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ON COMMON FIXED POINT SETS OF COMMUTATIVE
MAPPINGS

TECK-CHEONG LIM

Let C be a compact convex subset of a locally convex
topological vector space X. Anzai and Ishikawa recently
proved that if Tlf , Tn is a finite commutative family of
continuous affine self-mappings of C, then i?τ(Σ?=iΛΪ7<) =
ΠlU F(Tt) for every λt such that 0 < λt < 1 and Σ"=i Λ = 1,
where F(T) denotes the fixed point set of T. It is natural
to question whether the conclusion of their theorem is
dependent on the topological properties of X, C and Tt—in
this case, the linear topology, the compactness and the
continuity. We shall see that this is not; the theorem can
be formulated in an algebraic context.

Our theorem, when applied to Hausdorff topological vector spaces,
yields a better version of Anzai-Ishikawa's theorem (see Corollary 2).

DEFINITION 1. A subset B of a real vector space is said to be
(algebraically) bounded if Γlε>o ε(C - C) = {0}, where C = C0(B), the
convex hull of B.

Every bounded convex subset of a Hausdorff topological vector
space is algebraically bounded. Every bounded subset of a locally
convex Hausdorff topological vector space is algebraically bounded.

THEOREM 1. Let C be a convex subset of a real vector space X
and T19 , Tn a finite commutative family of affine self-mappings
of C. If the set D = {ΓΓΪ?2 T?*α: 0 ^ mt < oo, i = 1, . . . , n} is
bounded for each xeC, then F(Σt=ι χiTi) = Π?=i F(T%) for every 0 <
λ, < 1 with Σii=i\ = l

LEMMA 1. Let xn be a sequence in a Banach space such that
xn —> x. Then the sequence yn defined by

y% = (l/2n)(x0 + JC&I + + %CtXt + + α θ

converges to x.

Proof. For an a r b i t r a r y ε > 0, choose m such t h a t \\xt — x\\ <

ε/2 for i ^ m. Choose N ^ m such t h a t

1/2 (1 + & + + nCm^) < e/(2D)

for all n^ N, where D is a number such that 11 xt — x \ \ ̂  D for all
i ^ 0. Then
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» ) + • • . + ,C m _ 1 (a? w - ι - a) + + xn - x) ||

£ (1/2*0(1 + nCx + + nCm^)D + (e/2)(l/2 ) ( . C m + • • • + ! )

< ε

for all n^N.

REMARK 1. The above lemma is also a consequence on Silverman-
Toeplitz's theorem on regular method of summability.

Proof of Theorem 1. We may assume that n = 2. The inclusion

ΠΓ ^(ϊ7*) c F(ΣΓ ̂ iTi) is obvious. Let A = \I + ^2^, JB = λ2/ + \T2

and T = (1/2)(A + J5). Then Γ = (1/2)(I + \Tt + λ2Γ2). Moreover,
F(Γ) = ̂ (λ.Γ. + λ.Γ,), F(A) = ̂ (ΓJ and F(B) - F(Γ2). Let x e
λ2Γ2) = F(T). For every w, we have

= -^(Anx + JJ^^Bx + + nCiA
ft""<5<a? + + Bwx)

Δ

and

( 2 ) 2 > = ^(TxA
nx + nCxTxA

n~lBx H + Λ C < Γ 1 A i i " < β < « H h Γ ^ x ) ,

where we make use of the commutativity of A and B and the affine
property of Tx.

Following Anzai-Ishikawa's computation [1], we have

= 0

i=0

<

\ίΞb

Here, m0 is the largest integer less than or equal to λ2(m -f 1);

μi ^ 0 for 0 <̂  i ^ m0 and < 0 for
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as m -> oo; at = μjam ^ 0 f or 0 ^ i ^ m0, & = — μjam ^ 0 for m0 +

1 ^ ΐ ^ m + 1, ΣΓio «i = 1 and ΣSS0+i A = L

Let E = C0(D). By the convexity of £7, Am /̂ - TλA
my e am(E - E)

provided T[y e E for i = 0, , m + 1.
Since 2\ and T2 are affine, T\AkBύx e E for i, k = 0, , w; i =

0, 1, •••. It follows from (1) and (2) that

x -

= \((Anx - T,Anx) + nC^A^Bx - T.A^Bx) + + (Bnx- T,Bnx))
Δ

e han(E -E) + JCa^E -E)+- -+ jC^a^E -E)+ ao(E - E))
2"

C A(«o + nCxax + + .C(ot + +

the last inclusion being a consequence of the convexity of E — E.
Since E — E is convex and QeE — E, we have e^E — E) S=

e2(E — 2£) if εx < ε2. Hence by Lemma 1 and the boundedness of E,
ΠΓ A(n)(E - E) = {0} where

It follows that cc = Txx. Similarly x = T2α?. This completes the proof.

