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FANS AND EMBEDDINGS IN THE PLANE

LEx G. OVERSTEEGEN

We prove that every fan which is locally connected at
its vertex can be embedded in the plane. This gives a
solution to a problem raised by J. J. Charatonik and Z. Rudy.

1. Introduction and definitions. In 1963, K. Borsuk [4] con-
structed a fan which is not embeddable in the plane. Hence, the
question arises to characterize those fans which are embeddable in
the plane. In particular, in [5] it was asked whether each contractible
fan is embeddable in the plane. In an attempt to solve this problem
in the negative, J. J. Charatonik and Z. Rudy constructed a contrac-
tible fan which is locally connected at its vertex. They conjectured
([6], p. 215) that this fan is not embeddable in the plane. We show
in this paper that each fan, which is locally connected at its vertex,
is embeddable in the plane (see Theorem 5.2). We will also establish,
for fans, several equivalences between the local connectedness at the
vertex and other conditions. In a forthcoming paper [11] the author
has shown that each contractible fan is locally connected at its vertex,
and hence embeddable in the plane.

By a continuum we mean a compact connected metric space. A
dendrotd is an arc-wise connected and hereditarily unicoherent con-
tinuum. By a fan we understand a dendroid which has exactly one
branch-point, and we call this branch-point the wertex of the fan.
If z, y are points in a dendroid X, then we denote by [z, y] the
unique arc in X having x and y as end-points. The weak-cut order
<, with respect to a point p, in a dendroid X is given by

=9

x <y if and only if [p, 2] [p, ¥].

We denote by I the unit closed interval [0, 1] of reals, and the
symbol B(x, €) denotes the open ball of radius ¢ about the point x.
We use the symbol = to denote that two spaces are homeomorphic.
The symbol R, as used in Lemma 8.1, denotes a set of indices.

2. Embeddings in the plane. A cover U ={U, U,, ---, U,} of
a space is called an e-chain if the nerve (see [8], p. 818) of U is an
arc and diam(U;) < ¢ for 1 =1,2, ---, n. A continuum X is said to
be arc-like if for each e > 0 there exists an e¢-chain covering X. A
point e of an arc-like continuum X is called an end-point provided
for each ¢ > 0 there exists an e-chain U,, U,, ---, U, covering X such
that
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(1) e Ul\inL:JZU,-.

It is known (see [9], p. 148) that every 0-dimensional compact
metric space K is homeomorphic to a subset of the Cantor ternary
set Cc [0, 1], and hence K possesses a natural order <. We will
call this ordering the induced ordering on K. The main result of
this section is Theorem 2.2. We start with the following lemma.

LeMMA 2.1. Let X be a compact metric space and let {J,}, a € A,
be the decomposition of X into components. Let ¢ > 0 and let K be
a 0-dimensional compact set in X, with induced ordering = such
that:

(2) J, is an arc-like continuum for each a e A,

(38) J,N K = {e,}, where e, is an end-point of J, for each a € A.
Then there exists am open cover U of X such that U is a finite union
of disjoint e-chain V(i =1,2, ---, t), where V, = {U@, )}i=12, ---,
k(1)) such that:

(4) Kc Ui, UG, D\Ui- UL UG, 9),

(5) all nonadjacent elements of U have positive distance,

(6) for each 1,1 <1 < t, there exist a,, b,e€ K such that:

KnU@u,1) ={xecKle, =2 =<b}.

Proof. Denote by 0 the minimal and by 1 the maximum element
of K. Let g: X— K be defined by g(x) =e, if x€J,, then g is a
monotone retraction. Let

(7) =, =sup{ec K|for each ¢ < ¢ there exists an open cover

of ¢g7Y([0, ¢']) satisfying the conclusion of Lemma 2.1},
then 2,=0. By (2) and (8) there exists an e-chain U, U,, U,, ---, U,
in X covering ¢g7'(x,) such that

k
KﬂUUj=@.

j=2

Since g7 (x,) CU%.,U; and K is 0-dimensional there exists a closed and
open set HC K such that ¢ *(H)c U!..U,;. Moreover, we can choose
H such that

HNK={rxeK|a =2 <0b}
for some a and b in K. If a > 0, define 2, = sup {x € K|z < a}, then
x,¢ U, and z, < a. By (7) there exists a cover U of g7([0, z,]) satisfy-

ing the conclusions of the lemma (if a =0, take U = @). Since
9740, x,]) is open in X we may assume that U U c g7([0, «,]). Hence

UU{Ung_l(HMJ = 19 2’ "'916}
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is a cover of g7 %[0, b]) satisfying the conclusion of the lemma. It
follows the definition of x, that x, = b.

