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GENERATORS FOR THE SCHUR GROUP OF LOCAL
AND GLOBAL NUMBER FIELDS

GERALD J. JaNUSZ

The main result of this paper gives a set of generators for
the Schur group, S(K), for any subfield K of a cyclotomic
extension of the rational field. This result is obtained from two
reduction theorems which apply to more general fields. In
particular we use them to derive in a rather simple way the
results of T. Yamada which determine S (k) when k is a p-adic
number field.

Some new results are given in the case K is a subfield of
Q(en) and Q (e, ) is unramified over K. An example is given to
show how the Riemann hypothesis may enter into the computa-
tion of S(K) when Q(e,.) is ramified over K.

Introduction. For a field K, the Schur group S(K) is the
subgroup of the Brauer group of K consisting of those equivalence
classes which contain a cyclotomic algebra; that is a crossed product of
the form (K (€,,)/ K, a) where €, is a primitive m th root of unity and « is
a factor set whose values are roots of unity.

The Schur group is of particular interest in case K is a subfield of a
cyclotomic extension of the rational number field Q. In this case S(K)
coincides with the set of elements in the Brauer group of K which
contain a K-central simple algebra which is isomorphic to a direct
summand of a rational group algebra Q[G] for some finite group G.

The main result in this paper is Theorem 3. It gives a set of
generators for S(K) which have a particularly simple form. For certain
choices of K, this result makes the computation of S(K) an exercise.
Although we do not do this here, it is possible to recover a number of
results already in the literature which compute S (K) for various K. The
generator theorem is obtained as an application of two theorems
(numbered 1 and 2) of a more general nature. Another application of the
first of these is the calculation of S(K) when k is a p-adic number field.
In this case S(k) has already been determined by Yamada but the
proofs given here seem more elementary and the results are stated in a
slightly different form.

We also give some results about S(K) when K is a subfield of some
Q(en) and Q(e,) is unramified over K. We close with an example to
indicate how the extended Riemann hypothesis may enter into the
computation of S(K) in case the least cyclotomic field Q (e, ) containing
K is ramified over K. (See note added to the end of the paper.)
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1. Two reduction theorems. For a field K and a positive
integer n, let W(K, n) denote the group of roots of unity in K whose
multiplicative order divides some power of n. In particular if p is a
prime, W(K, p) denotes the roots of unity of p-power order in K.

If L is an extension field of K with Galois group G = G(L./K) and
if « is a factor set from G X G to L, we shall writ. o« € W(l..n) 0 m~an
alo,7)E W(L,n) for " ~ 7€ G. iae crossed product made with L
ard a ‘s denoted by (L/K,a). This is the central simple K algebra
having L basis u,, o € G, subject to the rules

e =al(o, T)u.U,, ux =o(x)u, for x€L.

In case G =(o) is cyclic then we write (L, o, a) for the crossed
product in which

() =u, 1=i<|o|

—a i=|o.

THEOREM 1. Let K be a field of characteristic zero, L an extension
field and G(L/K)= G an abelian group. Let n be a fixed integer and
suppose W(L,n) is finite. Let F be a fixed integer and suppose W(L,n)
is finite. Let F be a subfield of L containing K such that

(i) G(L/[F)={0) is cyclic,
(ii) the norm map N, - from L to F carries W(L,n) onto W(F, n).

Let (L/K, a) be a crossed product such that o € W(L,n). Then there
is a crossed product (F/K, B) with B € W(F, n) such that (L /K, a) and
(FIK, B) lie in the same class of the Brauer group of K.

Proof. The outline of the proof is this. We produce an idempotent
element e in A = (L/K, ) and show eAe = (F/L, B) for suitable B. The
conclusion follows because A and eAe belong to the same class
whenever e is a nonzero idempotent in A.

Let (L: F)=m sothat 6™ = 1. Then the element u, in (L /K, a) =
A satisfies

(u)" =¢ € W(L,n).
However since u, centralizes (u,)", { must be fixed by 8 so { € F. Thus
€ W(F,n) and so by (ii) there is an element y € W(L,n) with
Ny r(y)={¢. Then

(v 'ue)™ = Npue(y) ' = 1.
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We now replace u, with (y 'u,)' for 1 =i <|6|. This changes the
values of the factor set but all values still lie in W(L, n). Hence we may
assume at the start that

(N (uy)" = 1.
Now we set e = 1/m 2 u,.
We easily obtain the equations

2) Uge = e

3) e-=e.

Next we shall change some of the remaining u, to make them
centralize e.
For each o € G, let

4 U ol ;' = Lol

If {,, =1 set v, = u,. In particular v, = u,.
If {,, # 1 proceed as follows. Raise both sides of (4) to the power m
and use (1) to get

1= (Loslts)™ = Npjp(Lp)-

We now prove there is an element y € W(L, n) such that y8(y™') =
Loo-

To do this we view W(L,n) as a (§) module. Let N =N, and
A=1-0 viewed as endomorphisms of W(L,n). Since W(L,n) is
finite, Herband’s theory [4, p. 142] implies ker A/Im N and ker N/ImA
have the same order. Our assumption (ii) implies ker A = Im N so also
ker n =ImA. Since {,, is in ker N it follows that A(y) = y0(y™") =,
holds for some y € W(L,n).

