of F(q) belong to (0, 9).
This shows that F has zero left hand density at . Again,

FAq) = V¢ — rsin’ (0 — ) + rcos (a — 0)

and F.(r) = 0. Since F.(q) is now increasing in ¢ there is an interval
(r, » + @) on which F.(q) ranges through (0, ). Thus, F has zero
right hand density at »; hence, F has zero density at » which is a
contradiction. The proof of the proposition is now complete.

So far F has been any perfect compact nowhere dense set in
(@, b) with positive Lebesgue measure and positive density at each
of its points.

Now we make use of a construction of N. N. Luzin [11] to
choose the F more carefully.

Luzin has provided us with an example of a measurable set F
contained in an interval (a, b) with @ > 0 such that with ¢ any
positive number
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d
I
for almost all p in (a, b), where ¥ is the characteristic function of

E. Let the set of such p be called S.
Choose, for the remainder of this paper, F— SN E. Note that

20 +8) — 20 — O S A — xelp + 1)) + A — Xzl — ) -
Hence,

Xep + 1) — xe(p — 2) dt = oo
t

-

y [Xe(p + t) — xx(p — )| dt

0 t
SSal’“XE(p+t)dt_}_Sal"XE(p_t)dt
— Jo t 0 t ’

Since FCE, 1 —yz(p £t) =1 — xz(p &= t). Thus,

EEPZCED PR S A KL P
0 t 0 t
< Saﬂ‘l@——wdt + Sal—_LF—(p—_—th — -
0 t 0 [
for all pe F, and hence for all real p.

We now define g({) = x.({), the characteristic function of 2.

This function will be our choice of principal function.

By the result in [5] referred to above, there exists a completely
nonnormal seminormal operator T with one dimensional self-com-
mutator and principal function g(&).

It is this operator T, for which we will later exhibit a concrete
representation, which we claim has no point spectrum.

To show this it suffices by Theorem 1 to prove that

A -

for all ze Q.

We proceed with this demonstration.

There exist numbers », and », such that 0 <r, <r <7, and a
positive number b such that

Vo ST aa 2 [P 25 H0) oo as
220

1 Ja—b I‘Oew — pei® E

_ (7 11 = 2x(0)] ot (1 — p*/r*)db
Sn 1 — 0¥ < Sa—b 1+ (o/r)* — 20/r cos (0 — @) )dp
V) N (1 — 7*/0)d8
+ S'r o1 — r*/0%) < Sa—b 1+ (r/p) — 2r/[pcos (0 — a) )dp )
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Since

a+b (]_ — pz/qnz)
pSa—b 1+ (o/r) — 20/r cos (6 — «) a0

and

pS‘”" (L — r*/p*)dd
a=b 1 + (7/0)* — 2r/p cos (6 — «)

are continuous functions of p on (», r) and (7, r,) respectively; and
since, on these intervals, these functions do not vanish we can con-
clude that the integrals are bounded below by positive constants ¢,
and c,.

Thus,

10 1=
PR L W o i

21— x:(0)
R e

> G "1 — x:(0) e (71— yx:(0) .
-21"Sr1 r—p d‘o+2frzsr o—7 @

However, we have already seen that

Sal'—XF(p_*_t) dt + Sa 1—2:(p—1?) dt = oo
0 t 0 t
for all real p.

Hence,

1-9() — o
Sl§—21<eg [&— 2P a4 =
for all ze Q.

For the purpose of gaining additional insight into the structure
of T we will exhibit a concrete representation for T which is different
from the singular integral representation furnished in [5].

To this end we will construct a new operator .7~ defined on a
doubly infinite direct sum space, having the form of a bilateral
shift with operator weights, and which has g¢g({) as its principal
function.

It will then follow that 7 and .7~ are unitarily equivalent.

Consider the polar decomposition of T, T = WQ. Now 0¢o(T)
because, by a theorem of [10], the essential support of the principal
function is ¢(T). Thus, W is unitary.

Let D= TT* — T*T, and let D =1/rd ®d. Then WQW* —
Q= D, and W@ = (@ + D)W.
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For |2|# 1, Iml # 0, we can form the so-called polar determin-
ing function of T:

o, 2) = 1 + %(W(W — )@ — 1), d) .

By known results [4], there exists a function ¢”(\, 7) such that

CRTEER| PSR

A fundamental identity [6] asserts that

9"(V, 7) = g(\7)

for
C=x,A>0 and |7|=1.
Furthermore,
_ &)
®(, 0) = exp {S___)n =7 dx} ,
where

o) = %S: 9700, €9)do = _21; SO gV Ne")do .

A well-known theorem asserts that there exists a positive meas-
ure dy(\) such that

ol L 1 203,

Furthermore, since {(\) is a characteristic funection, dy(-) is a purely
singular measure [1], [3].
Let 57 = L*dv), and set

T = DFDOFDOFDFDFD .

