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THE PETERSSON INNER PRODUCT AND THE
RESIDUE OF AN EULER PRODUCT

CARLOS JULIO MORENO

1. Introduction. Implicit in the work of Rankin [6]
and explicit in the work of Petersson [5] is a formula con-
necting the Petersson inner product of two holomorphic
modular forms with a residue of the Dirichlet series formed
with the products of the Fourier coefficients of the two
modular forms. In view of the modern group theoretic in-
terpretation of the eigenfunctions of the Hecke operators
as unitary representations of an addle group, it appears
that the ideas of Rankin and Petersson may have wider
applicability; for example they may relate to multiplicity-one
problems in the theory of automorphic representations. The
purpose of this note is to extend these ideas to real analytic
modular forms.

In §2 we recall the results of Petersson and Rankin and show
(see Theorem 1) how the residue at s = 1 of a certain Euler product
can be used to distinguish whether two eigenfunctions of the Hecke
operators are orthogonal or not. In §3 we describe the essential
nature of the method and derive (see Theorem 2) a formula which
expresses the Petersson inner product of two real analytic cusp forms
which are eigenfunctions of the Hecke operators as the residue at
s = 1 of an Euler product.

2* Holomorphic cusp forms. Let H be the upper half plane
and Let Γ be the group of linear fractional transformations of
H: z \-+ σ(z) — {az + b)/(cz + d), with a,b, c, deZ and ad — be = 1.
Let dΩ = y~2xdy be the SL (2, jβ)-invariant measure of H. Let k be
a positive integer and let

f(z) = Σ a(n)qn, g(z) = Σ b(n)qn, q = exp (2πiz)

be two holomorphic cusp forms of weight k on the group Γ; let p
be a prime and suppose that f(z) and g(z) are eigenfunctions of the
Hecke operator Tp:

(/| Tp)(z) - Σ a(np)(f + Vk~ι Σ a(n)q** - a(p)f(z)
n=l

with a similar formula for g(z). A particular case of Petersson's
formula (Theorem 6, [4]) is the following.
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, </> = \ f(z)g(z)ykdΩ
JD(Γ)

were

Lf,9(8) = Σ a{n)b(n)n-^k-ι\ Re (β) > 1 .

If we use the multiplicativity of the coefficients a(n), b{n) and the du-
plication formula for the gamma function, then Petersson's equality
can be rewritten in the form

</, g) = 2~k Res L(β, π, X π,) ,
8 = 1

where

8+fc-1)π-sΓ(s + fc - l)Γ(s)ζ(2s) Σ
w = l

= 2~fcL(s, Γ/ x πg)

= 2 ~ f c Γ ( δ , 7Γ/ X 7Γ f f)ζ(s, 7Γ/ X TΓ̂ )

and

Γ(8, πf x 7Γ,) = GR(s)GR(s + l)GR(s + k - l)GR(s + k), GR(s)

s, πf x

π
P (1 - λ ^ p - X

α(p) = p<*-"/»(λ, + λ,),

REMARK. The Euler product L(s, πf x πg) is related to those
introduced by Langlands ([2], p. 10).

With the above notations we can restate Petersson's result in
the following form

THEOREM 1. Let f(z) and g(z) be cusp forms of weight k on the
full modular group Γ which are eigenfunctions of all the Hecke
operators. Then f(z) is orthogonal to g(z) if and only if the Euler
product

L(s, %f x 7Γff) = Γ(s> πf x πg)ζ(8, πf x πg)

is regular at s = 1.
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3* Real analytic cusp forms* Let f(z) and g(z) be two real
analytic cusp forms in the sense of Maass [4]. Let

A = -*(£ + £)

be the Laplace-Beltrami operator for the upper half plane and
suppose that

Observe that because of the positivity of the Laplace-Beltrami operator
the nonzero numbers λ and η must lie in the imaginary axis or in
the interval between - 1 and 1. Suppose that f(z) and g(z) have
Fourier expansions about the cusp at infinity of the form, z = x + iyf

f(z) = Σ a(m)yι/2Kλ(2π\m\y) exp (2πimx) , α(l) = 1 ,

ϋ(z) = Σ b(n)y1/2Kv(2π\n\y) exp (2πinx) , 6(1) = 1 ,

where Kλ(z) is the modified Bessel function. If f(z) is an eigenfunction
of the Hecke operators then Maass ([4], Theorem 12) has proved that

Σ a(n)n-° =
— a(p)p s

similarly for f̂(̂ ). To simplify our notation we suppose that f{ — z) —
f(z) and g( — z) = g(z). For Re(s) > 1 we have the Euler product
identity

(s + x + v) r

, πf x πg)ζ(s, πf x πg)
Λ(2s)

Λ(2s)

where

Γ(s, 7Γ/ x πg) = GΛ(s + λ + ^)GΛ(s + λ - ^)GΛ(s - λ + ^)GΛ(s — λ - 57) ,

= Π ( 1

and Λ(s) = GΛ(s)ζ(s). This equality follows from the formal power
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series identity

1 - T2

(1 - XpηpT)(l - Xp

With these notations we have the following result.

