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A MEASURE OF THE NONMONOTONICITY
OF THE EULER PHI FUNCTION

HAroLD G. DIAMOND AND PAUL ERDOS

1. Introduction. Let f be a real valued arithmetic function
satisfying lim,.. f(#) = + . Define another arithmetic function
F = F; by setting

Fi(n) = #{7 < n:f(9) = f(m)} + #{7 > n: f(9) = f(m)} .

The size of the values assumed by the function F' provides a meas-
ure of the nonmonotonicity of f. In particular, F' is identically zero
if and only if f is strictly increasing.

Here we shall take f to be @, Euler’s function, and study the
associated function F,, which we henceforth call F.

We shall show that F(n)/n is asymptotically representable as a
function of @(n)/n. Then we shall prove that F(n)/n has a distribu-
tion function. We shall study max,., Fi(») and min,., F(n) and in-
vestigate conditions on @(n)/n which lead to large and small values
of F(n)/n.

We express our thanks to Professor Carl Pomerance for a number
of helpful comments and suggestions, and to Dr. Charles R. Wall
for his unpublished data on the density function of Euler’s function.

2. An asymptotic formula for F. For 0= a,d £ o, let
D(a, b) = #{n £ a: p(n) < b} .
We have
#Ho <n: () 2 ()} = n — O(n, p(n) + #j < n: @(j) = p(n)},
#Hi > n: p(9) = p(n)} = @(o0, p(n)) — O(n, p(n)) .
Thus
F(n) = n + 0(c0, p(n)) — 20(n, p(n)) + #{J < n: p(j) = p(n)} .
It is known that
D(o0, y) = Ly + O(ye™ "™¢v)
where { denotes the constant {(2)((3)/{(6) ~ 1.9486 [1]; and
D(z, y) = xg(y/x) + O(ye "™¥) ,

where ¢ is a continuous, increasing function on [0, 1] which is de-
termined by a contour integral [2].
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Moreover, ¢ is strictly concave, as we now indicate. We have
from [2, Eq. (12)] that

(0) ag'(@) = g(a) — D), 0<a=1.
Here

Dy(@) = lim %‘-#{n < w: p(n) < an) .

It is known that this limit exists and defines a continuous funetion
of @ (cf. [6, Ch 4],[7, §5]). Clearly D, is nondecreasing. In fact,
it is known to be strictly increasing on (0, 1) [8, pp. 319, 323].

If we integrate the differential equation for g and use the fact
that g(1) = 1, we obtain

g(@) = a + aS;t‘2D¢(t)dt ,
and differentiating again, and differencing, we get for 0 <u <v =1
¢) - ') = =L D(w) + ~D,w) — | D, wat
- - S:t“qu,(t) < {Do(w) — Dy@)}fv < 0.

Thus g is strictly conecave on (0, 1).
Noting that

4 < n: 9ld) = pl)} < 0(, p(m) — B(e=, plm) — 1)
= Ofp(m)e 7} ,

we have

If we set
(1) h(w) =1 + Cu — 2g(u)

and enlarge the error we obtain the asymptotic formula
(2) ) — hgmym) + o) .

Below is an approximate graph of h. Note that & is strictly
convex.
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FIGURE 1

3. A distribution function.
THEOREM 1. F(n)/n has a continuous distribution function.

Proof. Let h, denote the minimal value of » and %, the point
at which the minimum is achieved. Let A* denote the branch of
the inverse function of » which maps [h,, 1] onto [0, u,], and let h**
denote the branch which maps [k, { — 1] onto [u, 1]. Also, let
h**(@) =1 for { —1<a=<1. Note that h* and h** are well de-
fined, even at u,, on account of the strict convexity of h.

Since D, and h are continuous, for 2, < @ < 1 we have
Dh**(@) — Dy(h*(@) = lim = #{n < &2 h*(@) < p(m)fn < h**(@)

= lim L g{n < @2 hp(n)/n) < a} ,
zo
a continuous function of @ which vanishes at @ = h, and equals 1
for a = 1.
Given ¢ > 0 we have

F(n)
"

lim -]‘—#{n < h(‘-’%) <a-— e} < lim —1—#{% = x:

g0 0 z—oo

< af

gﬁ%#{ngw:%ga} < itxl}%#{ngx h(‘%) <a-+ e}.

