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RELATIONS AMONG GENERALIZED
MATRIX FUNCTIONS

RUSSELL MERRIS

Let G be a permutation group of degree m. Let A be an
irreducible, complex character of G. If A = (a;)isan m by m
matrix, the generalized matrix function of A corresponding to G
and A is defined by

dS(A) = ;G A(o) H1 Qo -

We obtain relations among generalized matrix functions arising
from G and those arising from a subgroup H of G. The
methods yield some information about the corresponding sym-
metry classes of tensors.

Generalized matrix functions were invented by I. Schur to
improve E. Fischer’s improvement of the Hadamard determinant
theorem. Specifically, Schur proved that

dS(A) = A(id)det(A)

for all positive semidefinite Hermitian matrices A (write A =0).

1. The main results. In what has become a classic paper on
the subject, S. G. Williamson obtained the following result in [14]): If H is
a subgroup of G and if A is a character of G of degree 1, then

Q) dS(A) = [G: H]d"(A)

forall A =0. In[6], the present author improved Williamson’s result as
follows: Let H be a subgroup of G. Let A be an irreducible character of
G. Suppose the restriction of A to H is A(id)x/x(id) for some irreducible
character x of H (i.e., suppose A |y is a multiple of x). Then

@) A(id)d?(A) = [G: H]x(id)d}/(A),

for everv A = 0.
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The inequality (2) has further been improved [7, Corollary 2]: Let H
be a subgroup of G.  Let x be an irreducible character of H. If A = 0, then

€) 2n(id)d7(A) = [G: H]x(id)d)(A),

where the summation is over those irreducible characters n of G whose
restriction to H is a multiple of x. Our first result is an upper bound for
[G: H]x(id)d[(A) to go along with (3).

THEOREM 1. Let H be a subgroup of G. Let x be an irreducible
character of H. If A =0, then

) [G: H]x(id)d}(A) = Zn(id)d7(A),

where the summation is over those irreducible characters 1 of G whose
restriction to H contains x as a component. Moreover, equality holds for all
A =0, if and only if n |y is a multiple of x whenever x is a component of the
restriction of m to H (i.e., if and only if (9, x)s#0 implies 7|y =
n(id)x/x (id)).

Observe that the case of equality in (4) is sufficient for equality to
hold in (3). At the end of this section, we will show that it is also
necessary, i.e., the case of equality for (3) is the same as that for (4). In
[9, Theorem 8] a class of examples is given in which equality holds in

(3)-).

It is worth mentioning that the situation is considerably simpler if H
is assumed to be normal in G. In that case, if A | is a multiple of x, then
x is invariant under conjugation by elements of G. By Clifford’s
theorems [2, p. 53] if x is invariant under conjugation by G and if
X € M |, then |y = n(id)x/x(id). Therefore, if HA G then either the
summation on the left of (3) is vacuous, or equality holds in (3)—(4).
Explicitly, if HA G and if y is an irreducible character of H invariant
under conjugation by G, then

[G: H]x(id)d}(A)=Zn(id)d7(A),

where the summation is over those irreducible characters n of G whose
restriction to H contains y as a component. This seems a better result
than [7, Corollary 1].

Our second result is an improvement of (2) in a direction different
from (3).
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THEOREM 2. Let H be a subgroup of G. Let A be an irreducible
character of G. Suppose Ay =ax;+:--+ay, where a,,---,a, are
positive integers and x1, - - *, x, are the distinct irreducible components of the
restriction of A to H. Then

©) Mid)d$(A) = [G: H) 3, x. (id)d2(A),

for all A =0. Equality holds for all A =0, if and only if none of the .
appears in the restriction to H of an irreducible character of G different from
A (i.e., if and only if (0, x;)» =0, 1 =i =, for evey irreducible character
n of G different from A).

Of course, the case r =1 is (2).

Before getting involved in the proofs, we illustrate the results with
some examples.

ExampLE 1. Let G = §;, the full symmetric group of degree 3. Let
A be the irreducible character of G of degree 2. (Then A (o) is one less
than the number of fixed points of 0.) Let H = A,, the alternating
group. Then A |4 = xi+ x2, Where x,(123) = exp(27i/3) = w, x»(123)=
2
.
Let

2 -1 -1
(6) M=[~1 2 —1}
-1 -1 2

Then di(M)=18, and d)(M)=d}](M)=9. Plugging into (5), we
obtain 2(18) =2(9+9), equality. Indeed, the other irreducible charac-
ters of S, are the identically 1 character, and the alternating character
e. The restriction of either of these to Aj; is the identically 1 character
which, of course, contains neither y, nor y,. Of course, (2) is not
applicable at all, and (3) merely reduces to the statement that d;’ (M) and
d; (M) are nonnegative. Equation (4) becomes

[G: Hlx.(id)d? (M) = A(id)d$(M),

which is precisely the reverse of what one might have expected given only

).

