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THE FOURIER TRANSFORM FOR NILPOTENT
LOCALLY COMPACT GROUPS: I

Roger E. Howe

In his work on nilpotent lie groups, A. A. Kirillov intro-
duced the idea of classifying the representations of such
groups by matching them with orbits in the dual of the lie
algebra under the coadjoint action. His methods have proved
extremely fruitful, and subsequent authors have refined and
extended them to the point where they provide highly satisfac-
tory explanations of many aspects of the harmonic analysis
of various lie groups. Meanwhile, it appears that nonlie
groups are also amenable to such an approach. In this paper,
we seek to indicate that, indeed, a very large class of
separable, locally compact, nilpotent groups have a Kirillov-
type theory.

On the other hand, elementary examples show that not all such
groups can have a perfect Kirillov theory. The precise boundary
between good and bad groups is not well defined, and varies with
the amount of technical complication you can tolerate. At this stage,
the delineation of the boundary is the less rewarding part of the
theory, and will be deferred to a future publication. In the present
paper, we lay some groundwork, and then discuss a particularly
nice special case, which also has significance in the general picture.

Since Kirillov’s approach hinges on the use of the lie algebra
and its dual, the first concern in imitating his theory is to find a
lie algebra. In §I, we consider the generalities of the algebraic
aspects of this problem. We rely very heavily on Serre [10].
Indeed, the beginning of §I is a summary of the fourth chapter of
[10], with differences in emphasis to fit the present need. The major
tool is the Campbell-Hausdorff formula, which we use to prove some
elementary facts on nilpotent groups, as well as to construct lie
algebras.

In §1I, we discuss the structure theory of locally compact nilpotent
groups. We should emphasize here that we are dealing with groups
which are genuinely nilpotent in the algebraic sense, and which have
a topology. We do not consider groups which are nilpotent only in
some topological sense. Specifically, G is k-step nilpotent if the
ascending central series 2 (G), 2®(G) ---, satisfies Z"*(G) = G.
Alternatively, if z, ¥y € G, define the commutator (x, ) of = and y by
(z, ¥) = a7y 'zy. Define the order of a commutator inductively: all
2 € @G have order one; the commutator of commutators of orders 4
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and j has order 7 + j. G*° is the closed subgroup generated by all
ith order commutators. G is k-step nilpotent if G**» = {e}, the trivial
subgroup.

Let us say a locally compact group G is a quasi-torsion group
if every x € G generates a subgroup whose closure is compact and
pro-finite. G is a quasi-p group, if every x € (G generates a pro-p
group. We will show that a locally compact nilpotent group G is
built in a fairly well defined way out of its identity component, a
discrete group, and a quasi-torsion group. Since the identity com-
ponent is very much like a lie group, and since at least finitely
generated discrete groups have been analyzed in [5], we shall focus
our attention in this paper on the harmonic analysis of quasi-torsion
groups. Since we can show that a quasi-torsion nilpotent group is
the restricted direct product of quasi-p groups, in direct generalization
of the classical Sylow decomposition of finite nilpotent groups, we
need actually consider only quasi-p groups. For these groups, we
establish, at the end of §II,

THEOREM 1. Let .Z” be a k-step nilpotent separable locally compact
quasi-p group, with » > k. Then there is a locally compact abelian
quasi-p group P, equipped with a bilinear operation [, ]: Px P—P,
making into a k-step nilpotent locally compact lie algebra; and there
18 @ homeomorphism exp: P— 7, with inverse denoted by log, which
sends Haar measure to Haar measure, and establishes a bijection
between closed subgroups of < and closed subalgebras of P, and
satisfies the Campbell-Hausdorff formula. Moreover, inner auto-
morphisms of F pull back via exp to define an action Ad of F#
on P by measure-preserving automorphisms. P and exp are unique
up to tsomorphism.

This theorem forms the basis of our analysis of the representations
of &, carried out in §III. For any locally compact group G, we let
C*(@) be the enveloping C*-algebra of L.,(G), and M(G) the primitive
ideal space of C*(G). Let C(G) (with no star) be the continuous
functions, C(G) those with compact support. If G is totally discon-
nected, we let .97 (G) stand for the space of locally constant functions
of compact support—the Schwartz-Bruhat space. If HC G is a
closed subgroup, V a representation of H, then U"#, or U", (or U¥%,
or U¥ if V is finite dimensional with character +) denotes the repre-
sentation of G induced from V on H. Recall that a representation
U of G is CCR if U(L,(@)) consists of compact operators.

Returning now to &, if F< . is a subgroup, then R =log #
will denote its inverse image in P. Similarly, if R < Pis a subalgebra,
then &Z = exp R will be the corresponding subgroup of . Con-
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jugation in &? will induce actions on various objects, and one of
these actions will be denoted by Ad or Ad*, depending on whether
it seems like a direct action or a dual action. In particular, we have
an action Ad* on P, the Pontryagin dual of P, and we will denote
the quasiorbit space, that is the space of orbit closures, of the action,
by Q(P). It has, of course, the quotient topology.

We will, whenever convenient, identify functions on & and P
by means of exp and log. In particular, we take .&(<?) into &7 (P),
and then by means of the Fourier transform, to .o (P). This will
be referred to as the Fourier transform for ..

Finally, if R < P is a subgroup, and qu‘eﬁ, we will say R is
subordinate to + if (R, R]) =1, or equivalently (in our case of
p>k) if + defines a one-dimensional character of &, if R is a sub-
algebra. .

The main result of the paper summarizes for & the facts of
harmonic analysis we have come to expect for nilpotent groups.

THEOREM II. There s a canonical homeomorphism a: Q(P)———»
M(Z). Given an Ad* F quasiorbit 6 < P, and + €0, then there are
subalgebras R < P, subordinate to +, such that U¥¥ is irreducible,
with kermel a(f). Such a represemtation is CCR if 6 s actually
an orbit; wm which case the induced representation s of course
independent of v and R; and 7 (FP) is sent to operators of trace
class. The Fourier tramsform for P defines a bijection between
Ad F-invariant positive definite functionals on () and Ad* -
mvariant positive measures on P. For quasiorbits 0 which are
actually orbits, (and so homogeneous spaces), the unique Ad* F*-
wnvariant measure supported by 0 defines (a multiple of) the canonical
trace. The Plancherel measure for P corresponds to Haar measure
on P.