We now set v, = y~'u, and observe that v,v, = v,v, for each o € G
and v,e = ev,. The factor set has been changed now but

0,0, = a'(0, T)V,.

implies o' € W(L, n) still holds. But in fact «’ € W(F, n) because all
the v, centralize v,.

It is a fairly easy matter now to identify eAe as a crossed product.
For x €L and any o in G we have
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_1 i

exv,e =— E. v Xxev,
—_ _1_ ] i
= E. 0'(x)vev,

_1
= T, ,r(x)ev,

where T, is the trace map from L to F.

It follows that eLv.,e = Fu,e.

Next select a set of elements {o} such that (8)c, gives all the cosets
of () in G. Then any o has the form o = 6°0; and so

Fuv,e = Fv,vie = Fv,e.

It now follows that
eAe =Y, eLv,e = 2 Fuv,e.

This last expression is a crossed product representation (F/K, ') where
V€ " Vpe = a'(04, 07) Vsl

and the coset representatives o, are identified with the elements in
G/{(0)=G(F/K). Since a' € W(F,n) we are done.

Next we investigate how certain crossed products made with
complicated Galois extensions can be reduced to crossed products over
simpler extensions.

Suppose K is a field of characteristic zero, F,, F,,---, F, are
extension fields of K which are linearly disjoint over K. Suppose also
G(F,/K)=(0;)is cyclic for i =1,2,---,t and G(F,/K) is abelian. The
linear disjointness means that the composite E = F,F, - - -F, has Galois
group over K which can be identified with

G(F/K)x{8,)x---%x(0,)=G.

THEOREM 2. Let (E/K,a) be a crossed product with factor set
a € W(F,, n) for some positive integer n. Then the class of (E /K, «) in
the Brauer group of K can be expressed as a product of classes of
algebras of the following types:

(a) (F,F /K, a;) with a; € W(F,,n) and i#0,
(b) (F]E/K, a,;) With Qi € W(K, n) and i;é 0, j?é O.
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Proof. The basic idea of the proof is to examine certain subalgeb-
ras B of A =(E/K,a) and use the relation A =B X C when B is
K-central simple and C is the centralizer of B in A.

The first step reduces to the case where the values of the factor set
are in the center.

Let A,=(Fo/K,res a) =X Fou, where o runs through G(F,/K).
This is a subalgebra of A and A, is K-central simple. We want an
explicit representation of its centralizer as a crossed product. The
centralizer, C,(A,), of A, in A contains F,---F, but need not contain
the elements u,. For each i let u; denote u,. We have

) uxu;'=x for x€F,
6) uuui' = L.u, for o€ G(F,/K).

In this last equation ¢, is a product of values of a so it lies in
W(F,,n). In particular this implies w;,A,u7;'= A,. Since every au-
tomorphism of A, fixing K is inner, we know there is an element in A,
which produces the same automorphism by conjugation as conjugation
by u. Our next task is to produce such an element.

We can apply Artin’s lemma on the independence of characters to
obtain an element x in F, such that

A= > o)l
g €G(Fo/K)
is not zero. We claim
@) T(A) = 4ioA

for each 7 in G(F,/K).
To prove this we begin by using (6) several times to obtain the

equations
—_ -1
{i.‘l’o’uﬂf = Ul U ;

G (Lo ) Uty = Wil UU T

Now all values of the factor set a lie in F, so are fixed by 6. It
follows that

s (fio) = Linor

If we apply 7 to A; we get
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T(A) =D 10 (x) T (L)

o

={. > To(x)
= A

This equation implies

I

A =AT(AN)u, = 4.u,

= uuu'.
Now define v, by the equation

(8) v, = AU,

We see v, centralizes F, and all the u, for ¢ in G(F,/K), so v,
centralizes A,.
Let H=(8)x---x(6,). For any

let v, =v{---v% We assert

Ci(Ay) = E F,---Fv,.

oEeH

We already have seen the right side is contained in the left side.
From the equation A = A,® C,(A,) we conclude C,(A,) has dimension
over K equal to | H . This is the dimension of the right side so equality
holds.

We have expressed C,(A,) as a crossed product but the values of
the factor set are much different than those of the original «. In
particular the values need not be roots of unity. The rules for the
multiplication of the v, can be deduced from the following equations:

9) Ui, = €00, € € W(K,n),
(10) v':' = )\':.61 hx = k@i ‘a €, E W(F()a n)'

The proof that these hold is straightforward. We need only
observe that A, is fixed by all 6, so

VY, = MAUU, = €A UL, = €00,
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and ¢; is a product of values of the original factor set a. Thus
g; € W(F,,n). Hcwever g; also lies in Fy---F, because C,(A,) is an
algebra so €; is in W(K,n).

