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HOMOGENIZATION OF REGULAR RINGS
OF BOUNDED INDEX

K. R. GOODEARL AND D. E. HANDELMAN

This paper is about deriving sufficient conditions for a
von Neumann regular ring of bounded index of nilpotence
to split into a direct product of homogeneous factors, and
with deriving necessary and sufficient conditions for such a
ring to be biregular. (Most of the results are actually
proved in somewhat greater generality, for regular rings
whose primitive factor rings are artinian, or for regular
rings which are subdirect products of artinian rings.) The
splitting of a regular ring R of bounded index into a direct
product of homogeneous factors is obtained from purely
numerical hypotheses on the set 22 of lengths of simple
artinian factor rings of R. For example, this holds if no
element of & is a positive integral linear combination of
other elements of .. In case R is biregular, it suffices to
assume that no element of < is a multiple of any other
element of #°. Under similar hypotheses on a particular
element t€.«, it is proved that R = R, X R. such that all
simple artinian factor rings of R, have length ¢ (i.e., R, is
homogeneous of index ¢) and no simple artinian factor
rings of R, have length {. In the latter part of the paper,
topological criteria are derived for K to be biregular.
Namely, R is biregular if and only if the prime ideal
spectrum of R is Hausdorff, if and only if the set of ex-
treme pseudo-rank functions on R is compact.

All rings in this paper are associative with unit. We use
M,(R) to denote the ring of all » X » matrices over a ring R. If
R is a simple artinian ring, we use /(R) to denote the composition
series length of R as a right (or left) R-module.

DEFINITION. The index of a nilpotent element 2 in a ring R is
the smallest positive integer n such that 2™ = 0. The index of R
is the supremum of the indices of all nilpotent elements of R. If
this supremum is finite, then R is said to have bounded index (or
finite index). If R is a regular ring of bounded index =, then all
indecomposable factor rings of R are simple artinian of length at most
n, by [5, Theorem 2.3] or [4, Theorem 7.9]. In particular, every
regular ring of bounded index is a subdirect product of simple
artinian rings. Similar results also hold for any regular ring R
whose primitive factor rings are artinian, in which case all indecom-
posable factor rings of R are simple artinian, by [6, Theorem 38.4]
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or [4, Corollary 6.7].

DEFINITION. An abelian regular (or strongly regular) ring is a
regular ring in which all idempotents are central. Equivalently, an
abelian regular ring is a resular ring with no nonzero nilpotent ele-
ments. Thus a regular ring is abelian if and only if it has index 1.

DEFINITION. Let R be a regular ring of bounded index n. We
say that R is homogeneous if all primitive factor rings of R also
have index n. Since all primitive factor rings of R are simple
artinian, this is equivalent to requiring that all simple artinian factor
rings of R have length n. As the following theorem shows, every
homogeneous regular ring of index n can be expressed as an n X n
matrix ring over a regular ring of index 1.

THEOREM 1. (Kaplansky) Let R be a regular ring, and let n
be a positive integer. Then R = M,(S) for some abelian regular
ring S if and only if all primitive factor rings of R are artinian
of length m.

Proof. [5, Theorem 4.2] or [4, Theorem 7.14].

It is quite easy to construect regular rings of bounded index which
cannot be decomposed into direct products of homogeneous rings, as
follows. Start with a numerical relation of the form mt, + --- +
myt, = t, where my, ---, my, t;, - - -, t,, t are positive integers. Choose
a field F, and set T = M,(F'). In view of the relation m,, + --- +
mit, = t, we see that T has a block diagonal subring S= S, x --- X S,,
where S; = M, (F'). Now let R be the ring consisting of all those
sequences {z,} of elements of 7 for which there exists an index j
such that ;€S and z; = #;4, = %;45, = ---. It is clear that R is a
regular ring of index ¢. Defining e, ¢, --- € R so that ¢;; =1 and
e, = 0 for all n = 14, we see that these e, are orthogonal central
idempotents in R, that @e,R is a two-sided ideal of R, and that
each ¢R=T. However, R/(@PeR)=S=S, X --- XS, hence R
has exactly one simple artinian factor ring of length ¢, for each
4=1,.--, k. Consequently, we conclude that R cannot be isomorphic
to a direct product of homogeneous rings.