We establish Theorem II as a sequence of propositions, rather
than in one piece.

I. Nilpotent groups and lie algebras. Nilpotent groups are
relatively easy to analyze because they form a fairly neat category,
with manageable universal objects and close connections with abelian
groups. Here we systematically expose the consequences of these
facts, largely following [10].

Let N be a k-step nilpotent group, with some set X = {X;} of
generators., Let F(X) be the free group on X. Then there is a
natural homomorphism a: F(X)— N. Since N is k-step nilpotent, «
is trivial on F**Y, and so factors to a map on F/F** = N(X),
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which we may refer to as the free k-step nilpotent group on X,
since it clearly has the universal property suggested by that name.

There are natural surjective homomorphisms 7,: N (X) — N,_(X).
The kernel of 7, is 2°(N,) = Ni. (In general Z#(N,) = NFt9))
Z(N,) is known to be a free abelian group, and its rank is finite
and known if #X), the cardinality of X, is finite. In particular N, (X)
is torsion free.

Now, given a set X, and a commutative, associative ring with
unit A, one may construct the free A-lie algebra over X as follows.
Take M(X), the set of all nonassociative words in the elements of
X, that is, the smallest set containing X and containing all ordered
pairs formable from elements of itself. (M(X) is also known as the
free magma on X.) M(X) has a natural law of composition, i.e.,
taking ordered pairs. The free A-module on M(X), with multiplication
extended A-linearly, is the free A-algebra over X. It is not associa-
tive. Dividing out by the ideal generated by all elements of the
forms aa and (a(be)) + (c(ab)) + (b(ca)) yields &£ (X, A), the free A-lie
algebra on X. It has the appropriate universal property. It also
has a natural graded structure, &¥ = @, L;, derived from word
length in M(X). <9, the jth group in the descending central series
of &, is @ ; L,. Thus one may consider &%, = &/ (=@, L,
as A-modules) to be the free k-step nilpotent A-lie algebra on X,
again with evident universal property.

We may also construct from X, the tensor algebra T'(X, A) over
A(X), the free A-module over X. T(X, A) is also the free associative
algebra over X. The lie subalgebra of T(X, A) generated by X is
isomorphic to (X, A), and T(X, A) is isomorphic to the universal
enveloping algebra of (X, A). T is of course graded, and the
gradings of & and T are consistent, ie., L,= < NT,. If we
consider T/@.. T; = 9% then 7, is an appropriately nilpotent
enveloping algebra for .&&,.

Returning to F(X), we consider grF(X) = @, F9/F¢*v, The
commutator operation (x, y) factors to a bilinear map on grF(X),
making this into a lie algebra, and with this structure grF is iso-
morphic to (X, Z). At this point, it is appropriate to remark that
for any A, (X, A) = L (X, Z) @: A; and similarly for the various
other universal objects we have mentioned.

Now suppose division by k! is permissible in A. Then we may
define exp: .7, — .7, and its inverse, log, by the truncations of the
usual formulas. #5(X, A), the image of <£(X, A) under exp, is a
multiplicative group. If A is torsion free, then {exp X;: X, ¢ X}
generates a group isomorphic to N,(X), and the natural filtration of
N, is consistent with the filtration given by the exp .%5“¥. Since
ANUX, A) is a group, given y, -+, Y, € &, [Ii-.expy, = expz for
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some z¢€_%,. The specific functional relation between the y, and
z is the Campbell-Hausdorff formula, which we will refer to as
C. H.

Before giving C. H. in an explicit form, we introduce some
numbers, useful in using it. a(y) is defined as follows: let p be a
prime, and let j = Ye¢,p?, with 0 < ¢; < p; put 7,(j) = Ze¢,, and a(p, J) =
[log, 7,(7)], where [z] here denotes the greatest integer less than «,
and log, means logarithm to base p; then a(j) = II,»*»?-B(j) will
be the least common multiple of the numbers no greater than j. v(j)
is the product of primes no greater than j, and d(3) = 7(5)7([5/2D)".
We note that 6(5) divides 7(j) divides B(5) divides 5!, and a(j) divides
B(7) divides j! Also note B(j) divides B(j + 1), and similarly for 7,
but not for 6 or a. '

C. H. may now be written in the form z = log ([, expy,) =
Sk (9 a(d — 1))7iS;, where S; is an integral sum of commutators
in the y.s, with S, = 3 4,. C. H. is the main tool in linearizing
the properties of nilpotent groups, that is, relating structure in
A4X, A) tostructure in #(X, A). Let G be a subgroup of #7(X, 4),
and I = log G its inverse image in <£(X, A). Let L be the additive
subgroup generated by L. By the method outlined in [5], for the
proof of Proposition 0, it may be shown that k! a(k — 1)L < L, and
in fact, as k increases this estimate gets worse. A much simpler
calculation shows that if y € &, and exp ¥ normalizes G, then [y, L] <
Bk — 1)*L. These facts allow one to use C. H. effectively in estab-
lishing properties of nilpotent groups. Here are some typical appli-
cations, which will be useful later.

LEMMA 1. Let N be o k-step milpotent group, generated by o
subset X C N, comsisting of torsion elements, whose orders are all
bounded by m. Then N consists of torsion elements, of wuniformly
bounded order, depending only on k and m. Also if #(X) (the
cardinality of X) is finite, so is H(N).

Proof. In 4:(X, Q), consider G, the group generated by
{fexp X;:xe X}. As we have said, G = Ny(X). Let L =1og G, and
let L be the additive subgroup of <%, generated by L. Let G’ be
the group generated by {expn! X}, and let L’, L’ be analogous to
L, L.

It follows easily from the two facts stated above that any
commutator in the X, is contained in %! *B8(k — 1)™*L’. From this,
it follows that for ze G, n!*B(k — 1)*k1*a(k — 1)* is a bound on the
order of the elements of G/G’ and hence of H, since H is a homo-
morphic image of G/G'. Since, if X is finite, Z(X, @) is finite
dimensional over @, G/G’ is finite in this case.
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COROLLARY. In any nilpotent group, the torsion elements form
a characteristic subgroup.

