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A CLASS OF SYMMETRIC DIFFERENTIAL
OPERATORS WITH DEFICIENCY INDICES (1,1)

A. VlLLONE

Let £ίf denote the Hubert space of analytic functions on
the unit disk which are square summable with respect to the
usual area measure. In this paper we show that every sym-
metric differential operator of order two or more having the
form L = ΣU (ai+1(i)zi+1 + a^i)^"1)^ t a^(0) = 0, has defect
indices (1,1) and hence has self-adjont extensions in £ί?. We
are also able to show that L + M has defect indices (1,1)
where M is a symmetric Euler operator of order n - 1, M —
Σ7=o hz'D', provided that | b^ \ < (n - 1) | an+1(n) \.

In what follows £ίf denotes the square summable analytic func-

tions in | s | < l , with inner product (f,g)= \\ f(z)g(z)dxdy. A
J JUKI

complete orthonormal set for £ίf is provided by the functions φn(z) =
({n + ϊ)/π)ll2zn, n = 0, 1, , from which it follows that Σ?=o anz

%

represents an element of £έf if and only if Σ~=o I dn \*/(n + 1) con-
verges. The formal differential operator L = Σ?=o3>*£>S Pi £ ̂  is said
to be formally symmetric if Lφn e £ίf for all n and (Lφn, φm) = (φn, Lφm).
Let Tof = Lf for / in the span of the φn. Then the closure of Γo, S,
is a symmetric operator and its defect indices m+{m~) are just the
number of linearly independent solutions of Lφ — X+φ(Lφ — X~φ) in
SIT, where Im (λ+) > 0 (Im (λ~) < 0). [2]

It is known, [1], that if L is an wth order formally symmetric
operator then the Pi are polynomials of degree at most n + i, Pi(z) =
Σ*ioΛΛ(i)«*, where the ak(ί) satisfy the following linear systems for
p = 0, 1, . . , n

m + p, k)A\ί + p, i)

ί = 0, l f 2,

Where,

A(i, j) = [(» + l)/(i + I)]1 '2

( 2 )

B(i, j) = il/(i - j)l i ^ j

= 0 ί<j

Setting ak+p(k) = ak-P(h) = 0 for p Φ 1, L has the form

( 3 ) ± (αi+i(ί)«<+1 + α.-xίί)^-1)^*, α-i(0) = 0 .
i=0
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In this paper we show that such L's give rise to operators with
defect indices (1, 1). Before doing so it is necessary to determine
the nature of the relationships among the ai±ι(i) implied by Slm

LEMMA. The ai±1(i) satisfy S1 if and only if

ai+1(i) = (i + 2)άt(i + 1) + a^tf) i = 0, 1, . . . , n ,

α.^O) = an(n + 1) = 0 .

Proof. The proof hinges on the algorithm provided by Theorem
2.3 of [1] which states that the system Sp is satisfied if and only if

(Ϊ5) 3lai+p(j) = Rt 3 = 0, 1, - ;n,

where Rl = Σt=P ak_p(k)B(i + p, k)A\i + p, i), and the Ri are defined
recurrsively by

(6) Ri= Rbi-Rt1.

For p = l, Rl = Xnk=iuk-i(k)((i + 2)i!)/(i + 1 - k)\, where we agree
to set the terms involving i + 1 — k < 0 equal to 0. Setting i — 0,
(5) becomes

αi(0) = Σ δ*-i(fc)2/(l - k)l = 2αo(l) .

We now show that for j ^ 1 R( is given by

( 7 ) Ri - Σ α*-i(Λ)[ϋ/(i + i + 1 - A)!](ifc + 2fc -

where

Px(k) = 1 and P3(k) = (k - 1). ••(& — i + 1) , i > 1 ,

and

[ί!/(i + j + 1 - fc)!] = 0 , ί + i + l - A ; < 0 .

A simple calculation yields

R\ = i2J+1 - 22? = Σ α*-i(fc)[ϋ/(i + 2 - fc)!](i* + 2k - 1) ,

so that (7) holds for j = 1. Assumming that (7) holds for i we
obtain

Rt1 = Σ ak^(k)[i\/(i + J + 2- k)l]Pi(k)Q ,

where
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Q = (i + ΐ)(ίk + 3k - j) - (i + j + 2 - k)(ik + 2k - j)

= (ik + 2k- j - l)(k - j) .