To summarize this example, given any relation m.f, + --- +
myt, = t among positive integers m,, ---, my, t;, - - -, &, t, there exists
a regular ring R of index ¢ such that the set of lengths of simple
artinian factor rings of R is {¢, ¢, ---, ¢} and such that R is not
isomorphic to a direct product of homogeneous regular rings of
bounded index. We prove in Corollary 7 that if no (nontrivial) such
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numerical relations hold among the lengths of the simple artinian
factor rings of a regular ring R of bounded index, then R is
isomorphic to a direet product of homogeneous rings. Our methods
are based on analyzing the pseudo-rank functions which arise on
artinian factor rings of R, as follows.

DEFINITION. A pseudo-rank function on a regular ring R is a
map N: R — [0, 1] such that

(a) - NQ) = 1.

(b) N(xy) < N(z), N(y) for all z, yeR.

(¢) N(e+ f)= N(e)+ N(f) for all orthogonal idempotents ¢, fe R.
A rank function on R is a pseudo-rank function N such that for all
rxekR,

(d) N(x) =0 if and only if z = 0.
The kermel of a pseudo-rank function N is the set ker (N) =
{x e R|N(z) = 0}, which is a proper two-sided ideal of R, by [2,
Lemma 5] or [4, Proposition 16.7]. The kernel of a family of
pseudo-rank funections on R is defined analogously.

DEFINITION. Given a regular ring R, we use P(R) to denote the
set of all pseudo-rank functions on B. We view P(R) as a subset
of the real vector space R”, which is given the product topology.
As shown in [2, pp. 270, 273] or [4, Proposition 16.17], P(R) is a
compact convex subset of R®. We shall use both of these properties
frequently, particularly compactness. As an alternate description of
the topology on P(R), note that a net {N,} £ P(R) converges to some
Ne P(R) if and only if N,(x) — N(z) for all x e R.

LEMMA 2. Let R be a regular ring, let t be a positive integer,
and set

V,={NeP(R)|R/ker (N) is simple artinian of length t} .

If PeV,, then R/ker (P) = R, X --- X R, for some simple artinian
rings R, and m,/(R) + --- + ms(R,) =t for some positive integers
m,.

Proof. Set
X, ={NeP(R)|Nx)e{0,1/t, 2/t, ---, 1} for all xe R},

and note that X, is a closed subset of P(R) which contains V,. Thus
Pe X,, which we claim implies that the ring R = R/ker (P) is artinian.
If R is not artinian, then it must contain an infinite sequence g, g, -

of nonzero orthogonal idempotents. By [4, Proposition 2.18], these
g; lift to orthogonal idempotents &, h,, --- in R. Since each g, # 0,
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we have h, ¢ ker (P), whence P(h;) = 1/t. But then
Phy+ -+ + hyy)) = Ph) + -+ + Plhey) =2+ D/E> 1,

which is impossible.

Therefore R is artinian, as claimed. Then R=R, X --- X R,
for some simple artinian rings R, of length ¢,.

There exist nonzero orthogonal idempotents e,; € R (for i=1,---,k;
j=1,---,t) such that S, e; = 1 and ¢;;R = ¢,,R for all ¢, j, n. By
[4, Proposition 2.18], these idempotents lift to orthogonal idempotents
fi;€R such that 3. f, =1 and each f,; =e; Note that each
P(f;;) > 0 and that P(f;;) = P(f.,) for all 4, j, . Since PeX,, we
thus find that there exist positive integers m,, ---, m, such that
P(f;;) = m,/t for all 7, j. Consequently,

ti

Simiji = 3 Shmjt = 5 3P0 = 1,

i=1 j=1 i=1 y=1

whence m/(R) + -+ + m/(R,) = ¢.

LEMMA 3. Let R be a regular ring, let t be a positive integer,
and set

V.= {NeP(R)|R/ker (N) is simple artinian of length t} .

Let Pc P(R), and assume that ker (P) is a maximal two-sided ideal
of R. If ker(V,) < ker (P), then R/ker (P) is simple artinian, and
R has simple artimian factor rings R, ---, R, such that
m,/(R/ker (P)) + m/(R,) + -+« + m/(R,) =1t for some positive
integers m,;.

Proof. Set X, ={Ne P(R)|N(x)e{0, 1/t, 2/t, ---, 1} for all x € R},
and note that V, < X,.

