
PACIFIC JOURNAL OF MATHEMATICS
Vol. 84, No. 2, 1979

SUPER-REGULAR SEQUENCES

JUDITH D. SALLY

Let (R, m) be a local ring with associated graded ring
RlmφmJm^ζBmVw? Θ •••. This paper deals with

the problem of finding properties of R which lead to good
properties in grR. There are two main results in this paper
which give techniques for recognizing when the maximal
homogeneous ideal of grR contains regular elements. Ap-
plications of these results give examples of local Cohen-
Macaulay rings which have Cohen-Ma caulay associated
graded rings.

Let (R, m) be a local ring with associated graded ring grR —
R/m 0 mjm2 0 m2/m3 0 . Information about grR gives some
measure of the singularity at R since properties of grR yield data
about the Hubert function of R and about monoidal transforms of
R. However it is often difficult to compute grR and it is seldom
true that properties of R are carried over to grR. Thus, it is
important to recognize characteristics of R which lead to good pro-
perties in grR.

There are two main results in this paper which give techniques
for recognizing good properties in grR. The first shows when the
initial forms of a regular sequence in m/m2 form a regular sequence
in grR; the given regular sequence is then called super-regular.
(All our applications use homogeneous regular sequences of degree
one in grR, so we have avoided some complications by primarily
considering this case. If R/m is infinite and if grm contains a
regular sequence of length t, it contains a homogeneous regular
sequence of degree one of length t.) The second result shows that
for certain local Cohen-Macaulay rings the question of whether grR
is Cohen-Macaulay can be reduced to the same question for such
Cohen-Macaulay rings of dimension one. The paper concludes with
several applications of these results. The applications give examples
of local Cohen-Macaulay rings which have Cohen-Macaulay associated
graded rings.

We begin with some definitions. For any nonzero element x in
the local ring (12, m), let % denote the initial form of x in grRt i.e.,
if x 6 ms\m8+1, x = x + m8+1 G ?»72Sβ+1 We will say that x has order
s and that x has degree s. Let 0 be the zero element in grR. 0
has infinite order and 0 has infinite degree. A system of elements
of R (of grR) has order s (degree s) if each element has order s
(degree s).
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466 JUDITH D. SALLY

Recall that if S is any commutative ring, a sequence of elements
x19 , xt of S is a regular sequence if (xu , xt)S Φ S and if, for
i = 1, ••-,<,&, is not a zero divisor on £>/(&!, , Xi-JS.

For the case of a local ring (i2, m) it is important to know when
grm, the maximal homogeneous ideal of grR, contains a regular
element. For the existence of a regular element in grm permits a
change of rings which reduces dimension. This is described in the
following lemma.

LEMMA 0.1. Let (R, m) be a local ring with associated graded
ring grR. Suppose that grm, the maximal homogeneous ideal of
grRf contains a regular element. Then grm contains a homogeneous
regular element x and, if x is any element of R with initial form
x, there is an isomorphism of graded rings grR/xgrR = gr{RjxR)
induced by the natural map of local rings R —> R/xR.

Proof. By [8, Ch. VII, §2], the prime ideals Pu -- ,Ph in Ass
grR are homogeneous. By [8, pg. 286, footnote], grm gs l)P< implies
that there is a homogeneous element x of positive degree s, say,
such that x&Pi for i = 1, , h. Let x be any element of R with
initial form x. Consider the natural homomorphism v\ R —> R/xR.
Since v(mn)Q(m/xR)n, the induced homomorphism grv: grR-^gr(RjxR)
given by (grv)n: mn/mn+ι —> (mlxR)nl(mJxRY+ι is a homomorphism of
graded rings, cf. [1, Ch. 3, §2, no. 4], To show that grv is surjec-
tive with kernel xgrR, it is enough to show that (grv)n is surjec-
tive with kernel (xg?-R)n. It is clear that (grv)n is surjective. If
w e mn/mn+1 and {grv)nw = 0, then w e (mn+ί + xR) Π mn = mn+1 +
(xR Π mn) for any w e w. Since x is regular in grR, xR Π mn = xmn~\
where a nonpositive power of m is understood to be R. Thus
w = z + xy with z e m*+1 and y e mn~s. Again using that x is regular
in grR, we have that xy = xy = z + xy = w. This proves that w e
x<7ri2 and completes the proof of the lemma.

We will say that an element x in m, the maximal ideal of a
local ring (R, m), is super-regular if x is a regular element in grR.
A sequence of elements xlf - - , xt in R will be called a super-regular
sequence if â , , ̂  is a regular sequence in grR.

Several properties of super-regular sequences follow easily. A
super-regular sequence xu , xt is a regular sequence. For if xx is
a regular element in grm, x1 is a regular element in R and, by
(0.1), grlRjxJl) = grR\xxgrR. By induction, the images of a?2f , &*
form a regular sequence in RjxλR so α̂ , x2, , xt is a regular
sequence in R. A similar isomorphism shows that a sequence
a?!, - -, xt of elements of i2 is super-regular if and only if there is
some j , l^j^t, such that xlf •• ,asi is super-regular in R and
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the image of xs+ί, -- ,xt is super-regular in R/(x19 •• ,xi)i2. It is
also true that any permutation of a super-regular sequence is super-
regular.

In addition to the notation and definitions introduced above, the
following notation will be used. X(A) = XB(A) denotes the length of
an 12-module A. If I is an ideal in a local ring (R, m), v(I) denotes
the number of generators in a minimal basis of /. v(m) is the
embedding dimension of R. e = e(R) is the multiplicity of R. We
will often use x to denote a system of elements x19 , xt in R.

Let x — xl9 , xt be a regular sequence in (JB, m). If we say
that f(xu '",xt) is a form of degree s in xu , a?4, we mean that
/(Xi, , Xt) is a degree s homogeneous polynomial in the polynomial
ring R[XU , Xt] and /(^, , xd) is the image of f(Xl9 , Xt) in
i? under the homomorphism sending Xt to xt.