It follows that if h, < @ < 1, then
Di(@) = lim %#{n < 1 —F—%l = a} = D" (@) - D,(w*(@) -

Further, Dy(a@) = 0 for a < h, and Dg(a) =1 for @ > 1. Thus F(n)/n
has a continuous distribution function.
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4. Upper estimates. We shall exploit the observation, based
on the graph of h, that F(n)/n is near its largest when ¢(n)/n is
near 0.

LEMMA 1. For all large x there exists an integer n, = n,(x)
such that x — xlog™'ax < n, < and

(3) @(no)[n, ~ €77/log log & ~ min p(m)/m .
1=m=z

Proof. Let p, denote the rth prime (in the usual order) and
P(r) the product of the first  primes. Choose 7' = 7'(x) to be the
largest integer for which P(»’) < z/log x. The prime number theorem
implies that

>, logp ~»,,

PSPy

and hence, by an easy calculation, p,. ~ log x.
Set n, = [¢/P(»")]P(?’). Then x — P(r") < m», = x and

o) 1Ly " T
N, =vgf< p> log p,, loglog«x

It is known (cf. [5, Th. 328]) that

min p(m)/m ~ e7/log log x .

1sm=sz

THEOREM 2. As  — oo,

max F(n) =2 — (Le7" + o(1))x/log log x .

Proof. Let «, (presently to be specified) be a small positive
number such that A(a) < h(e,) <1 for @, < @< 1. Suppose first
that @(n)/n = a,. Then there exists an ¢ >0 such that Fi(n) < (1 —¢&)n
for all sufficiently large n and if z is large, F(n) < (1 — &)z for all
n = « and satisfying o(n)/n = «,.

For small positive values of & we use the approximation

9(@) = Ca + Ofexp (—exp 1/(ke))} ,

which holds for some absolute constant k¥ [2, Lemma 4]. If we
combine this estimate with (1) and (2) we obtain

(4) -F—;(%@- =1- Cf%—) + O{exp<—exp k;('n))} + O(e~"T5™) ,

The function ar—1 — {a + cexp {—exp 1/(ka)} is decreasing for small
positive @. Choose «a, to be positive but so small that the function
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is decreasing for 0 < a < @, and h(a,) > ¢ — 1.
Now for ¢(n)/n < @, we use the inequality

pn)n = (677 + o(1))/loglogx, 1=n=rx,
to obtain the bound
F(n)Zo{l — e + o1))/logloga}, 1=n==x.

The o(1) term tends to zero as x — o (independently of =).
On the other hand, taking %, as in the lemma yields

F(n,) = ni{l — (e + o(1))/log log x}
= {1 — (e + o(1))/log log x} .
Define a sequence {n,} of “new highs” of F by the condition
F(n) < F(n,) for all n < n,.

We note for later use that ¢(n,)/n, ~ e7/loglogmn, as k— oo.
We can see this by noting first that ¢(n,)/n, — 0 by the first para-
graph of the proof of Theorem 2. Then we write (4) with » = n,
and Theorem 2 with ¢ = n, and equate the expressions to obtain

e + o(1)

1— 520 (1 4 o(1)) + O ™) = 1 — -
", log log n,

Theorem 2 has two immediate consequences.
COROLLARY 1. F'(n) < n for all sufficiently large n.

COROLLARY 2.
Ny — N = 0(nyflog logmy) , b—— oo .
Proof. For m, = x < n,,, We have
If,lgf{ F(n) = F(n,)

or

1— e m+ o)) _ 1— Le™7 4 o(1) .
x{ log log x } nk{ log log n, }

Let © — n,,,— to obtain the corollary.

REMARK. The size of n or =, plays a vital role in the two
corollaries. The first corollary is false for small n as the examples
F(13) = 13 and F(73) = 75 show.

The proof of Theorem 2 implies that o(n,)/n,— 0 as k— oo.
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Numerical computation shows that the n,’s are primes for all n, <
500 (the limit of the calculation). The explanation of this anomaly
(apart from the effect of the error term) is as follows. Let u, be
the number in (0, 1) for which A(u,) = { — 1 (cf. (Fig. 1)). It appears
from (4) that u, ~.03. Simple estimates show that o(n)/n > .03
for all n < e*®. Thus for n of modest size, the largest values of
h@(n)/n) occur for ¢(n)/n near 1.