We claim that ker (N) < ker (P) for some Ne V,. Suppose not.
For each ecker (P), set Wi(e) = {Ne P(R)|N(e) > (t — 1)/t}. Given
any Ne V,, we have ker (N) £ ker (P) and so ker (N) + ker (P) = R,
by maximality of ker (P). As a result, there must exist an idempotent
e e ker (P) such that 1 — eeker (IN), whence N(e) = 1 and so Ne W(e).
Thus V, S U.cxery W(e). Since V, is compact and each W(e) is open,
there must exist e, - - -, e, € ker (P) such that V, S W(e) U --- U W(e,).
Choose an idempotent e € R such that eR = ¢,R + --- + ¢,R, and note
that ecker (P). Given any Ne V,, we have Nc W(e,) for some 1,
whence N(e) = N(e;) > (t — 1)/t and so N(e¢) = 1 (because Ne X;). In
particular, N(1 —¢) =0 for all NeV,, hence 1 —ecker(V,). On
the other hand, P(1 — ¢) = 1, which contradicts the assumption that
ker (V,) < ker (P).
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Therefore ker (N) < ker (P) for some Ne V,, as claimed. Ac-
cording to Lemma 2, R/ker (N)= R, X --- X R, for some simple
artinian rings R; and m/(R,) + -+ + m,/(R,) = ¢ for some positive
integers m,. Since R/ker (P) is simple, we must have R/ker (P) = R;
for some j, and we may renumber the R, so that R/ker (P) = R,.

DEFINITION. We use Spec (R) to denote the prime ideal spectrum
of a ring R, that is, the set of all prime ideals of R, equipped with
the usual hull-kernel topology.

LEMMA 4. Let R be a regular ring, let t be a positive integer,
and let J, be the intersection of all those two-sided tdeals M of R
Jor which R/M is simple artinitan of length t. If KeSpec(R) and
J, < K, then R/K is simple artintan and R has simple artinian
Sfactor rings R, ---, B, such that ms(R/K)+ mys(R,)+ -+ +
m/(R,) = t for some positive integers m,.

Proof. Set V, = {Ne P(R)|R/ker (N) is simple artinian of length
t}, and note that J, < ker (V,). If M is a two-sided ideal of R such
that R/M is simple artinian of length ¢, then there exists Ne V,
such that ker (N) = M, whence ker (V,) < M. Thus ker (V,) = J..

Inasmuch as R/J, is a subdirect product of simple artinian rings
of length ¢, we see that R/J, has bounded index, whence R/K is
simple artinian. Then there is some Pe P(R) for which ker (P) = K,
and ker (V,) < ker (P), hence we obtain the desired conclusion from

Lemma 3.

THEOREM 5. Let R be a regular ring, set
7 = {/(R)|R' is a simple artinian factor ring of R},

and let se <. Assume the following condition:

(*) If mt, + -+ + mt, = s for some ¢, ---, t,€.%° and some
positive integers m,, ---, My, then k=1 and t, = s.

If J, is the intersection of all those two-sided ideals M of R for
which R/M 1is simple artinian of lemngth s, then R/J, = M/(S) for
some abelian regular ring S.

Proof. Applying (*) to Lemma 4, we see that if K e Spec (R)
and J, < K, then R/K is simple artinian of length s. Thus all
primitive factor rings of R/J, are simple artinian of length s, whence
Theorem 1 says that R/J, = M,(s) for some abelian regular ring S.

THEOREM 6. Let R be a regular ring which 1s a subdirect
product of artinian rings, set
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7 ={/(R")|R s a simple artinian factor ring of R},

and let se & Assume the following condition:

(t) Suppose that mit, + --- + mt, =t for somet, t, ---, t,€ &
and some positive integers m,, ---, m,. Then t=s i1f and only if
some t, = s.

Then R = M/S) x T for some abelian regular ring S and some
regular ring T which has no simple artinian factor rings of length
t.

Proof. If <& is infinite, then there must exist distinct ¢, u e &
which are congruent modulo s. If ¢ < u, then ms + t = u for some
positive integer m, which contradicts (). Thus .~ must be finite.
Inasmuch as R is a subdirect product of artinian rings, it follows
that R has bounded index.

Set J,= N{MecSpec(R)|/(R/M)=1t} for all te<, and set
J =MN..,J,. Note that J, N J = N Spec (R) = 0.

If KeSpec(R) and J, < K, then by Lemma 4, m,/(R/K) +
Moty + -+ + myt, = s for some ¢, € & and some positive integers m,.
By (), some ¢, =s, which is only possible when k=1 and
/(RIK) = s.

Now consider any K eSpec (R) such that J < K. Since & is
finite, I],;.J; <J < K and so J, < K for some ¢t #s. By Lemma 4,
m,/(RIK) + myt, + --- + myt, =t for some ;€< and some positive
integers m;, whence (f) says that /(R/K) + s.

Consequently, no prime ideal of R contains both J, and J. Then
J, +J =R, hence R = (R/J,) x (R/J). The previous paragraph
shows that R/J has no simple artinian factor rings of length s. In
addition, we have seen that all prime factor rings of R/J, have
length s, whence Theorem 1 says that R/J, = M,(S) for some abelian
regular ring S.