We will use the notion of minimal reduction of the maximal
ideal of a local ring (R, m), cf. [3], but we wish to take a more
restrictive definition than in [3]. If (R, m) is a c?-dimensional local
ring, a system x = xu , xd of cί elements of R is a minimal re-
duction of m if there is a positive integer r such that mr+1 — %™>r'
If Rim is infinite, minimal reductions exist, as a minimal reduction
of m is the preimage in R of a degree one homogeneous system of
parameters in grR. The existence of a minimal reduction is hardly
ever a troublesome hypothesis because the change of rings R —>
R{U) — R[U]mBizn, U an indeterminate, is faithfully flat and mR(U)
has minimal reductions.

1* When are regular sequences super-regular? If $ is a
regular element of order one in the local ring (R, m), it is clear
that x is super-regular if and only if (x) Π m ί + 1 = » ί for all i ^ 0.
The assumption that x is regular cannot be dropped as the example
k[[χ9 y]]/(v2t χv)> k a field, shows. An analogous characterization holds
for a regular sequence x — xίf •••,»* of order one. It will be useful
to prove a little more. We will see that I intersection equalities
(x)Πmi+1 — xmι ίori^l means that x is super-regular "up to mz+1."

THEOREM 1.1. Let {R, m) be a local ring and let x = xu , xt

be a regular sequence of order one. Then,

(x) Π mi+1 = xm1 ,

for all positive integers i <; some positive integer I if and only if

((xlf , Xj-J: x5) £ (x19 , Xj-J + (grm)1

for l£j£t.
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We first note the following.

LEMMA 1.2. Let (R, m) be a local ring and let x = xlf , xt be
a regular sequence of order one. If for all positive integers i <;
some positive integer I, (x) Π mi+1 = #m% then

(xY Π mί+1 = (xYmw~j ,

for 1 <̂  j <; i + 1 and i ^ i.

Proof. We prove the lemma by induction on j . Let j>l. Let
/ / # ! , •••#*), a form of degree j in xl9 •• ,ast, be in ( ^ n m i + 1 c
(a?)''"1 Π m ί + 1 = « ί " " " 1 m ' + ι " i + 1 . fj(xlf •' ,xt) = 9i-i(Xi, , « ί ) , w h e r e ^

is a form of degree j — 1 in â , , xt with coefficients in m ί + 1~ i + 1.
Since (xl9 , XtY'^/fai, " , ^J 5 is free over i2/(#i, , «*)-??, the
coefficients of #,-_! are in ( ^ ) n m i + H + 1 = x m i + H , so //α?!, * , x t ) e

Proof of Theorem 1.1. Assume that (#) Γl m ί + 1 = xm1 for i ^ I.
We will prove that ((»lf , x^): xt) £ (^i, , Xj^) + {grmf for
1 <: i ^ ί, by induction on t. The proof for t — 1 is immediate so
we will assume that t > 1. First, we show that (0: x^Qigrm)1, i.e.,
that xλz 6 m ί + 1 implies that z 6 m* for i ^ L If a ŝ e m2, then a?^ =
^i^i + + #ίft* with alf , at e m. Thus z — αx e (a?2, •••,#*) and
2 6 ^ . We claim that the following relation holds:

(*) (mi+1: x,) n (xYm C (^)ymί+1"i"1 + (xY+1m ,

for 2 ^ i ^ ϊ and 0 <; i ^ i — 2. Suppose (*) has been proved. Let
XiZoemi+1 for i ^ 2. Then, with i = 0 in (*), we get zoem* + xm.
Zo = fa + «i with μiβm1 and ^ 6 (m ί + 1: ajj Π xm. Now we apply (*)
with j = 1 and continue in this way until we have 20 = βt + ^i_2

with fteg and s<_2e(m<+1: a?J Π («)*""8m. Finally, we apply (*) with
j = i - 2, to get z,_2 6 (^) i"2m2 + (xY^m Q m\

Now we prove (*). Let j = 0. Let ίc^ e mi+1 with i ^ 2. a?^ 6
mi+1 Π (») = «mS so XjZ = axxλ + + atxt with alf , at£m\ z —
αx e (a?2, , a?t) since xl9 , ^ is a regular sequence. In fact, z — aλ e
(x2, '"9xt)m. For {z - a^)xx e(a?2, •• , Φ i ί 1 m i + ι £ ( x ) 2 n i i + 1 = fe)V"1

by (1.2).
Assume that i > 0. Let z e (mi+1: x,) Π (x)jm. z = gs(xlf , a?,)

is a homogeneous polynomial in xu , ast of degree j with coefficients
in m. z # 1 e m ί + 1 n (^) i + 1 = (xy+ 1rn ί + 1" i" 1 by (1.2), so

(**) s&i i

with fei+1 a homogeneous polynomial in xlf , a;* of degree j + 1
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and coefficients in m**1""*"1. Equating coefficients of like monomials
of degree j + 1 in (**), we see that the coefficients of gά(xu — -, xt)
a r e i n mi+ι~ό~ι + (x). T h u s gό(xu , xt) = ξ + fj+1(xu ••-,»*) w i t h

ί e (fl^'m^1-'-1 and / i + 1 ( ^ , . •, xt) e (x)j+\ But ^ ( a ) " 1 n m ί + 1 £ (^ ) i + 2 Π
m ί + 1 = (xy+2rnί+1~j~2 by (1.2). Consequently, (f^fo, ••-,&,)- f K =
/ i + 1 ( ^ , , ^ K 6 (^y+ 2m ΐ + 1-^2 and / i + 1 ( ^ , , xt) e (xY+1m. Thus
flr/a?!, •• , a?<)6(«) im i + 1" i"1 + (») i + 1m. This completes the proof that
(0: fiCi) £ (grm)1.