We conclude this section by establishing a lower bound inequality

for nyy, — 7.

THEOREM 3. For any ¢ >0

Moy — W > N5y, E—— o0,

Proof. Given ¢ >0 and mn,, let p* = p*(k) denote the largest
prime such that JJ,c,»» <m,. The prime number theorem and
simple estimates imply that p* ~ log n,. We shall show that at
most ep*/log p* primes p < p* fail to divide %,. Similar estimates
apply for n;,, and thus », and n,,, have at least z(p*) — 2[ep*/log p*]
prime factors in common.

Let w be an integer such that

n(w) = n(p*) — 2[ep*/log p*] .
Then we have

M —mZ[o=10» Il »
PsSw PSPp* w<psp*

Also,
2 logp = (log p¥)a(p*) — z(w)] < 2ep* ,
and so
s = a2 e exp[-2ep"] 2 i

We introduce the integer

N=[nkﬂp“]ﬂp-

p<p* p<p*

Since N < n, we have F(N) < F(n,). We can estimate F(N) and
F'(n,) because of the special form of N and n,. Also, N is not much
smaller than n,. These facts will enable us to show that

o < p*: p Y i} < ep*/log p* .

Let v denote the number of primes p < p* such that »/} n,.
We suppose that vy > ep*/log p* and shall deduce a contradiction.
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At most v + 1 prime divisors of n, (counting multiplicity) can exceed
p*, as we now indicate. Suppose that there were at least v + 2
prime divisors of n, exceeding p*. For each of the vy primes p, < p*
with p, t n, associate a prime p; > p* with p;|n,. Each of the p"’s
can be used at most as many times as it occurs in the factorization
of n,. We have

n,>n = n,,iIzllpi/pi ;

further n’ is divisible by each prime not exceeding p* and by at
least two primes exceeding p*. Thus n, > n' > p** [[,<,. ». On the
other hand the definition of p* implies that n, < 2p* [1,<,«», con-
tradicting the last inequality.

Let y and z denote composite numbers such that n(p*) — n(y) = v,
w(z) — n(p*) = v + 1. Then

-4 - 2) G- )

n PSp* Sp* p>p*
g p/ zp p/ »

2 (-2) 0 (-2) o (1-2).

Letting v = 9p*/log p*, e <7 £ 1, we have
n(y) = 7(p*) — v = (1 — 7 + o(1))p*/log p* ,
and so y = (1 — 7 + o(1))p*. Similarly z = (1 + 9 + o(1))p*. Thus

- %> L 5) = T e OO

Differentiation shows that, for fixed ¢, the function

N log® ¢
log (L — 7)q) log (1 + 7)q)

is increasing for 0 < 7 < 1. Thus

7

(log n*)* > (log p*)?
(log y)(log2) — log (X — &)p*) log (1 + &)p*)
z{1-H RO, 4 e 2 4 O™
log p* Iog p*

& &

>1 i 0 )
o +log1o* * (logp* +log2p*

Thus

u<]z3-£p'<1 - %)ﬂ,.g« (1 - %) z1+ 2—1:?;'5; ’



90 HAROLD G. DIAMOND AND PAUL ERDOS

provided that % is sufficiently large and e sufficiently small. It

follows that
22 (1t ) (- )

We have @(N)/N ~ e 7/log log N because of the form of N, and
@(n)/n, ~ e7/log log n, by the argument following the proof of
Theorem 2. It follows from (4), that for some a > 0,

F_;(:_c_) =1— C%(:i) + Ofexp (—log* x)}

holds for x = N and z = n,.
We combine the formulas for F(n,) and F(N) with the bound
we obtained for o(n,)/n,, the inequalities

= | T — > 1
meN {Hp:lrgmp>nk pg‘p='n/k(1 p*)

p<p*

and (N)/N £ I,<,»(1 — p™") to obtain

= _Ni{l B loe; p*) (- %) + o7y

p*
<Nfi-cm (1- %) — cexp (~log* N)} < F(N) ,
p<p*
where ¢ is a positive constant. This inequality is impossible, since
the n,’s are the new highs of F. It follows that at most ep*/log p*
primes p < p* fail to divide », and hence our lower bound for
Npyy — Ny holds.