COROLLARY 7. Let R be a regular ring which is a subdirect
product of artinian rings, and set

7 ={/(R")|R is a simple artinian factor ring of R} .
Assume the following condition:

(8) Ifmg, + -+ + myt, =t for somet, t, ---, t, € <" and some
positive integers m,, ---, m;, then k=1 and t, = .

Then 7 is finite and R = [1.. . M,(S,) for some abelian regular
rings S,.

The assumption () in Corollary 7 puts boundedness restrictions
on ~ (in addition to finiteness). For instance, if < contains a
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pair of relatively prime integers ¢, and ¢,, then it is a consequence
of (#) that ¢t < tt, — ¢, — ¢, for all t e &

We indicate some cases in which the above results apply. Let
R Dbe a regular ring of bounded index, and set

2 = {/(R)|R" is a simple artinian factor ring of R}.

First consider the case when .&¥ = {2, 3, 4}. If J, is the intersection
of all MeSpec (R) for which #(R/M) = 2, then Theorem 5 says that
R/J, = M,(S) for some abelian regular ring S. However, J, need not
be a direct summand of R, as shown by the examples above. Also,
Theorem 6 says that R = M,(S') X T for some abelian regular ring
S’ and some regular ring 7T which has no simple artinian factor
rings of length 8. However, R need not be isomorphic to a direct
product of homogeneous rings, as shown by the examples above.
Now consider the case when .%¥ = {3,5,7}. In this case, Corollary
7 says that R = M(S,) X MS;) x M,(S,) for some abelian regular
rings S,, S;, S;.

DEFINITION. For any ring R, we use B(R) to denote the Boolean
algebra of all central idempotents in B. We use BS(R) to denote
the Boolean spectrum of R, that is, the spectrum (maximal ideal
space) of B(R). The ring R is biregular provided that for any x ¢ R
there is some ¢ € B(R) such that RxR = eR.

If R is a regular rings which is isomorphic to a direct product
of homogeneous rings of bounded index, then it follows from Theorem
1 that R must be biregular. Thus we would expect improved versions
of Theorems 5 and 6 and Corollary 7 in case the rings involved are
biregular. This is indeed so: for the biregular cases of these results,
we need only assume that there are no divisibility relations of
certain kinds among the lengths of simple artinian factor rings.
The proofs in the biregular case are easier as well, since here
standard Pierce sheaf methods may be used. We begin with the
following easy and well-known lemma, which does not seem to have
a suitable reference in the literature.

LEMMA 8. Let R be a biregular ring, and let K be a proper
two-sided ideal of B. Then the following conditions are equivalent:

(a) K 1s a maximal two-sided ideal of R.

(b) R/K 1is indecomposable (as a ring).

(¢) K= K'R for some K € BS(R).

(d) KN B(R)e BS(R) and K = (KN B(R))R.

Proof. (d)= (c¢) a priori.
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(¢) = (b): Given any central idempotent ¢ € R/K, the biregularity
of R impries that there is a central idempotent f € B(R) such that
f =e. Since K'e BS(R), either fe K’ or 1 — f e K', whence either
e=0or e=1.

(b) = (a) is immediate from the biregularity of R.

(@) =(d): It is clear from the maximality of K that K' =
K N B(R) belongs to BS(R). Having proved that (¢) = (b) = (a), we
know that K'R is a maximal two-sided ideal of R, whence K'R = K.

LEMMA 9. Let R be a regular ring which is also biregular, let
W be a set of positive integers, and let J,, be the intersection of all
those two-sided ideals M of R for which R/M s simple artinian
and /(RIM)e W. If R is any simple artinian factor ring of R/J,,
then /(R')|t for some te W.

Proof. There is a two-sided ideal K of R such that J, £ K
and R/K=R'. If s=s(R'), then there exist s X s matrix units
¢;;€ R/K such that e, + --- + ¢,, = 1. Choose elements f;;€ R such
that f;; = e;; for all 7, 7. Inasmuch as K = (KN B(R))R by Lemma
8, there is some central idempotent g of R such that ge K, the
(1 —9)f;; are s xs matrix units in B, and (1 —¢)fyy + --- +
1—9)f,=1—g. Thus (1 —g)R is an s X s matrix ring. Since
geK, we have 1 —g¢ K and so 1 — g¢J,,. Consequently, there is
some two-sided ideal M of R for which R/M is simple artinian,
/(RIM)=te W, and 1 —g¢M. Then geM, whence R/M is an
s X s matrix ring, and so s|t¢.