LEMMA 2. In a nilpotent group, any torsion element commutes
with any divisible element.

Proof. Consider, in N,(x, y) & 45(, ¥, @), the normal subgroup
G generated by expy, and G’, the normal subgroup generated by
expny for some n, and let L, L, I/, L' be as usual. Since expx
normalizes G, it follows that if z = n*G(k — 1)**'k!*a(k — 1)*¢, then
[2, L] S k! a(k — 1)L’ S I’. Hence in N,(z, y)/G’, exp z centralizes y.
Since the general situation is again a homomorphic image of this
one, the lemma follows.

LEMMA 3. In a nilpotent group, the divisible elements form a
characteristic subgroup.

Proof. 1If they form a subgroup, it is certainly characteristic.
Put now G = N,(z, y¥) & 45(x, ¥y, @) with G’ generated by exp nz,
expny. The L’s as before. By reversing the estimate of Lemma
one, we see that L' S n*8(k — 1)*k! 2a(k — 1)L, and from this it
is easy to see that the product of divisible elements is divisible. In
fact, the set of elements divisible by any given set of primes forms
a characteristic subgroup.

We now wish to investigate the existence of lie algebras for
groups G & #5(X, A). Let L & &(X, A) be any additive subgroup,
and let L' be the additive subgroup generated by all jth order
brackets of elements in L. The form of C.H. shows that in order
that exp L be a subgroup of _#;(X, A), it suffices that LY &
jla(j — 1)L. A single condition which guarantees this is L® &
2Y(k)L. This condition is convenient to work with, so we focus
attention on it. An L with this property, and also the group exp L,
will be called e.e., short for elementarily exponentiable. If G is a
general subgroup of _#;(X, A), with L, L as usual, then L® &
B(k — 1)7'L. It follows by simple calculation, using k] a(k — 1)L = L,
that there are L, and L,, both e.e., such that (2v(k)B(k — 1))*L, < L,
and L, = k! a(k — 1)0(k)L. Since L, & L, we note that the general
subgroup G of _#3(X, A) contains a normal e.e. subgroup such that
the quotient is a torsion group, with elements of uniformly bounded
order, the bound depending only on k.

Now, if L € &, is e.e., then exp L = G can be considered to
have a lie algebra, namely L. Then exp: L — G is a bijection, with
log as inverse, satisfying the Campbell-Hausdorff formula, in the
sense that log (expx expy) is given as the appropriate sum of com-
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mutators in x and y, as indicated by C.H. This is in fact a situation
with intrinsic meaning, verifiable in an abstract setting, as we now
show. Let L be any abelian group equipped with a bracket operation
which is anti-symmetric and satisfies the Jacobi identity, and which,
therefore, may be considered a lie algebra. Suppose L is k-step
nilpotent, i.e., every (k + 1) st order commutator vanishes. If [L, L]2
2v(k)L, and if L has no p-torsion for primes p less than k + 1, then
we will say L is e.e.

ProOPOSITION 1. If L is an e.e. k-step nilpotent lie algebra, then
there is a k-step nilpotent group G, and a bijection exp: L —G,
with inverse log, satisfying the Campbell-Hausdorf formula. G and
exp are unique up to isomorphism.

Proof. Since C. H. determines the group law, uniqueness is clear.
Let A, be the smallest subring of @ which contains Z, and in which
division by %! is permissible. Consider L as a Z-module, and form
L'=L@®,;A,. By our assumption on the torsion properties of L,
the natural map L — L’ is monomorphic, so we may consider L as
a subalgebra of L’. For an appropriate X, there is a surjection
0: ZF(X, A)— L'. Consider ¢7*(L). If a, beco (L), then since L is
e.e., there is ¢ in ¢7'(L) such that [a, b]-2v(k)c = d € kero. Since
kero is an A;module, d' = 2v(k)™d e ker g, so [a, b] = 27(k)(c + d'),
so o7%(L) is an e.e. subalgebra of <£(X, A,), and ker ¢ & 07%(L) is an
ideal, and, since ker o is an A,-module, it is trivial that [¢7'(L), ker ] =
27(k) ker . Put now G, =expoL). G,=expkero. Then G, G,
are subgroups of #5(X, A), G. is normal in G,, and moreover the
relation just above shows log (9G,) = log g + log G,, for any geG,.
It follows that exp factors to a map from L = o (L)/ker ¢ to G,/G,,
and this obviously satisfies C. H. This establishes existence.

The above proof suggests a more general situation. If L is an
e.e. subalgebra of &£(X, A), and L' £ L is a sublattice, such that
[L, '] S 2v(k)L/, we will say L' is e.e.-embedded in L. L'is then o
fortiort e.e., and G’ = exp L' is a normal subgroup of G, and also
log (¢G') =log g + log G’, so that exp factors to a well defined bijection
exp: L/L' - G/G’. If L/L’ has no p-torsion for primes p < k + 1, then
we are in fact in the situation of Proposition one, and may say exp
satisfies C.H. and is essentially unique. However, if there is p-
torsion for p <k, it no longer makes sense to say exp satisfies C. H.
It has certain nice properties: for example, it is a homomorphism
from abelian subalgebras of L/L’ to abelian subgroups of G/G’; and
any e.e. subalgebra of L factors to a subalgebra whose image under
exp is a subgroup of G/G’; but its uniqueness, the extent to which
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it is canonical, is unclear. Nevertheless, it is desirable to have even
a noncanonical lie algebra for a group. In this connection we have

PROPOSITION 2. Let N be a k-step milpotent group. Then there
15 a torston-free k-step nilpotent group G, and o surjective homo-
morphism h: G — N, with the property that there are two normal, e.e.
subgroups M,, M, of G, with G 2 M, 2 M, 2 (ker h) N M,, and with
M, e.e.-embedded im M, and such that G/M, and M,ker h N M,
are torsion groups, all elements of which have order dividing
kl a(k — 1)o(k).

REMARK. Thus long thin relatively commutative groups can be
linearized fairly successfully, while short, fat, relatively noncommu-
tative groups cannot.

