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THEORIES WITH A FINITE NUMBER OF
MODELS IN AN UNCOUNTABLE POWER
ARE CATEGORICAL

ALISTAIR H. LACHLAN

In this paper are considered complete, countable, first-
order theories which have a finite number of models in some
uncountable power. It is shown that any such theory is either
w-categorical or w;,-categorical. This confirms a conjecture of
W. K. Forrest.

Some of the background of this theorem is as follows. Shelah
has shown that every non-w-stable theory has infinitely many models
in every uncountable power. A proof of this will appear in Shelah
[9]. Thus here we may confine our attention to w-stable theories.
In [7] Shelah showed that a non-w,-categorical, w-stable theory has
= |a + 1| models in power ¥,. Another proof of the same result
was published by Rosenthal [6]. Thus the only uncountable cardinals
£ in which a complete countable theory can have a finite number of,
and at least two, models are the W, for 1 <7 < w. The methods
used in this paper come from Baldwin and Lachlan [1] and from
several works by Shelah.

1. Preliminaries. Most of our notation is patterned on [8]. An
additional notation used here is ®(M, @) for the set of solutions of
the formula @(z, @) in the structure M. Also, if AC|M| by cl(4)
we mean the union of all finite subsets of M definable using parame-
ters from A. We call cl (4) the algebraic closure or simply closure
of A. The reader will require some knowledge of the theory of
strongly minimal sets such as may be found in [1].

Let M be a structure. A formula @(z, @), @ € M, is called strongly
minimal if it has an infinite solution set in M and for every elemen-
tary extension M’ of M, formula +(x, %), and be M’, one of the
formulas @(z, @) A ¥(x, b) and @(x, &) A —r(x, b) has a finite solution
set in M'.

A formula o(x, @), @e M, is called w-categorical if its solution
set is infinite and for every » < @ there are at most a finite number
of m-types over Rng @ realized by mn-tuples in the solution set of
P(z, @).

If Th (M) is superstable, @(x, @) is w-categorical in M, and
AC| M| is finite, then @(x, @) is also w-categorical in M’ the expan-
sion of M obtained by adjoining names for the members of A.
This follows from the following definability result: Let Th (M) be
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superstable, be M, and A be a subset of |M| definable without
parameters, then there exists ¢ € A such that if ®(z,¥) is any formula
with 1h () = 1h (7) then some equivalence relation & on M is definable
from € such that AJE is finite and AN P(M, b) is &Z-closed. We
shall not prove this here. A stronger theorem in which A need not
be definable will appear in [9]. Besides, if one looks closely at the
proof of our main theorem it is apparent that we can avoid using
the fact that an w-categorical formula remains w-categorical when
a finite number of elements are named.

In passing we note that if @(z, @) is w-categorical in M and
Th (M) is stable it may not be the case that @(z, @) is w-categorical
in every inessential expansion of M. For example, consider the case
in which the language consists of binary relations R, R, ---. Let
|M|=wU“» and for + < ®w let R¥(a, b) hold just if ac“w and
a(i?) = b. Then Th (M) is stable and 3yR,/(y, z) is w-categorical in M
but not in M’ obtained by adjoining a name for a member of “w
which has infinite range.

If ¢o(x, @) is an s.m. formula in M, its dimension in M denoted
dim (@, (z, @), M) is the cardinality of a minimal set AC®(M, @) such
that @(M, @) ccl (A U Rng @). From the theory developed in [1] the
choice of A makes no difference. Likewise we talk of independent
sets of solutions of @(x, @), of a basis for ®(x, @) in a particular
model and so on. We adjoin names for the members of @ and then
use the definitions already made for formulas without parameters.
We call o(x, b) a copy of @(x, &) if b realizes the same type as a.

All theories considered are assumed to be complete and counta-
ble.

2. Stability and strongly minimal formulas. In this section
are presented some lemmas which will be useful for the proof of
the main theorem. Most of the lemmas have been proved in a more
general context than is necessary for their application in this paper.
This is because of our continuing interest in the theory of stability
in general and strongly minimal formulas in particular.

LEMMA 1. Let A be a subset of a model of a stable theory T.
There exists a model M of T such that AcC|M| and further: for
each ac M and formula @(z, §) there exist ¢ A and 0(x, ) such
that &= 6(a, ©) and for all be A

{F (e, b)) — (= Valb(z, &) — P(z, D)} .

This was discovered independently by Shelah and the author.
Shelah was the first to formulate it explicitly [8, p. 275]. A proof
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of it can be extracted from the second half of the proof of the
model extension theorem in [2].

LEMMA 2. Let Th (M) be w-stable, N be an elementary extension
of M, @e N, @(z, @) and (x) be formulas. Further, suppose P(z, @)
implies y(x) and that @(N, @)N| M| = @ then @(x, &) has rank less
than that of +(x).

This can be proved using the same technique as in the proof
of Lemma 7 of [2]. In the application we make of this lemma M
is the prime model and @(N, @) N | M| = @ is satisfied because @(x, @)
has no solution realizing an isolated type over &.

A formula o(x) is said to have the Vaught property in a theory
T if there are models M and N of 7T such that N is a proper
elementary extension of M, (M) = @(N), and |p(M)| = .

LEMMA 3. Let T be a superstable theory and @(x) be o strongly
minimal formule which has the Vaught property. Suppose further
that o(x) has infinitely many algebraic solutions. Then there exist
arbitrarily large models in which the dimension of @(x) is finite.