Equation (10) follows in a similar way using

€ =up

Let B denote the factor set determined by (9) and (10).

The first step of the proof is done. Next it is necessary to
decompose C,{(A,) as a tensor product of certain subalgebras.

Let EE=F, --F,_, and H =(0,,---,60,_,) so that H = H, X {(6,).

We work entirely inside C,(A,) which can be written as a crossed
product

(EF/K,B)=C.
Consider the subalg:bra

B, = >, Ev, =(E,/K, resB).

6 EH;

This is a K-central simple subalgebra of C so as above we want to
identify its centralizer, C-(B;), in C. Clearly F, centralizes B, because
the subgroup H, fixes F,. However v, need not centralize all of B,; v,
fixes E, since 6, fixes E,., However v, need not centralize the v, for
I=i=t-1, as we can see from equation (9).

We shall find an element in B, that carries out the same automorph-

1sm on B, as v, does.
Let x; be an element of F; which gives a normal basis of F, over K.

Then the element
Qu’ = E (Eti)_iefz(xi)
J
is a nonzero element in F.. Moreover

(11 0 (Qn) = €, )y,

(12) 6,(Q)=Q  jEIL

For later use note for h, = |6, |, equation (9) implies €, has order
dividing h,. This means ({,)" is left fixed by 6, as well as all §; for j# i.
This yields
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(13) ()" €K.

Now we set Q, =Q,,Q,,---Q,,_,. Then Q, is an element in E, =
F,---F,_; and satisfies

(14) 0,(Q,) = €, 0, I=si=t-1.
This equation follows from (i1) and (12). Now we observe (v,

centralizes each v; because of (9) and (11), and centralizes E, also. Thus
Qu, centralizes B,. Again by dimension counting we obtain

Co(B,) =2, F,(Qu,).

Since (Qv.)" = QiA"%¢e, = b, by (10) we obtain a presentation of
Cc(B,) as the cyclic algebra (F,, 6,b,). So we have to this point

A E(I::I()/I<’ res a)®(E7 615 bl)®(F!. : .E~I/K9B)'

The proceedure used to split off B, from C can be applied again to
B, in place of C. The result can be stated as follows.
Let x, give a normal basis of F; over K and let

(15) Q. =, (e:)"01(x;), and

Q=Q,-Q,, if r=2
(16)
Q,=1.

We have inclusions analogous to (13) of the form
(17) Q)" €K, lsi<r=st

The original algebra A = (E/K, «) is now expressed as a product of
A, = (Fy/K,res a) and the cyclic algebras

Ar = (Fr, Ora (QrAr)hrer)

forl=r=t

This is the end of the second step of the proof. Next (and lastly) we
show each of these algebras is similar to a product of algebras of type
(a) and (b) in the theorem.
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The algebra A, is easy tc deal with because we have a« € W(F,, n).
We can inflate « to any convenient composite F,F; so A, is similar to an
algebra of type (a).

Now we consider A, for 1=r=t. The relation (F, 6, ab) ~
(F, 0,,a)Q(F, 6, b) can be applied to A, by using (16) and (17) to get A,
is similar to the product of the algebras

P,=(F,0,Ave) and Q,=(F,9,Q%), 1=j=r—1.

These cyclic algebras are well defined because of (17). In the case
r=1, A, is already equal to P.

Now we show how to transform each of these algebras into similar
algebras of types (a) or (b). The algebra P, is similar to

P.Q(FJK, 1) = (2 F,u;) R (2 Fowa>

where the ““1” represents the trivial factor set so that w,w, = w,, for o,
T € G(F,/K). Note that A, is in F, so we may replace the element v, Q1
with v, QA '=w, Identify 1®w, with w, so we now have the
following multiplication rules:

h, —
W, _ery

ww, = 1QALTA) ' Wew, =1 Q) {77 WoW,.
We use (7) to obtain the last equality. Finally identify F, Q) F, with the
composite F,F, and observe e,, {,, lie in W(F,, n) by the condition on a
and (6) and (10). This finally gets P, is similar to (F,F,/K, a,,) where

a,, € W(F,,n) which is of type (a).
The algebra Q,; is treated in a similar way. We have Q, is similar to

Q®F,0,0= (3 Fo) @ (3 Fwi).

Identify F, Q F; with the composite F,F;, use the fact that (), € F,
and set w, = v, ®,;'. Then we have

wh =1, wh =1
— -1 —
w,w; = Q5 0;(Q) wiw, = €,w;w,.

Here the €; comes from (15) and (9) and €, € W(K, n). It follows that
Q, is similar to (F,F;/K, ;) with a,; € W(K, n) which is an algebra of
type (b).
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When all the pieces are put together we reach a representation of A
as a product of algebras of type (a) and (b) up to similarity.

2. The generators for S(K). In this section K denotes
an algebraic number field which is a subfield of some cyclotomic
extension of (Q, the rationals. We select an integer m such that
K C Q(e,) and keep m fixed throughout this section.