5. Small values of F'(n)/n. We have shown in §2 that F(n)/n ~
h@(n)/n). The function h attains a minimal value k, at an interior
point w, of (0, 1), as we presently shall show. The point %, is unique
by the strict convexity of h. Thus F(n)/n is, asymptotically, near
its minimal value k, when @(n)/n is near wu,.

Numerical data suggest that u, is near 1/2 and bk, is near 1/3.
We shall show that .473 < u, < .475 and .321 < h, < .324.

LeEmMMA 2. A'(0) = —C, B'(1) =¢C.

Proof. We have by (1) tkhat A'(u) = { — 2¢’(u). The estimate
(ef. [2], Lemma 4)

g(w) = Cu + Ofexp (—exp 1/(ku))}
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implies that ¢'(0) = £, and hence A'(0) = —{. Equation (0) implies
that ¢’(1) = 0, and hence h'(1) = ¢.

Thus the minimum of & is achieved in the open interval (0, 1).

We shall now establish a formula which will lead to estimates
for ¢g(1/2). This will be useful because of the close connection be-
tween g and h and the proximity of u, to 1/2.

LEMMA 3.

o(1f2) = = +

ooy
|
—t
S
NP
|
Q
VS
N
N——r"
|
SN
—— s
* |
Q
//
00|+
N—"
N——"

Proof. We estimate
#{n < z:nodd, p(n) < ¥},

a problem closely related to the main theorem of [2]. The generating
function :

Fs, ) 5y ngn)
=T{1+p7(p—1"A+p "+ p7»7% + ...))

b4

IPI {L—p77 + p7%(p — 1)7*)(s + 2)

Il

s, 20 + 2)

was used in [2], and the function g was represented by

1 S‘/W‘”H(l — 2, 2) .

Q) = — 2 H%atdz, 0Za=s1l.
9@ 27t hiz-ie 2(1 — 2) -

The formula is valid at the end points by uniform convergence of

the integral.
We delete the even integers and write

Fs,2) = 3n"p(n)™

n odd

= I (s, )6 + D2} .

— 2-—3—2 + 2—8
The functions F(s, z) and F(s, z) have the same singularities in the
region

{(s,2)eC x C:Res + z> 0},
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because any singularity of the new factor (1 — 27*7*)/(1 — 2772 4 27°)
is cancelled by a zero of ] (s, z), and the new factor has no zeros
in this region.

It now follows, mutatis mutandis, that

go(@) def lim -lﬂ{fn < x:nodd, p(n) < ax}

g—o0

=1 g‘””‘” HA =22 44 1 9y
211 Jie-io  2(1 — 2) (1 +297dz

gl B - (8 + (§) - e
= g(a/2) — g(@/4) + g(a/8) — «-- .

If we note that g,(1) =1/2 and sum the series {/4 — (/8 + /16 —- - -
we obtain the lemma.

Now g is concave and g(¢) ~ e as ¢ —0. Thus the series in
the formula for ¢(1/2) is alternating with terms decreasing to zero,
indeed at a geometric rate. To further exploit our formula we
must first estimate D,(t) for ¢ near 0.

LEMMA 4. D,(t) <128, 0 <t < 1.

Proof. By Chebychev’s inequality
3

t‘“#{n_ﬁ_w:g@gt} — S 1§z(_2’—> ,

L msﬁl’(Lné)zzllt

and we estimate the last sum by writing

(njp(n))* = (1+B)(n) ,

where * denotes multiplicative convolution and B is a nonnegative
multiplicative function satisfying B(»)=(p*—(p—1)"/(p—1)}, B(p*)=0
for all primes p and all exponents a = 2.

Thus

gxiﬂ=xﬂ(1+—’%)

?

n
19— (p— 1) def
_ 141 =7 .
e

Now
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v = {(2)* 1;[ {1 + %Hl _ I%}s

4 3 __ Qu2
=@ {1+ B o pE 1]
z p

It is easy to check that for all p =3
6p* +49p° —3p" —p+ L < Tp*.
We have

rsco(ie ) Da - Ds Do 5},

and

72p—3<7g t5dt = 035 .

»211

Thus 7 < 12, and D,(t) satisfies the claimed bound.