THEOREM 10. Let R be a regular ring which ts also biregular,
set

7 ={/(R")|R' is a simple artinian factor ring of R},

and let se . Assume that t}s for all t € & such that t #s. If
J, 18 the intersection of all those two-sided ideals M of R for which
RIM is simple artinian of length s, them R/J, = M,/(S) for some
abelian regular ring S.

Proof. Inasmuch as R/J, is a subdirect product of simple
artinian rings of length s, we see that R/J, has bounded index.
Thus if R’ is any primitive factor ring of R/J,, then R’ is simple
artinian. According to Lemma 9, #(R’)|s, which by our hypotheses
implies that #(R") =s. Now apply Theorem 1.

THEOREM 11. Let R be a regular ring which is also biregular,
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and assume that R is a subdirect product of artintan rings. Set
2 = {/(R|IR' 15 a simple artinian factor ring of R},

let s€.%%, and assume that syt and trs for all te€ & such that
t #s8. Then R=MJS) x T for some abelian regular ring S and
some regular ring T which has no simple artinian factor rings of
length s.

Proof. Let J, be the intersection of all those two-sided ideals
M of R for which R/M is simple artinian of length s, and let J be
the intersection of all those two-sided ideals M of R for which R/M
is simple artinian and #(R/M) # s. Note that R/J, has bounded
index. Since R is a subdirect product of artinian rings, we see
that J,NJ = 0.

If J,+.J % R, then R has a maximal two-sided ideal M such
that J, +J < M. Sinece R/J, has bounded index, R/M is simple
artinian. Then Lemma 9 says that «(B/M)|s and /(R/M)|t for some
te & such that ¢ # s. Under our hypotheses, this is impossible.

Therefore J, + J = R, whence R = (R/J,) X (R/J). It is clear
that R/J has no simple artinian factor rings of length s. Also,
Theorem 10 says that R/J, = M,(S) for some abelian regular ring S.

We would like to thank Walter Burgess for helping to simplify
our original proofs of this theorem and the following corollary.

COROLLARY 12. Let R be a regular ring whose primitive factor
rings are artinian, and assume that R is also biregular. Set

& = {/(R)|R" 1s a stmple artinian factor ring of R},

and assume that syt for all distinct s,te o, Then & 1is finite
and R = [1,.. M,S,) for some abelian regular rings S,.

Proof. For each te <4 Theorem 11 says that there exists a
central idempotent e, € B(R) such that e,R = M,(S,) for some abelian
regular ring S, and (1 — ¢,)R has no simple artinian factor rings of
length ¢. Since all simple factor rings of ¢,R have length ¢, we see
that the ¢, are pairwise orthogonal. If M is any maximal two-sided
ideal of R, then R/M is artinian and /(R/M) = s for some s¢ &,
whence 1 —¢,e M and so ¢,¢ M. Thus 3 ¢,R is not contained in
any maximal two-sided ideal of R, hence 3>} e¢,R = R. Therefore &~
is finite and R = [] e.RR.

We indicate some cases in which these results apply. Let R be
a regular and biregular ring of bounded index, and set
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¥ ={/(R")|R' is a simple artinian factor ring of R} .

First consider the case when & = {2, 8,5, 10}. If J; is the intersec-
tion of all M eSpec (R) for which #/(R/M) = 5, then Theorem 10 says
that R/J;, = M,(S) for some abelian regular ring S. (This may fail
if R is not biregular, because 2 + 3 = 5.) However, J; need not be
a direct summand of R, as may be shown by an example of the
type constructed above. Next consider the case when ¥ = {2, 3, 8}.
In this case, Theorem 11 says that R = M,(S) x T for some abelian
regular ring S and some regular ring T which has no simple artinian
factor rings of length 3. (This may fail if R is not biregular, because
2+2-3=28.) However, R need not be isomorphic to a direct product
of homogeneous rings, as may be shown by an example of the type
constructed above. Finally, consider the case when ¥ = {2, 3, 5}.
In this case, Corollary 12 says that R = M,(S,) X M,(S,) x M,S,) for
some abelian regular rings S,, S;, S;. (This may fail if R is not
biregular, because 2 + 3 = 5.)

Since our results are valid with weaker hypotheses in the bi-
regular case than in the general case, it is of interest to characterize
the biregular rings among those regular rings to which our results
apply. This we do for regular rings R whose primitive factor rings
are artinian. We may view such an R as constructed from a family
of simple -artinian rings, and the manner in which these simple
artinian rings are joined together to form R is indicated by the
topology on Spec (R). This topology determines whether or not R
is biregular, for, as we prove in Theorem 15, R is biregular if and
only if Spec (R) is Hausdorff. It is convenient to proceed by relating
biregularity to the following conditions.