If x, =b =1, we are done, whence suppose %, < 1 and let z, =
inf {x € K|x > x,}. By repeating the argument above, replacing wx,
by x,, one can show that ¢7'([0, x,]) can be covered with a cover
satisfying the conclusion of the lemma, contrary to (7), since x,>x,.

We will call a cover U that satisfies the conclusion of Lemma
2.1 an e-cover of X.

THEOREM 2.2. Let X be a compact metric space and K a closed
subset of X. Let {J,},ac A, be the decomposition of X imto com-
ponents such that:

(8) J.N K = {e}, where e is an end-point of J, for each a € A,

(9) J, ts an arc-like continuum for each acA. Then there
exists an embedding h: X — I* such that W(K) = (X)) N1, where | =
{(z, y) e I*ly = 0}.

Proof. Notice that by (8) K is 0-dimensional. By Lemma 2.1,
there exists for each ¢ > 0 an e-cover of X. Let U, be a 1/2-cover
of X and » > 0 such that 7 is the minimum distance between two
nonintersecting elements of U,. By induction we construct a sequence
of covers U, U,, --- of X such that U, refines U,_, U, is a (1/2)"-
cover, no sub-chain of less than nine links of U, connects two non-
intersecting elements of U, _,.

Given a cover U of X, satisfying the conclusion of Lemma 2.1,
we label the chains V,, V,, ---, V, of U such that inf{x|x e KNV} <
inf{xlxe KNV} if 1 <j, and the links of the chain V, = {U(4, 1),
U@, 2), ---, Ui, k(4))} such that KNV, cU(4,1). If U and U™ are
both covers of X, satisfying the conclusion of Lemma 2.1, then we
say that U follows the pattern {(a, b)), (a, b.), ---, (@, byw), - -,
(@, by} in U* if the jth link of the ith chain of U is contained in
the b;th link of the a,th chain of U*(i.e., U(3, j) c U*(a;, b;).

There exist in I* a sequence of open sets D, D, --- such that
D, is a finite union of (1/2)"-chains whose elements are interiors of
rectangles, and such that D, follows a pattern in D,_, that U, follows
in U,_,, each element of D,_, contains the closure of an element of
D,, while the closure of each element of D, lies in an element of
D,_, and the first link of each chain of D, intersects [ in a non-
degenerate interval, while the closure of all other elements of D,
are contained in I3\l(n =1,2.--).

The existence of the open sets D, satisfying the above follows
from an argument similar to one used by R. H. Bing (see [3], p. 654),
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the only difference being that in each cover D,_, we insert, in the
next step, finitely many, instead of one, new chains and we require
the first link of each chain of D, to intersect I in a nondegenerate
interval, while the closures of all other elements of D, are contained
in I*\l.

The latter facts can be established by dividing each chain of
D,_, into finitely many “strips” in each of which we insert, in the
next step, a new chain in such a way that we always insert new
links on a predescribed “side” of already chosen previous links.

It follows from Theorem 11 of [2] that X is homeomorphic with
the continuum Y = Df N Df N ---, where D} denotes the union of
the elements of D, and moreover it follows from the choice of D,
that Y satisfies the conclusion of Theorem 2.2, and the proof is
complete.

3. Fans locally connected at the vertex. A fan X has prop-
erty P', if for each sequence of points {x,} in X (¢ =1,2, ---) con-
verging to the vertex v of X we have

(L) Ls[v, @] = {v} .

THEOREM 3.1. Let X be a fan with vertex v and

(2) X=U,z{J,|J,=10,1] for each reR and J, NJ,, = {v} if
r, # 1, € R},
then the following are equivalent:

(3) X has property P,

(4) for each € > 0, there exists a connected open mneighborhood
U of v such that diam(U) < ¢ and Bd(U) N J, is connected for every
reR,

(5) X s locally commected at v.

Proof. (8)—(4). Let ¢ >0 be given and let < be the weak-
cut order of X with respect to v. Define V = B(v, e),

x(r) =inf{xe X|xweJ, NBAV)} if J,NBUV) = 2,

fyed,ly=zx@)} if J,NBAV)= O
%] otherwise

(6) Q. =

and Q@ = U,.2Q,. It follows that v¢ @, since if {v;} is a sequence
in @ converging to v, then w, = x(r;,) for some 7,€ R, and hence

Ls[v, v;] N BA(V) == @, contrary to (3).
Let U = X\@, then U is an open neighborhood of v and diam(U) <

1 1t follows from the definition that property P is related to the notion of a Q-
point or a P-point (cf. [1] and [7], respectively).
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diam(V) = ¢. We will show that U satisfies all conditions of (4).
We claim that

(7) if ze U and « < #z, then x e U, or, equivalently, if € @ and
2z =2, then z¢Q.