Proof. For a suitably large set X, consider _7#;(X, @), and choose
a subgroup G isomorphic to N,(X), and let 2: G — N be any surjective
homomorphism. Let I, L be related to G as usual, and put L, =
k! alk — 1)o(k)L. Let L' be the lattice generated by log ker #, and
put L, = L' N L,. Let M,=exp L,, and M, = exp L,. As we remarked
above, L, is e.e.; it is clearly invariant under conjugation by G. Also
[L, L'l < B(k — 1)7'L'. Hence [L,, L,] < 27(k)L,, for the same reason
that L, is e.e. So M, is a group, normal and e.e.-embedded in M,.
The rest is clear.

We thus have the following corollary essentially established in

[5].

COROLLARY. A p-group, for any prime p >k, has a uniquely
defined lie algebra.

Thus, by using e.e. lie algebras, we may satisfactorily linearize
a large number of nilpotent groups. This procedure, however, has
the disadvantage that it begins with lie algebras and constructs the
corresponding groups. It would be desirable to have an intrinsic
description of groups which are satisfactorily linearizable in the above
manner. The last corollary provides one answer to this problem.
Another, still crude, answer is contained in the following results.

PROPOSITION 3. Let G be a k-step milpotent group, with mo p-
torsion for primes p < k. Then in order for G to be e.e., it 1is
sufficient that every commutator (x,¥y) in G be z™ for some z€G,
where m = 2v(k)(l.c.m.{j! a( — 1): 7 < k}).

Proof. First suppose G < #3(X, A) for some X and A, and let
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L, L be as usual. Using C. H., particularly the case of it noted in
the appendix of [5] regarding commutators, one may show that the
above assumption on commutators implies [L, L] & L. Then, the
same process, by bootstrapping, implies [L, L] < 2v(k)L, so L is in
fact e.e. It follows that L, = k!a(k — 1)L is e.e.-embedded in L.
Since G® < L, by assumption, a second bootstrap shows that in fact
[L, L} £ L,. We also have, of course, that L, & L. We now have
that log (xy) = log = + log ¥ (modulo L,), and from this, it is immediate
that logz + logye L, so L = L.

For general G, take _#;(X, A, as in Proposition one, choose G, &
AuX, A,), isomorphic to N,(X), and let h: G,— G be a surjective
homomorphism. Let M be the A, submodule of <4(X, A) spanned
by logker h. Then it is easy to see that exp M is a subgroup of
ANuX, A,), normalized by G,. Since ye M =k|"yclogkerh, we see
that our restriction on the torsion properties of G imply exp MNG,=
ker h. Therefore, if G, is the subgroup generated by exp M and G,,
there is a unique extension %, of & to G,, such that ker h, = exp M.
Now, our assumption on G implies, for z, y € G,, (x, ¥) is the 2k! a(k —
1)v(k)th power of z, modulo exp M. But since M is an Aj-module, G,
actually satisfies the condition also. Finally, we see exp M is e.e.-
embedded in G,, so h.: G, — G defines an e.e. linearization of G.

PROPOSITION 4. If G S 43X, A) is any subgroup, with L, L as
usual, and if L, = k! alk — 1)Y(k)L, then G, = exp L, is exactly the
subgroup G' of G generated by the k! a(k — 1)v(k)th powers of elements
of G,.

Proof. Obviously G, 2 G’. On the other hand log G’ clearly
generates L, as additive group. Hence [L, L, S k!ak — 1)L, <
log G’. kla(k — 1)L, being amply e.e.-embedded in L,, the same pro-
cedure as the final step of Proposition 3, in the case G < _#;(X, A4),
shows log G’ is actually closed under addition, and so equal to L.

II. Topological structure of nilpotent groups. A good place
to start, when analyzing a class of topological groups, is with the
connected ones. Recall ([4], Theorem 9.8) that a connected locally
compact abelian group is of the form R" x C, where C is connected
and compact.

LEMMA 4. If N is a cgnnected, nilpotent locally compact group,
and Z(N)=R"xC, then N = N/C is a simply connected lie group.

Proof. Put Q,= 2 (N)/C, Q, = ' (N)/Z*N) for 1 =1. It
suffices to show that @, is isomorphic to R". This is true by
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definition for ¢ = 0. The situations being entirely parallel for
1 =1, it suffices to consider Q,. We must show that the compact
part of @, is trivial. Let x €@, generate a group A with compact
closure. If x is not the identity then (x, N) & 2 (N) is a nontrivial
subgroup. Choose any xeﬁi;, such that (x, N) £ kery. Then, for
each n € N, %.(y) = x((y, n)) for y € A defines a character on A; and
the map n — ¥, is a homomorphism from N to A, which is nontrivial
by construction. But this is impossible, because N is connected and
A is discrete.

Then it is nice to know how the connected component of the
identity sits in a nonconnected group.

LEMMA 5. Let N be a locally compact nilpotent group, N, the
identity component of N, and D the centralizer of N,. Then N/D=M
18 torsion-free, and N,/Z (N, = M, 18 open wn M.

Proof. Take any me M. Then m defines an automorphism m
of N,. Let C be the compact part of 2°(N,). Then Adm leaves C
stable. (In fact, C is “topologically characteristic” in N,.) Let C'(m)
be the subgroup of C centralized by m, and C*m) the subgroup of
elements left fixed modulo C'(m). N being nilpotent, C'(m) is nontrivial,
and if C'(m) = C, so is C*m)/C'(m). By inspection of the action of
Ad*m on C*(m) (which is torsion-free since C is connected) we see
it is torsion-free if it is nontrivial. If it is trivial, then C'(m) = C,
and Ad* m defines a unipotent automorphism of the lie algebra of
N,/C, which again cannot be a torsion element.

To show M, is open in M, it suffices to show M/M, is discrete.
But since M/M, is totally disconnected, if it is not discrete, it contains
a nontrivial compact subgroup ([4], p. 61). Let m ¢ M, be in the
inverse image of M of such a subgroup. Then C'(m)=C. For
otherwise, let A be the closed group in M/M, generated by m. Then

for a€ A, and any y e @), a — x(a), given by y(a)(c) = y(a, ¢)), for
¢ € C¥m), defines a homomorphism A — C?*(m), which must be trivial,

since A is compact, but C{(E) is discrete and torsion-free. Therefore
C*m) = C*(m) = C. Hence Adm factors to a unipotent automorphism
of the lie algebra of N,/C, which normalizes Ad M,, and so generates
with Ad M, a closed group of automorphisms of N, of which Ad M,
the identity component, is open. This is again inconsistent with the
hypothesis on m, so M/M, must actually be discrete.