DEFINITION. Given modules 4 and B, we use the notation A <B
to mean that A is isomorphic to a submodule of B. A regular ring R
is said to satisfy the comparability axiom if for any x, y € R, either
2R <yR or yR < xR. A regular ring R is said to satisfy general
comparability if for any x, y € B there is some central idempotent
e e B(R) such that exR < eyR and (1 — e)yR < (1 — e)zR.

PROPOSITION 13. Let R be a regular ring such that all simple
homomorphic images of R satisfy the comparability axiom. Then
R is biregular if and only if R satisfies general comparability and
all prime ideals of R are maximal.

Proof. If R satisfies general comparability and all prime ideals
of R are maximal, then R is biregular by [4, Corollary 8.24]. Con-
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versely, assume that R is biregular. By Lemma 8, all prime ideals
of R are maximal.

Given elements z, y € B, choose idempotents g, h € B such that
gR = ¢R and hR = yR, and set

G = {Me BS(R)|g(R/MR) < h(R/MR)} ;
H = {Me BS(R)|h(R/MR) < g(R/MR)} .

We claim that G and H are open subsets of BS(R). Given MeG,
there exist elements a € g(R/MR)h and b € h(R/MR)g such that ab = g.
Choose cegRh and dechRg such that ¢ =a and d =b. Then
¢d — ge MR, hence there exists f e M such that cd — g = fled — g).
Consequently, we see that V = {Ke BS(R)|f € K} is a clopen subset
of BS(R) such that Me VS G. Thus G is open, and likewise H is
open.

For any M e BS(R), Lemma 8 says that MR is a maximal two-
sided ideal of R, hence by hypothesis R/MR satisfies the com-
parability axiom. Thus either g(R/MR) < h(R/MR) or h(R/MR) <
g(R/MR), whence MeG U H.

Therefore G U H = BS(R), hence BS(R) — G and BS(R) — H are
disjoint compact subsets of BS(R). Inasmuch as BS(R) is totally
disconnected, there must be a clopen set W < BS(R) such that
BS(R) — H<Z W and BS(R) — G < BS(R) — W, so that W< G and
BS(R) — W< H.

Now W = {Mec BS(R)|e¢ M} for some ec B(R). For all Me W,
we have MeG and so g(R/MR) < h(R/MR). Applying [7, Proposi-
tion 3.4] to the ring eR, we conclude that egR < ehR, that is,
¢xR < eyR. Similarly, (1 — e)yR < (1 — ¢)xR. Therefore R satisfies
general comparability.

For many considerations, the topology on the spectrum of a
regular ring R is too coarse to distinguish certain needed informa-
tion. For instance, even if R has bounded index, the maps M+
Z(xR[xM) (for various = € R) need not be continuous. However, the
corresponding maps involving P(R), namely N +— N(x), are continuous.
In order to effectively utilize this and similar observations, we need
topological relations between Spec (R) and P(R). Specifically, we
develop such relations between Spec (R) and the following subset of
P(R).

DEFINITION. Let K be a convex subset of a real vector space.
An extreme point of K is any point 2 € K which cannot be expressed
as a nontrivial convex combination of two distinct points of K. In
other words, « is an extreme point of K if and only if the only
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convex combinations x = ay + (1 —a)z with 0 <a <1 and y,2e K
are those for which ¢« =0, @« =1, or y = 2. The extreme boundary
of K, denoted 0,K, is the set of all extreme points of K. In situa-
tions where K has a topology, we give 9,K the relative topology.

PROPOSITION 14. Let R be a 7regular ring whose primitive
factor rings are artinian.

(a) There is a continuous bijection 6:0,P(R)— Spec (R) given
by the rule O(N) = ker (N).

(b) @ is a homeomorphism if and only if Spec (R) 1s Hausdorf.

Proof. (a) If Neo,P(R), then R/ker (N) is indecomposable (as
a ring) by [4, Lemma 16.24] and so R/ker (N) is a simple artinian
ring. Thus we obtain a map 6: 3,P(R) — Spec (R) given by the rule
O(N) = ker (N).

If M eSpec(R), then R/M is a simple artinian ring, hence there
exists a unique rank function on R/M. Thus there exists a unique
N e P(R) for which ker (N) = M, and it follows from the uniqueness
of N that Neo,P(R). Therefore 6 is a bijection.