If we were to take the same G and H but begin with y identically
one on H, then (3)-(4) become
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0 2d¥(A)=per(A)+det(A)

for all A =0. In fact, of course, (7) holds for all 3 by 3 matrices
A. (Indeed, it can be shown, using Lemma 3(a) below, that if equality
holds in (3)-(4) for all A =0, it holds for all m-square matrices A.)

ExaMpPLE 2. Let G = Si;. Let A be the irreducible character of G
of degree 2. Let H = {id, (13)}. Then A | = 1 + €. If we use the matrix M
given in (6), we obtain dJ(M) = 18, d{'(M) =10, and d*(M) = 6. Equa-
tion (5) yields 2(18) =3(10+6). Equation (4) produces

®8) 3(10) = 2(18) + per (M)
©) 3(6) =2(18)+det (M).

ExampLE 3. Let G = S;. Let A be the irreducible character of G
of degree 2. Let H ={id}. Then A |4 =1+1, i.e., the restriction of A
to H is a multiple of the identically 1 character. In this case, (5)
collapses to (2), and (3)-(4) become equality [8, Corollary 1].

We end this section by determining the case of equality in (3). As
we have observed, if 1 |y is a multiple of y whenever y is a component of
7 | then equality holds in (4), but in this case the right hand side of (4) is
the left hand side of (3). Suppose, then, that equality holds in (3) for all
A =0. Let xy* be the character of G induced by y [2]. Let N be the
set of irreducible characters n of G whose restriction to H is a multiple
of x. Comparing degrees, we have

(10) ;N (n, x*)am (id) = x*(id)

with equality if and only if (A, x *)s = 0 for those irreducible characters A
of G which do not belong to N. But, by the Frobenius Reciprocity
Theorem, (A, x *)s = (A, x)u for every irreducible character A of G. It
suffices, therefore, to prove that equality holds in (10). Now, we know
that x*(id)=[G: H]x(id), and, of course, (1, x)u = n(id)/x(id) for
n € N. Plugging into (10) we have

;N [n(id)/x (id)]n (id) = [G: H]x(id),

and we are attempting to show that equality holds. Letting A = the
identity in (3), and assuming equality, we obtain

E,N n(idy =[G: H]x(id).
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2. Symmetry classes of tensors. Let V be a complex
inner product space of dimension n. Let ™V denote the mth tensor
power of V and write v, - - - @ v, for the tensor product of vy, -, vm €
V. The inner product on V induces an inner product on ®™ V which is
determined by the formula

m®~@wmm®m®mn:ﬂmm4

For o € S,,, the symmetric group, let P(o™") be the linear operator
on ™V whose action is determined by

P(o-_l)vl®' : ® Um = va(l)®' ‘ .® U (m)»

forall v, -+, v, € V. It followsthat o — P(o)is a representation of S,.
The adjoint, P(o)*, of P(o) with respect to the induced inner
product is easily seen to be P(o™")= P(o)™".
Let G be a subgroup of S,. Let #(G) denote the set of irreducible
(complex) characters of G. If A € $(G), define

T(G, \) = %%)) 3 A(@)P(@).

It is known ([13], [11] or [3]) that {T(G, A ): A € $(G)} is a set of pairwise
annihilating (with respect to the induced inner product they are her-
mitian) idempotents which sum to 1g, the identity operator on @™ V.

LEmMA 1. Let H be a subgroup of G. Let A € $(G) and x €
F(H). Then T(H,x) and T(G, A) commute.

Proof.

o0(G)o(H

= > > x(mA(o)P(ma)

wEH c€G

=2, 2 x(mA(m"'o)P(0)

oc€EG mEH

A(om™)x(m)P(c)

gE

Q
R

TE

= . A(o)x (m)P(om).

€G e

Q
T
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LEMMA 2. Let H be a subgroup of G. Let A € $(G) and x €
F(H). If m =n, then T(H, x)T(G, ) is zero if and only if x& A |u.

Proof. Let 0 — L(o) = ({;(0)) be an irreducible representation of

G which affords A. Assume the restriction of L to H is fully
reduced. Define

1= 28 3 4P

Of course, T(G,A)=2T, Observe

T(H x)T. = %)d(%%io\—(gg% ;E:H ag‘G x ()¢ (7' )P()
=58 2 2 @ X3 5y pe

By the orthogonality relations ([10, §9] or [2, Ch. 1, §1]), the term in
curly brackets is zero unless the component of L |, which contains
position i,i affords x, in which case the bracketed term is 64 In
particular, T(H, x)T, =0 for all i and hence T(H, x)T(G,A)=0, if
(6 A)u =0. If (x,A)u#0, then since L | is fully reduced, it contains a
component which af’fords X- Suppose such a component lies in rows and
columnst+1,t+2,---,t+ x(id). Then T(H, x)T.s, = T.., 1 =] = x(id).

It follows from the orthogonality relations that the T; are annihilat-
ing idempotents, 1 =i =A(id). In particular, T(G,\)T, =T. Could
T(H, x)T(G,2)=0? If so, then 0= T(H, x)T(G,A\)T,=TH, x)T, 1=
i=A(id). Butthen T,,,=0,1=j=x(id). We proceed to show that
this is impossible.

