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ON THE EXTENSION OF CONTINUOUS AND
ALMOST PERIODIC FUNCTIONS

PAauL MILNES

The most important results of this paper are two not very
closely related theorems concerning the extension of
functions. For the first theorem, let A be a subspace of a
topological space B and let X and Y be subsets of C(A) and C(B).
respectively. The theorem then asserts that, if every member of
X extends to a member of Y, then every member of the

*.subalgebra of C(A) generated by X extends without increase
in norm to a member of the C*-subalgebra of C(B) generated by
Y. As an application of this theorem, new proofs of some
results of J. F. Berglund on the extension of almost periodic
functions are given.

The statement of the second theorem is: every weakly
almost periodic function on an open subgroup H of a locally
compact group G extends to a function weakly almost periodic
on G. (K. deLeeuw and I. Glicksberg have proved this result
with the additional assumption that H is normal.)

1. Introduction. A consequence of Pontryagin’s duality
theorem is as follows:

(A) every continuous character on a closed subgroup H of a
locally compact abelian group G admits an extension to a continuous
character of G [5; (24.12) Corollary, p. 380].

It is not at all clear why (A) should imply

(B) every function in AP(H), the space of almost periodic
functions on H (which in this case is just the C*-subalgebra of C(H)
generated by the continuous characters on H), admits an extension to a
function in AP(G).

That (B) does hold is a theorem of Berglund [1; Corollary 11]; the
result (A) plays an essential role in his proof. That (B) holds may also
be deduced from (A) and the following general theorem which is the
main result of §2.

THEOREM 1. Let A be a subspace of a topological space B and let
X and Y be subsets of C(A) and C(B) respectively. Then every
member of the C*-subalgebra of C(A) generated by X extends without
increase in norm to a member of the C*-subalgebra of C(B) generated
by Y if
(*) every member of X extends to a member of Y
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(even. if there is a sequence {f,}CX, f,7#0Vn, such that
inf{||F||/||f.|| F € Y, F is an extension of f,}—>® as n — ).

The proof of the theorem uses some results from the theory of
uniform spaces. These results can be found in Kelley’s book [6] and
elsewhere. Our notation and terminology for uniform spaces is also
taken from [6].

In §3, we concern ourselves with the statement

(**) every weakly almost periodic function on a subgroup H of a
locally compact group G extends to a function weakly almost periodic
on G.

After noting that (#*) is not true in general, we mention three cases
where (#%) is known to be true and prove (x#) is true if G is locally
compact and H is compact or open (Proposition 1 and Theorem
2). The group of finite permutations of the natural numbers turns out
to be an interesting example in this regard.

2. An extension theorem. Suppose A is a topological
space and X is a subset of C(A), the C*-algebra of continuous bounded
functions on A. Subsets of continuous function spaces dealt with in
this paper are always assumed to contain a nonzero constant
function. Given X CC(A), we let C*(X) be the C*-subalgebra of
C(A) generated by X and denote by U (A, X), resp. U (A, C*(X)), the
totally bounded uniformity on A which has a base sets of the form

Ule K) ={(s.0) | [f(s)— f(t) <€ V fE KD,

where € >0 and K is a finite subset of X, resp. C*(X). (We write
U(e,f) instead of U(e, {f}) for simplicity.) The lemma which follows
now will be useful in proving Theorem 1.

LeEMMmA 1. The uniformities U(A,X) and U(A,C*(X)) are
identical. Also, the functions that are uniformly continuous with
respect to U(A, X) are precisely the members of C*(X).

Proof. Clearly U(A, X) CU(A,C*(X)). Thereverse inclusion is
a consequence of the following easily verified statements:

(i) U(ecf)=U(el|c|,f) for c#0.

(i) U(e fg) D Ulelk,{f,g}) whenever k = max{||f|.[g ]} *x2#0.

(i) U(e f+g)D U(e/2,{f. g}.

(iv) U(e fo) D U(e/3,f) if |fo—fl=e/3.
(Here ||f|| denotes the usual supremum norm of f € C(A).)

That every function in C*(X) is uniformly continuous with respect
to U(A,X) follows trivially from the first statement of the
lemma. Suppose
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fECA), [fECHX),

and 9 is the C*-subalgebra of C(A) generated by f and C*(X). Then
i*, the adjoint of the inclusion map i: C*(X)— & is a continuous map
of the spectrum o (2) of @ onto the spectrumrof C*(X) and there must
exist x;, X, € o(D) such that x, # x, but i*(x,) = i*(x,). (Otherwise, i*
is a 1 — 1 continuous map of one compact Hausdorff space onto another
and hence is a homeomorphism, which implies 9 = C*(X) and, in
particular, f € C*(X).) It follows that

x(f) = ¢, # ¢, = x,(f).
Also, 3 nets {s,}, {t;} CA such that
g(sa)_éxl(g) and g(tB)QXQ(g)Vg € 9.