Let % be the bilateral shift of multiplicity equal to dimension
&7 (i.e., infinity).
Define V on 5# by setting

Vi) = tft),  f(t)e L¥(dy) .
Let x(t) = 1 a.a. ¢t in support of dv, and define

C= -71? L& x as an operator on L*dy)
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and set T =--- PODHOPHCHODOP -+ on 2. With 7 on 5%
defined as 7 = - - PV +CHPV+CHBVHVH VD -- we have

VY =7 + &)X .
But, let us define

o, 2) =1 + %(7/(% — N = 7) -

Then

o1, z) = exp{ 271”1. SRCS o fi (g(’;)_ 3 an dr}

for some summable function (), 7) with 0 < g(), 7) = 1.
Furthermore,

(1, 0) = exp S_f(_i“)l_dx .

Now
1 27r~ i0
) = o= | a0, eas
21 Jo

thus, since {(\) is the characteristic function of F? = {\} v e F}, we
can conclude that §7(V '\, e?) = {(\) a.a. 6.
But the same reasoning applied to the equation

_ _1- 2r » i0
0 = 2= 0, e

tells us that {(\) = g*(n, ¢*) a.a. 4.

Hence g*(\, €¥) = g7(\, ¢%), and thus 77 = Z 7'/ is unitarily
equivalent to T.

We remark that representations of this type play an important
role in the study of intertwining contractions. See the forthcoming
study in [8]. As our only use of this representation here we men-
tion that it is now quite easy to exhibit proper invariant subspaces
for T (hence T*). For instance, if & = {4,};=., is an increasing
family of Borel sets in (— oo, =) for which E(4,) =1 for some

<here V+ D= Sth’z is the spectral resolution for V + D on the

space Lz(dv)> and 57, = E(4,)57, then the closed subspace

"%-f: LI @%2@%1@%@%@"'
is different from {0} and 2" and invariant for 7.
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ExampPLE II. In contrast to the previous example we next ex-
hibit a seminormal operator T with ¢(7') nowhere dense such that
Area (6(T)/o,(T)) = 0. In order to accomplish this it suffices to con-
struct a set K having positive planar density at each of its points
such that the integral

(01— xx(9)
3 S*KdA
(3) ) e
is finite for almost all z in K. To construct such a K we rely on
a subtle result of G. P. Tolstov in a version due to N. Bary (see
page 466 of [2]), which we now state:

LEMMA 2. Let f be any measurable function definable in some
interval 0 < h < hy, f positive, monotonic, lim,_, f(kh) = 0. Let [a, b]
be any interval. If 0 < 1t < b — a, then there exists a perfect, no-
where dense set F, with m(F') = p, such that for m-almost all x € F,
there exists a positive number o, such that

m[R\F N (z, x + h)]
(4) 3] <SR

for 0 < |h] <3,

For our purposes let f(h) = h'** where « is chosen to be positive.
Let F be a set with the properties stated in the above lemma cor-
responding to A'**. By removing the set G of points z in /' where
F has zero density we obtain a closed set F/G, having positive density
at each of its points and satisfying the conditions of lemma two.
Since for the present purpose we need only the fact that such a set
exists, we shall assume from this point on that G is empty. Set
K={x +w:2eFand 2 <y < 8}. Since F has positive linear density
at each of its points it follows easily that K is compact, nowhere
dense and has positive planar density for all ze K. Now, with g(-)
equal to the characteristic function of K, let T denote the corre-
sponding seminormal operator [5]. It remains to show that the
integral in (8) is finite for almost all z in K. Let 2 denote the
subset of F' for which the relation (4) is valid. Since m(F\2) =0,
clearly Area (K\{x + ty:2€ 2}) = 0. We shall now show that the
integral in (8) is finite whenever z =2 + iy, *€ 2 and 2=y < 3.
To do this, it suffices to show that there exists a positive number
o for which the integral

z+o (y+o 1 - g(az + ib) d db
ggwwa—wwwy—wza

z—3
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is finite. Let 6 =6, be chosen as in the lemma for f(k) = h'*".
With h =a — 2, £ = b — y, the integral becomes

S“ Sa 1 -9+ 2+ ik + v) dhdk

- J-s h+ K
5 _ F}
= | o]
= S; 1- X|F}(¢m; + h) -2 arc tan<|—%—[)dh
gznga_a 1- Xr}(:”lJ“ b an

Now, this last integral is finite if and only if the series

= (7 1 — el + h) 1= h) g
{S_m [k ah + Sum [k } |

n=1
is convergent. But

Tt 1 — (@ + h) dah
S—ﬁln ,hl

< (”’ + 1>m(R\Fn @ — d/m, x — o/n + 1))

0
n+1

>m(R\F N (@ — 6/n, x))

0
22(21).(2)-(3) ~o(2 ) £
Similarly, we can show that

Séln+1 [ A dh = 2( n ) nte

But, 3o, 1/n'%* <  since a > 0; therefore, the integral is finite
and z + 7y is an eigenvalue for 7.

REMARK. The operators considered above have the property
that their spectrum is nowhere dense, and therefore coincides with
the essential spectrum. In particular, these operators are quasitri-
angular in contrast to such operators as the unilateral shift. On
the other hand, it is possible simply by choosing the principal func-
tion g(-) bounded away from 1, to obtain operators T with the
unit dise for its spectrum yet T has no eigenvalues.
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