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AN INVERSION FORMULA FOR A DISTRIBUTIONAL
FINITE-HANKEL-LAPLACE TRANSFORMATION

B. R. BHONSLE AND R. A. PRABHU

In this paper a Finite-Hankel-Laplace transformation of
a certain generalized functions is defined, and an inversion
formula is established.

1. Introduction. Schwartz first introduced the Fourier trans-
form of distributions in 1947. Since then, extension of the classical
integral transformation to generalized functions has been of con-
tinuing interest. Some pertinent references are [1], [2], [3], [4], [5],
[7], [8], and [9]. The classical Finite-Hankel-Laplace transform of
function f defined on —co <& < o0, 0 < y < 1 is defined as

(L1 Fo, 3 = | | ve =t G @, vdsdy

where J,(z) is the Bessel function of first kind of order n = —1/2
and J,, J., J, - -+ are positive zeros of J,(z) arranged in ascending
order.

An inversion theorem for the transform (1.1) is as follows.

THEOREM 1.1. Let f(x,y) satisfy Dirichlet conditions in the
interval —oo <2< 0,0 <y <1 and ye=f(x, y) be absolutely inte-
grable on —oo < & < 0,0 <y <1 for some positive value of c¢. If
its Finite-Hankel-Laplace transform in that range is defined as (1.1),
then at any point (x, yY), — < & < o, 0<y <1 at which the function
f(z, ¥) is continuous,

_ 1 & 20.00.Y) S"”” - .
X, T ”— (2 FS; m d
fl, ) =53 To () ot (s, Jm)ds
where Re(s) =0 > c.

It is natural to try to extend the classical Finite-Hankel-Laplace
transform to generalized functions. In this paper above Theorem
1.1 is extended to generalized functions.

2. The notation and terminology. In notation and terminology
we follow [2] and [10]. The open set (— o, ) x (0, 1) will be denoted
by I. We will use the following operators,

@.1) Do, — D’;(Df, +1py — ﬁz)k', Bk =0,1,23, -
Y Yy
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where n = — 1/2 and the expression,

TN(y, z‘) = ”‘21;1 2Jn(3:r;y)(€;n()jmz') .

(2.2)

3. The spaces LU,,,.., LU, 2, ¢, n) and their duals. Let
a, b, ¢, n be real numbers such that ¢=1/2,n = — 1/2, and let k&
be the function defined as

er 0= <

ke, =
S P —o <2 <0

then LU,,.. is defined as the linear space of all complex valued
smooth functions ¢(x, ¥) on —oo <2< 0,0 <y <1 such that for
each k, k' =0,1,2,3, ---

b wle(@, Y] = sup |kSy D,y g, ¥)ll < o .

0<y<1

We assign to LU,,.,. the topology generated by the semi-norms
{0% ik }ii—o Hence LU,, ., . is countably multinormed space which
is complete. The dual space LU, ,, ., consists of all continuous linear
functionals on LU,,;,,. By the Theorem 1.8.3 [10, p. 21] LU, ;...
is also complete. If ¢ <d and ¢ < b, then LU,,.,.,C LU,,,.. and
the topology of LU,,,.. is stronger than the topology induced on it
by LU,,,... Consequently the restriction of any member f e LU, ;...
to LU,,.,,, is in LU;,,.,.

We turn now to a certain countable union space LU(w, z, ¢, n).
Let w denote either a finite real number or — - and 2z denote either
a finite real number or + . Choose two monotonic sequences {a,};-,
and {b,}7-, such that a, —w, and b, —z_.. Then LU(w, z, ¢, n) is
defined as countable union space of all LU,,s, .. spaces; thus
LU(w, 2, ¢, n) = U=, LU, 1,0, A sequence {¢,}i., converges in
LU(w, 2, ¢, n) if and only if it converges in LU,, .. for some k.
Since for each k, LU,, ... is complete and hence a countable-union
space, LU(w, 2, ¢, n) is complete. LU'(w, z, ¢, n) denotes the dual
space of LU(w, z,¢,n). Hence LU’(w, z, ¢, n) is also complete [10,
p. 25].

Now we note several facts to which we will refer later.