And both nets {g(s,)} and {g(t;)} converge to (i*(x)))gVg€E
C*(X). Thus, for every U(e, K) € U(A, X), (5., ) € U(e, K) V large
enough o and B. However |f(s,) — f(t;)| = |c,— ¢,|/2 V large enough a
and B. Hence f is not uniformly continuous with respect to % (A, X).

Proof of Theorem 1. For X CC(A), there is a canonical map ex
from A into C*(X)*, the dual space of C*(X); ex is defined by

(ex(s)f =f(s) V f € CHX).

If C*X)* is given the w*-topology o(C*(X)*, C*(X)), then ey is
continuous and, if e% is the adjoint of ey, then ex = (¢%)™' is an isometric
isomorphism of C*(X) into C(ex(A)).

All that has been said above for A and X CC(A) applies equally
well to B and Y C C(B), and we observe that the map ¢: ey (s) — ex(s)
effects a uniform isomorphism of ey(A) ={ey(s)|s € A} Cey(B) with
the relativization to ey(A) of the uniformity @ (ey(B),ey(Y)) onto
ex(A) with the uniformity 4 (ex(A), ex(X)); this follows directly from
(*) in the statement of Theorem 1.

So, suppose we are given f € C*(X). Putting f = ex(f), we have
from Lemma 1 that f is uniformly continuous with respect to
U(ex(A), ex(X)). Hence f=y*(f) € C(ey(A)) is uniformly continu-
ous with respect to the restriction to ey (A) of U(ey(B),ev(Y)). If we
denote by ey (B) the completion with respect to U (ey(B),ey(Y)), then
ey(B) is compact and the completion e, (A) of ey(A) with respect to
(the restriction to ey(A) of) U(ey(B), ey(Y)) is a compact subset of
ey(B). It then follows from elementary uniform space theory that f
extends to a function f CC(ey(A)) and from the Tietze extension
theorem that f has an extension f to all of ey(B) satisfying ||f|=
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IFIC=1F1=1Fl=IIfl). Finally, if we apply e to the restriction of f to
ey(B), we get the desired function F.

A fact that thas not been explicitly used, but is very near the
surface in the proof of Theorem 1, is that, for example, the completion
of ex(A) with respect to U (ex(A), ex(C*(X)) is just the w*-closure in
C*(X)* of ex(A), which is the spectrum of C*(X).

Some results of Berglund [1] can be derived as corollaries of
Theorem 1. (The first corollary below is a slight improvement of the
corresponding result of Berglund.) We need first some notation. S
will denote a semitopological semigroup, i.e., a Hausdorff topological
space with a separately continuous associative multiplication, and U(S)
is defined to be the C*-subalgebra of C(S) generated by the coefficients
of finite dimensional unitary representations of S. U(S) is called the
strongly almost periodic subspace of C(S) and equals the almost
periodic subspace AP(S) of C(S) if S is algebraically a group.

CoroLLARY 1 (Berglund [1; Theorem 9]). Suppose that T is a
subsemigroup of a semitopological semigroup S and that every coeffi-
cient of a continuous finite dimensional unitary representation of T
extends to a coefficient of a continuous finite dimensional unitary
representation of S. Then every member of U(T) extends without
increase in norm to a member of U(S).

CorOLLARY 2 (Berglund [1; Corollary 11]). Let H be a subgroup
of a locally compact abelian topological group G. Then every function
almost periodic on H extends to a function almost periodic on G.

Proof. The first step of the proof here is the same as in [1]. By
Lemma 7 of [1], every continuous character on H extends to a
continuous character on H, which in turn extends to a character on G
[5; (24.12) Corollary, p. 380]. Theorem 1 then establishes the corollary
once we recall that, for an abelian topological group, the space of almost
periodic functions is equal to the C*-subalgebra of the continuous
functions generated by the continuous characters.

3. Weakly almost periodic functions. In Corollary 2 the
hypothesis that G is abelian is crucial. We gave an example in [7] of a
locally compact topological group G with closed normal abelian sub-
group H such that no nontrivial character on H extends to a function
(left and right) uniformly continuous on G. Thus such characters do
not even extend to functions in WAP(G), the space of functions weakly
almost periodic on G [4; Theorem 3.11, p. 42]. (See [2] or [4] for the
general theory of weakly almost periodic functions.) However, there
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are settings in which every weakly almost periodic function on a
subgroup extends to a function weakly almost periodic on the contain-
ing group. A setting where this is obviously the case is now
presented. The proof, whose details are omitted, depends on the fact
that functions vanishing at infinity on locally compact groups are
weakly almost periodic [4; Corollary 3.7 (iii), p. 41].