COROLLARY 1. Let C be a bounded convex subset of a vector
space and T19 , Tn a finite commutative family of affine mappings
of C. Then JP(Σ?=i \Tt) = f[?=i F(Tt) for all positive numbers λ,,
i = 1, , n such that Σ?=i λ i — l

COROLLARY 2. Lei C be a convex bounded {in the usual sense)
subset of a Hausdorjf topological vector space and T19 , Tn a finite
commutative family of affine mappings of C. Then F(^i\Ti) =
ΠΓ F(Tt) for all positive numbers λ,, i = 1, , n such that ΣΓ λi = l.

REMARK 2. We note that the boundedness condition cannot be
removed. The mappings Txx — x + a, T2x = x — α, a Φ 0 defined on
i?1 are commutative and affine, with F(Tt) = F(T2) = ^ and

+ (1/2) T2) = R\

COROLLARY 3. Let C, Tu i = l, 9 n be defined as in Corollary 2.
Assume that Tξ Tζ = TΊ Γw /or some ί? ̂  2 αwd that for each
xeC and each i = 1, , n, the set

A,x = {T% ί f - Γ;%X: 0 ^ m, < oo, j = 1, . . . , }̂
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is bounded, where A indicates that TTι is missing. Then F(Σ£ \Tt) =
ΓF(T) for all positive numbers Xif % = 1, . . . , n such that

Proof. If mi9 i = 1, •••, n are n natural numbers and mά =
min {mi9 i = 1, , n}, then

where fc is an integer satisfying 0 ^ & < p. It follows that

Ax = {TTι TZ«ar. 0 ^ w, < oo, i ^ i, . . . , }̂

= U {Λ(2\fc T*x): i = 1, , n, fc = 0, , p - 1} .

Hence Ax, being a finite union of bounded sets is bounded.

The special case when n — 2 and p -=. 2 can be given a simple
direct proof. We shall illustrate it for the case \ = λ2 = 1/2. First
we prove:

LEMMA 2. For eαcfe n ^ 1, ί/iβrβ βccisίs rational numbers
(depending on n and not necessarily nonnegative) Xu •• ,λ [ % / 2 ] such

that

λL + + λ[n/f] - 1 -

ŝ 6c/t ίfeαί the equation

( 3 )

+

is 'υαίid /or αwt/ ί^o commutative affine mappings A, B defined on
a convex set, where D=1/2(A+B). ([m] denotes the largest integer ^ m.)

Proof. If such rational numbers λf exist for a fixed n, then by
putting A = B = I, we see that

We shall prove by induction on n. For n = 2,XL = 1/2. Assume
that the lemma is true for m ^ n. Then

( 4 )

+ X1ABDn~1
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Making use of the induction hypothesis for m = n — 1, substitue

( = £> -i _ μ^

into (4). The proof will be then complete by collecting similar terms
and making use of [(n - l)/2] + l = [(n + l)/2] and [(n + l)/2] - [n/2] = 0
or 1.

COROLLARY 4. Let C be defined as in Theorem 1 and A, B be
two commutative affine self-mappings of C such that A2B2 — AB and
such that the sets {Anx: n = 0, 1, 2, •} and {Bnx: n = 0, 1, 2, •} are
bounded for each xeC. Then F((1/2)A + (1/2)J5) = F(A) Π F(B).

Proof. Let xeF((l/2) A + (1/2) B). Using Lemma 2 and the
condition A2JB2 = AB, we have

( 5 )

Thus,

x - l A +
2

x -

B)*χ-
) x

- ABx =
2n~

- ABx) .

By the boundedness condition, we see that ABx = x. By (3) for
n = 2, we have & = (A2# + B2x)/2. By applying A to cc = (1/2)Ax +
(l/2)Ba? we have Ax = (1/2)A2x + (l/2)& and hence A2x - x = 2(Ax-x).
Thus by repeatedly replacing A, 2? by A2 and B2 in the above argu-
ment, we obtain A2nx — x = 2%(A# — a?). This contradicts the boun-
dedness of {Anx: n = 0, 1, 2, •} unless A# = a?. Similarly Bx = x,
completing the proof.
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