Pass to (5, m) = (RjxxR, mjxJR). The images x2, " ,xt form a
regular sequence in R and m ί + 1 n (B2, ' , aϋ-δ — (#2, , fcJίl* for
i S l By induction on t, we have that ((2c2, , Xj^): xs) £
(22, , %i-i) + (grM)ι^(xlf x2,. ^j^grRlx.grR+dgrm)1, xJgrRfcgrR.
Thus, ((#!, , x^i): x, ) £ (»!, , %_χ) + ( ^ m ) 1 .

For the converse we assume that xu •••,&* is a regular sequence
in R with ((^, , x^): xs) £ (xlf , ^ _i) + (^rm)1 for 1 ^ i <; ί
and again use induction on t. We have (0: xλ) £ (grm)1 so (a^) Π m ί + 1 =
^m^ for i ^ i. The proof is finished if £ = 1 so we take t > 1. We
have (grR/x.grR),- = (griR/x.R)),- for i = 0, , I + 1 since

(gτRlx1grR)ά = mj\x1

rmi~γ + m i + 1

and (gr^RlxJt))^ = (m% a?i)/(mi+1, αjj ^ mj/mj+1 + (αOίΊm5". This means
that the required hypotheses are satisfied by &2, •••, £ t, the images
of 052, , a?t in (β, m) = (Rjxjt, mjxjt). By induction on ί we have
(#2, * , %t) Π m i + 1 = (22, , xt)mj for i ^ I, so that (a?x, . . , χt) n
(m ί + 1, Xj) = (xu , a?t)m* + CCIJR. Let w 6 (xlf , α?t) Π_wi+1. w =
αaά + j«2ct;2 + + jtβ*a?t with μ2, •--, μte m\ Then axx e m ί + 1 so α e m*
and w 6(0?!, , x^)m\

COROLLARY 1.3. Let x = Xu ",xt be a regular sequence in a
local ring (R, m) such that (xu , xt) Π mi+ί — (»i, , Xt)Ήk
i<Ll. Then (xl9 , xs) ΓΊ m ί + 1 = Oi, , aϋm* /or 1 ^ s ^ ί
0 ^ i ^ L

COROLLARY I.4.1 Let (R, m) be a local ring and let x = xu , xt

be a regular sequence. xu '",xt is super-regular if and only if
(x) Π m< + 1 — %WL for all i ^ 0.

Proof If (x) Π mi+ί = ^m€ for all i ^ 0, then, by (1.1),
oo

((»!, , «i_1): »y) £ Π (»i, , »i-i) + (grm)1 = (^, , ^ . . J .

The converse also follows immediately from (1.1).
1 Added in proof. Corollary 1.4 is a special case of Corollary 2.7 of the paper

"Form rings and regular sequences" by P. Valabrega and G. Valla which recently ap-
peared in Nagaya Math. J., 72 (1978), 93-101.
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COROLLARY 1.5. Let (J?, m) be a d-dimensional local Cohen-
Macaulay ring. grR is Cohen-Macaulay if there is a minimal
reduction x = xl9 , xd of m such that (x)Γ\mί+1 = xmι for all i ^ 0.

Proof. By (1.4), xl9 •• , # d is a homogeneous system of para-
meters which is a regular sequence. By [2], grR is Cohen-Macaulay.

REMARK. (1.5) is similar to a special case of Theorem 4.4 in [2].

We take a moment to note the connection between super-
regularity and the notion of analytic independence in m. Recall,
[3], that a system of elements x = xl9 ••-,&* in a local ring (R, m)
is analytically independent in m if given f£Xί9 , Xt), a homogene-
ous polynomial in R[XU '- ,Xt] of (arbitrary) degree s9 such that
fs(xlf '—,xt)ems+1 then all the coefficients of fs are in m. Stated
differently, x = xlf"-,xt is analytically independent in m if
(xl9 , &t)

β Π m s + 1 = (α?i, , xt)
sm for all positive integers s. Note

also that if a regular sequence x — xl9 , xt in (R9 m) satisfies
(as) Π mi+1 = xm* for i <: i and if /s(Xi, , Xt) is a form of degree
s in R[XU •• , I ί ] with /.(a^, , αt) em < + 1 for ί <; Z, then all one
can say about the coefficients of fs is that they are in
(mi+i~% xl9 , χt) as the example f(Xlf X2) = ^Xi — %iX2 shows.

Next we give a direct proof that intersection equalities as in
(1.1) give information about minimal bases for powers of m. This
can also be done using the Hibert sum transform as in [7]. The
idea is that (a?) Π mί+1 = xm1 for i ^ I implies that multiplication of
mV^ ί + 1 by each xj9 for xά in the regular sequence x9 is a monomor-
phism for i <Z I.

We introduce some notation. Let x = xu --,xt be a regular
sequence in the local ring {R, m). Let S^f^x) denote the set of
monomials of degree i in xlf , xt. If J is a set of elements of R9

<%l(x)J denotes the set of products {ζj\ζe^l(x)f j e J}.

THEOREM 1.6. Let (R, m) be a local ring and let x = xl9 , xt

be a regular sequence such that xl9 , xt9 zt+l9 , zv is a minimal
basis for m. Suppose that (x) Π mί+1 = ^m ί /°^ i^l- Then, for
each i <^l9 the set J%?i(x) U J%?ϊ-i(x)&i U U ̂ %l(x)^i-i is a subset
of a minimal basis for m\ where ^ is the set of monomials in
%t+i, '-',zυ needed to complete the set J%?j(x) Ό - Sίf^^i-x to a
minimal basis of mj.