THEOREM 2. Let f(z) and g(z) be two real analytic cusp forms
on the full modular group Γ which are eigenfunctions of all Hecke
operators. Let L(s, πf x τtg) be the Euler product introduced above.
Then we have

(ff 0) = — Res L(s, κf x πg) .
Δ s = =i

In particular f and g are orthogonal if and only if L(s9 πf x πg)
is regular at s — 1.

Proof. Let

SΓ — \z — x + iy: \x\ ̂  —, y ^ θ[ .

Let Γoo — γ\ VΊ: neZ\ and let D(Γ) be a fundamental domain for

Γ in H. We then have the formal congruence identity

sΓ

(*) sΓ = Σ
Now for Re (s) sufficiently large we have

f(z)g(zjy8dΩ

S oo/ f 1/2

(ΣΣα(m)δ(%)ί:,(27r|m\y)Kv(2π\ny) \ ^ti'im-*
0 \ m Λ J—1/2

-ΣΣα(m)60»Γ)f(°°iΓ/27r|m|y)Kn(2π\m\y)y°-ιdy) .
m n \Jθ /

The interchange of the order of summation and integration is justified
by the fact that uniformly in x both f(z) and g(z) are O(yΛ) (resp.
O(y~B)) when y -> °o (resp. y-> oo) for some positive constants A and 5.

We now use the well known identity ([3], p 102)

[°Kμ(at)KAca)t-ζdt
Jo

2 ζ +T(l - ζ)
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X Γ ( *** ** ' r ' *" ) Γ [ * s ' *" " ) ΓI ~~ "~ ^ ~^~ ^ ^
2 /

which is valid for Re (a) > 0 and Re (1 — ζ ± μ ± v) > 0. We apply
this identity with a — 2πny and ζ = 1 — s to obtain

/(z)g(z)y*dΩ

8Γfs) V 2 / V 2 / V

x
2

_ π~* r is + λ + )?\ ̂ / s + λ — τ?\ Γ / g — λ + y\
4Γ(β) \ 2 / \ 2 / \ 2 /

x Γ / s - λ - y \ 2, a(m)b(m)m-*
\ 2 /

x 7rg)

We now use the congruence identity (*) for the region SΓ to obtain

SΓ

\ f(z)g(z)y*dΩoσ.

By the automorphy property of f(z) and g(z) we get

= Σ
σeΓIΓco

and therefore

L ( 8 Λ * 7 Γ ) ( ξz, 2g -
44(2s)

where

is the well known Eisenstein series associated to Γ. The Fourier
expansion of E(z, s) is ([1], p. 46)

Λ(s + 1)

m̂o Λ{s + 1) |m| θ / 2
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and the only poles of the summation term are those arising from
the zeros of Riemann's Euler product Λ(s + 1). Hence the only pole
of E(z, s) at s = 1 comes from the numerator in the expression
Λ(s)IΛ(s + l)y{1+8)/2. In fact a well known application of the Kronnecker
limit formula gives the Laurent expansion in a small neighborhood
of β = 1

E(z, 28 - 1) = ±— + - ( c - log 2) - -Llog(?/6M(z)|)
7Γ S —- 1 7t Δ7Z

were

In particular it should be observed that the residue of E(z, s) at
s = 1 is independent of z. Therefore we have

Res ( f(z)g(zjE(z, 2s - ΐ)dΩ

= ([ f{z)g{z)dΩ). Res E(z, 2s - 1)

On the other hand

π

Res L ( s ' π' x

4Λ(2s)
O

= -^- Res L(s, 7Γ/ x π,) .
2π «=i

This completes the proof of Theorem 2.

REMARK 1. The functional equation for the Eisenstein series

leads to the functional equation

x

2. The residue of L(s, πf x πg) at s = 1 can be thought of as
an intertwining operator.
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3. In [7], Shimura has used the connection between the Petersson
inner product and L-series to study the arithmetic properties of the
periods of Eichler differentials.
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