We combine the last two lemmas with numerical data of Charles
R. Wall [10] on the density function D, to obtain upper and lower
estimates for ¢(1/2).

LEMMA 5.

1., ¢ 1.¢
= 4 =2 —.00154 < g(1/2) <= + > — . .
> T <o(1/2) <5 + & — 00075

Proof. The alternating series representation of g(1/2) leads to
the inequalities

375 G2~ (5 - o3) ~ (G- B
ssamsd oS- (5 - ) - (- D)
The differential equation (0) has the solution
(5) wigw) = ¢ — | Do)t .

The constant is evaluated here by noting that ¢’(0) = {. The integral
converges at zero by the preceding lemma. Thus we have

2K — g(27%) = 27 Sz—kD¢(t)t"2dt )

It follows that
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(G -o3) -G -3+ G~ o)

-];SI/S @ E- 1/16 d-—t
S| DS+ 1680 IOKS

94

——i 1/4 d_?_
- 4 S1/sD¢(t) 12 +

We estimate the three integrals from above, using the bound of the
preceding lemma for 0 < ¢ < .007 and the upper bounds of Wall for

007 < t < .25. We obtain the upper bound .00154.
Similar treatment of

(5= 45) - (G- (3))

4
leads to the lower bound .00075.

LEMMA 6. (Main formula.)
2D,(1/2) — 1 + /6 + 2R = Sl/zt"‘dD,,(t) ,
%g

where 00075 < R < 300154.

Proof. We have by (5)

g(uy) _ g1/2) _ —
T Sung,(t)t dt .

From (1) and the fact that A'(u,) = 0 we get ¢'(u,) = /2. Combining

this with (0) we obtain
g(u.) = ul/2 + Dy(u,) .

This expression, Lemma 5, and the preceding integral yield

Dow) _ 1. & 4 op— Sl/qu,(t)t‘zdt .
Uy 6 “o

Integrating by parts we get the desired expression.

THEOREM 4. u, > .473 and h, < .324.

Proof. Starting from Lemma 6, we write

2D¢(l) —14+L= +2R= {855 + g:o“}t—!dm(t)

2 6
> %{D¢(.5) — D,(.499)} + .42 5(D(.499) — Dy(.498))

e+ AD(AT6) — D(4T5)} + —1-(D,(.475) — Dy(us)}

476
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Note that this inequality is valid regardless of whether u, < .475

or not.
We rearrange terms, isolating D,(u,):

Duy) > 1 _C _op+ ( L —;—)D,,(.499)

475 6 499 .
1 1
o o 0 —_—_— T — D . .
o <.475 .476.) o(-475)

If we use the upper estimate for R and the lower estimates of [10]
for D,(.475), «--, D,(.499), we find that D,(u,) > .3380.

The stated inequalities follow at once from this bound. First,
we have from [10] that D,(.473) < .3362, and thus u, > .473. Next,
it follows from Equations (0) and (1) that h, = 1 — 2D,(u,). Thus,
hy < .324.

We also have bounds for u, and h, in the opposite directions.
THEOREM 5. u, < .475 and h, > .321.
Proof. Using Lemma 6 again, we write

2D¢<i> 14 -g- + 2R = {85 + S'm}t‘ldD‘P(t) .

2 475 %

This time we express the first integral as an upper Riemann-Stieltjes
sum and sum by parts to obtain

.499 498 .49
1 1 D,(.475)
voe - (—=— — L2 VD, (.476) — Deled00)
Foeee <.475 .476> o(-476) 475
Thus
S'mt—ldpq,(t) > D,(.475) _ I,
v 475
where
1 1 1 1
=1-C% _or+ (L _Vpsy+ -+ (L — L \pav6).
I 6 + <.499 .5> o(:B) - e + <.475 476 )Dv( 476)

We estimate I from above by wusing the upper bounds for
D,(.476), + -+, Dy(.500) from [10] and the lower bound for R from
Lemma 6. We obtain the inequality

(6) S'mt-ldp,,(t) > _—D«’i;;‘g& — 7145,

%o
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from which both assertions of the theorem will follow.
The bound D,(.475) = .33969 from [10] implies that

S.mt‘lqu,(t) > .0006 > 0
ug

and hence u, < .475.
Next, since u, > .473, we obtain from (6)

1 D,(.475)
AT5) — > 26l-210) 7145,
= (D(4T5) — Do)} = =L 7145

This inequality and the bound D,(.475) < .34166 from [10] yield
D,(u,) < .3394. Thus, we finally obtain h, = 1 — 2D,(u,) > .321.