Proof. Since ®(x) has the Vaught property and T is stable
there exists an arbitrarily large model M of T with |o(M)| = w.
This is immediate from the extension theorem of [2]. By Theorem
3.1 of [7] if such M is sufficiently large it contains a subset I of
power @ indiscernible over @(M).

We shall first establish that cl (/) N (M) has finite dimension.
For proof by contradiction suppose the contrary. From Theorem
6.13(A) of [8] it is clear that if I, I is finite then ecl(I;) N (M)
has finite dimension. Also from the indiscernibility of I over @(M),
cl (1) N ¢(M) depends only on |I,|. Let ¢, ¢, --- be an enumeration
of a basis of cl(I) N (M), and ay, @, -+ be an enumeration of I.
For each n < w let m(n) be the least number such that {e, e, «--, ¢,}C
cl{ay a, ++-, Qpm}. It is clear that m(n) is nondecreasing and
unbounded as % increases. Since it will simplify the notation without
materially affecting the argument we shall suppose that m(n) = n.
Let 6,(x, a,, @y, ---, a@,) be a formula with only a finite number of
solutions one of which is e,. Let +,(x) denote the formula:

90(60r x) A 01(61, (2% x) VARERIVAN 0%(61” Qoy Ayy * 00y Ay x) .

Notice that e,.;, €,4s, --- all realize the same type over {e: 7 < n} U
{a;:7<n}. By suitable choice of 4,., for any sufficiently large finite wC

E -3 A {0n+1(67ny Aoy ** 0y My, x): me w} .
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Thus the formulas ¥, (£) A @ns1(ém» Qo, *++, @, ) for m=n+1,0+2, -+
which all have the same degree in the sense of Shelah [8], and the
first of which is +,,,(x), witness that Deg +,,, < Deg ,. This contra-
dicts the superstability of 7' by Corollary 6.10(A) of [8]. Thus
cl(I) N o(M) does indeed have finite dimension.

To complete the proof of the theorem extend I to a set I,
indiscernible over ®(M), of any desired cardinality and apply Lemma 1
to el (I').

LEMMA 4. Let T be a complete theory and @(x) be a strongly
minimal formula which does not have the Vaught property, then
T is w,-categorical.

Proof. From [1], see proof of Lemma 8, p. 83, the present
lemma is obvious when T is w-stable. Suppose therefore that T is
not w-stable. Form an increasing sequence M(0), M(1), -- - of counta-
ble models of T such that |[S(M(0))| > @ and such that for all ¢
P(M(1 + 1)) = @(M(?)). Let M= U{M@): 1 < w}. Let {(p(z, T°):i<w)
be an enumeration of all formulas having only % free and parameters
from M, similarly let {(v.(x, y, b°): 7 < @) be an enumeration of all
formulas having at most x, ¥ free. We construct a sequence of
triples {{0,(x, ¢%), n,;, a;>: 1 < @) such that for all 7 the following five
conditions hold:

(i) =m <mny <o, e Mn,), and a,€ P(M(n,.,))

(ii) 6,..(x, ¢*) implies 6,(x, ¢*)

(iii) 0y (=, ¢*) implies one of the formulas @,(z, @°) and — @,(z, @)

(iv) [S(M(n,) N {p: b6z, e)en}| > @

(v) if = 3c3y(@x, ) A v, y, b) A P(y)), then 0w, %) A v(x,
a, b%) is consistent with >® members of S(M(n,)) and 6, ,(z, ¢'*)
implies v (z, a;, b%).

The only part of the construction which is not straightforward
is the choice of a;. Suppose the triples prior to {f,(z, ¢°), n;, a;) have
all been suitably chosen, and that 6,(z, ¢*) and n», have been chosen
so that (i)-(iv) are satisfied. Call a formula y(x, @) good if its
parameters are in M(n,), it implies 8,(z, ¢*), and

| S(M(ny) N {p: x(2, @) e p}| > @ .

Notice that if x(x, @) is good, then there are disjoint good formulas
Y@, @) and y,(x, @) such that x(x, @) is equivalent to X(x, @)V
X(x, @). Suppose there is a good formula y(x,@) such that
E — 323y(U®, @) A vdw, ¥, 5) A P@)). Then we can satisfy (v) by
replacing 0,(x, ¢°) by x(x, @. The choice of @, is immaterial. If for
some good ¥(x, @) the solution set of Aw(x(x, @) A v:(®, ¥, b) A P(¥))
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is nonempty but finite, then for some be @(M(n.)), X(z, @) A ¥z, b, b%)
is good. Thus to satisfy (v) in this case we just take a, = b. Other-
wise let a,€ o(M(n, + 1)) — (M(n,)). For each good x(x, @) we now
have from the strong minimality of @(x)

= 3@, @) A v, a, ) A P(a))

whence this choice of a, will again satisfy (v).

Let a realize the type over M generated by the formulas 6,(z, ¢%).
By the omitting types theorem there is a model M’ | M| U {e} such
that (M) = @(M). Thus @(x) does have the Vaught property.

LEMMA 5. Let T be a stable theory for which @(x) and ()
are s.m. formulas. Further suppose that each of these two formulas
has infinitely many algebraic solutions. Then either in every model
of T o(x) and (x) have the same dimension, or each model M of
T has an elementary extension M' such that +(x) has the same
solution set in M’ as in M while o(M’) = cl (p(M) U {b}, M) for some
bin |M'|— |M|. The former case holds if and only if there is a
formula x(x, y) such that the following are valid in T:

x(#, y) — (@) A v (), 3°°y(x(=, ¥) A ¥(¥))
and 3=°yIxy(x, ¥).