ProrosiTioN 2.1. (Yamada, [11]). Let p be a prime integer. Each
class in S(K), contains a crossed product (Q(e,)/K,a) with a €
W(Q(e,),p) and n = mp,- - -p, where p,,- - -, p, are distinct odd primes
not dividing m in the cases p#2 or p =2 and 4 divides m ; in the case
p =2 and m odd, n =4mp,---p, with the p; distinct odd primes not
dividing m.

Proof. Let the class [A] in S(K), contain a crossed product
(K(€,)/K, B) with B € W(K(e,),p). By inflating the factor set we find
[A] also contains a crossed product (Q(ey)/K, inf B8) where m divides
N. Let p,,-- -, p. be the odd primes which divide N but not m. Define n
as in the theorem so we have the inclusions

K CF=Q(e)CL =Q(en).

Now every prime divisor of N also divides n so G(L/F) is cyclic.
(This is most easily seen by considering G(L/Q) and G(F/Q).) Itis an
easy exercise to verify N, carries W(L,p) onto W(F,p). The proof
which is well-known in case L = Q(e,-), F = Q(e,+), a>b =1 and
b=2 if p =2, works equally well in our case here. Hence the
hypothesis of Theorem 1 is satisfied and its conclusion completes the
proof of this proposition.

This brings us to the main theorem.

THEOREM 3. Let K C Q(e,) and p a prime integer. For odd p, or
p =2 and 4 divides m, S(K), is generated by classes which contain
algebras of the following types:

(@ (Qen)/K,a),a € W(Q(en), p), qis a prime not dividing m ;

(b) (K(e,)IK,B), B € W(K,p), q, r are distinct primes not divid -
ing m.
In case p =2, and m odd S (K), is generated by classes which contain
algebras of type (b) and of type

(a’) (Q(€4mq)/Kaa)9 o e W(Q(€4)52)9

q an odd prime not dividing m.
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Proof. Any class in S(K), contains a crossed product as de-
scribed in Proposition 2.1. Keep all the notation from there. Set
F, =K(e,)for 1=i=t and set Fy=Q(e,) if pisoddorif p =2and 4
divides m. In the remaining case set Fy= Q(€:»). Now the fields F,,
F,,--- F, are linearly disjoint over K and the algebra A = (Q(e,)/K, a)
has factor set with values which are p- power roots of 1. We may ignore
the case where A is split. Then A has p-power index # 1. By the
theorem of Benard-Schacher [2] (see also Janusz [5]) [5]) €, is in K.
Thus p divides m, or 4m when p =2 and m odd. This means
a € W(F,,p). So Theorem 2 can be applied. The algebras (FF,/K, ;)
are of type (a) or (a') when i =0 orj = 0 and of type (b) if i # 0 and j# 0.
Since Q(e,) = F,F,-- -F,, we see A is in the group generated by classes
containing algebras of type (a) and (b) or (a’) and (b), and the theorem
holds.

The reader should find no difficulty applying this theorem to
determine S(K) when K is one of the fields Q, Q(e,-), or Q(e,). Of
course the determination of the index of the generating algebras
requires the local results in the next section.

3. The local case. The effect of Theorem 3 is to give us
generators for S(K), but unfortunately these are not independent
generators. The relations between the generators can be found in some
special cases by the use of local invariants.

Crucial to this procedure is the identification of the Schur group of
alocal field. This has been done by Yamada in a series of papers [8], [9],
[10]. He has given several proofs of the local results but in all cases he
has used some fairly deep results usually derived in the study of local
class field theory. We shall give still another proof which we believe is
more elementary. This is especially true in the case of a 2-adic local
field.

To fix the notation let g be a prime integer, Q, the complete g-adic
rationals, and k a subfield of Q,(e,) for some positive integer m.

We begin with a lemma that heips compute the index of cyclic
algebras over k.

LemMma 3.1. Let E be a Galois extension of k with ramification
index e = e(E k). Let { be a root of unity in k having order relatively
prime to q. Then { = Ng, (x) for some x in E if and only if { is the e’th
power of a root of unity in k.

Proof. Suppose F is the maximal unramified extension of k in E.
Then (E: F) =e. Now assume ¢ = y° for some root of unity vy in k.
Since ¢ has order prime to q it may be assumed that y also has order
prime to q. It is well known that N, maps the roots of unity in F of
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order prime to g onto the roots of unity in k of order prime to q. Hence
there is an x in F with Ng,(x)=1v. It follows Ng,(x)=7vy°={ as
required.

Conversely suppose { = Ng,(x) for some x in E. Let 7 be a prime
element of E and let bars denote residual classes mod 7. Then E = F
so there exists an element y in F such that X = y. In fact y may be taken
as a root of unity with order prime to g since all nonzero elements in F
are roots of unity. Now we have

{ = Ngu(x) = Neu(y) = Nea(y)°

with the congruence taken mod (7). This means {Ng,(y)™ is a root of
unity in k of order prime to ¢ whose image in k is 1. The only such root
of unity is 1 so we have { = y* with v = N, (y), a root of unity in k.
This completes the proof.