(I) Clearly, D(I) is sub-space of LU,,,. ., as well as of LU(w, z,
¢, n), whatever be the value of a, b, w or z; the convergence in D(I)
implies the convergence in LU,,,.,, and also convergence in LU(w, z,
¢, n). Consequently, the restriction of any member of LU,,., or
LU (w, 2z, ¢, n) to D(I) is a member of D'(I). Hence the member of
LU, ,..and LU (w, z, ¢, n) are distributions in the sense of Zemanian

[10, p. 39].
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(II) Since D(I)is dense in LU(w, z, ¢, ») for every w, z therefore
by Theorem 1.9.1 [10, p. 24] LU (w, z, ¢, n) is a subspace of D'(I).

(III) Let w=« and y=z, then LU(x, ¥, ¢, n)C LU(w, 2, ¢, ») and
convergence in LU(z, ¥, ¢, n) implies the convergence in LU(w, z, ¢, n).
Since D(I)c LU(x, y, ¢, n) and D(I) is dense in LU(w, z, ¢, n), LU(x,
¥y, ¢, ») is also dense in LU(w, 2, ¢, n). Hence by Theorem 1.9.1 [10,
p. 24] LU (w, #, ¢, n) is a subspace of LU (%, y, ¢, n).

(IV) If f(z,y) is locally integrable function defined on — oo <
< o, 0<y<1l and if S S HES ' f (%, ¥)|dxdy exists, then

f(x, y) generates a regular generahzed function on Lu,,,, through
the definition

o> =\ " @ wot, vdody, $ € LU ...

Similarly, if w < a and b < 2, then f generates a regular member
of LU (w, 2, ¢, n) through the definition

oy =\ s v, dedy, g LU, 2, ¢, ).

(V) For each m=1,2,3,--- and n = —1/2,¢=1/2 and a <
Re (s) < b, the function e**yJ,(j,y) is a member of LU,,,,,,.
For all ¢ > w and z > b, e**yJ,(4,.¥) is a member of LU(w, z, ¢, n).

4. The generalized Finite-Hankel-Laplace transformation. Let
¢, n satisfy n = —1/2,¢= 1/2. We shall call a generalized function
f as Finite-Hankel-Laplace-transformable if it belongs to LU’(w, 2, ¢, n)
for some real number w, 2. Let o, and o, defined as follows:

oy = inf {w/f € LU (w, #, ¢, n)}
os = sup {z/f e LU (w, 2, ¢, n)} .

We are now in a position to define the generalized Finite-Hankel-
Laplace transformation, which we denoted by ~25#,. For given
Finite-Laplace-transformable generalized function f, let £2; denote
the strip {s/o; < Re(s) < o;} and let {j,} be the positive zeros of
J,(2) arranged in ascending order. Then, the Finite-Hankel-Laplace
transform F(s, j,) of f is defined as the application of f to the
kernel e **yJ,(5.Y), i.e.,

(4.1) LTINS, Tn) = F(s, 50) = {f(@, ¥), € YT (3nY))

where se 2; and {j,} are the positive zeros of J,(z). For any se 2,
and all j,, the right-hand-side of (4.1) has meaning as the application
of fe LU (ay, 05, ¢, n) to ye **J,(jny) € LU(0y, 0y, ¢, ») (or equivalently
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the application of feLU,,.. to ye **J(j.y) € LU,,,.,, for any o, <
a < Re(s) b < py).

If f(x,y) is a locally integrable function such that ye™*J,(j.¥)
is absolutely integrable and ¢, < a < b < p; then its conventional
Finite-Hankel-Laplace transform

g: Si}/e—” (IS (@, y)dady

exists for at least one s€ £, and for all j, where {j,} are positive
zeros of J,(z) and can be identified with our generalized Finite-Hankel-
Laplace transform (4.1).

5. Inversion and uniqueness. We shall now derive an inversion
formula for Finite-Hankel-Laplace-tranformation. The proof of the
inversion formula requires some lemmas.

LEMMA 5.1. Let F57(f) = F(s, ju) for sc€Q; and j,, let
#(x, y) e D), and set for 0 < a' < b <1

I

0Gs, 50 = | | ver=TGapnte, wvay .

a

Then for any fixed real number R,0 < R < o

|| <t 2 e, da)dw
(5.1) o .
= (£t 0, | erel (400G, d)dw)

where s = 0 + 1w and o is fixed with o, < 0 < p;.

, Proof. As it is obvious that the functions e*zJ,(j,7) and
S et (JuT)D(s, Jn) dw are members of the space LU,,.. with

t,g as the variables of testing funections, the expressions on both
the sides of (5.1) have sense. Using the technique of Riemann sums
as used in [10, Lemma 3.5.1. p. 64], (5.1) can be easily established.