Proof. To prove the first part of the lemma we attempt to
construct M’. Let A =|M|U {b} where b is a solution of ®(x) not
in M. Apply Lemma 1 to A to form M'.

Suppose that +(x) has a solution a in |M'|— |M|. Taking
Y@)ANT# Y, as @(x, ¥) in the statement of Lemma 1 we find a
formula 6(x, v, Z) and ¢€ M such that =6(a, b, ¢) and 6(z, b, ¢) has
no solution in M. We can suppose that 6(z, y, z) implies ¥(z) A P(y).
Clearly k= 3z6(x, b, ¢), b is not algebraic over | M|, and @ is s.m.
It follows that for some k < w, =3*y —326(x, y, ¢). Similarly,
E 3z — 3yh(x, v, ¢) for some I < w. Now all the solutions of d(z, b, )
satisfy ++(x) and none are in M, hence there are at most a finite
number, say m. We may suppose that

E Vy(3yé(x, y, €) — I"20(x, ¥, €)) .

Since a¢ M, 6(a, y, ¢) cannot have a solution for y in M, whence
0(a, 9, ©) has only a finite number since ®(x) is s.m. Hence we may
suppose that for some n < w

E vVa(3zi(x, ¥, €) — I™yb(z, ¥, C)) .
From Theorem 3.1 (A) ([8], p. 306) we can find a formula 6(z, y, Z')
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and parameters ¢’ in @(M) U (M) such that
=3ty —326'(x, y, ¢') AT —3Yd'(x, ¥, T) A
vavy(6' (@, ¥, &) — v(@) A P(y)) A Vy(Qab' (2, y, €') — 3"00'(x, y, T°))
AV2Qyo'(z, y, ¢') — 3"y0' (2, ¥, T')) .

To see this we apply the theorem of Shelah just cited taking A to
be (M) U (M), »(%, ¥) to be 6(z, y, Z) where Z plays the role of %
and {x, y) the role of ¥, and p to be the f-type of ¢.

Since both @(x) and ++(x) have infinitely many algebraic solutions
there is a formula 7(?') with a finite nonempty set of solutions any
of which will serve as ¢’. The parameterless formula 3z'(z(Z') A
0'(x, ¥, 2')) defines a correspondence between the solution set of +(z)
and the solution set of ®(x). The correspondence is finite-one in both
directions, all but a finite number of solutions of +(x) have mates in
®(x) and vice versa. In a given model of T let X be a basis of (x).
Form Y by choosing for each ¢ in X one of its mates under the cor-
respondence to be a member of Y. It is easily seen that Y is a basis
of @(x) and that its cardinality is necessarily the same as that of
X. This shows that the lemma is true when +(x) has a solution in
| M| — | M.

There remains only the task of showing that @(M’) is el (P(M) U
{b}, M’). This is immediate from the application of Lemma 1 by
which M’ was formed. We just take @(z, %) in the statement of the
lemma to be @(x) A  # Y.

The second part of the lemma is immediate from the discussion
above. We can take y(z, y) to be 32'(z(z') A 0'(x, ¥, 7).

Let @(x, @ and +(x, b)) be two s.m. formulas in a model M of
T. Adjoin names for the members of Rng (@"b) and then names for
suitable members of ®(M, @) and (M, b) in such a way that if
AcC| M| is the set named, then | A| < w, A is prime over Rng (a"b),
and

lel(4) NP(M, @) | = @ = |l (4) Ny (M, )| .

Let M’ be the resulting expansion of M, and T be the corresponding
extension of 7. We say that @(z, @) and +(, b) are linked if and
only if in every model of 7" they have the same dimension. Note
that this definition is independent of the way in which M’ is formed.

Clearly, if ®(x, @) and «(x, b) are linked then in any model of
T containing @ and b, @(x, @ and +(x, b)) have the same dimension
modulo ®w. The following may easily be deduced from the last lemma.
Since it is useful we state it explicitly and leave the proof to the

reader:
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LEMMA 6. Let o(x) and y(x) be s.m. formulas of a stable theory
T. Let T' be an inessential extension of T. If @(x) and (x) are
linked in T' they are linked in T.

LEMMA 7. Let T be stable and @\(), - -+, Po_i(x) be s.m. formu-
las. For each k£ > w there exists a model M of T of power £ such
that if @(z, @) is any s.m. formula of M then |P(M, @)| = £ if and
only if o(x, @) ts linked to one of Py(x), + -+, Pn_i(2).

Proof. Without loss of generality we may assume that each
®@,(x) contains infinitely many algebraic elements. Choose 4,, ---, 4,_,
such that for each 7 < m, A; is an independent set of solutions of
@(xr) and |A;| =k. We now form a model M of T including
A=A4,U .-+ UA,_, using the same technique which yields Lemma 1.
In fact | M| = {b;:% < ¥} where b, b,, --- are chosen in turn. To
make M a model we arrange that if a formula @(a, by, - -+, bi,_,, %)
is consistent where @ € A then there exists j < «# such that & ¢(a, b;,
«e+, by, b;). For the rest we simply choose b, in such a way that
for any formula @(x, ¥) there exists a formula 6(x, z) and cc AU
{b;: < i} such that [k 6(b, ¢) and such that for any be A U {b;: 7 < i}
if E@(b, b) then E Vx(d(x, €) — P(x, b)). Using the stability and
countability of T the model M can easily be formed according to the
above prescription.