ProrosiTION 1. Let H be a compact subgroup of a locally com -
pact group G. Then every function in WAP(H) extends to a function in
WAP(G).

In the setting of Proposition 1 C(H) = WAP(H) = AP(H), and one
might wonder if the assertion of the proposition is true with WAP(H)
and WAP(G) replaced by AP(H) and AP(G), respectively. The
following example illustrates that this is not always the case'.

ExaMpLE 1. Let G be the group of finite permutations of the
natural numbers; each member of G permutes only a finite number of
natural numbers. It has been communicated to us by W. A. Veech (and
follows from results in [3; Ch. IV]) that the only functions in AP(G) are
linear combinations of the constant function 1 and the function that is 1
at even permutations and — 1 at odd permutations. It follows easily
from this fact that, if H is any finite subgroup of G containing more
than 3 elements, then not all functions in AP(H) extend to functions in
AP(G).

It is known that weakly almost periodic functions on a subgroup H
of a topological group G extend to functions in WAP(G) in the
following settings:

(i) H is dense in G [7; Theorem 4.9 (i)].

(ii) G is locally compact and abelian and H is closed [4; Theorem
3.16, p. 49].

(iii) G is locally compact and H is normal and open [4; Theorem
3.14, p. 47].

By using (i), one can see that the requirement that H be closed is
unnecessary in (ii). A similar comment can also be made about (iii) and
about Theorem 2 here, which is a generalization of (iii).

THEOREM 2. Let H be an open subgroup of a locally compact
group G. Let s be the map that extends functions f on H to functions F
on G by the formula

' The referee remarks that the failure of almost periodic functions on a compact subgroup of
a locally compact group to extend as such to the whole group is well known via the example of the
special unitary group SU(2) in the special linear group SL(2).
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_ _[f(s) if seH
Uf(s) = F(s)= { 0 otherwise.
Then ¢ is an isometric injection of WAP(H) into WAP(G).

Proof. The proof is much the same as, but, if anything, a little
simpler than, that of (iii) in [4]. The problem is to show that, if
f € WAP(H), then F = 4f € WAP(G), i.e., to show that any sequence
{F,,} of left translates of F has a weakly convergent
subsequence. (Here the left translate F, of FE C(G) by s€G is
defined by F(t) = F(st)Vt € G.) We begin by fixing coset decomposi-
tions of G,

G = UHt, = Ut3'H.

Without loss we may assume either

(a) 3Ttz =t, such that {s,} C Ht,, or

(b) The statements n# m, s, € Ht,,, s, € Htg, imply that t;, # t;,.

In case (a), s, = r,t, for some r, € H and we may assume that {f,, }
converges weakly in C(H) to d € C(H). It follows that {F, } con-
verges weakly in C(G) to D = ¢d € C(G) and hence that {F, } = {(F,,).}
converges weakly in C(G) to D,. (Here we are using the fact that left
translation is a weak homeomorphism of C(G).)

In case (b), s, =r.t;, for some r, EH and some ¢, t5 #1t,, if
$n# Smy and F, (t)=0 if st H, i.e., if t&s,'H=t;'H. Thus the
functions {F,,} have disjoint supports. Suppose u € C(G)*. We will
show w(F, )—0. Suppose, to the contrary, that x # 0 is a cluster point
of the sequence {u (F,,)} and suppose {u (F,,)} is a subsequence such
that |u(F,,)—x|=|x|/2V i Then

Fo=3 F.eC@Vm=123 - |F|=|F| and
iz

AR =m|x|/2,

> w(F.)

which is greater than ||u || | F|| for large enough m. This is a contradic-
tion and we are done.

From Theorem 2 it follows that any function weakly almost
periodic on any subgroup of the group G of Example 1 extends to a
function weakly almost periodic on G. (We remark that the only
normal subgroup of G is the group of even permutations; this is a
consequence of remarks in [3; Ch. IV].)
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Added in proof. Dr. H. D. Junghenn has informed us that
Theorem 1 can be quickly proved using a general theorem about
C*-algebras. (See 1.8.3 Corollaire of J. Dixmier’s Les C*-algebres et
leurs représentations, Gauthier-Villars, Paris, 1964).
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