6. Lower estimates for F. The sequence F(n) tends to infinity
with n, since
F(n)/n ~ Mp(n)/n) =z b, > 0.

In this section we are going to establish

THEOREM 6. As x — oo,

min F(n) ~ he .

n>z

This estimate follows easily from the following

LEMMA 7. Let ac(0,1) and let ¢ > 0 be given. Then there
exists an X (depending on € and &) such that for each x = X, the
interval (x, x + ex] contains an integer j with |p(3)/i — | < e.

Proof. The argument proceeds in two steps. First we obtain
some integer j, (not necessarily in (x, ¢ + ex]) composed of at least
two distinet prime factors, for which |p(4,)/j, — @] <e. Then we
show that a suitable multiple of j, lies in (x,  + ex] and satisfies
the same ¢ estimate.

Let @ =a, Let ¢q, be the smallest prime p, for which 1 —
;7> a,. Set a = a1 —gr)™ and j, = ¢;.. Repeat the foregoing,
choosing ¢, to be the smallest prime p, exceeding ¢, for which
1—9*>ea. Let 5,=qq, and o, =1 —gzH)™*. If 1>, >1-—
¢/( + €), we can stop here. Otherwise we continue until we obtain
an integer 5, = q.q; - +* q,, * = r(e, €), such that

a=o(d)i.<a+ce.

This is possible to achieve since 1 — p,;'—1 as v— o and
L= =0.
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Set j, = j* and consider the sequence {j*qi¢%: 2,5 =0,1,2,3, ---}.
Clearly
P(N))5* = p(3*qia)/(T*¢1g5) -
It suffices to show that for each large z the interval (zx, x + ex]
contains some qiq%, @, b = 0.
It is well known that the sequence {g3¢5: a, bc Z} is dense in the

positive reals for ¢, ¢, distinct primes. Choose @ >0 and —b < 0
such that 1 < ¢jg;:° <1+ e. Given z, set

s = [(log x)/(log q.¢:)] ,
t = [(log ¢.9,)/(log qig; )] + 1,

and a, = ¢i**g;™™, 0k <1).
We have

a, = (q.0,) =2 < (QL%)S—H < a,
and
1<apufa,=qigz* <1l+e.

Thus there exists some ke[l, t] such that x < ¢i**gi " < x + ex.

Finally, we must insure that the exponent s — kb = 0. This we
do by noting that a, b, and ¢ depend only on ¢ and are fixed, while
s — o with .

LEMMA 8. Given ¢ > 0 there exists an X = X(¢) such that for
each  x = X the interval (x, x + ex] contains an integer j with
W@(9)]5) < ho + 2e.

Proof. Since h is convex and differentiable we have
[h'(®)| = max {|K(0), [MD)[} =L, 0=sa=1.

The mean value theorem and Lemma 7 imply that there exists an
integer j in each far out interval (z, x + ex] such that

|(@(3)]3) — ho| < c]?%” - u] < e < 2.

Proof of Theorem 6. On the one hand,
min F(n) = min {nh(p(n)/n) + O(ne 7))
N>z a>e
= xh, — cxe” "% = ha + o(x) .

On the other hand, for given ¢ > 0 and all sufficiently large « there
exists an integer m such that
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r<m=wx+ex, hlpim)m)<h,+ 2.
For this integer m we have
F(m) < (hy + 26)m + cme™"TE™
and hence
171‘1>1£1 F(n) < F(m) £ (h, + 26)(x + x) + 2cxe *7s?
= hw + o(x) .

Let {m,}7-, be the sequence of discontinuities of « i min,., F(n).
(Set m, = 2.) We can deduce from Theorem 6 the following

COROLLARY 3. My /m,— 1 as k— oo.

Proof. For m, < x < m,,, we have

min F(n) = min F(n) .

n>mp n>z

Thus hym; ~ hye. Let @ — my,,—.