Let @(x, @) be an s.m. formula in M whose parameters are from
{b;: 7 < i} where w <1 <k. Let C=cl(AU{b;:7 <1} then with-
out loss we may suppose that @(M, @) N C is infinite. Suppose
lo(M, @)NC|>]|%|. Then there exists 7 < n and a formula (a;, x) =
(b, @, @', ---, @, a;, ) such that be{b;: j < i}, b extends @, a*c A4,
for each k < 7,

a;eA; —cl(Rng b URngaU --- URng @)
and X(a;, x) has a solution in
P(M, @) — cl(Rng b URnga’U --- U Rng @) .

The formula ¥(y, ) A P(, @) A #;(y) defines a correspondence between
the solutions of @(z, @) and those of ®;(x), whence in every elementary
extension of M @(x, @) and ®;(x), have the same number of solutions.
From Lemma 5 any model containing two unlinked s.m. formulas has
an elementary extension in which those formulas have different
numbers of solutions. Thus in this case ®(x, @) and @;(x) are linked.

Suppose | (M, @) N C| = | 7| then it is easy to show by induction
on j that if i< j <k beAU{b:k < j} and +(x, b) has a solution
in @(z, @), then it has a solution in @(M, @) N C. It follows that in
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this case o(M, @) = (M, @) N C which has power <k. This completes
the proof of the lemma.

LEMMA 8. Let @z, @°) and @(x, @) be linked s.m. formulas in
a model M of a stable T. Let dim (p,(x, @), M) =n, < ® for 1 <2.
Then for any model N of T containing a° and @

dim (@y(z, @°), N) — dim (@,(z, @*), N) = n, — n,

provided that one of the dimensions on the left is finite.

Proof. Suppose the hypotheses are satisfied. For ¢+ < 2 choose
b’ such that Rng b° is an independent set of solutions of @,(w, @),
and @,(x, @) has infinitely many solutions in cl(@"5?). Further
make these choices so that b°"b' is prime over @'"@’. Within this
restriction let 5° and b' both be of maximal length. Let m,; = lh (b,)
for ¢ < 2. Let T’ be formed by adjoining names for the members
of @, a', b°, and b'. Let N be an arbitrary model of T containing
a’ and @' and N’ be an expansion of N to a model of 7. Let ¢°
and ¢' correspond to b° and b' respectively under the expansion of
N to N'. Let &°"d be a basis for @z, @) in N. We claim that d
is a basis for .z, @) in N’. If not, then there exist j < ® and a
formula +(¥°, ¥*, ¥, ¥°, ©) such that

= (@, @, E°, T, doy + v+, d;) A T2y (@, @, &, T, doy -+, Ay 2)
where d,, -+, d; are distinct members of d. Abbreviate (a’, a@*, ¢°,
¢ T) A Mis; Po(;, @) to x(Z). From Theorem 3.1(A) [8, p. 306] the
relation on @,(N, @) defined by X(Z) can be defined using only pa-
rameters from @y (N, @,). Further since there is a model N° of T
such that a°’, @, ¢°, ¢'e N° and @,(N°, a’)Cecl (Rng a’"c’"¢"), it follows
that there is a formula equivalent to %(Z) containing only parameters
from @y(N, @°) which are algebraic over @'"¢’. But then we should
have

E Oy« dj) NI="20(dy, -+, dj_yy 2)

for some n < @ and (%) containing only @’ and ¢° as parameters.
This contradicts the choice of d. We have shown that

dim (py(z, @°), N) = dim (@y(z, @), N') + m,
provided that the lefthand side is finite. From Lemma 5
dim (@(z, @), N') = dim (@,(z, @), N') .

It follows that dim (®,(z, @), N) is finite, and hence in exactly the
same way as for @,(z, @)
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dim (p.(z, @*), N) = dim (¢,(z, @), N') + m, .

This is enough to prove the lemma.
For the next lemma we are indebted to Shelah who pointed it
out to the author in the course of conversation.

LEMMA 9. Let ®(x) be a formula without parameters, M, and
M, be models of an w-stable theory, and F:o(M)— @(M,) be an
elementary onto map. There is a model M and elementary embed-
dings F,, F, of M,, M, into M respectively such that

Fy(p(M,)) = F(p(M)) = ¢(M) .

Proof. We may suppose that F' is the identity on @(JM,), that
N is an elementary submodel of both M, and M, prime over @(M,),
and that (| M,| — IN)N(M,| — |N|) = @. We define a theory T*
for the language obtained by adjoining names for all the members
of | M,| U|M,| as follows. Let 8(Z, ¥) be a formula of T and @ be
a tuple in |M,| — |N| such that lA@) = lh(@). From Shelah [8]
Theorem 3.1 (A) there is a formula (%) with parameters from N
such that & 6(@, b) — 4,3(b) for all b in N. Let T* have as non-
logical axioms all sentences (@, b) where ac|M,| — |N|, be M,, and
E4rpz(b). It is easy to see that T* is consistent, complete, and
extends Th(M,, | M,|) U Th(M,, | M,)).

A prime model M* of T* exists because T is w-stable. The
reduct of M* to the language of T is the desired model M. One
has to verify that if y is a formula of T such that 3z2()(a, b, 2) A
?(z)) is a theorem of T*, where @ec|M,| — |N| and bec M, then
2@, b, ¢) is a theorem of T* for some ce @(N). Using the theorem
of Shelah quoted above let ¥,(¥) and (7, z) be formulas with
parameters from N such that for all ¥, ¢ in N E32(x(@, b, 2) A
P(2)) — Ly(d") and =A@, b, ¢') A P(c’) — X (b, ¢). Clearly in N we
have EVy32X(¥Y, z2) — X(¥)). From the definition of T* since
32(X(@, b, 2) A P(z)) is a theorem, we have k= X,(b) in M, whence there
exists ¢ in @(M,) such that =X(b, ¢) in M,. From the definition of
T* again we have X(@, b, ¢) A (c) a theorem of T* as required.