If X is a closed subset of Spec (R), then X = {M e Spec (R)|Y < M}
for some YZ R. As a result,

(X)) ={Neo,PR)|Nly) =0 for all ye Y},

which is a relatively closed subset of o,P(R). Therefore ¢ is con-
tinuous.

(b) Since 0,P(R) is Hausdorff, necessity is clear. Conversely,
assume that Spec (R) is Hausdorff. We claim that 0,P(R) must be
closed in P(R).

If not, then there is some N € P(R) which lies in the closure of
0,P(R) but not in o,P(R). There exists a real number a such that
0 < @ <1 and distinet P, P,e P(R) such that N = aP, + (1 — a)P,.
Note that ker (N) < ker (P,) for each 7. As a result, we see that
P, and P, induce distinet pseudo-rank functions on R/ker (N). Thus
R/ker (N) is not a simple artinian ring, hence ker (N) ¢ Spec (R).
Consequently, there exist distinct M, M,eSpec(R) such that
ker (N) < M, for each <.

Inasmuch as Spec (R) is Hausdorff, there exist disjoint open sets
V, and V, in Spec (R) such that each M,c V,. Then each V, =
{M e Spec (R)| X; & M} for some X, & R. For each 4, there is some
x;, € X, such that x,¢ M;. Note that if M eSpec (R) and x;¢ M, then
Me V,. Thus for any M e Spec (R), we must have either x,€ M or
x, € M.

Since x,¢ M;, we have xz,¢ker(N). Set W = {Pec P(R)|each
P(x;) > 0}, and note that W is an open subset of P(R) which contains
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N. Inasmuch as N lies in the closure of 3,P(R), there must be some
Qeod,P(R)N'W. But then ker (Q)eSpec(R) and each z,¢ker(Q),
which is impossible.

Thus 0,P(R) must be closed in P(R), as claimed, whence 0,P(R)
is compact. Therefore 6 is a continuous bijection of a compact space
onto a Hausdorff space, hence # is a homeomorphism.

The map ¢ in Proposition 14 is a continuous bijection of the
Hausdorff space 0,P(R) onto the compact space Spec (R), hence by
purely topological considerations, ¢ is a homeomorphism if and only
if 9,P(R) is compact and Spec (R) is Hausdorff. Since Proposition 14
shows that # is a homeomorphism provided only that Spec(R) is
Hausdorff, it is natural to ask whether it also suffices to assume only
that 9,P(R) is compact. This is true if R has bounded index, as
Proposition 16 shows, but not in general, by Example 18.

DEFINITION. Given a module 4 and a positive integer n, we use
nA to denote the direct sum of n copies of A.

THEOREM 15. If R is a regular ring whose primitive factor
rings are artinian, then the following conditions are equivalent:

(a) R 1is biregular.

(b) R satisfies general comparability.

(e) Spec (R) is Hausdorff.

Proof. By [1, Theorem 1] or [4, Theorem 6.10], R is unit-
regular. Consequently, all factor rings of R are unit-regular.

(a) = (b) by Proposition 13.

(b) = (¢): According to [4, Theorem 8.25], Spec (R) is home-
omorphic to BS(R), whence Spec (R) is Hausdorff.

(¢) = (a): According to Proposition 14, the rule 6(N) = ker (N)
defines a homeomorphism ¢ of 3,P(R) onto Spec (R).

Given ze R, set X, = {Neo,P(R)|N(z) < 1/n} and K, = ker (X,)
for all # = 1,2, ---. Note that K, < K, < ---. Clearly X, is closed
in 0,P(R), hence 6(X,) is closed in Spec(R), so that 6(X,) =
{M e Spec (R)| K, < M}.

We claim that ze¢ UK,. If not, then there exists K e Spec (R)
such that UK, < K but ¢ K. Choose an integer k > #(R/K).
Inasmuch as N(z) < 1/k for all Ne X,, we infer that k(xR/xM) < R/M
for all Me#(X,). Applying [4, Theorem 4.19] to the unit-regular
ring R/K,, we obtain k(xR/xK,) < R/K,, and consequently k(xR/zK) <
R/K. Since /(R/K) < k, it follows that xR/xK = 0, which contradicts
the fact that z¢ K. Thus ze UK, as claimed.

Therefore xze¢ K, for some n. Set X = {Ned,P(R)|N(x) = 0},
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and note that X is closed in 0,P(R). Given any N €0,P(R) for which
N(z) < 1/n, we have Ne X, and ze K, = ker (X,), whence Ne X.
Thus we also have X = {Ned,P(R)|N(x) < 1/n}, so that X is a
relatively open subset of 4,P(R).