LEMMA 5.2, Let o/, b’ be any two real numbers satisfying 0 <
o <b <1. Then

(5.2) lim gb, Sw yTy(y, T)Sll-wdxdy =7
Ry, N—» Ja’ J—co (x — 1)

when —oo <t < oo,a <7D\

The proof can be left to the reader.
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LEMMA 5.8. Let a, b, ¢c and R be real numbers such that a < o <b
and ¢ = 1/2, let y(x, y) e D(I). Then for fixed vy, (%, y)e D(I)I, =
{(@, )] —c0 < & < o0,y is fived}

1

(5.3) = S°_° oz, e SIBE —8) g

(® — 1)

converges in LU, to ¥(t,y) as R — oo.
The proof is similar to that of Lemma 3.5.2 [10, p. 66].
LemMMA 5.4. If +(x, y) e DU), then

b’ oo
Zigie || Leov, )

5.4

=¥, Dy Ty (y, 7) @D

converges to zero uniformly as R, N— « for all (t,7)€(—oo, o0) X
(0, 1), where the support of (x,y) is contained in [A, B] X [a/, b'];
where —oo < A< B< 0,0<a <b < 1.

Proof. Let us divide the interval (— oo, =) x (0, 1) into four
disjoint sets [(— o, A)U(B, )] x (0, 1), (4, B) x (¥, 1), (4, B) x (0, &)
and [4, B] x [a/, b']. For (¢, 7)€ [(— o, A)U(B, )] X (0, 1), 4(t, 7) =0
since (¢, 7) is supported by [A4, B] x [&/, b’].

Therefore

Sin R(x — t) dady

b (o
Lo S | e, ) = v, N0 Ta 0,
T a’ J—oo (fl) - t)

=—1—ké‘,’ﬂ° Sb/ Sw e’ y(x, y)y Ty (v, T)wdxdy .
T a’ J—oo (x — 1)

In view of Lemma 5.3 as R — oo, this integral reduces to
b/
—71;10.‘,‘,’:,1° g Y, )Ty, T)dy .
Thus we want to show that for fixed ¢t and 0 < y < 1

(5.5) tim Lktee |yt 0)Tulw, ©)dy = 0

N—co
uniformly for all (¢, 7). Since (¢, v) € D(I,),

I, = {(, y)/t is fixed, 0<y <1}
then (¢, ¥) is bounded say by K
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b!
| e | bt W Tatw, o)1y
=< K7k, Sb"[yTN(y, 7)|dy .

In view of the analogue of Riemann Lebesque lemma [6, p. 589],
for given ¢ > 0 there exists a positive integer N, such that

’ S:y Ty(y, T)dy ’ = ey (2 — ECf—e W't

for all N = N,, which is bounded by c¢’¢/(1 — b')V/z. Therefore, for
all N= N, and for all (¢, 7)e[(— o, A)U(B, «)] x (0, 1)

k&

" ’ c—1\2 !
¢, ) Tuly, D)y | < €57 < ¢
Saly“}’"( )Ty, 7) y! = @3A-=%) " @@-9)

since ¢ = 1/2. Hence as ¢ is arbitrary, we have (5.5) as stated above.
Thus

—l—kff,’bf” Sb Sm [e”* ™ yr(, y)
(5.6) ’ n Sin R t
—p(t, DNy Tuly, DB EE =8 gogy 0
(x — 1)
as R, N — oo, uniformly for all (¢, 7) € [(— o, A)U(B, «)]x (0, 1).
In a similar manner we can prove that for all (¢, 7)e(4, B) X
(b, 1) and (¢, 7)e (4, B) x (0, a)

L |7 7 Lot 1) — e, )
T a’ J—oo

5.7 Sin R(x —

t)
@—1) dxdy 0

X yTy(y, 7)

uniformly as R, N — .
Next we want to show that

1 t) e (= s(z—t) _ Sin R(x — t)
Lige | |7 lowoiie, v~y ) 2EEESD

XYyTy(y, T)dedy — 0 as R, N—>

uniformly for all (¢, 7)e[A4, B] x [¢/, b].
Now

1
T

kslee Sb So_c e (x, y) — P(¢, 7))

X wy TN(y’ z')dxdy
(x — 1)
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— Lt | e, v) — 9, DTty dy

as R—> .