Proof. We prove the theorem by induction on i and t. We
may assume i > 1. Let t = 1. If

ax[ + bxl^ξn + + cx^i-m.. 6 mi+1
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where ξpq, 1 ^ p ^ i — 1, 1 ^ q ^ np, are the monomials zt+1, - --, zυ

completing the basis for mv, then x^axl'1 + δ&ί~~2f u + + cξi_ln._) e
m i + 1 . Thus, axf1 + &a?{"2fu + + c f i . m ^ e m * so, by induction on i,
the coefficients a, b, , c are in m. Assume that ί > 1. Let x2, , #*,
2 t : t l, •••,?„ be the images of α?2, , # t, £ί+i, , 2V in (JB, m) =
(Rjxjt, mjxjl). Note that for j < i we have that

>2y(α2, * * , $t) U ̂ i - i ( £ 2 , , &,)^i U U ,^1(x2, , flC*)Uy-i U i ; -

is a minimal basis for m5'. This set is the image in R of all the
monomials in the chosen minimal basis for mj which do not contain
xlm It is clear that this set is a generating set for mj. It is
minimal because

m mj/mj+1 = dim β / m mj/mj+1 + Xxmj'1

= dimΛ /» mj/mj+1 — dimΛ/w x^m5~x + m3'+ί/m3'+1

and dim^/m^m5"1 + m i 4"V^ i + 1 i s t ^ e number of monomials in the
chosen basis for mj which contain xx.

Suppose that

( * ) axf •••&?<+ + bx(ι xβ

t ̂ π + + ca;ίίι_lΛf_ι e m<+1

is a relation mod m ι + 1 among the elements of the set £έfi(x) U
>^?-i(^)^i U U i ^ t ( ^ ) ^ - i By passing to JR and using induction

we get that all the coefficients of monomials in (*) which do not
contain xλ are in m. So we have a relation

(**) axf xf + + δα?' ^*fn + + ca?1fί_lΛi_1 6 m i + 1

with ίCj appearing in each monomial. Thus,

^(αa??1"1 xΐ* + + featf1"1 x^ξn + + c ^ J e m ^ 4 .

By (1.3), fo) Π mi+1 = ^ m i for i ^ Z, so

α ^ " 1 xV + + bx^'1 a?f^u + + cξt_lni_y e m i .

By induction, all the coefficients α, δ, , c are in m.

EXAMPLE. We illustrate (1.6) with an example. Let R be the
ring k[[t\ t\ tι\ t19]] with k a field, m = (t7, t\ tι\ t19). (?) ΓΊ mi+1 - ί V
for i = 1, 2, 3 but (?) n m5 3 ?m" as ί40 = f ?(t13)2 is in m5 but ?(t1B)2

is not in m4. We can apply (1.6) to get that ?{?, ί8, ί13, ί19} is part
of a minimal basis for m2 = (ί7m, ί16) and ί7{ί14, tlδ, t20, t2\ t16} is part
of a minimal basis for m3 = (ί7m2, ί24).

2* Reduction to lower dimension* Let (iϋ, m) be a d-dimen-
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sional local Cohen-Macaulay ring of multiplicity e and embedding
dimension v. If v — d, d + 1 or e + d ~ 1 then grR is Cohen-
Macaulay, cf. [4]. The property &k for a local Cohen-Macaulay ring
to have embedding dimension e + d — k is preserved under passage
to R(U) = .#[£7]™^], Ϊ7 an indeterminate, and is preserved under
reduction modulo the ideal generated by any element of minimal
reduction of m. Given a local Cohen-Macaulay ring with a property
& which is preserved under both types of change of rings mentioned
above, (2.4) below shows that if every 1-dimensional local Cohen-
Macaulay ring with & has Cohen-Macaulay associated graded ring
then so does every d-dimensional local Cohen-Macaulay ring with

Thus to show that Cohen-Macaulay local rings of embedding
dimension d, d + 1 or β + d — 1 have Cohen-Macaulay associated
graded rings, it sufficient to show that 1-dimensional local Cohen-
Macaulay rings of embedding dimension 1, 2 or e have Cohen-Macaulay
associated graded rings. (However, the usual proof for embedding
dimension d or d + 1 is more direct.) Another application of (2.4)
follows in §3.

As the techniques in the proof of (2.4) have other uses, we put
this result in a more general setting. In §1 we saw that "super-
regularity" can be expressed in terms of certain intersection
equalities. What we need are conditions which allow intersection
equalities in dimension d — 1 to be lifted to dimension d.

PROPOSITION 2.1. Let {R, m) be a local ring and x — xl9 , xt

be a regular sequence. The following statements are equivalent.
1. (x) Π mί+1 — xm1 for i ^ some positive integer I.
2. (a) (m/x.R)^1 n (x2, , x^R/x.R = (xi9 , x^m/x.RY for

i ^ I, where ~ denotes image in R\xxR\
(b) If fs is a homogeneous polynomial in the polynomial ring

R[Xlf , Xt] of {arbitrary) degree s with some coefficient a unit such
that rfs(xu '",xt)e mί+1 for some reR and any ί<ίl, then r e mί+1~s.

3. (a) (mlx1R)ί+1 n (2c2, , ast)R/xxE = (Z2, , St)(m/x1R)i for
i <̂  Z, where ~ denotes image in R/x^;

(b) (x,) n m ί + 1 = x.m1 for i ^ l .