Let @,(x, @°) and @,(z, @) be two s.m. formulas in a model M
of T. We say that oz, @) and @z, @) are linked by the pair
(o, %1, F°, ¥Y), m) if the following formulas are valid in M

X(xo, 1y a—o’ dl) B ?0(‘”07 do) A @1({”1! a-l)’ agmx1X(mo, Ly, doy a—k) ’
and

=7 va,[ — X(2,, 2., @°, @] .
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Let @(z, @) be an s.m. formula in a model M of T we say that
all copies of ®(x, @) are uniformly related if there exists a pair
(X, m), such that for any model N of 7, and linked copies @(z, @°),
o(x, @) of @(z, @) in N are linked by <X, m).

LEMMA 10. Let o(x, @) be an s.m. formula in a model of an
w-stable theory T. Suppose that all copies of P(z, @) are uniformly
related. If @(z, @°) and @(x, @') are two linked copies of P(x, @) in
a model of T, then they have the same dimension.

Proof. For proof by contradiction suppose M is a model of T
in which @(z, @°) and @(z, @) are linked copies of @(z, @) with different
dimensions. Notice that both must have finite dimensions: if both
were infinite then we should have

dim (p(z, a°), M) = [p(M, @) | = | (M, @") | = dim (P(x, &), M),

while if one were finite and the other infinite we would have an
infinite indiscernible set contained in the closure of a finite set which
would contradict the superstability of 7. Without loss of generality
suppose that dim (@(z, @), M) = 0 and that dim (e(z, @*), M) = 1.

Using Lemma 9 we can form a model which we shall also call
M in which there are w pairwise linked copies o(x, a°), #(z, @), - - -
of @(x, @) such that dim ((z, @°), M) =+ and such that for any 4 and
j,a"a"...%q? and @@t ... "@"* realize the same type. Without
loss we shall suppose that for any ¢, j (M, @*) N (M, @) = @ and
that (M, @*) and @(M, @’) are linked by <X, m).

If ce p(M, @), ¢' € (M, @), and 7 < j we say that ¢ and ¢’ are
X-related written cXc' if k= X(e, ¢, @*, @’). Likewise if ¢, ¢’ are se-
quences in (M, @) and @(M, @’) respectively and 72 < j we say ¢ is
X-related to ¢’, written ¢X¢', if corresponding members of the two
sequences are X-related. Let ¢, ¢’ be sequences we write ¢k¢’ if there
exist 4, j and sequences ¢°¢, ¢’ independent in (M, @*), (M, @’) respec-
tively such that 7 < 5, ¢Xe?, ¢'Xe’, and e*Xe?. Our immediate goal is
to prove:

PROPOSITION. Let 7(%y, +++) Zuosy Yo, ***, Yn_y) D& @ formula con-
taining at most parameters from a and the free variables indicated
such that, if ¢"¢’ is an independent sequence of length 2n in @(M, a@°)
with Ihé¢ =1h ¢’ = n, then =n(¢, ¢). Then ¢, ¢ can be found in
®(M, a@,) such that = x(¢, ¢’) and c¢kc'.

Towards establishing the proposition we make two observations.
Firstly, if ¢ < j and é* is independent in @(M, @°) then there exists
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¢’ in (M, @) such that g‘Xe’ and any such &’ is independent. The
reason for this is that @‘"@’ realizes the same type as @'"a’~*. If
we were to adjoin in turn basis elements ¢, ---, e5_, to @(M, @)
there would simultaneously be generated in @(M, @~*) elements
ei™t ++., eit X-related to e, ---, €, respectively. Further &% =
ej™, +-+, ei%> is independent because no term is in the algebraic
closure of those preceding it. Secondly, notice that there exists
k < w such that for every ¢ at most k¥ members of ®(M, @*) have no
X-predecessors in @(M, @).

To prove the Proposition consider a fixed formula 7(Z, %) satisfying
the hypothesis for which the conclusion fails. Let IC ® be infinite
and m < w be given. From the remarks in the last paragraph we
can deduce the following. There exists 1€ I, an infinite set JC I,
an independent m-tuple é(m) in ®(M, @*), and an m-tuple ¢é(m) in
®(M, a°) such that for every j € J there exists an independent m-tuple
g'(m) in (M, a’), and an m-tuple ¢‘(m) in @(M, @) such that

e(m)Xei(m) & c(m)Xe(m) & ¢(m)Xei(m) .

Further é¢(m) may be chosen such that if ¢ is any w-tuple of distinct
members of &(m), and d is an n-tuple in @(x, @°) independent over
Rng ¢, then (¢, d). To see this, in the first instance choose &(m)
and é(m) of length much greater than m. There is a formula 7'(%)
equivalent to

=Y 3=y, - - ggwyn—l(n(f, 7 & P(Yo, @°) & - & P(Y -1y a’))

for arguments in @(M, @°) because in any family of finite subsets of
s.m. sets which are uniformly definable there is a member of greatest
cardinality. Our aim can be achieved by thinning é(m) to an m-tuple
such that for any n-tuple ¢ of distinct members of ¢(m) we have
E=r'(c). Since we are supposing that the conclusion of the Propo-
sition fails for #(%, ¥) if ¢ is an n-tuple of distinet members of
¢(m) and ¢’ is the corresponding n-tuple of members of ¢'(m) then
= —n(e, ¢).