COROLLARY. If me N, and the image of m in N/N, is & quasi-
torsion element, then there is m,e N,, such that Adn and Admn,
agree on N,.
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Proof. The hypothesis on n implies, by Lemma 5, that the image
of n in M/M, is the identity.
The next step is to analyze totally disconnected groups.

LEMMA 6. Let N be a totally disconnected, nilpotent, locally
compact group. Let H,, H, be any two compact subgroups. Then
H,, the subgroup generated by H, and H,, is also compact.

Proof. Since N is totally disconnected, and H, and H, are compact,
by induction on the nilpotent length (see Lemma 8), there is a compact
open subgroup M normalized by H, and H,. We may clearly assume
McCH, t=1,2. Then M will be a compact open normal subgroup of
H,; and H,/M will be generated by H,/M and H,/M, which are finite
torsion groups. By Lemma one, H,/M is also finite, so H, is compact.

COROLLARY. The set of quasitorsion elements form an open
normal subgroup of N.

Proof. That they form an open set follows from the existence
of open compact subgroups. That they are a normal set is obvious.
That they are a subgroup follows from the lemma.

Denote by N, the subgroup of quasitorsion elements of totally
disconnected nilpotent N.

COROLLARY. N, is expressible as an increasing unton (inductive
limit) of open compact subgroups.

Of course, if N, is separable, it is the union of a countable
increasing sequence of compact open subgroups.

If M < N, is open and compact, then M is pro-finite, and as such
has Sylow p-subgroups M,([11]). The basic structural fact for finite
nilpotent groups ([3]) carries over in the projective limit to imply
that each M, is unique and normal, and M is the direct product of
the M,’s. Define N,(p) to be the union of the M,’s as M ranges
over all open compact subgroups; then N,(p) will be a closed normal
subgroup. The following is now clear.

LEMMA 7. If M S N, is any open compact subgroup, then N,
18 the restricted direct product of the N, (p)’s with respect to the M,’s.

Now we show that, although open compact subgroups of N, are
not normal, they almost are.

LEMMA 8. Let M < N, be open and compact, let ne N. Then
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some power of n normalizes M. Reciprocally, given a finite number
of elements n,, +--, n;, of N, there are open compact subgroups M,C
M < M, with M; normalized by n;.

Proof. We prove the second statement first. Certainly, there
are subgroups of 2°(N), contained in and containing 2 (M), which
are normalized by %, -+-,%,. Assume that, given any compact neigh-
borhood U of the identity, there are compact, relatively open subgroups

i M} of 2°%(N), contained in and containing U, and normalized by
Ny +++, N;. Then suppose Mi+', Mi™* are relatively open groups of
Z“Y(N), such that M{'N 2= M. In order for M:" to be nor-
malized by n,, +--, n,, it is necessary and sufficient that (n,, M) S
M; for 1 < h =< l. But since taking commutators is continuous, we
clearly can choose M;*' small enough to accomplish this; and on the
other hand, if we choose M, big enough, we may also make M;*
very big. By induction then, we may find M,, M, as desired.

For the first part, given M and », we choose M, & M <& M,, M,
normalized by n. Then Adn factors to an automorphism of M,/M,,
some power of which must be trivial; this power will in particular

normalize M.

COROLLARY 1. A totally disconnected, separable, locally compact
nilpotent group N may be expressed as the unton (inductive limit)
of an increasing sequence of open subgroups N,, such that each N,
contains o compact subgroup K,, such that K, is open in N, and
N,/K, is discrete and torsion-free, and arbitrarily small neighborhoods
of the identity contain normal open subgroups.

Proof. Since N is separable, N/N, is countable. Choose a sequence
{n])z, which generate N-modulo N,. Let M; be a compact open
subgroup of N, normalized by {n,}i.,. Then in the group generated
by the {n}i_,, the subgroup contained in N, is, modulo M;, a finitely
generated ([3], p. 153) torsion group.

Then choosing K; large enough to contain M; and this subgroup
too, and to be normalized by {n,)}{_,, we get, provided we pick the
K;’s big enough that they exhaust N,, the desired sequence.

COROLLARY 2. All locally compact nilpotent groups are unimo-
dular.

Proof. This is immediate from Lemma 8 for totally disconnected
groups. But on the connected component Adn, for n e N, acts as
a unipotent, hence measure-preserving automorphism. The combination
of these facts quickly gives the corollary.
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We now give closer attention to the Sylow, quasi-p groups. The
next lemma is the analogue for quasi-p groups of Lemma 4.

LEmMMA 9. Let N, be a nilpotent quasi-p group. An element
x € N, is divisible if and only if it is divisible by p. Let D be the
subgroup of divisible elements. Then if D is torsion-free, division
by p is continuous on D if and only if D is closed. In this case,
D is isomorphic to a unipotent algebraic group over @, (the p-adic
numbers).

REMARK. By a unipotent algebraic group over @,, we will always
understand the Q,-rational points of such a group with the locally
compact topology.

Proof. Any x€ N, is contained in a compact subgroup K. If
K’ is an arbitrary small open normal subgroup of K, then K/K' is
a p-group, so if n is prime to p, x— 2" induces a bijection on K/K'.
Hence x has an nth root modulo K’. In the limit, it has an nth
root. Suppose now D is torsion-free, and division by » is continuous.
Without loss of generality, we may assume D is dense. In this
case, consider 2°(D) = 2 (N)ND. This is then an abelian group,
and Lemma 2 shows it is preserved by division by p. Hence re-
striction of division by » to 2 (D) is continuous. Thus, given a
compact neighborhood V of the identity, there is a compact open
subgroup U such that all pth roots of elements of U N 2 (D) are
in V. Now if xe 2°(D) (closure), then we may find y € 2°(D), such
that y —2e U. Let {Z,} be a net in 2°(D) N U approaching y — z.
Then {Z./p} has a cluster point ¢ in V, which, by continuity of
taking pth powers, must be pth root of ¥y —x. Thus p((y/p) —q) ==,
so x is divisible by p. Similarly x is divisible by p* for any m.
Hence 2°(D) is a closed subgroup of 2 (N). Now consider the pro-
jection 7w: N— N/2 (D) = N'. If D’is the group of divisible elements
of N’, then it is easy to verify D’ = n(D). But now N’ is of smaller
nilpotent length than N;so by induction, we may assume D’ = N’.
Then one quickly sees that D = N also.