EXAMPLE. Let k be a field and let R = k[[X, Y, Z]]/(Y* - XZ) =
&[[%, V, A] with m = (x, y,z). R is Cohen-Macaulay and x, z is a
regular sequence. In R/xR = k[[Y, Z]]/(Y*), we have (m/xR)ί+1 Π
zR/xR = z(m/xRY for i ^ 0. Similarly, in R/zR we have (m/zR)w Π
xR/zR = x(m/zRY for i ^ 0. But m3 Π (x, z) Φ (x, z)m2 as xz e m\
Thus the image of z is super-regular in R/xR, the image of x is
super-regular in R/zR but neither x nor z is super-regular in R.
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Proof of 2.1. Suppose (1) holds. (2) (a) follows immediately.
We prove (2) (b) by induction on t and on i + 1 — s. There is no
difficulty if t — 1 so we assume t > 1 and we may assume also that
i + 1 - s > 0. Let /, and r be as in (2) (b). Let

( * ) / . t o , , xt) = axp • • • # « + + ex? x? ,

with a a unit. We may assume that r is not a multiple of any xt.
If αx = 0 in (*), by passing to Rjxjt where all the hypotheses of (1)
hold for the images of x2, , xt, we get r e (mi+1~s, xj. r = μ 4- r'&i
with μ 6 m ί+1~8 and r'xj.fa, , #t) e m< + 1. Since ^ / e has degree s + 1
and i + l - ( « + l ) < i + l - 8 , r ' e m ί + 1 - ( 8 + 1 ) and r e m ί + 1 ~ s . Thus we
may assume that α̂  appears in each monomial with unit coefficient
in (*). Pass to the ring R(U) = R[U]mBίuy U an indeterminate and
let x[ = xλ + Ux2. Since R-*R(U) is faithfully flat, x[, x2, , xt is
a regular sequence in R(JJ) and (a?J, a?2, , xt) Γ) (mR(U))ί+1 =
(x[, x2f , xt)(mfi(U)Y for i ^ L We have

- ^ 2 ) α i a?fe + + c{x[ - ^ 2 ) r i xV ,

with r/.(a?lf , xt) e (mR(U))i+ί. We have

- aUa^ι+a2 •- x?* + - cZ7^2

r i + r 2 α?t

rί .

Since /, has terms with x[ missing, we want to consider /, as a
form in x[f , xt and apply the same argument as above. However,
there may be some collapsing in (**) so we have to collect terms
and write /, as a sum of distinct monominals of degree s in
x[, •• ,ίc ί. If all the other monomials in (**) are distinct from
a£i+α2 . . . a «ί then, by passing to R(U)/x[R(U) and using the same
reasoning as above, we see that rf, e (mR(U))i+1 implies that r e
(mR(U))ί+ι~sΠ R=mί+1~s- So we assume there is some collapsing and
let α, ail9 , aig be unit coefficients in (*) such that the monomials

x?ji+*ip ... x^ψgin (**) having coefficients a^U"** are equal to ^ T -
xT"2 Xt*. Note that x?ii+aii* . . . x?>* = 3έf implies that α, i 3 =
a*f "mt aijt = OLt and aiμ + a i y 2 = aλ + α2. Thus α t i l Φ ax since the
monomials in (*) are distinct. Let b be the coefficient (in m and
possibly zero) of 3ίf in (*). The new (collected) coefficient of £ίf is

A^ = - α C Γ 1 - α^C/^1 - . . . - aigU
a^ + δ .

Since the powers of U are distinct, A* is a unit. Thus /, may be
written as a form of degree s in x[, x2, -,xt with coefficient of the
monomial έ%f a unit. Since x[ is missing from <%f, we apply the
same argument as above to show that remi+1~s. This concludes
the proof that (1) =* (2).



474 JUDITH D. SALLY

Clearly (2)=>(3). Suppose (3) holds. If ί = 1, then j = 1 and
(1) holds. Assume t > 1. Let w = axx + g(x2, , a?*) e (x) Π m< + 1.
With ~ denoting images in Rjxjt, we have </(£2, , xt) e (x2, , xt) (Ί
(m/x1R)i+1 = (ίc2, , XtXmjxJty. Thus #(x2, . . . , ^ ) = ft(a2, ••-,&*) +
xxr where fc(#2, , xt) e (x2, , αjm*. We have w = α ^ + rxx +
fefe , xt) e mi+1 so (a + r)^ x e m ί + 1 Π (X) = ^ m \ Since ^ is a non-
zero divisor; a + rsm1 and w e # m \

(2.2) below is the technical result needed to reduce dimension.
To eliminate excess notation, homomorphic images of the regular
sequence x = xu ••-,«?« will be denoted by the same letters, and if
Ulf •••, Up are indeterminates, we denote

R{JJU - , «7P) = Λ[l7lf , UPUίUv...,Up,

by R(U).

THEOREM 2.2. Let (R, m) be a local ring and let x = xlf , sc,
δe a regular sequence with t > 1. Suppose that

(m/x1R)i+1 n (a?2f , xt)RlxJt - (α2l , x^mlxM

for i ^ some positive integer I. Suppose that for any finite set of
indeterminates Ul9 , Z7P, ίfeerβ are elements xiίf ', xipe {x2, - , xt}
and a linear polynomial g(Uu , ί/p) = ̂  + x^Uj, + + a?ίpϊ7p
such that

{x2f , xt)(R(U)/gR(U)) n (mR(U)/gR(U))i+ί

= (»2, , xt)(mR(U)/gR(U)Y , for i ^ l

Then,

(xu , «t) Π m ί + 1 = («!, , xt)m{ , for i <>l .

Proof. We prove that (2)(b) of (2.1) holds for any local ring
with a regular sequence satisfying the hypotheses of the theorem
by induction on i + 1 — s, where s, fs and r are as in the statement
of (2)(b). We may assume that i + 1 — s > 0. Let

( * ) fs = ax?1 •••»?*+ + C&Ϊ1 •••#!>, with α a unit .