THEOREM 4. (Yamada [8)). Suppose q is an odd prime. Then
S(k) is a cyclic group of order (q — 1)/e, where e, is the largest factor of
e(k/Q,) which is prime to q. A generator for S(k) is the class containing
a cyclic algebra (k(e,),o,{) where a is any integer =1, (o)=
G (k(e.<)/k) and { is a generator of the group of roots of unity in k whose
order is prime to q.

During the proof of Theorem 4 we shall also obtain a proof of the
following.

ProposiTioN 3.2. (Witt [7]). Suppose q =2 and €, is in k. Then
S(k) has order one.

Proof. We shall prove the theorem by determining the p- primary
parts, S(k),, for each prime p.

Suppose first p# q. Any class in S(k), can be represented by a
crossed product

A =(LJIk a), a € W(L,p)
L = Q,(e9 €n), (g,m)=1.

Now let F =k(e,«). Then L = F(e,) is unramified over F so
G(K/F)is cyclic and N, r carries W(L, p) onto W(F,p). By Theorem
1, A is similar a crossed product (F/k,B) with B8 € W(F,p). Since
G(F/k) is isomorphic to a subgroup of G(Q,(e,-)/Q,), it follows
G (F/k)is cyclic. Thisis also true if ¢ =2 when €, is in k. Thus (F/k, B)
can be written as (k(e,-), o, €) with € in W(k,p). In particular this
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algebra is similar to a power of B = (k(e,-), 0, {) where { generates the
group W(k,p). This algebra has index p” if p’ is the least power of ¢
which is a norm from k(e,-). By Lemma 3.1 p* is the p-factor dividing
e(k(ea)lk). Since the p-factor of e(k(e,)/Q,) equals the p-factor of
(g — 1)/e, as given in the theorem. Notice that for g =2 and ¢, in k,
S(k), =1 when p # 2.

The computation of the index of B did not depend upon a so long
as a = 1. By combining this calculation for all primes p # q we have
proved the theorem except for the last step which is to show S(k), has
order one.

Now let

A=k a), a € W(L,q)
L =Q,(e€,), (g,m)=1.

Suppose A has index g # 1. Then by the root of unity theorem [2],
[5] we find €, is in k. In the case g =2 we are assuming e, is in k.

Now let F =k(e,) so L = F(e;).

We again have G(L/F) cyclic, and N, carries W(L,q) onto
W(F, q) because ¢, is in F (or €, is in F). It follows from Theorem 1
that A is similar to a crossed product (F/k, 8) with 8 in W(F, q). But
F [k is unramified so this algebra is split and S (k), is trivial. This proves
both the theorem and the proposition.

We now have left the case of S(k) for g =2 and ¢, not in k. In this
case we see any element in S(k) is split by k(e,) because S(k(e,)) has
order one. Since (k(e,): k) =2 it follows that each element of S(k) has
order at most 2. Subgroups of the Brauer group of & which have an
exponent are cyclic so we now know S(k) has order 1 or 2. Before we
state the criterion which determines when S (k) has order two, we need
some notation.

Let h be the least positive integer which satisfies the conditions

i) h=2
(i) k C Qe €.),c some odd integer.

Lemma 3.3. Ifk CL = Qe €.) with h as above, then k (e,.) = L.

Proof. Let G(L/Q,) =({(o-,,05) X {(¢d) where ¢ fixes €,h, o, fixes €,
and o, (e») = €3 for x = —1,5. If G(L/k(e,c)) is not of order 1 then it
must contain 7 = (o5)*" ' because this is the only element of order 2
fixing €,.. But then k(e,) belongs to the fixed field Q.(e,h —1,¢.) of 7
contrary to the choice of h.

Now we can state the theorem originally proved by Yamada [9, 10]
in a slightly different form.
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THEOREM 5. Let k be a subfield of Qye,) for some m. S(k) has
order 1 or 2 in all cases and has order 2 if and only if there is an odd
integer n such that the following hold:

(1) k(ey)lk is ramified
(i) k(ewm)= Q:Aer, €,)
(i) (k(e,): k)=2w, wodd, r=1;
(iv) the automorphism of order 2 in G(k(e.,)/k(e,)) carries € to
its inverse;
(v) if r=h—1, then any root of unity in k(e.,) whose order
divides 2" " already lies in k(e,).

Proof. First suppose (k: Q) is odd. Then k/Q, is unramified so
k = Qu(e,) for some odd r. If we set n = Sr then conditions (i)-(v) hold.
The factor 5 is inserted to make certain (iii) holds. Moreover the
oddness of (k: Q,) insures that

k ®(QZ(€4), g, — 1) = (k(GA)a g, — 1)

is an algebra in S(k) of index 2.

From now on we assume (k: Q,) is even. We shall use several
times in the proof that (k(e,), o, — 1) is split.