On the other hand, suppose D is closed. It is then a divisible
torsion-free nilpotent quasi-p group. Now on any abelian subgroup
of D, taking some power is a homomorphism. We see that in
particular 2°(D) is a Z-module; and the topology is such that it is
in fact a (locally compact) @,-module. It is well known ([12]) then
that 2°(D) is isomorphic to @7 for some m. Dividing out by 2°(D),
we may assume by induction that D/2°(D) is a unipotent algebraic
group over @,. D being a central extension of D/Z (D) by Qr, it
clearly is such also. Division by p is then clearly continuous on D.
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COROLLARY. If N s a divisible locally compact nilpotent quasi-p
group, and T is the subgroup of torsion elements, then T = Z(N),
and N/T is an algebraic unipotent group over @Q,.

Recall a topological group is finitely generated if it has a finitely
generated dense subgroup.

LeMMA 10. Let M be a compact, torsion-free nilpotent quasi-p
groun. Then M is isomorphic to an open subgroup of ¢ unipotent
algebraic group over Q, if and only if (M)? is open in M if and
only if M is finitely generated.

Proof. The first condition clearly implies the second and third
conditions. On the other hand, from the work of Malecev ([1]), or
from §1, a finitely generated, torsion-free, nilpotent discrete group
I' is canonically embeddable in a unipotent algebraic group N, over
Q. Giving N, the p-adic topology, and completing, I",, the completion
of I" becomes a compact group, and the natural inclusion I'— M extends
to a surjective homomorphism h:I"',— M. Since M is torsion-free,
we see that H, the smallest divisible group of N, (the p-adic com-
pletion of No) containing ker &, is normal in N, , and also HN I =ker h,
so that M is naturally isomorphic to I',/ker h & No /H. Finally, we
see that, if M is abelian, then taking pth powers is a homomorphism,
and if pM is open, then actually M is a finitely generated Z, (p-adic
integers)-module, and so is finitely generated. But clearly the cate-
gory of finitely generated pro-p groups permits group extensions.
Hence, by induction on nilpotent length, nilpotent pro-p groups M
such that M? is open are finitely generated.

REMARK. Of course, unipotent algebraic groups over @, are the
most interesting examples of nilpotent quasi-p groups. Their repre-
sentation theory is in fact already known ([8]). The above lemmas
indicate the role they play in the class of all quasi-p nilpotent groups.

At this point, we note that by a straightforward process of taking
a projective, then an inductive limit, Theorem I (stated in the intro-
duction) follows from Proposition one and the corollary to Proposition
two.

III. Harmonic analysis. We begin with a result which is in
fact independent of lie algebras, and holds for a general separable
locally compact nilpotent group. First we make some definitions.
If G is separable and locally compact, H £ G a closed subgroup,
then we have certain maps » and 4, from ideals in C*(G) to ideals
in C*(H), and vice versa. If I < C*(G) is a closed two-sided *-ideal,
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let I* £ C(G) be the cone of all continuous positive definite functions
which, considered as elements of the dual of C*(@), annihilate I. We
call I* the dual ideal associated to I. Let »(I) be the ideal in C*(H)
annihilated by the restrictions to H of all functions in I*. Then
r(I)* is the set of all f € C(H) which are uniform-on-compacta limits
of restrictions of gelI*. Reciprocally, starting with J, a closed,
two-sided *-ideal of C*(H), take J* < C(H), and identify f eJ* with
the measure fdh on G, where dh is Haar measure on H. Then
consider all positive definite functions in C(G) which are uniform-on-
compacta limits of (positive) sums of functions in C(G) of the form
axfdh+a*, where acC(G), axb indicates convolution, and a* is the
adjoint of & (as an element of C*(G@)). These functions make a cone,
which is I* for some two-sided closed *-ideal I of C*(G), and we
define I = i(J).

These maps are simply the extensions to general groups of the
r and ¢ of [5]. They have the same properties. Specifically, if U
is a representation of G, with kernel I in C*(G), and if the restriction
of U to H has kernel J in C*(H), then J = »(I). Reciprocally, if V'
is a representation of H, with kernel J in C*(H), and if the repre-
sentation of G induced by V has kernel I in C*(@), then I = i(J).
Also, i(r(I)) S I if G is amenable, and r@@(J) = J. If i(r(I)) = I, we
say I is induced from, or may be reduced to, H.

Of particular importance is the case H when is normal, and I
is primitive. Then conjugation in G induces an action Ad* G/H of
G (H acts trivially) on M(H), the primitive ideal space of H. If
Ie M(@),i.e., if I is primitive, then »(I) is an Ad* G/H quasiorbit
in M(H), so r defines a map r: M(G) — M(H; @), the quasiorbit space
of M(H) by Ad* G/H, which we call the relative primitive ideal
space of H in G, by virtue of this map r.r is surjective and con-
tinuous.

PROPOSITION 5. Let N be a separable, locally compact k-step
nilpotent group, and I€ M(N). If I corresponds to a faithful
represention of N, of degree not one, then I can be reduced to o
(b — 1)-step milpotent mormal subgroup. In any case, there is
closed subgroup M, and a one-dimensional character ¥ of M such
that the representation U* of N s irreducible, with kernel I in
C*(N).

Proof. Let U be any representation of N with kernel I in C*(N).
Then U defines a character 4 on 2 (N). + depends only on I, and
by our assumption on I, it is faithful. Consider the pairing
d: ZP(N)x N— T (the circle) given by d(z, n) = ¥((z, »)). d in
fact factors to a pairing d: Z®(N)/Z(N) x NNN® —-T. Let A
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be a maximal closed abelian subgroup of 2 ®(N), and let N, be the
centralizer of A. Then N, is normal in N, and if N is k-step nilpotent,
N, is (k —1)-step nilpotent, because Z®*(N)NN,=A< 2 (N,. Now
d becomes a faithful pairing d: A/2°(N) X N/N,— T, and so defines
homomorphisms: d: A/2 (N)— N/N, and dy: N/N,— 4/ (N). d, and
d, are injective and have dense images.