Consequently, 8(X) is a clopen subset of Spec (R), hence there
exists ec B(R) such that 6(X) = {MeSpec (R)|ec M}. In addition,
we have 0(X) = {M e Spec (R)|x € M}, from which we conclude that
eR = RxR.

Therefore R is biregular.

Comparing Theorem 15 with Proposition 14 brings up the follow-
ing question: If R is a regular ring whose primitive factor rings
are artinian, and if 6,P(R) is compact, then is R biregular? We
show that this is true in case R has bounded index, but not in
general.

PROPOSITION 16. Let R be a regular ring of bounded index, and
let 6:0,P(R) — Spec (R) be the continuous bijection given by the rule
O(N) = ker (N). Then 0 maps all compact subsets of 0,P(R) onto
closed subsets of Spec (R).

Proof. Let W< 0,P(R) be compact, and note that the closure
of 9(W) is the set {M eSpec (R)| ker (W) < M}. Thus it suffices to
show that if M e Spec (R) — (W), then ker (W) £ M.

Note that ker (N) = M for all Ne W, whence ker (N) £ M for
all NeW. Inasmuch as R has bounded index, the set & =
{«(R/K)| K eSpec (R)} is finite, hence we may choose an integer
t > max (). Then for all Neo,P(R) and x € R, either N(x) = 0 or
N(z) > 1/t.

For each x e R — M, set V(z) = {Ne P(R)| N(x) < 1/t}, which is
an open subset of P(R). Inasmuch as ker (N) £ M for all Ne W,
we see that these V(x)’s cover W. By compactness, there exist
Z, -+, %, €R — M such that W< V(z,)U --- U V(z,). There exist
Y+, Yo € B such that the element z = x4y, <+ o Y12, lies
in R — M. Given any Ne W, we have N¢e V(x;,) for some ¢, whence
N(z) £ N;) <1/t and so N(z) =0. Thus zeker (W), whence
ker (W) £ M, as desired.

THEOREM 17. Let R be a regular ring of bounded index. Then
R is biregular if and only if 0,P(R) is compact.

Proof. If R is biregular, then Spec (R) is Hausdorff. In this
case, Proposition 14 shows that 6,P(R) is homeomorphiec to Spec (R),
whence 0,P(R) is compact.
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Conversely, assume that 6,P(R) is compact. In view of Proposi-
tions 14 and 16, we see that the rule 6(N) = ker (N) defines a
homeomorphism ¢ of 4,P(R) onto Spec (R). Thus Spec (R) must be
Hausdorff, whence Theorem 15 says that R is biregular.

EXAMPLE 18. There exists a regular ring R, whose primitive
factor rings are artinian, such that 6,P(R) is compact but R is not
biregular.

Proof. Choose a field F, set R, = M,(F') for all n =1,2, ---,
and set J = @R,, which is a two-sided ideal of ITR,. Choose an
idempotent ec /IR, such that rank (e,) = 1 for all », and set R =
Fe+ F(1 —¢) + J. It is clear that R is a regular subring of IIR,.
Observing that every central idempotent of R is also central in /IR,,
we see that there does not exist f € B(R) such that fR = ReR, whence
R is not biregular.

For each n, let g, denote the identity element of R,. Then
(1—g.,)R is a maximal two-sided ideal of R and R/1 — ¢,)R = R,.
Also, M, =Fe + J and M,=F(1 —e) +J are maximal two-sided
ideals of R such that R/M,=R/M,=F. Checking that M,, M,, and
the (1 — g,)R are the only prime ideals of R, we find that all primi-
tive factor rings of R are artinian.

In view of Proposition 14, ¢,P(R) = {Q,, Q., P, P,, P,, ---}, wWhere
ker (@) = M, for each 7=1,2 and ker (P,) = (1 — g,)R for all n =
1,2 ---. We claim that P, — Q, in P(R).

Given any € R, we have © = ae + B(1 — e) + y for some o, Be F
and some y€J. Note that Q,(x) = rank (8) (we are viewing B as a
1 x 1 matrix). Choose a positive integer % such that y, = 0 for all
n > k. Then we infer that P,(x) = [rank (a) + (» — 1) rank (B)]/n
for all n > &k, whence P,(z) — Q,(x).

Thus P,(x) — Q.(x) for all xe R, hence P,—Q, in P(R), as
claimed. As a result, we conclude that @, is the only limit point
of the set {P, P, ---}, and consequently that 0,P(R) is closed in
P(R). Therefore 0,P(R) is compact.
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