Suppose S(k) has a class of order 2 containing

A'=(k()k,a'), ¢ aroot of unity.

By inflating a’ to a larger field and then applying Theorem 1 we may
replace A’ by an equivalent algebra

A=(LJIka) a € W(L,2)
L = QZ(EZ"’ en)a

where n is odd and h is the minimal integer described before Lemma
3.3.

We may apply Lemma 3.3 to conclude L = k(e,,) so (ii) holds. If
k(es)/k were unramified, then L /k would be unramified and so A would
be split. Thus k(e,)/k is ramified—in in fact totally ramified. So (i)
holds. We cannot have L = k(e,) because (k(e,), o, — 1) is split. Thus
k(es) and k(e,) are nontrivial extensions of k and they are linearly
disjoint over k because one is totally ramified and one is unramified.
This allows us to describe the Galois group:

G(L/k)={(o)x{r) where
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g(e,)=¢€, 7(€;) = €,
o(€,) = — €, 7 = Frobenius automorphism on k(e,)/k,

p has order 2,7 has order t.
The factor set a for A is determined by the equations

(1) ul=e,
(2 u:=e
3) uu. = €u.u,

where €, €, €, € W(L,2).
There are certain restrictions upon these values:

4 e = =1,
(5) oler)e, =1,
(6) o€ )e ;' =€l for some odd integer w determined below.

Equation (4) follows because €, = u centralizes u, ; that is o (e,) =
€,. But the only 2-power roots of unity in k(e,), the fixed field of o, are
+ 1 because €, is not in k(¢,). To get equation (5) just use equations (3),
(1) and (4) to get

€U, = o(e,,) uuu, = o(e,) €,.u.e€,

from which (5) follows.

In order to establish (6) we first make the following computation.
Let 7(¢) = €* when € = €;h. Since 7(€,;) = €, we obtain v = 1 mod 4.
Thus we have

ﬁ Ti(e):e|+u+~~ +otTt €*
i=0

where x =t if v=1and x=w'—1)/(v—1) if v# 1. The condition
v = 1 mod 4 insures that the highest power of 2 in x is the highest power
of 2int. Thus €* = €™ for some odd w in either case. Now to get (6) we
use (3) and (2) to obtain

(Uouu") = o(e) = (e,.u,)

=¢Il1'(e,.) = €,€™.

Now suppose €,. = 1. Then the subalgebra (k(e,), 0, €,) of A has
k(e,) and u, in its centralizer. So by dimension count we obtain
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A = (k(EA)’ g, ea) ®(k(€n)a T, 67)-

This algebra is split; the first factor is split because (k: Q,) is even; the
second because k(e,)/k is unramified.

So now we assume €,, # 1. We must consider separate cases. Let
{ =€y. Then o induces an automorphism of the cyclic group ({)
which inverts €,. There are only two possibilities:

Case (a) o({)={"
Case (b) o(O)=¢""",h=3.

Assume case (b) holds. It is easily seen that only even powers
of ¢ are inverted by o, so in view of (5) we have

€. =", some b.
If we let ¢ = b(1+2"? then
{To()e, = 1.
Now let v, = {‘u,. The last equation implies
u,v, = o({°)e,.{ v,u, = v.U,.
As in the case just above with €,, =1 we again have
A = (k(ey),0,€6,) R (k(€,), T, €)
where € = v! =({U,)' = €, Np e ({). Since this is a root of unity we
get A is split for the same reasons as above. Thus case (b) does not
occur if A has index 2.

Now assume case (a) so o inverts all 2-power roots of unity. Thus
(iv) holds. Let x = el —¢,,). Since ¢,.# 1, we have x#0. Also

o(x)=—el—€;)=€,€.](1—€,,) =€ )x.

Set v, = xu,. This last equation implies u,v, = v,u,. For the third time
now

A == (k(64),0',€c)®(k(fn),7, a)
where a = v = €Ny (X).

The first factor on the right is split because (k: Q,) is even. The
second factor might not be split however. The previous reasoning does
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not apply because a is not a root of unity. Suppose 7 = m, is a prime
element of k, and a = 7w, w a unit in the valuation ring of k. Since
every unit of the valuation ring is a norm from k(e,) we obtain the
similarity

A ~ (k(e,), T, 7m7).

This algebra is split if and only if t = (k(e,): k) divides g. So we must
compute q.

Consider first €,, = —1 so x = —2¢,. Then a =2' (except for
units). If 2= 7° then we conclude et = q so t divides g and A is split.

Now assume ¢,, has order 2¢ = 2°. First notice the following fact.
If € is a root of unity of order 2" then the norm from Q.(e,r) to
Qx(e;r — 1) carries 1 —e to 1 —€’if r =3 and to 2 if r = 2. This provides
us with the equation

NQZ(sz)/Qz(l - 6fr-r) = 2-
Now use the transitivity of the norm to get
Nirigx) = Npjo.(1 = €,,) = 20D,

Let 7, be a prime element of k(e,) and set N, ,..(x)=mi We
should allow unit factors in this and other equations to follow, but the
units will not affect the outcome of the computation of the index so we
just drop them from the equations. Then we may write 7= 7 and
a =m; = implies 2q = 5. Set

Nk/Qz(Trk) = zfa f = f(k/Q2)
We now obtain from these norm equations
20D = Nijo:Nieon (3) = 2.