Since T, is idempotent, its rank is equal to its trace;

trace T, = (G) z ti(o)p(o),

where p (o) is the character of the representation o — P(o). Since p is
the restriction to G of a character of S,, it is real. Again employing the
orthogonality relations, the trace of T, becomes (A, p)s. In particular,
each of the T, has equal rank. A similar calculation shows that rank
T(G,A)=A(id)(A, p)s. But since m = n, it is known ([13], [11], or [3])
that T(G,A)#0. Therefore, (A,p)s#0 and T,#0, 1 =i = A(id).

As we observed above,

lo= 3 THH= 3 T(G.£)

(EIJ(H)
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Therefore, if y € $(H),
T(H, x)=T(H, x)ls

(11) =T(Hx) 2, T(G.§)
= T(I_I, X)ol = 01 T(H> X)7

where 6, =2 T(G, ¢); the sum being over those ¢ € $(G) such that

(X §)u# 0.
Similarly, if A € $(G) and A |, = a,x,; + -+ ayx,, then

T(G,A)=T(G,A)1g
(12) =T(GA) 2, T(HJ)

E€J(H)
= T(G,1)8,= 6, T(G, 1),

where
6, = Z T(H, x; ).

LEmMMA 3. (a) The operator 6,— T(H,x) is an orthogonal
projection. If n = m, 6, = T(H, x) if and only if £ |, is a multiple of x for
all those ¢ € $(G) which satisfy (x,&)u#0. (b) The operator 6,—
T(G, )) is an orthogonal projection. Ifn = m, 6, = T(G, X) if and only if
X, &) =0, 1 =i =r, for every ¢ € $(G) different from A.

Proof. Each of 6,, 6, is a sum of pairwise annihilating orthogonal
projections and is, therefore, an orthogonal projection. That 6,—
T(H, x) and 6,— T(G, A) are orthogonal projections now follows from
(11) and (12), respectively [4, pp. 148-149].

If T(Hx)=86, then 0=T(H,{)T(H, x)=T(H, ()0, for every
{ € $(H) different from . But, by Lemma 1, T(H, {)6, = 0 if and only
if T(H {)T(G,£&)=0 for every £ € #(G) such that (x,&)s#0. By
Lemma 2, T(H, {)T(G, ¢)=0if and only if (& £|,. Thus, none of the ¢
involved in 6, contains, upon restriction to H, an irreducible character ¢
different from y, i.e., for every & involved in 0,, &, = &(id)x/x (id).

If T(G,A)=20, let £€ F(G) be different from A. Then 0=
T(G,&)T(G,A)=T(G,£)0,. Again by Lemma 1, it follows that
T(G,¢é)T(H,x,)=0, 1=i=r. Appealing to Lemma 2, we find that
X E 'f !H'

We require one more result before we can prove Theorems 1 and 2.
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LemMMmA 4. Suppose A = (a;)=0 is m-square. Take n=m. Let
Uy, ", U € V be such that a, = (v,v,). Then

M) 45a) =~ (TG A0 @Dt 0@ @00

This is a standard result the proof of which is a straightforward
computation relying only on the definitions.

Proof of Theorem 1. Assume a, =(v,v;). From Lemma 3,
0,— T(H,x)=z0. Therefore,

(13) ([BI—T(H’X)]vi®“'®Uma UI®"'®UM)"3O’
or
(1/o(G)Z£(id)dE(A) = (x(id)/o(H))d}(A)

by Lemma 4, where the summation is over those £ € $(G) such that
(x, &)u# 0. If equality holds, for all A =0, then equality holds in (13)
for all v, ® - @ v,.. But these tensors span @™ V. It follows (since
6,— T(H,x)=0)that ,= T(H, x). The case of equality in Theorem 1
then follows from the case of equality in Lemma 3a.

The proof of Theorem 2 is analogous.

Our work has also led us to some results involving symmetry classes
of tensors.

DeriNITION.  Let G be a subgroup of S,. Let A € $(G). The
range, V,(G) of T(G, A) is called the symmetry class of tensors arising
from G and A

THEOREM 3. Let H be a subgroup of G. Let x € $(H). Then
V,.(H) CXV(G),

where the (direct) sum is over those £ € $(G) such that x € £|y. If in
addition m = n, then equality holds if and only if £ |, is a multiple of x for
all ¢ € $(G) such that xy € &|,.

Proof. This is an immediate consequence of Lemma 3(a). (That the
sum is direct follows from the Freese-Pierce-Wade result.)
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THEOREM 4. Let H be a subgroup of G. Let A € $(G). Suppose
AMu=ax;++-+ayx, where a,---, a are nonnegative integers and
Xo 5 x € F(H). Then

Vi(G) C 3V, (H),

where the sum is direct. If m = n, then equality holds if and only if
(X &)y =0, 1=i=r, for every £ € #(G) different from A.

Proof. This follows from Lemma 3(b).
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