Hence we need to show that for fixed ¢ and o/ < 7 < b’

%kff,’m Sbi[«k(t, y) — ¥, DlyTy(y, )dy — 0 as N—— o
uniformly for all (¢, 7). Let F(y,t, 7)%* — ) = y "[v(&, v) — ¥(t, )]
for 0<y<1,0<7 <1, and ¢ is fixed. Now define function

G(y’ t, T) = F(y, t, T)r Yy=r1

_ Yy "Dy(t, y),yir,D: _ﬁ_,
2y - 0y

G(y, t, 7) is continuous of ¥, ¢, and = in the domain {¢ is fixed, 0 <
y<1,0< <1 Now

Szl,y[«#(t, ) — ¥(t, D] Tw(y, T)dy
= v Fu, 6, 0w — )T, 9y
= [ v"6w, b, 9w — Tay, Dy

as the value of the integral remains unchanged by replacing expression
F, ¢, o)y — ) by Gy, t, o)(¥* — ©°).

Let us now divide the interval o/ <7z < b in to » equal parts
by the points o’ = ¥, ¥,, - -+, ¥, = b’ and after choosing positive number
g, p so large that

3 (Un = L)Wa — v <

where U,, and L, are upper and lower bounds of G(t, v, 7)in ¢¥,._, <
YSYma =t=b. Let G, 9, 7) =G, Yn T) + wa(t, ¥, T) for
Ynr =Y = Ym0 =T =0 so that |w,(, ¥, 7)| U, — L.

Using uniform continuity of the function G(t, y,7) over the
region {a' £y <V, a’ <7 < b’} and following the lines in the proof
of the analogue of Riemann Lebesgue lemma [6, p. 589], for an
arbitrary ¢ > 0 we get a positive integer N, such that

b’ !
G 2 <__ ¢
[ w6, v, 00 — Ty, Dy | = T

for all N = N,. Hence for all (¢, 7), ¢t is fixed and o’ <7 < ¥’
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»
kaves |yl y) — v(t, OIT(y, ©)dy

ey

ferote < c'e

4
1-0) " 1-0b)

I\

where ¢ gi .
2
Since ¢ is arbitrary,
b
S|yt 1) — 9l OITuly, Dy — 0 as N—

uniformly for all fixed ¢ and 7 e [a/, b'].

Thus
1,. b
Zee | | e o, ) — ity )
(5.8) .
Wyfl"v(y, z-)dxdy —0
(® —©)

uniformly for all (¢, ) €[4, B]x[a’, b'] as R, N—c. Combining (5.6),
(5.7) and (5.8), the lemma yields.

LEMMA 5.5. For ¢(x, y)e D), 0 < a’ <b <1

(5.9) 065, 5.) = |

a

, S_ ye' I (Juy)g(x, y)dady .

G0 Mty ) = 2| 52 S| 10,5000, Gl |

converges in LU,, . . to 7é(t, T) as R, N — co for all (t, T) € (— 0, o) X
0, 1).

Proof. Since the integrand in (5.10) is a smooth function and
¢ is of bounded support, we may differentiate under the integral
sign, and obtain

DR [t -t Mp (8, T)]

2 L (" Dro¥ [T, (7,000, j.)d
IJ:_H(j) —271_“ —r tw n,z‘e 'n.?m !Jm w

2 1 SR k+ k' ok 42k ,—st y
- —1 8" )m € J'n. ]mf
TG V)

X :Sb S:e”an(J’My)qS(x, y)dxdy]dw}

= mZqum){ElE [, (D30

11 1estivena, G, v dedy Jdw)

LJa’

M=

I
M= 1§

m
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m

M(a,,,){ 217r S_J—U"e‘“humn
XB’ S_mD’iﬂﬁiy[eS“ (Ga)lys(x, y>-dwdy]dw} _

Now we consider

b (oo
(1| | Dresfent (Gulusts, v)dady

Upon integrating by parts the inner integral % times and since
é(x, ¥) is of compact support this integral reduces to

[, vet,r.G.0] |7 Dste, wled iy .

Again integrating by parts 2k’ times we get

b’ o
1 psostota, wive .G wdady

Therefore

N

= J5+1(Jm)
<[ |7 presitote, iwe,(Gapdady Jaw} .