Let w: N— N/N, be the quotient map. If feI‘, then a simple
calculation shows that, for a € 4, Ad* af(n)= flana™)= f(n)d(a, 7(n))=
Jf(n)d(a)(w(n)) (the bar here denotes complex conjugate). Thus the
adjoint action of A on I* is simply multiplication by characters of
N/N,. Since the image of d, is dense, it follows by taking uniform-
on-compacta limits, that if ¢ is any positive-definite function on N/N,,
then ¢f € I* whenever felI*. Now let {p;} be a positive definite,
positive-valued approximate identity in L,(N/N,). Then if dn is Haar
measure for N, p;dn converges, in the weak *topology on measures,
to a Haar measure dn, on N,. Therefore, if beC,(N), bxp;f*b*
converges to bxfdn,xb* uniformly on compacta, where f, = f,,. Thus
i(rI*)) = I*, and I* may be reduced to N,, which is the first state-
ment of the proposition.

We prove the second statement by induction on the nilpotent
length of N. By dividing out by an appropriate subgroup, we
may immediately reduce to the case of the first part of the propo-
sition. Use the notation developed there. Then »(I) is an Ad* N/N,
quasiorbit in M(N,). Let Je€ M(N,) be such that the closure of this
orbit is »(I). Then we have ¢(J) = I. By induction, there is a
closed subgroup M of N,, and a character ¥ of M, such that the
representation V*¥ of N, is irreducible, with kernel J. Consider the
induced representation U*¥ = U"*" of N. A simple calculation here
shows that, under U* A is mapped to multiplication operators on
N/N,, exactly as described above. It follows immediately that U*
is irreducible. As our previous comments show U* has kernel I in
C*(N), this completes the proposition.

From now on, we restrict our attention to a k-step nilpotent
quasi-p group 27, with p > k. We notice first that, for & compact,
the main theorem plus explicit multiplicity formulae for tensor
products and induced representations follows simply by taking the
projective limit of Theorem 3 of [5]. Hence our main task is to
cope with the inductive limit necessary to realize a noncompact .
We deal first with the question of attaching ideals to orbits.

Let P be the lie algebra of <2 If R is a closed subalgebra of
P, then we write 2 for the subgroup exp R of &7, and vice versa.
We use the rest of the notation of the introduction also. Take ¢ P.
We will say R is a polarizing subalgebra for + if R is subordinate to
4 and is a maximal subgroup of P with respect to this property.
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LemMA 11. For any a/ref’, there exist polarizing subalgebras
R for . Moreover, R aan be chosen so that it contains a specified
maximal abelian subalgebra of 2 ®(P), and such that Ad* FZ(y) =
Ad* FP(p)N A + R, this set being dense in  + R* (here R* denotes
the annihilator of B in P), and such that U»% is an irreducible
representation of . (Note <2 automatically contains the isotropy

group of .)

Proof. As usual, we induce on the nilpotent length, and reduce
immediately to the case when « is faithful on 27 (P). We recall
Proposition five, and use the d, A, and A (=N,) introduced there.
If P, = log &#, then we can assume by induction that there is RS P,
which polarizes . We observe that log 4 & 2°(P,), so R 2 log A.
We may assume log A is the specified subalgebra of 2 ®(P). We
see if x e P, and [z, B]) = 1, then x € P, since log A & R, and hence
zc R. Similarly if Ad* y(«) €+ + R for y€ .7 then ye 7 since
log A < R. But then Ad* (¥)(¥)i», S ¥», + Ri», so by induction, and
since . contains the isotropy subgroup of +,; ye€ &  Now
Ad* A() S+ + P, and is dense there; combining this with the
parallel fact for <# and +,, we see Ad* Z(y) is also dense in
Jr + R*. TFinally, if + restricted to <# induces an irreducible repre-
sentation of &7, the calculation of Proposition five shows it also
induces an irreducible representation of .

The above lemma establishes a surjective relation « from Ad* &
quasiorbits in P to M(Z”). Using the theorem already established
for compact groups, we can show the relation « is actually a function,
and in fact, bijective and a homeomorphism. In working with the
topology of M(.Z?), we use the results of [2], which in our case we
may state in the following simple way. Two ideals I, I, of C*(&?)
are identical if and only if for every open compact subgroup M of
Z, r(I) and r(l,) are the same. Even more directly, I,, I, are the
same if and only if, given U,, with kernels I, then U, contain
the same irreducible components, for any M.

LEMMA 12. If M < &7 is open and compact, let C < P be its
lie algebra, and let 7w: P—C be the natural map. Let V be an
irreducible representation of M corresponding to an Ad* M orbit
0. Take e P, and lot R be a polarizing subalgebra for +, satisfying
the conditions of Lemma 11. Let 6 be the Ad* & quasiorbit of .
Then U7 contains V if and only if 6 N w~%0) # @.

Proof. M being open and compact, the classical criterion [7] for
finite groups is valid here also, so U% ¥ contains V if and only if,
for some x e .2 V contains Ad* x(«y) restricted to x<Zx™*N M. This
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is the same as to say Ad*z(¢ + RY) N7 0) + @. But #7'(0) is
clopen, and Ad* (xcZx*)(Ad* z(4r)) is dense in Ad* z(y» + R*), by
choice of <2, so the desired statement follows.

PROPOSITION 6. Let 6 be an Ad* & quasiorbit in P. Take €0,
let R polarize +, and satisfy Lemma 11. Then the correspondence
which assigns to 0 the kernel I of U"Z in C*(FP) defines o natural
homeomorphism « between the quasiorbit space Q(P) and M(ZP).

Proof. The relation is clearly natural, and we have already seen
it is surjective. The remarks preceding Lemma 12 show that lemma
characterizes a(@) solely in terms of 4, so a« is in fact a function.
Let S be any set in Q(P), and e Q(P). If 6¢S, thereisycb, 4 ¢S
(regarding 6, S, as subsets of P). Choosing a sufficiently large compact
open M, we will have 77%(z(4)) N S = @. Since S is Ad* ZP-invariant,
this will imply 7#7*(0) N S = &, where 0 is the Ad* M robit of @(+y)

in log M (x of course is the map ﬁ-——»lo/gjl)‘ This establishes
immediately that a is one-one and a homeomorphism.