Hence we have Bt1 = Σ&=i «&-i(fc)[i!/(i + j + 2 - &)!](i& + 2k - j -

+ι(fc). For i = w, (5) and (7) yield

n\ an+1{n) = Σ α * - ^ ) ^ - n)Pn{k)l{n + 1 - k)\
k

Since P̂ (A ) = 0 for k = 1, , ^ — 1, the series reduces to
αΛ-i(w)[w(w — 1) ••• 1], from which it follows that αw+1(w) = an^{n).
For 1 £ j <n, (5) and (7) yield

= Σ ak_ί(k)(2k - j)P, (k)/U + 1 - A?)! ,

since Py(/b) = 0 for & = 1, i — 1. On the other hand, the terms
for j + 1 — k < 0 vanish leaving us with

Since Pά(j) = (j - 1)! and Pά(j + 1) = jl, we have

»i+i(i) = ΰj-i(j) + (j + 2)ά3'(j + 1) .

THEOREM. Let L be the operator of (3) then S has defect indices
m+ = m~~ — 1.

Proof. The idea of the proof is to show that the equation Lφ =
Xφ(Im λ Φ 0) has exactly one power series solution φ(z) — ΣΓ=o atjZj

and that | aά \ is O (j~llP) for some positive integer p. This implies
that Σ7=o I cbj fl{j + 1) converges and φ e £ίf, thus m+ = m~ = 1.

Let φ(z) = ̂ Σjf=o (XjZj be a formal power series solution of Lφ — Xφ.
Substituting this series into Lφ = Xφ we obtain

where

n

. i=o

ΐ = l

and

7Γ0(x) = 1

π^x) = O5(o5 — 1) (x — i + 1) ΐ = 1, 2, , n .
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Since A vanishes, we have

(9) α,A + Σ fo+iA+i + aj-iCj
ii

= Σ
whence

α Λ = λα:0 (Im λ ^ 0)

αi+iA+i + tfi-A-i = λ ^ i = l, 2, . . .

If A ^ 0 we have α̂  = Xao/D1 and (10) can be solved recurrsively
for a2y a3, , in terms of a0, provided that A never vanishes for
j = 2, 3, . Thus we have the single formal power series solution
φ(z) = 1 + tfi£ + α:22

2 + . If A = 0, let p be the smallest positive
integer for which Dp Φ 0, then aό — 0 for j < p — 1 and α, = Xa^Dp,
and (10) can be solved recurrsively for ap+1, ap+2, , in terms of
ap-lf provided that D3 never vanishes for j > p. In this case we
have the single formal power series solution φ(z) = ŝ "1 + apz

p + .
The case when D3 vanishes for some j > p presents some complica-
tions and will be considered later in the proof.

It is not difficult to see that Dι thru Dn are not all zero. From
(8) we have

A = αo(i)

A = αo(l)ffi(2) + αi(2)ττ2(2)

Since the πt(j) Φ 0 for i S j = 1, 2, , n, it follows that A =
A — 0 implies αo(l) = &i(2) = = α»_i(w) = 0. But αn+i(w) = α»_i(w) = 0,
(4), contradicting the fact that L is of order n.

Suppose then that Dp, 1 ^ p ^ n, is the first nonvanishing A
and that A ^ 0 for j > p. We then have at most one analytic
solution of the form φ(z) = 2P-1 + α ^ +

Solving (10) for aj+1 and estimating we obtain

\ L Λ / I U J + I I
λ

A + i A + i

We now estimate the coefficients of \aά\ and |«y_i| for large j . To
do this we first investigate the nature of C^γ and A+i a s polynomials
in j .

From (8) and the fact that πk(x) = xk - k/2(k - ΐ)xk'1 + , it
follows that A+ i is a polynomial in j of degree w,

(12) A+i = α . - i W + K-iWί^ - (n - l)nβ) + an.2(n
+ lower powers of j .



A CLASS OF SYMMETRIC DIFFERENTIAL 299

Similarly,

(13) Cy.ι = an+1(n)jn + [an+1(n){-n - (n - l)n/2} + an(n -

+ lower powers of j.

From the lemma we know that an^{n) — an+1(n) and that

an(n - 1) = an_2(n - 1) + (n + l)an^(n)

= αw_2(w - 1) + (w + ϊ)an+ί(n) .