7. General arithmetic functions. We conclude by showing that
rather general arithmetic functions ++ possess an associated mono-
tonicity measuring function F' = Fy. Our argument is related to
one occurring in [4]. It appears unlikely that there are general
analogues of our numbered theorems in §§ 3-6 which are valid with-
out more specific arithmetic information.

It is convenient to estimate the two components of F' separately.

Let
F\(n) = #{m < n: y(m) = y(n)},
Fy(n) = #{m > n: y(m) = ¥(n)} .

In both cases we assume that «+ is positive valued and that (n)/n
has a distribution function D,.

THEOREM 7. Let + be as above. Then, as n — oo,
(1) Fy =yl (L= Dyt dt + o) .
Further, assume that there exist positive numbers ¢ and o such that

(8) #{m € (x, 22]: y(m)/m < y} < cwy™™

holds for all y€(0,1) and all x = 1. Then
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P(n)/n —
(9) Fim) = 3m)| " Dytdt + o(n + ¥(n).

REMARKS. A. It is a simple consequence of hypothesis (8) that
there exist at most a finite number of integers n for which r(n)
assumes any one value. Also, (8) implies that the integral in (9)
converges at the origin.

B. For application to the Euler ¢ function, the estimate

2 (m/p(m)* < n
(cf. [4]) guarantees that (8) holds with 6 = 1. Condition (8) is
vacuous for the sum of divisors function o, since o(n) = n for all
n = 1. '

C. Can we replace the equal sign in (7) or in (9) by “~” and
drop the o-term? This is not generally permissible for (7) as one
can see by the case in which Dy(a) = 1 for some finite a, 4(n)/n = a,
and there exists at least one integer m < n such that «(m) = ¥(n).
The conjecture is also generally false for (9) as well, as we can see in
the case where D,(t) > 0 for allt > 0. By Remark A there exists an
infinite number of integers n for which F,(n) = 0, and for these =
the asymptotic relation would fail.

”»

Proof. We shall show that (9) holds. The proof of (7) is similar
but simpler, and is omitted.

Proof. We introduce a partition of (n, ). Let ¢ >0, KeZ*
with ¢eK > 1 and let »' = n + 4(n). Write

=

(n, 0)=Um+ (@ — Len', n + ien']U (n + Ken', ).

1

For the finite intervals we use the following estimates, which
are valid for 1 S x <y < oot

#m e (z, y]: ¥(m) = my(n)/y}
< 5% m e @, ¥ ¥m) < P(0)
= #{m e (2, y]: ¥(m) < my(n)/x} ,.
and hence
(¥ — ) Dyp(y(m)fy) + oY) < ¥ = (y — ®)Dyly(n)/x) + o(y) .

If we set

S = en’ 3, Dym)f(n -+ isn)
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and

Fy(a, b) = #{m e (a, a + bl: y(m) = ()},
then we obtain

S, + Ko(Ken') < Fy(n, Ken')
= 3 + en'Dy(y(n)/n) — en’ Dy(p(n)/(n + Ken'))
+ Ko(Ken') .

Now 3 is an approximating sum for the Riemann integral

I= en'S:°D¢('nﬁ(%)/(% + ten’))dt

Y(m)/n

= (m)| Dy(s)sds ,

s=V(n)/(n+Ken')

and since the integrand in the first expression is monotone, we get
|[I — 3| <en’. The hypotheses on +(n)/n imply that

Dyiy)y = Cy*, 0<y<l.
Thus

P(n)/ (-t Ken') s C q[l‘(n) s C Ke)—?
< 2| — 77 ==

Combining these estimates we find that

Fyn, Ken') = «;r(n)swmmDy,(t)t‘zdt
0
+ O(en’) + Ko(Ken') + O((Ke)™*n') .
Now we treat the unbounded interval. For each x = 1 we have

Fy(z, ) < #{m € (x, 22]: y(m)/m = (n)/x}
= Ca(y(m)[2)* .
Thus

Fy(n + Ken', ) < Cy(n)*(n + Ken')*(1 + 277 + 472 + ...)
L P(n)(Ke)™ .

It follows that
Pin)/n
Fm) = )| " Dyttt
+ O(en’) + K?eo(n') + O((Ke)™’n') .

If we first choose ¢ small and then K so large that (Ke¢)™® is small,
we obtain the desired asymptotic.
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