If «! = 0, pass to R/xxR. By (2.1) (1) ==> (2)(b), we can conclude that
re(m < + 1 " β , a?i). r = μ + r'x1 with μemiJtl~s. But then r V » 6 § 1 + 1

and Xi/S has degree s + 1. By induction, we have r 'em ί + 1 ~ ( s + 1 ) , and
r e m ί + 1 ~ s . Thus we may assume that xx appears in each monomial
in (*) with unit coefficient. By hypothesis, for the indeterminate
U, there is an element, say x2 in {x2, , xt) such that
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(x2, , xt)(R(U)/x[R(U)) n (mR(U)/x[R(U))i+ι

= (*2, •• ,xt)(mR(U)lx[R(U)y ,

for i <; Z, where a?ί = ^ + Z7#2.
We have /, = a(x[ - Ux^xt2 a??4 + + c(xί - Z7^2)

ri^'2 x\κ
The same argument as in the proof of (2.1) (1) => (2)(b) shows that
fs can be written as a homogeneous polynomial, in the regular
sequence x[, x2, •• ,α?t, of degree s, having a monomial with unit
coefficient in which x[ does not appear: fs = A{U)xl2 xp + +
J?(ϋ>;ria?p - a£s with A(Z7) a unit in 12(t7). r/f e (mR(U))ί+1. By
passing to R(U)/x[R(U) and applying (2.1) (1) => (2)(b), we get r e
((mR(U))i+1- , x[) s o r = /ί + r'&ί w i t h μ e (mR(U))ί+1~8 and r'eR(U).

Now J?( Z7) and the regular sequence a?I, $2, , xt satisfy the hypo-
theses of the theorem. Since r'x[fs e (mR(U))i+1 and i + 1 - (s + 1) <
i + l-s, we have by induction that r' e (mjB(Z7))<+1~ie+1>. Thus
r e ( m R ( U ) ) i + 1 - s Γ)R = m ΐ + 1 ~ s .

We will say that a property ^ of a local ring (JB, m) is ,/irm
if ^ is preserved under the change of rings R-^R(U), U an in-
determinate. We will say that a firm property ^ of a d-dimensional
local Cohen-Macaulay ring (12, m) is stable for the minimal reduction
x — xu - - -, xd of m if for any finite set of indeterminates Uu , Up,
3P is preserved under reduction of 12(27!, , Up) modulo the ideal
generated by any subset of generators of (xu •- ,xd)R(U1, •••, Up).
We will say that a firm property & of a ώ-dimensional local Cohen-
Macaulay ring (12, m) is stable if ^ is preserved under reduction
modulo the ideal generated by any element of a minimal reduction
of m.

EXAMPLES. If (12, m) is a local Cohen-Macaulay ring, the property
of being Gorenstein or regular is clearly stable. Let e be a fixed
positive integer. The property 3? for a local Cohen-Macaulay ring
to have multiplicity e is a stable property. As mentioned in the
first paragraph of §2, the property & for a local Cohen-Macaulay
ring of dimension d and multiplicity e to have embedding dimension
e + d — k is stable. As example of a property stable for a particular
minimal reduction % is given in §3.

THEOREM 2.3. Lei (12, m) be a d-dimensional local Cohen-
Macaulay ring with a property 0* stable for the minimal reduction
x •= χu...? χd of m. Suppose that 1-dimensional local Cohen-Macaulay
rings (S, n) with & satisfy (x) D ni+ι — ̂ Ίkι for i ^ some positive
integer I and any minimal reduction x of n. Then {x)Γ\mi+ι = xm1

for i 5g ί.
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Proof. The proof is by induction on d. We take d > 1. Let
U = Uu , Up be a finite set of indeterminates. Let #(Ϊ7) = xx +
U&+ ••• + iβ>2. By hypothesis, R(U)/g(U)R(U) has ^ and is
stable for the minimal reduction x2, - - , xd which is the image of
x2, -- ,xd in R(U)/g(U)R(U). By induction, (mR(U)/g(U)R(U))i+1 n
(»2, , %) = (»., , xd)(mR(U)/g(U)R(U)Y for i ^ Z. By (2.2),
m ί+1 Π (α?i, , xd) = (xl9 , xd)m* for i ^ Z.

COROLLARY 2.4. Let (22, m) 6β α d-dimensional local Cohen-
Macaulay ring with a property 3? stable for the minimal reduction
x == χu - - -, xd of m. If grS is Cohen-Macaulay for every 1-dimen-
sional local Cohen-Macaulay ring (S, n) with &, then grR is Cohen-
Macaulay.

For further use it will be convenient to have a variant of (2.3)
which requires us to test only some of the minimal reductions in
dimension 1. We need the same types of stability for properties of
a minimal reduction. Let (22, m) be a cZ-dimensional local Cohen-
Macaulay ring. Let U be an indeterminate. Let x = xl9 •••,&* be
a minimal reduction of m. Let & be a property of xR. We will
say that & is firm if xR(U) has ^ . We will say that a firm
property <£? if sίαδZβ if, given any element g of a minimal generating
set for xR(U), say xR(U) = (#, τ/2, , yd)R(U), the image
(2/2, -• ,yd)(R(U)/gR(U)) has £?.

For example, let (22, m) be a d-dimensional local Cohen-Macaulay
ring and, for positive integers j , let <^ be the property for minimal
reductions x of m that m5* £ x22. Then <^ is stable. Let <^ be
the property that mj £ %R. Then &) is also stable.

THEOREM 2.5. Le£ (22, m) be a d-dimensional local Cohen-Macaulay
ring with a property & stable for the minimal reduction x =
%i, ' %tχd of m. Assume in addition that x has a stable property
&. Suppose that 1-dimensional local Cohen-Macaulay rings (S, n)
with & satisfy (x) |Ί ni+1 = xnι for i 5̂  some positive integer I and
all minimal reductions x of n which have the stable property &.
Then (x) Π mi+1 = xmι for i^l.

Proof. The proof is the same as the proof of (2.3).

3* Applications*

THEOREM 3.1. Let (22, m) be a d-dimensional local Gorenstein
ring of multiplicity e and embedding dimension e + d — 3. If x =
χi, ''m,%d is any minimal reduction of m,mZ(jkxR and rnfcixm.
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grR is Cohen-Macaulay if and only if m4 = xm3 for some minimal
reduction x of m.

Proof. Let x = xlf , xd be a minimal reduction of m. Pass
to (R, m) = {RjxRj m/xR). Since v(m) — e — 3 and X(R) — e, we must
have that m4 = 0. Since λ(socle R) = 1, ra3 = socle ^ . Thus m3 §£ #i2
and rnfcxR. By the analytic independence of x, m* cixm.