Using the compactness theorem we can find M° = M, sequences
(e(m): m<w), (€°(m): m<w), {t(m): m<w), {e(m): m<w), {e“°(m): m<
), and a°e€ M* such that the following conditions are satisfied.
Firstly @ realizes the same type as @. For each m, ¢(m) and ¢“(m)
are m-tuples in (M, @°) and @(M”, @°) respectively, i(m) < o, é(m) is
an independent m-tuple in @(M, @*™) and €“(m) is an independent
m-tuple in @(M*, @*). Also, if ¢ is any n-tuple of distinct members
of ¢(m) then E7x'(¢), and if ¢“ is the corresponding =-tuple of
members of ¢“(m) then = —x(¢, ¢’). Finally,

a(m)Xz*(m) & (m)Xe(m) & G°(m)Le(m)
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where X-relatedness is extended to the copy @(z, @) of @(z, @) in
the obvious way.

For each m let d“(m) be a subsequence of ¢“(m) chosen such that
d“(m) is independent over @° in @(M, @"), and such that ¢“(m) is in
cl (Rng (d“(m)"@°"g,)). Now Ih(d“(m)) < n because if ¢° is a subse-
quence of ¢“(m) of length » and ¢ is the corresponding subsequence
of ¢(m) then = — (¢, ¢*) and E 7'(¢) whence ¢“ is not independent.
Notice that &°(m) is in cl (¢“(m)"@“"@’) and recall that e“(m) is an
independent sequence of length m in @(M*, @*). Let d° be a sequence
in @(M*, @) which is independent over &“ and which has maximal
length <n. Comparing d° and d®(m) we see that cl(d*"@*"a@®) N
@(M*, @°) has dimension at least m. Hence cl(d*"@*"a") N p(M*, @)
has infinite dimension. This is inconsistent with 7T being superstable.
This completes the proof of the Proposition.

From the Proposition by compactness we can obtain M’ = M @’
and @” in M’ realizing the same type as @, and an independent
sequence {¢;:t<w){e:1<w) in o(M',a’) with the following prop-
erty. There exist sequences <ej:7 < ®w) and (¢/:7 < w) in @(M, a@’)
and @(M, @"”) respectively such that {¢;:71 < w) is X-related to
(eiit < W), {ein 1 < ) is X-related to <(e!:7 < w) and {(c}:7 < w) is
X-related to <{ei: 7 < w). Again the notion of X-relatedness is extended
to the present context in the obvious way. Let @° and {c¢;: 7 < w)
be fixed. We describe the relationship between a@’, @” and {ci: 7 < w)
by saying that a’'"a" permits {ci:1 < @).

Given two copies of @(x, @) and a solution ¢ of one there are at
most a finite number of ¢’ in the second copy to which ¢ is X-related.
Also for all but a finite number of ¢’ in the second copy there are
only a finite number of ¢ in the first which are X-related to ¢’. Thus
if |C| <\, b"d’ permits at most 2° + A\ sequences in C. Choose A
such that A»* >\ = 2° and M’ to be M*-saturated. Choose C < @(M, b%)
such that |C| =\ and C is independent over {¢;: 7 < ®). There are
¢ sequences {¢i: 1 < @) in C which have no repetitions and which
thus make {¢;: 1 < w)"{¢;: 1 < ) independent. Each one is permitted
by some 5"b’ and at most \ are permitted by the same 5"’. Hence
over (Rng b°) U {c;: % < @} U C there are at least \“ types realized by
2n-tuples b"d’ in M’. This contradicts the superstability of T and
completes the proof of the lemma.

3. The main result. We prove:

THEOREM. Let T be countable, w-stable, and mneither w-cate-
gorical nor w,-categorical. Then T has = ® models in every infinite
power.
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Proof. As in [3] we work within a highly saturated model M
of T. Let ®(x, @) be an s.m. formula. Note that it may be impossible
to choose @ in the prime model. The proof splits into two cases
according as @(x, @) is w-categorical or not. In the former case we
modify the proof given in [3]. In the latter case we can distinguish
enough different models by examining the dimensions of various copies
of o(z, @).

Until further notice let @(x, @) be w-categorical. Let @ realize
an [-type p,. Since T is not w-categorical assume without loss of
generality that T has infinitely many 1-types. Choose +r(x) of least
rank and degree in the sense of Morley such that +(x) belongs to
infinitely many distinct 1-types. By an observation of Shelah +(z)
can be chosen such that: there is a formula &(z, ) defining an equiva-
lence relation on +(I), v (x) is equivalent to Iye(w, ), if = (a) then
é(z, @) has rank a and degree 1 where @ denotes the rank of +(x),
and the equivalence classes are indistinguishable in the sense that
for any formula X(z)

= VaVy@Ez(e(e, 2) A X(2)) A e(y, y) — Jw(e(y, w) A Z(w))) .

Fix an infinite power £ and » < w. We now describe a model
M(x, n) of T of power x. Let a(x, n) = (a)x, n), ---, a,(k, n)) realize
Do Without loss of generality we may suppose that +(x,) € p,. Let
Ik, n) = {b(x, n), ---, b,_i(x, n)} be such that for all acl(x, n),
= e(a, a,(k, »)) and o realizes a type of rank « over (I(k, n) — {a}) U
Rng a(k, »). Further let J(k, n) = {cx, n):© < £} be a set of power
£ such that for any a € J(x, n), = ®(a, @(x, n)) and the type realized
by a over Rng a(x, ) U I(x, ») U (J(£, n) — {a}) is nonalgebraic. M(x, n)
is to be a model prime over Rng @(x, n) U I(, n) U J(&, n).