Then

sf =(L: Q«e.d)) = (L: Q)27
=(L: k(es)2e(k/Q)f[2°7".
Finally

o 21e(k/Q)
2d—1 9
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and

q= te(2kd{1Q2) .

From Lemma 3.3 we conclude e(L/Q,) =2"" and so e(k/Q,) =2""2.
This gives us the equation

q=1t-2""

Whenever d < h, q is divisible by t and A is split. When d = h then
2q =t and so the algebra has index 2 because ¢t does not divide q. We
have yet to show condition (iii) holds; it is necessary to show ¢ is even.
Since €,, has order 2" and equation (6) now reads

) €’=¢€q,

we see the order of €7 is at most 2" ' because it is a square. Since w is
odd it follows ¢ is even. Thus we have shown conditions (i)-(iv) of the
theorem hold.

Finally we must verify (v). From equation (7) and the fact that e,,
has order 2" we find €, has order 2" "*'if r = h — 1. This follows because
2’ is the exact power of 2 dividing t. Moreover €, = u centralizes u, so
€, is fixed by 7. Hence roots of unity with order dividing 2"~*' lie in
k(e,), the fixed field of r. This shows the conditions (i)—(v) are
necessary.

The computations also show how to prove the converse. We
assume conditions (i)—(v) hold. It is necessary to define a factor set «
for the extension k(e4,)/k so that the algebra (k (¢,,)/k, a) is given by the
conditions (1)—=(3). It is required that ¢,, have order 2*. We set €,, = €,
€, = 1 and €, a solution of equation (7). A solution is possible because ¢
is even and such an e, is fixed by 7. The odd integer w in (7) is 1 if
7(ex) =€, and w is the odd integer which satisfies

vt —1
v—1

tw = mod 2"

when 7(e,») = €3, v # 1. Then the equations (1)—(3) do define a factor set

and the algebra constructed has index 2. The proof is finally complete.
The five conditions in Theorem 5 can be described in terms of

Galois groups. Let L = Q,(ey, €,) with h =3 and n odd. Then

G(L/Q) =(o-1,05) X ()

where ¢ fixes € ; 0_,, o5 fix €, and o_, inverts e,» while os(ey;) = €.
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We want to describe which subfields k of L satisfy the conditions
in Theorem 5. We give a sketch of the characterization.

The group G(L /k(e,)) must have order 2 and its generator inverts
€. Thus G(L /k(e,)) = (o) ={0_).

The group G(L /k(e,)) = (7) is a subgroup of (os,¢). The condi-
tions (iii) and (v) force

T =0’

where the order of ¢° is divisible by 2|o¢|.

Now suppose L = Q.(€4, €,) with n odd. Let G(L/Q,) = (o_,) X ()
with the same definitions as above. The conditions of the theorem
require G(L /k)=(o_,)x{(¢") where ¢’ has even order.

Summary. The subfields k of L = Qe €,) which satisfy the
conditions of the Theorem 5 are the fields fixed by the groups

(@ (o) x{cip?) if h=3 and 2|o¢| divides |¢°];
(b)  {(o_)x{(P"®) if h=2 and 2 divides |¢’|.

4. Global fields. We return to the study of S(K) when K is
a global field. We assume K is a subfield of Q(e, ) for some positive
integer m.

For a rational prime g (either a prime integer or the infinite prime)
we denote by S(K, q) the subgroup of S(K) consisting of those classes
which are split at every completion of K except possibly at the primes
of K over q. As usual S(K,q), denotes the p-primary subgroup of
S(K, q). It follows from Benard’s theorem [1], that S(K, q), is a cyclic
group (perhaps trivial). When p # 2, S(K, q), can be nontrivial only if g
is a finite prime and p divides g —1 by Theorem 4.

For certain K, it is known that S(K), is the direct sum of its
subgroups S (K, q), while, for example, S(Q), is not such a direct sum.
In fact S(Q, q). is trivial for all ¢ while S(Q), is infinite. In all the
known cases where S(K), fails to be the direct sum of the S(K, q),, it
happens that p = 2. This suggests an obvious conjecture to which we
lend some support.

THEOREM 6. Let K C Q(€,) and let p be an odd prime integer.
Assume K satisfies the following condition: Whenever p is a prime of K
which ramifies in Q(e,), then the rational prime integer r in p is not
congruent to 1 mod p.

Then S(K), is the direct sum of its subgroups S(K, q), as q runs
through primes =1 mod p.
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Proof. To prove the theorem it is enough to show eacih member of
a generating set for S(K), is the product of elements from distinct
subgroups S(K, q),. We use the generators as described in Theorem 3.