If, for some minimal reduction x of m, m4 £ #w&3, then xlf , xd

is a homogeneous system of parameters in grR that is not a regular
sequence by (1.1) so that grR is not Cohen-Macaulay by [2].

To complete the proof we will show that if (R, m) is a d-dimen-
sional local Cohen-Macaulay ring of embedding dimension e + d — 3
and if as is a minimal reduction of m such that m8 §£ #i? and m4 =
» 3 then grR is Cohen-Macaulay. Let ^ be the property for d-
dimensional local Cohen-Macaulay rings (S, n) that S has embedding
dimension e + d — 3 and that there exists a minimal reduction ^ of
n such that ^ 3 g£ yR and ^4 = ^w3. R has ^ and ^ is stable for
the minimal reduction x of m. Thus by (2.4), we may assume (2 = 1.
Let x •=• x and let m = (x9 wu , we_3). There exist p, g 6
{1, , e — 3} such that m2 = (»w, wpwq), m3 = (a m2, wjwff) and w\wq £
xm. This follows from the fact that (m/xR)2 and (m/xRf are non-
zero principal ideals. It is clear that mi+1 Π (x) = a;mί for i ^ 3. We
must show that m3 Π (a?) = α?m2. Let z e mz Π («). s = a?/ι + rw\wq

with jW e m2 and r e -B. Since rw\wq e (as), r e m and rw\wq 6 m4 = α?m3.
Thus 2 6 #m2 and m3 Π (a?) = ίcm2.

REMARKS. Note that, with the hypotheses of (3.1), if grR is
Cohen-Macaulay it is not Gorenstein. (3.1) may also be proved
directly, using just (1.5) instead of (2.4) and (1.5).

EXAMPLES. 1. Let k be a field. The rings k[[t\ t\ t9]],
k[[f, t\ tι\ t11]], k[[t\ tx\ tι\ t20]] are Gorenstein and satisfy v = e + d-S
and m4 = #m3. Recall that the multiplicity e of a numerical semi-
group ring R = fc[[tΛl, Γ2, , tβ»]] with αx < a2 < < an and
gcd(au a29 « ,αn) = l is just αlβ This follows for example, from
[8, VIII, §10, Thm. 24].

2. k[[t\ t\ f]] = Jc[[X, Γ, ^]]/(X8 - Γ^, Γ3 - Z2) is a complete
intersection with associated graded ring k[X, Y, Z]/(YZ, Z2

} Y'-ZX3)
which is Cohen-Macaulay but not a complete intersection.

3. The hypothesis that R is Gorenstein cannot be omitted from
(3.1). Let R = k[[f, t\ t11, ί13, t17]], with k a field. R satisfies v(m) =
e + d — 3 = 7 + 1 — 3 and m4 = ί7m3 but flrriί is not Cohen-Macaulay
at f m c m 3 .

It is possible that the hypothesis m4 = xm* is redundant in (3.1),
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i.e., it is possible that all cί-dimensional local Gorenstein rings of
embedding dimension e + d — 3 have Cohen-Macaulay associated graded
rings.1 By (2.4) it is sufficient to prove this for d = 1. It is true
that if (jβ, m) is a 1-dimensional analytically irreducible local
Gorenstein domain with algebraically closed residue field and with
embedding dimension e + d — 3, then grR is Cohen-Macaulay.

Next, we want to show that Cohen-Macaulay local rings with
certain Hubert polynomials have Cohen-Macaulay associated graded
rings. First, we recall definitions of the concepts involved. For
any d-dimensional local ring (R, m), the Hubert function is defined
for nonnegative integers n by HR{n) = dimR/^(mn/mn+1). The Hubert
sum transforms are defined inductively for nonnegative integers n by

HR(n) = HR(n) and HR(n) = ±HR-\j).

For large n9 HR(ri) is a polynomial PR{n) of degree d — 1 + i. If
xem, then HR/xR{n) - HR(n) = X((mn+1: x)/mn), cf. [8], Lemma 3,
VIII, §8. If x is super-regular, HR/xR(ri) = HR{ri). If x just has the
property that (mn+1: x) = mn for all large n, we still get that
PR/XRW = Pκ(n). This prompts the definition of superficial element,
cf. [81, VIII, §8. An element x in a local ring (JB, m) is superficial if
there is a positive integer c such that (m%+1 x){Λme = mn, for all Ή ^ C .
If x is a superficial element and a nonzero divisor then (mn+1: x) = m%

for all large w. A superficial element is the preimage in R of an
element of degree 1 in grR which does not lie in any prime belonging
to 0 in grR except possibly grm. Superficial elements exist if R/m
is infinite. If, in addition, m does not belong to 0 in R, there
exists a superficial element which is also a nonzero divisor.

THEOREM 3.2. Let (R, m) be a d-dίmensional local Cohen-
Macaulay ring with d^2 and multiplicity e. The Hilbert polynomial
PR(n) for R is

n + d - 2\ in + d - 2
e +

n — 1 / \ n

if and only if R has embedding dimension e + d — 1 in which case
grR is Cohen-Macaulay.

Proof. It was proved in [4] that v(m) = e + d — 1 implies that
grR is Cohen-Macaulay and in [5] that v(m) = e + d — 1 implies that

Hl(n) = (n + *-2)e + (n + *-2), for zlln^O.