To this end, suppose that (7) is false. Hence xc @, let {x,} be
a sequence in @ converging to x. Then z, = x(r;,) € BA(V) for some
r,eR(t1=1,2,---). We may assume that the sequence {x(r;,)} con-
verges to a point x,€J, N Bd(V) for some 7r,€R.

By ([9], p. 171), Ls[x,, z(r,)] is a continuum and since [z,, z(,)] C
Qi =1,2, ---) we have Ls[x,, #(r)]c@cX\{v}. Moreover, since X is
hereditarily unicoherent, it follows that [z, «,] < Ls[x,;, 2(r)]cQ C
X\{v} and we consider two cases as follows:

Case 1. zelx,x,]. Then zeQ.

Case 2. z¢|x,x,]. Then, since z > x, z > max {x, x,} and conse-
quently z > 2, = x(r,). Hence ze€@Q by (6) and the definition of Q.

In both case we conclude that z e Q, contrary to the assumptions
in (7) and the proof of (7) is complete. It follows from (7) that U
is connected. In order to show that J, N Bd(U) is connected for each
re R, we will show that if z, yeJ, N BA(U), say * < y, and z € [z, v,
then zeJ, N BA(U).

Since ze¢J, NBA(U) =J,NUNQ and z > x, it follows from (7)
that ze€ Q. Moreover, since y ¢ U, there exists a sequence {y,} in U
converging to y. Since Ls[v, y;] is a continuum ([9], p. 171), con-
taining both % and v and X is hereditarily unicoherent, it follows that
[v, y] © Ls[v, y;]. As ze[v, y], we may assume that there exists a
sequence {z;}, where z;¢e[v, y,], converging to z. By (7), 2, U and
whence ze U. Obviously zeJ, and we conclude ze¢J,NUNQ =
J, N Bd(U).

(4) — (): Trivial.

(5) — (3): Suppose X does not have property P. Let {x;,} be a
sequence of points in X converging to v such that Ls[v, z,] = K {v}.

Let ¢ > 0 be such that diam(K) > 3¢ and let U be a connected
neighborhood of v such that diam(U) < e¢. Then there exists an
index 7 > 0 such that z,e U and [v, 2,] N [X\B(v, 2¢)] # @. But then
U and [v, ] are two continua in X whose intersection is not con-
nected, contradicting the fact that X is hereditarily unicoherent,
and the proof is complete.

4. Decompositions of fans. We say that a space X is a (¢ = ¢)-
space if, in X, every quasi-component is connected. In other words,
for (¢ = ¢)-spaces the quasi-components and the components coincide.
We will show that if a fan is locally connected at the vertex v of
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X, then X\{v} is a (¢ = ¢)-space.

THEOREM 4.1. Let X be a fan which is locally connected at the
vertex v of X and

X = U,er /.14, =10, 1] for each reR and J, N J,, = {v}
of r#reR}.

Then X\{v} is a (¢ = ¢)-space and {J\{v}}, r € R, is the decomposition
of X\{v} into quasi-components.

Proof. It is sufficient to show that if », # r,e€ R, then there
exists a closed and open set G — X\{v} such that

(1) J\vcGcX\J, .

By Theorem 8.1 there exists for each n(n =1,2, ---) a neigh-
borhood U, of » such that diam(U,) < 1/n, U,., < U, and Bd(U,) N J,
is connected for each re¢R. We may assume that J, N Bd(U, #
@ #dJ,,NBd(U,). Let R, ={reR|Bd(U,)NJ, # Q}n=12,--),
then R, CR,., and U, R, = R.

Let Y be the space obtained from Bd(U,) by identifying all com-
ponents of Bd(U,) to a point and let f:Bd(U,)—Y be the natural
projection. It follows ([9], p. 148) that dimY = 0. Since

fJ,, N BA(UY) # f(J,, N BA(TY)) ,
there exists a closed and open set H in Y such that
F(T, N BA(UY) € Hf CY\f(J,, N BATY) .

Let H, = f'(Hf), then H, is a closed and open set in Bd(U,).
Define A, = {reR,|J.N H, # @} and B, = {reR,|J,N H, = @}, then
A NB =@ and A, UB, = R,. Moreover, since H, is closed and open
in Bd(U,), we have that

P,=UUAe) and Q=Y WA

are disjoint and closed subsets of X\{v}.
By induction we will construct sets A4, and B, such that
(2) A, ,cA,B,.cB, A,NB,=@ and A,UB, =R,
and if P, = U,c4, {J.} and @, = U,., {J,} then P, and @, are disjoint
and closed subsets of X\{v}(n =1,2, ---).