A generator A, = (Q(e,,)/K, a) of type (a) is nonsplit only at those
primes of K which ramify in Q(e,,). Let p be such a prime and suppose
first g is not in p. Let r be the rational prime integer in p. Then K, ® A,
is an element in S(K,),. The order of this group divides r —1 by
Theorem 4. Our assumption is that p does not divide r — 1 so K, ® A,
is split. Hence A, is nonsplit only at the primes over q. (Since p # 2, A,
is split at all infinite primes.) Thus [A,] is in S(K, q),.

Now consider an algebra B,, = (K (e, )/K, B) of type (b) in Theorem
3. The values of the factor set are p- power roots of unity in K. Suppose
€ is the generator of W(K,p). Then

G(K(e,)IK) = G(Q(e, €,)/Q(€))
so it follows that

B, = K @(Q(e €,)/Q(e),B).

Thus [B,,] lies in the image of S(Q(¢)), under the map from the Brauer
group of Q(e) to the Brauer group of K. The group S(Q(e)), is already
known by the results of Benard-Schacher [2] (and can also be easily
computed using Theorems 3 and 4). We find S(Q(¢)), is the direct sum
of its subgroups S(Q(e),q),- Thus [B,] is the product of elements in
distinct subgroups S(K, q),. The proof is complete.

Notice the hypothesis of Theorem 6 holds trivially when K =
Q(e,). However for this case S(K), is known [6].

A less trivial case where Theorem 6 applies is a case when Q(e,,) is
unramified over K. In this case Theorem 6 applies for all odd p. The
following theorem is really just a restatement of facts already proved.

THEOREM 7. Suppose Q(e,) is an unramified extension of K and p
is an odd prime. Then S(K), is the direct sum of its subgroups S(K, q),
where q runs through primes congruent to 1 mod p. Moreover S(K, q),
is cyclic and a generator can be taken as an algebra either of the form
(Q(emg)/K, @) for a suitable factor set « € W(Q(e,),p), or of the form
K @ B with [B] in S(Q(¢),q), for {¢)= W(K,p).

We shall conclude this paper by illustrating the difficulty which
prevents us from making progress in cases not covered by Theorem 6.

Let p and ¢ be odd primes with t = 1 mod p*. The field Q(e,) has
an automorphism o of order p which fixes €,. Let K be the fixed field
under (o). Then the prime p of K which divides ¢ is ramified in Q(e,)
and of course p divides ¢t — 1.
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If we are to compute S(K), it will certainly be necessary to decide
if there is an algebra class in S(K), which is nonsplit at t. This is even
weaker than asking if S(K,t), has order 1 or not.

If there is a class in S(K), nonsplit at ¢, then one of the generators
of S(K), is nonsplit at t. The generators listed in Theorem 3 part (b) are
all split at ¢ because the divisor p of ¢t in K is unramified in K (e, ).
Hence we consider generators of type (a). Suppose

A = (Q(eplq)/K,a)a a E W(Q(epl)9 p)'

Suppose G(Q(e,,)/K) = (o) X (r) with o fixing €,, and 7 fixing €,,.
The important value of the factor set is €,, where

U,U, = €,,u.u, in A.

Let the Frobenius automorphism of p in K(eg,) be 7¢. After some
calculation, one finds the ¢-local index of A is the order of €. Since
there are no p*roots of unity in K we see €,, has order at most p and for
suitable @ we can arrange ¢,. to have order p. This requires ¢ = 1 mod
p. For such a g and suitable o we find A has t-local index p if p does
not divide a, and A is split at ¢ if p divides a.

So the problem rests upon the existence of a suitable g ; namely we
want a prime g such that g = 1 mod p and the Frobenius automorph-
ism of p in K(g) is not a pth power of any automorphism in
G(K(e,)IK).

The assumptions made at the beginning insure f(p/t) =1 so the
assertion about the Frobenius automorphism of p is equivalent to the
assertion that the automorphism ¢, (¢,) = €, is not the p th power of any
element in G(Q(e,)/Q).

The question of whether or not such a g exists for the given p and ¢
is open. It is related to a famous conjecture of Artin, a special case of
which says there exist infinitely many primes q such that ¢, generates
all of G(Q(e,)/Q). Of course we require somewhat less of ¢, but we
require g = 1 mod p.

Artin’s conjecture has been shown to hold by Hooley [3] under the
assumption that the extended Riemann hypothesis holds. Without this
assumption only very special cases of the conjecture are known to hold.

This suggests that explicit determination of S(K) for general K
may depend upon extremely deep properties and results about the
distribution on primes which are not yet known.x*

* Note added in proof February, 1975. This is an embarrassing overstatement of the
difficulties of the problem. In fact the existence of the required primes can be proved without
reference to Artin’s conjecture. The determination of S(K), can be made for p and odd prime
and K any abelian extension of Q. The details will appear under the title ‘““The Schur group of an
algebraic number field”.
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