Observe that I(k, n) is a subset of the solution set of &(%, a,(k, n)),
a formula of rank a and degree 1, whence I(x, n) is indiscernible
over Rng a(x, n). To see that in fact I(k, ») can be suitably chosen
note that we can find b,(x, ») such that for each 7 < w Ee(b(x, n),
a,(k)) and b,(k, n) realizes a type of rank a over {b;(x, n):j < i} U
U Rng @(x, »). Because for each 7 there is only one such type con-
taining &(z, a,(x, n)) the sequence {(b,(«x, n): ¢ < w) is indiscernible over
Rng @(k, n). Since the theory we are dealing with is stable, the set
{b:(k, »): © < w} is indiscernible. Similarly we see that J(x, n) can be
found, that J(x, n) is indiscernible over I(«, n) U Rng (x, n) and that the
type over Rng a@(k, n) realized by a sequence of distinct members of
I(k, n) U J(£, n) depends only upon which members of the sequence fall
into I(x, ») and which into J(x,n). The following should be evident:

ProrosiTiON 1. If m > n then the type realized by
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a(k, m)'<b(k, m): i < n)" ek, m): i < k)
18 the same as that realized by
a(k, n)'<b(k, n): 1 < ny'ek, n):1 <€) .
We also have:

ProrosiTiON 2. If pe S,.(I(k, »)UJ(x, n) URng a@(, n)) is isolated
so is p | (I(k, ») U Rng a(x, n)).

To see this let p be isolated over I(x, »)URne @(x, n)UJ, where
Jy = {¢, -+, ¢c;_,} is a finite subset of J. Now o(z, a(x, n)) is s.m.
and w-categorical, and as observed earlier @(x, @(x, n)) remains w-
categorical if names for a finite number of elements are added to
the language. It follows immediately that (¢, ---, ¢;_,) realizes an
isolated j-type over I(k, n) U Rng @(x, ») which suffices.

We shall now show that if m > n then M(k, m) and M(k, n) are
not isomorphic. For proof by contradiction suppose that M(x, m)
is isomorphic to M(x, n) and that m > n. Then some extension
in S;,,..(I(k, n) U Rng @(x, n) U J(k, n)) of the type ¢* realized by
a(k, m)"{(b(x, m), «--, b,(k, m)> over @ is isolated. By Proposition 2
some extension ¢ of ¢* in S,,...(I(x, ») U Rng a(x, n)) is isolated.
Let #(%, 9, Z) be a formula such that

ﬂ(i}., Y, (_I:(K, ’ﬂ/), bo(li', n)y ) bn—l(lc’ n))

generates ¢’ where y stands for z,.,. Notice from Proposition 1 that
¢, the type realized by a(k, n)"<{by(k, n), -+, b,_,(k, »)) is included in
g* and hence in ¢’. Let Ih(@") = lh(@) = I, IW(D") = Ih(B) = n, @"B°
realize ¢, and = n(@", b, b', @, b°). Without loss assume that = &(a}, al);
otherwise we may replace 7 (%, v, Z) by a similar formula which does
have this additional property. For example, if +(x) has degree 3,
(%, ¥, Z) may be replaced by

32"3Y°32'IY (7 (%, v, 2') A 7(Z', ¥', 2°) A (2, Yo 7))

One should bear in mind here the indistinguishability of the e-equiva-
lence classes.

The following claim will enable us to complete the first half of
the proof of the theorem:

PROPOSITION 3. There exist @, b° b, a', b', b?, -+ such that

(i) for all i< w,@"b* realizes q, lh@") =1, 10" =n, and
= n.(di+1, Et+1, bi+1, di, 5;) and

(ii) for 0< i< w, b realizes a type of rank a over {b: 0 <
JI<OANj#1}.
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Notice from (i) that ai™ and ai are e-equivalent since = 7w (a‘*!,
bt bty gt b%) and @"b° realizes q. Further since @i+ nbi+n(pi+')
realizes ¢*, ai** and b*™* are c-equivalent. Thus from (i) all of b', &%, - -
are e¢-equivalent to aj. Now e(x, @) has rank « and degree 1 whence
(ii) may be restated by saying that (b: 0 < 7 < w) satisfies a certain
w-type: Hence by the compactness theorem it is sufficient for the
proof of the proposition to show that any finite initial segment of
the desired sequence can be found. Suppose we wish to find @, °,
b, a, b, b, ..., @, b’ then we proceed in reverse order. First choose
@’, bi, b’ realizing ¢* then choose @', b' such that & m(a@, b b7,
a’*, b™). Notice from the choice of « that 3zZw(%, y, 2)cq*. Now
choose b~! to realize the unique type over Rng (@ '"bi"') U {b’} which
has rank « and contains &(z, ai™"). Then @' '"b"'"(b~') realizes ¢*.
We can choose @i~% b7 such that = m(ai™, b b, @i, b"%). Let
b realize the unique type over Rng (@*"b%"?) U {b;, b;_,} which has
rank @ and contains e(x, ai~%). Again @257 2"(bi %) realizes ¢*, thus
we may continue in the same manner. Certainly (i) will be satisfied
and for 0 < 7 < J, b, realizes a type over {b*:7 < k < j} which has
rank «. Further b, 0% ..., b’ are all e-equivalent. By the same
argument used to show the existence of I(x, n), for 0 <1 < 7, b
realizes a type of rank « over {b*: k < j Ak # 4}. This suffices to
prove the proposition.