Suppose A4,_; and B,_, have been constructed. Since P,_,N
Bd(U,) and Q,_, N Bd(U,) are disjoint closed subsets of Bd(U,) and
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J, N Bd(U,) is connected for each r ¢ R, it follows as above, replacing
U, J.,NBA(U,) and J, N Bd(U,) by U,, P,_, N Bd(U,) and @,_, N Bd(U,)
respectively, that there exists a closed and open subset H, of Bd(U,)
such that

P, ,nBA(U,)c H, < BAU,)\Q.- -

Let A, ={reR,|J,NH,+#* @} and B, ={reR,|J,N H, = &}, then
A, and B, satisfy (2).

Let A=, A4, and B=J;-, B,, then AUB=Rand AN B =
@. Let G = U,es {J\{¥}} and G, = U, .4, {(J\U,}. Since G, is open
in X and G = U,-,G., it follows that G is open in X. Similarly
X\(G U {v}) = U,es{J\{v}} is open in X. Hence G is both open and
closed in X\{v} and, since r,€ A, and », € B,, (1) is proved.

5. Property P and embeddings in the plane. The main result
of this section is Theorem 5.2 where we prove that if a fan is locally
connected at its vertex, then it can be embedded in the plane. This
result gives a solution to problem 1015 of [6].

Since every fan is hereditarily decomposable and hence 1-dimen-
sional ([9], p. 206), we can consider every fan as a subspace of I°.
We start with the following lemma.

LEMMA 5.1. Let X be a fan, with vertex v and

X =U,z{J.1J, =10, 1] for each reR and J, N J,, = {v}
iof r, # r,€ R}

such that {J\{v}}, re R, is the decomposition of X\{v} imto quasi-
components, then there exists an embedding f: X\{v} — C X I® such
that each quasi-component of X\{v} is contained in {c} x I® for some
ceC, and

(1) FXwH\F(X\fvh) < C x {v},

where C [0, 1] denotes the Cantor ternary set.

Proof. We may assume that XcI®. By (|9], p. 148), there exists
a continuous function g: X\{v} » C such that the quasi-components
of X\{v} coincide with the point-inverses of g. Then the function
f: X\{v} — C x I* defined by f(x) = (9(x), x) is an embedding. Only
(1) remains to be shown. Let

(2) (¢or %) € F(X\{H\F(X\{o}) ,

and let {(c;, z)}(+=1,2,---) be a sequence of points in f(X\{v})
converging to (¢, ;). We may assume that the sequence {z;} in X,
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where x;, = f((¢;, 2,)), converges to a point y€ X. We consider two
cases as follows:

Case 1. y #= v. Then the sequence {f(x,)}, where f(x,) = (¢, x,),
converges to f(y). Henece f(y) = (¢, 2,), contrary to (2).

Case 2. y = v. Then 2, = v and whence (1) holds.
These two cases complete the proof of the lemma.

THEOREM 5.2. Let X be a fan which s locally connected at the
vertex v of X, then X is embeddable in the plane.

Proof. Let
X = L!Q{JAJ = [0, 1] for each re R and J, N J,, = {v}
if r, = r,e R}.

It follows from 4.1 that {J,\{»}}, r € R, is the decomposition of X\{v}
into quasi-components. Hence by Lemma 5.1 there exists an embedding
f: X\{#} - Cx I® such that each quasi-component of X\{v} is contained
in {¢} x I® for some ¢eC and

FXWH\f(X\{vh) < C x {o} .

It follows that f(X\{v}) satisfies all conditions of Theorem 2.2, where
K= fFf(X\{v}))N(C x {v}). Hence there exists an embedding &: f(X\{v}) —
I* such that (K) = h(f(X\{v}))N1l, where | = {(x, y) e I*|y = 0}. Let
w: I* — I*/l be the natural projection. It follows (see [9], p. 533)
that I* = I?/l and whence the mapping ¢: X — I?/l defined by

_(moheo f(x) if x+w0,
=z if z=w

9()
is the required embedding.

REMARK. J. J. Charatonik and Z. Rudy constructed a fan X
which is locally connected at its vertex (see [6], p. 215). They
conjectured that this fan is not embeddable in the plane. The above
theorem disproves their conjecture and gives a solution to problem
1015 of [6].
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