EQ¥ [ My o(t, 7)] = 2i {SR ] (JuT)

Changing the order of integration, we obtain

Dty [t t Mg x(t, 7)]

= o= |7 [ eesitste, wluTatw, <) | eedw |oay |

-2 S”' S‘” DEQY (@, )y Taly, 0) SR EE =) poeogpgy |
27[ a! J—oo (x — t)

Hence in light of Lemma 5.2 we have as R, N —

D?QZ,ITT_l[TMR,N(t: T) - T¢(t, T)]

= LI feeonzer o, w1 - Diotgsc, o1
« S E@ =1 7 (y, 7)dady
(x — %)
____7%_ S:" S_w[ea(x—t)w(x’ y) — (¢, T)]M_yTN(y, 7)dxdy

t)

where (x, y) = D:Q¥ [4(x, y)] which is again a member of D(I) with
support contained in [A, B] x [a/, b']. Hence it suffices to show that
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%_—két,)b‘f”[gb' Siw[ea(m—t),‘lf(x, Y) — (e, Z')]]

a’!

% Sin R(xz — t)

Ty(y, T)dxd
@ -0 yTy(y, 7)dady

converges to zero as R, N — c uniformly for all (¢, 7)€ (— o0, ) X
(0,1). This is true in view of Lemma 5.4, and thus the proof of
Lemma 5.5 is complete.

6. The main theorem. Let f(x, y) be a Finite-Hankel-Laplace-
transformable function and F(s, j,.) the generalized Finite-Hankel-
Laplace-transform of f as defined by

F(s, j,) = {f(x, ¥), e Y (Ju¥))

for s€2; and {j,.}, the positive zeros of J,(z).
Then in the sense of convergence in D'(I)

6h Sy = lim L5 2D (s, s
B Bl A2 Thes(G) oo

where o is any fized number o; < ¢ < P;.

Proof. Let ¢(x, y) be an arbitrary member of D(I). We wish
to show that

1 < 2Jn(jmy) orin 8% ]
(g 2D R, )i, o2, )

= <f(t7 T), ¢(t’ T)> as R’ N— o,

(6.2)

Since ¢(x, y) e D(I) iff yo(zx, y) € D(I), then (6.2) will be equivalent to
showing that

N y gt+iR
(oo 2 2L (e, ,)ds, ugla, 1))
(6.3) Tt w=t J3(Jp) Jo-ir

= <f(t’ T), T¢(t9 7'-)> as R’ N—> oo,

As ¢(z, y) € D), let us assume that the support of ¢(x, ¥) is contained
in [4, B] x [@/, b'], where —0 < A< B < ,0<a <b <1 As

1 & 2J.05.9) S””RQMF(S .
- - s Im)ds
211 w=1 Jp 1 (Jm)

0—iR

is locally integrable and since yé(zx, ) € D(I) then without limit nota-
tion (6.3) can be written as

b (oo Y 2J.(J.y) 1 ([t o . d]
Sal S_mygﬁ(x, v ""2=|1 Inii(Im) 2me So—me (s, Jm)ds (dwdy .
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Put s =0 +iw. We get

" Y 2J(Gnd) 1 (% wpi. s 1
v & AT |\ eF s, ddw |dady .

Since ¢(x, y¥) has a compact support and the integrand is a continuous
function of (x, ¥, w) we can interchange the order of integration.

N 1 u .
S o |V D e e G

X[Sb Sm e (¥ (2, y)dwdy]dw}

= Jnﬂ(o,,,) { : S RUCKIE RS ACRIC J'm)dw}

where

b’ oo
0G5, 5. = | | el Gawpta, vy .

Now by Lemma 5.1 we have

S5 ){—1— I" s, 0, e 3.2000, 401w}

2
(4
é Jiﬂ(ym) {<f R S:e_”w"(j”‘f)qj(s’ jm)d'“’>} :

Since f is a continuous linear functional, we have

MR Jw G (1,05 | et imoG, ddw)
= (760 25 g Ve eI, dodw).

Because feLU,,., and in view of Lemma 5.5, the last expression
tends to {(f(t, t), té(t, 7)) as R, N— co. This completes our proof
of the main theorem.

Uniqueness Theorem 6.1. If Zs7,(f) = F(s, j.) and L S7,(9) =
G(s, 7n) for all se 2y = {s/o; < Re(s) < p;} and se, = {s/log <
Re(s) < p,} and {j.}, positive zeros of J.(2), if 2,N 2,0, and if
F(s, 5.) = G(s, 3,.) for se2,N 2,, then f = g in the sense of equality
an D'(I).

Proof. By above theorem, in the sense of convergence in D'(I)
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1 1 X 2Jn(jmy)r kiR .
7 =lim o 2, T2 (i) .6, s |

=tlim {1 5 2LUD ™ o, )05 ]|

R, N—0o0 27‘C’i m=1 J,Z_H(jm) ¢—iR

= g(x, ¥).

Hence f = g, in the sense of equality in D'(I).
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