The correspondence being established on the level of point sets,
we now examine it in terms of harmonic analysis proper. We have
the following generalization of the Bochner theorem on the Fourier
transforms of positive definite functions on L,(G), G abelian.

PROPOSITION 7. Via Fourier transform, positive definite Ad* -
mvariant functionals on 7 (P) are identified bijectively with
Ad* P-invariant, locally finite, positive measures on P. The
Plancherel measure for P transforms into Haar measure on b,

REMARK. A similar theorem has been proven by G. Schiffman
[9] for lie groups.

Proof. We know this already for compact groups. The non-
compact case is a purely formal matter of taking the inductive limit.
We have &7 (&?) as the inductive limit over % (M) as M runs through
the open compact subgroups of .&2. The injection .&7(M)— &7 ()
is given by extending f €. (M) to be zero outside of M. We have
also the restriction maps backward. Similarly, if C < P is open and
compact, then .97 (P) is the inductive limit of the subspaces consisting
of functions constant on the cosets of C. Running through these
limits gives the result, since the Fourier transform is natural with
respect to the various injections. Since exp preserves Haar measures,
and Ad* & is a measure-preserving group of automorphisms, the
statement about the Plancherel measure follows from the classical
Plancherel theorem for abelian groups.
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The above, then, is the broad outline of representation theory
for the groups in question. One would, however, like to know some
of the details. For example, it seems plausible, after the p-adic
and compact examples, that there should be exactly one Ad* .-
invariant measure carried on each Ad* <2 quasiorbit. This is closely
related to the question of whether Q(P) is T,, which, by virtue of
a, is equivalent to all primitive ideals of C*(<?) being maximal. The
traditional proof, for the real or p-adic cases, that the orbits are
actually closed does not generalize, and I cannot patch it at present.
When & is actually a discrete torsion group, then P is eompact,
and the distality of Ad* ., which is readily verifiable, then assures
the result; but in this case invariant measures are readily constructible
without reference to any such deep theorem. We may also remark
that for 2-step groups, it is quite easy to see that Q(P) is T,; and
it is perhaps worth remarking that Haar measure on the cosets of
various subgroups invariant by Ad* < give examples of positive
Ad* FP-invariant measures on P.

This being the general situation, we now restrict ourselves to
some nicer special cases.

PROPOSITION 8. Take 6 € Q(P), and suppose any Ad* Z orbit in
0 ts dense. Then 6 supports an Ad* FP-invariant measure.

Proof. Fix U, a compact, clopen subset of 4. Given a compact
open subgroup M & &7, let U(M) be the union of the translates of
U by M, and let p(M) be any Ad* M-invariant positive measure on
U(M), such that p(M)(U) =1. Let F be any compact subset of 4.
Given z e F, we can, by our assumption on 4, find g €. < such that
Ad*g(x)e U. Then Ad* ¢~(U) will be a compact neighborhood of z.
F being compact we may find g,, -+, g, such that F< U7, Ad* g7(U).
Then, for any M containing the g;,, we will have F S UWM), and
MM)(F)<n. Thus as M increases to fill &, we may take a @w*-limit
of the p(M)’s, which will be an Ad* ZP-invariant measure on 0.

For closed orbits, we can say more. Not only does an invariant
measure exist, but it may be identified with (some multiple of) the
canonical trace on the representation space, because the representation
with the appropriate kernel is CCR, and .&7(<?) is mapped to trace
class operators.

Before stating the final proposition, we remark that, in direct
analogy with Lemma 12, if &# < & is a closed subgroup, and + € P
defines a one-dimensional character on <2, then U¥* has as kernel
in C*(<7) the primitive ideal a(6), 6 € Q(P), if and only if 4 + R* S 4.

PROPOSITION 9. If 0 is a closed Ad* & orbit in P, then an
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wrreducible representation with kernel a(d) is CCR. In particular,
there is only one class of irreducible representation with kernel a(f).

Proof. Take €6, and suppose R is a polarizing subalgebra for
4, as in Lemma 11. Then kerU¥»* = a(f). To verify U¥* is CCR
it suffices to check that for any representation V of any compact
open subgroup M of &7, the multiplicity of V in U»#, is finite.
This multiplicity is equal to the sum over double cosets ZxM of
the multiplicities with which Ad* x(y) restricted to z'Zx N M is
contained in V similarly restricted. Let . be the isotropy group
of 4. Since ¢ is closed, it is homeomorphic to F°/ &7 Since Z 2
¥, we may consider the natural map m: § — P/ — P|FZ.

Let 0 < log M be the Ad* M orbit of V. If 71:13—-»1@4, then
77Y(0) is compact, and so, therefore, is its image under m in /2.
Since M is open in & m(mr~}(0)) can consist of only finitely many
M orbits. But these orbits correspond to the double cosets FHxM
for which the above indicated multiplicity can be nonzero (this is a
direct extension of Lemma 12. See also [5]), so the total multiplicity
of V in U¥»* is indeed finite.

To conclude, we would like to remark that the methods developed
above may be used to extend the results of [8] to the case of a
function field over a finite field. Specifically, let F' be such a field,
of characteristic p, and for k¥ < » let .4~ be any k-step nilpotent,
unipotent algebraic group over F, with lie algebra N. Then all
localizations of _#~ are CCR, and the usual orbit picture holds. Sup-
pose N is a vector space over F. Let .47 be the adele group of
.+, and let ¥ be a basic character of F', in the sense of [12]. Using
x we identify N, with N, the algebraic dual. Then the represen-
tations of _#7, occurring in the natural representation on L*(.#3/.4#")
(which is just U“”) are exactly those which correspond to orbits
in N¥ containing points of N*. Kach representation occurs with
multiplicity one. Also, if CZ _#7 is a compact-open subgroup, such
that there is a compact open C’, normalizing C, and such that
C' "= 47, then the multiplicity with which the identity represen-
tation of C occurs in the restriction of U» to C, may be computed
using the Riemann-Roch theorem of [12].
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