Of course, from (i) all of &', %% ... are solutions of +(x) and
moreover are c-equivalent. From (i) we get that {6':0 < ¢ < w} is
indiscernible. It is clear that the type realized by @i+:"b*+"{b'+*>
over Rng (@'"b°) is isolated. From this it follows easily that for all
1, b*** realizes an isolated type over Rng (@°"50°). Recall that +(z)
was chosen to have least possible rank and then least degree subject
to there being infinitely many 1-types containing r(x). Since the-
type of b'** over @ has rank « it cannot be isolated. From Lemma
2 it follows that b**' realizes a type of rank < a over Rng (a°"0°).

Now choose b‘ for each %, w <1 < 2w, such that = e(b?, b') and
b* realizes a type of rank a over Rng (a°"6°) U {b’: 0 < 5 < 4}. Using
once again the argument by which we showed I(n, k) exists, we see
that {b%: 0 < j < 2w} is indiscernible. But @°"b° determines a partition
of {v: 0 < § < 2w} into two infinite sets, since b®, b***, ... are all the
members of {b: 0 < j < 2w} Rng (@°, b°) realizing a type of rank « over.
Thus there are 2 (I + m)-types over the set {b%: 0 < j < 2w} of power
®. This contradicts the w-stability of 7. Hence M(k, m) and M(x, n)
are not isomorphic. This completes the proof of the theorem in the
case where T has an w-categorical s.m. formula.

For the rest of the proof suppose ®(x, @) is an s.m. formula and
that in any model M containing @, cl (Rng @) N @(M, @) is infinite.
Let @ realize p,. Suppose first of all that:
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(A) For each n < w there exists a model M of T and copies
(%, @), +++, P(x, @) of @(x, @) in M no pair of which are linked.

With an arbitrary model M of T we associate a natural number
9(M) as follows. Let E” be the equivalence relation on B = {@:@ae M
and @ realizes p,} defined by: a"E”a" if @(x, @°) and ®(z, @) are linked.
Recall that if two copies of @(x, @) are linked then they have the
same dimension in M modulo w. Let (M) be the number of equiva-
lence classes C under E* such that for @ € C @(x, @) has dimension
equal to || M|. If B= @ let i(M)=0. From Lemma 7, for each
£ > w and each 7,1 < n < w, there is a model M of power £ such
that 4(M) = n. When £ = @ the proof of Lemma 7 can be modified
to show that there is a model M of power @ with (M) = n.
Alternatively, from [3] T has at least ¥, countable models. In either
case we have the desired conclusion. Henceforth we assume that (A)
fails.

Let @o(z, @°) and @(z, @) be two copies of @ (¢, @) in a model M
of T. Recall that o(x, @") and @(x, @) are linked by the pair
A&, %, 7°, '), m) if the following formulas are valid

X(xov &, do! &1) - @(xo; Eo) A q)(xu dl) ’ 3>mwlx(w07 Ty do; al)
asmwlvxo[ - X(xm xly a-o’ (zl)] *

We shall now show that because (A) fails we have:

(B) There exists a pair {X(x,, x,, ¥°, ¥'), m) such that if o(z, @°)
and @(x, @') are linked copies of @(x, @) in a model of T, then they
are linked by {A(x, x, 7°, ¥*), m)>. That is, all copies of @(x, @) are
uniformly related.

Let {X;, m;):1 < ) be an enumeration of all pairs which might
link two copies of @(¢, @). Notice that it is sufficient to prove that
there exists 7 < @ such that any two linked copies are linked by
X, m;y for some 1 < j. For proof by contradiction suppose no such
j exists. Then in any w-saturated model we can find a sequence
{p(x, @*): 1 < w) of copies of @(x, @) such that for each 7, @(x, @)
and @(x, @‘) are linked but not by any pair X, m,) with k =< 4.
Observe that for each ¢ and j there exists ¢ such that if &=
i o(x, @) and @(x, @*) are not linked by any pair with subscript <j.
By the compactness theorem (A) holds. This contradiction completes
the proof of (B).

We have an s.m. formula ®(x, @) which has infinitely many
algebraic solutions. If ®(x, @) does not have the Vaught property
then by Lemma 4 T has an inessential extension which is w,-cate-
gorical. However, any theory which has an w,-categorical inessential
extension is itself w,-categorical; one can see this from the remark
at the end of §2 in [1]. Thus we may suppose that @(x, @) has the
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Vaught property. Let £ > @ be given. From Lemma 38 T has a
model M of power £ containing @ such that @(x, @) has finite dimension
in M. Define j(M) to be the greatest n < w such that some copy of
®(x, @) in M has dimension % and to be undefined if there are no
copies of finite dimension. From Lemma 10 any linked copies of
®(x, @) in M have the same dimension, and since (A) fails the number
of pairwise unlinked copies of ®(x, @) in a model is finite. Thus
J(M) is well defined whenever there is some copy with finite dimen-
sion. Let {¢, ---, e,} be a set of solutions of @(x, @) independent over
| M|, and let M’ be prime over |M|U {e, +--, €,}. It is easy to see
that @(x, @) has finite dimension >m in M’. Hence j(M’) > m and
| M'| = k. From this it is clear that there are infinitely many non-
isomorphic models of power k. This completes the proof of the
theorem.

4. Concluding remarks. As mentioned in the introduction our
theorem together with a result of Shelah confirms the conjecture of
W. K. Forrest that any countable theory having a finite number of
models, but more than one, in an uncountable power is w-categorical.
Forrest also conjectured that such theories have only a finite number
of models in each power £, W, < £ < W.. We have verified this. A
question which is not so precise concerns the structure of such theories.
In some sense every known example can be seen as a combination
of a finite number of theories categorical in every infinite power.
Can this idea be formalized and be demonstrated for all such theories?
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