Hence, (12) and (13) become

DJ+ι = an+1(n)jn

( 1 4 )
+ [ δ ( » ) { » ( Λ l ) » / 2 } + α ( %

Thus we obtain, for j > |0,

g, i" + K^ + i) + gji*-1 +(16)

where | ω | = 1, zί = — (n — 1)^/2 < 0, (9 = ΰn-<ι(n — l)/αw+1(^).

Concerning | 5(y) | we obtain, upon dividing,

βu) - l - ^ = ^ + i ^ M + o (Γ2)

Thus I ̂ (i) |2 = 1 - (2(n - l))/j + O (i~2), from which it follows that

For ξ > 0 we note that | Cj^JDj+11 ^ 1 — ξj~x for j sufficiently
large if and only if — (n — 1) < — f, or ξ < n — 1. Hence we have

I C i_ 1/jD i + 11^1 — — , for i sufficiently large and
(17) j

0 < ξ < n - 1 .

Using (11), (17) and the fact that | JDfΛ | is O (j~n) we have, for j
sufficiently large,

(18) I aj+ι I ^ (1 - Ti"1) max {| a, |, | aά.x |} ,

where 0 < 7 < ί < ^ ~ l .
Using the arguments given in [3], p 3-4 it follows from (18),

that there exists a K > 0 and a positive integer p such that \a3 \ ^
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Kj~llP for j sufficiently large. Hence Σ~=o I ccs \
2/(j + 1) converges

and φ e £ίf. To complete the proof we have only to deal with the
case where Dό vanishes for some j > p.

Suppose Dk = 0 for some integer k > p. Since Dό is a polynomial
in j of degree n, there is a largest integer k such that Dk = 0.
The power series solution φ obtained from (10) by taking a5 = 0,
j = 0, 1, , k — 1, and solving recurrsively for ajf j > k, in terms
of ak is, as we have seen, in £ίf. If there are other power series
solutions for which all the ajf j — 0, , k — 1, are not zero, these
solutions would be in £ίf as well, hence m+(mJ) ^ 2. We now show
that this is not the case by demonstrating the existence of λ,
Im (λ) Φ 0, for which φ is the only power series solution possible.

If Όk — 0, we obtain the following homogeneous system of
equations in a0, al9 , ak_γ.

— Xa0 — D^ = 0

(19) Cy-iαy-i - λα y + Dj+1aj+1 = 0 j = 1, 2, . . , k - 2

For the system determinant we have Δk{\) — ( — l)kXk + , and hence
^^(λ) vanishes at only a finite number of points in the complex plane.
Thus we can find λ, Im (λ) Φ 0, for which Ak{\) Φ 0, which implies
that a0 — = ak_x = 0. Hence there is only one analytic solution
of Lφ — Xφ, namely φ.

The defect indices of S are not changed if we add to L the
formally symmetric Euler operator M of order n — 1, provided the
leading coefficient of M is not too large. The proof of this follows
directly from the proof of the theorem. Let M — Σ S 1 biz

iDi

9 bt real,
and take Lt = L + M. Since M(zj) = p(j)zj, where p(j) = δ0 +
bj + + bn_J(j — 1) (j — n + 2), equation (9) becomes

tfiA + Σ (<*j+1Di+ί + ai-fii-W = Σ (λ -
(20)

where Im (λ̂  ) ^=0 j = 0, 1, , since p(i) is always real. Hence,

«! A = λoαo

aj+ίDj+1 + a^Cs-i = λ i^i i = 1, 2, .. .

Just as in the proof of the theorem, we have the single power series
solution φ{z) = zp~ι + apz

p + , where I}, is the first nonvanishing
Dj and 2)̂ - ̂ 0 , j > |0. Moreover, for j" sufficiently large,

(21)
a i
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where 0 < ζ < n — 1.

The estimates on the growth of the \a5\9 [3], will go through if
we can show that

(22) I aj+ι I ^ (1 - Ύj'1) max {| as | | a^ |} ,

for j sufficiently large and 7 > 0. Using (4), (12), and the fact that

X3 = δ^-J*"1 + , we have

(23) I λi/Z?i+11 = ej~ι + O (Γ 2 ) ,

where

ε = I b%_Jan+1(n) \ .

From (21) and (23) it follows that (22) holds provided ζ - e > 7 > 0
or ζ > ε. But ζ < n — 1, so we must have | h%_x \ < (n — 1) | an+ι(n) |.

The case when Dό = 0 ίov j > p is handled in the same manner
as before, by showing that there exist λ, Im (λ) Φ 0, such that φ is
the only power series solution of Lxφ — Xφ.
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