Suppose that (R, m) is a local Cohen-Macaulay ring with Hilbert

polynomial P%{n) = ( % J ί Γ 2 ) e + ( % + ^ ~ 2 ) We will show
1 Added in proof. The author has recently verified that this is the case.
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that v(m) — e + d — 1 by induction on d. Let d = 2. We may
assume that R/m is infinite and take a superficial element x with x
a nonzero divisor. Then, for n ^ n0, some integer w0, HR/xB{n) —
HR(ri) = ne + 1. i2/α?jB is a 1-dimensional local Cohen-Macaulay ring
so, for all n ^ 1, HR/xB(n) = l + e~j1-\-e — j2-\- + e — i* w i t h

nonnegative integers ^ having the property that if j \ = 0, then
j k = 0 for & ̂  i. Since for n ^ ^0, HR/xR(n) = 1 + ne — Σ*=i i/c =
1 + τιβ, it must be true that Σϊ=i Jk = 0- Thus v(m/xR) = e and
t (m) = e + 1.

Suppose d > 2. Again, assuming R/m infinite, if necessary, we
take a superficial element x which is also a nonzero divisor. For

large n, HR/xR{n) = HR(n) = (n + tj *)e + (% + n~ *)• S i n c e

H°R/xB(n) = HR/xB(n) - Hι

n/xR(n - 1), we have for large n,

+ d - 2\ . /w + d - 2 \

1-4-/7 2

- 2 / \ n - 1

+ (d - 1) - 2\ ίn + (d-l) -2

n-1 ) e + [ n

Thus, by induction, v(mjxB) = e + (d — 1) — 1. Therefore, v(m) =
e + d - 1.

REMARK. Clearly, the hypothesis d ^ 2 is necessary in (3.2) as
every 1-dimensional local Cohen-Macaulay ring (R, m) has P5s(%) = e.

THEOREM 3.3. Lβί (i2, m) be a d-dimensional local Cohen-
Macaulay ring with d ^ 2, ami multiplicity e. The Hilbert poly-
nomial PR{n) for R is

+ d - 2\ /% + d - 3

n — 1

ΐ/ and only if R has embedding dimension e + d — 2 awd grri2 is

We need two lemmas. Lemma 3.4 was given in [6]. We give
a proof below using the results of §1.

LEMMA 3.4. Let (22, m) be a d-dimensional local Cohen-Macaulay
ring of multiplicity e and embedding dimension e+.d —2. Let
x = xlf ', Xd be a minimal reduction for m. Then w3c(a?) and
grR is Cohen-Macaulay if and only if m3 = xm2, for some minimal
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reduction x of m.

Proof. Pass to (R, m) = (R/xRf m/xR). \(R) = e and v(m) =
e — 2. Counting lengths, we see that m2 Φ 0 and m3 = 0. Thus
m 3 c (#). Suppose that m3 = #m2. Then mi+1 Π (α) = xm1 for ΐ ;> 2.
But, by the analytic independence of x, cf. [3], we also have m2f]
(x) = xm. Thus grR is Cohen-Macaulay by (1.5). If, on the other
hand, m*£xm2, then by (1.1) there is some j , 1 <; j <̂  d, such
that( xlf , ^ _!: #,) §£ (^, , ^ _i) + (grm)2 so that grrϋ? is not
Cohen-Macaulay.

LEMMA 3.5. Let (R, m) be a d-dimensional local Cohen-Macaulay
ring with d ^ 2. Let x = xu - -, xd be a minimal reduction for m.
Suppose that {mlxjϊf (Ί (x29 , x^RjxJt = (a?2ι

 # * > %d)(Ίΰ>lχiR)2

that {mjxJRf Π («i, a?8> , x^RlxJR = (»i, ^3, , χ

d)(m/x2R)\ Then

m3 Π (a?!, , aj^/ί = (»i, , xd)m2.

Proof. Let w = α^i + + adxd e m3 Π (#i, , »d). Passing to
i2/^xi2 and R/x2R in turn, we get that alf a2, - -, ade(m2, x). Thus
w = /2(»i, , »d) + ^', with w' e (^, , xd)m2 and / 2 ( ^ , , xd) a
form of degree 2 in â , , α5d. /2(«i, * ,ίCd)em8, by the analytic
independence of x, f2(xl9 , a?d) € (»)*m and ^ 6 ^ m 2 , as desired.

Proof of 3.3. The proof is by induction on d. We may assume
that Rjm is infinite and take a minimal reduction as = xl9 , xd of
m having the property that each xt is a superficial element. Let
d = 2. For large w and for ΐ = 1, 2, Hι

R/x.R{n) = HR{n) = we. Since
R/XiR is a 1-dimensional local Cohen-Macaulay ring, for every w ^ 1,
HR/x.R{n) = 1 + e — ix + + e — i», with nonnegative integers j k

having the property that if j t — 0, then j k — 0 for k^l. For large
n, H^.M = 1 + ne - Σ*=ii* = ^ . Thus, Σ*=ii* = 1 so ^ = 1
and ;?£ = 0 for k > 1. It follows that v(mlxtR) = e — 1 and
v((mlXiR)1) = e for ϊ > 1. Therefore, v(m) = e and {mjxJRf = x^m/x^)2

and (m/x2Ry = x^mlxjϊ)*. By (3.5), we have msΠ(a?i, «2) ~ (a?i, ^ 2 ) ^ 2

and by (3.4), #riu is Cohen-Macaulay.
Assume that d > 2. For each &<, i = 1, , d, and for large w,

we have J Ϊ ^ ^ W = £Γi(*) - ( Λ + ^ *̂ 2 ) β + ( Λ + ^ " 2 ) . Since,

HR/x.R(n) = HR/x.R(n) - HR/XlR(n - 1), it follows that

m + ( d - l ) - 2 \
R / x . R { n ) =[ ^ )e

n — 1 j \ n

for large ^. We may apply induction to R/xtR to get v(m]XiR) =
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e + (d — 1) — 2 and v(m) — e + d — 2. Also, by induction, (m/avR)8 =
(xlf • • • ,» , , , xd)(m/XiRy9 so, by (3.5) and (3.4), m3 = (a?!, , xd)m

2

and #ri? is Cohen-Macaulay.

REMARK. (3.3) answers a question D. Mumford asked the author.
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