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SWEEDLER’S TWO-COCYCLES AND
HOCHSCHILD COHOMOLOGY

DAVE RIFFELMACHER

For any algebra C over a commutative ring & Sweedler
defined a cohomology set which generalizes Amitsur’s second
cohomology group H?*(C/k). Any Sweedler C-two-cocycle o
gives rise to a change of rings functor ( ) from the
category of C-bimodules to the category of C’-bimodules,
where C7 is the k-algebra with multiplication altered by o,
which in turn induces a map ¢"(¢, M): H*(C, M) > HC", M?)
on Hochschild cohomology for any C-bimodule M and any
positive integer n. In this paper, several properties of ¢(s, M)
are derived, including: If C is a finite dimensional algebra
over a field %, ¢'(s, M) is an injection for all ¢ and M.

1. Introduction. In §2 we establish our notation conventions
and review the basic definitions of Sweedler’s two-cocycles and
Hochschild ecohomology. We also recall the change of rings functor
()’ associated with a Sweedler C-two-cycle ¢ from the category of
C-bimodules to the category of C’-bimodules for any algebra C over
a commutative ring k.

The map ¢"(o, M) induced by ( )° from the nmth Hochschild
cohomology group H"(C, M) of C with coefficients in the C-bimodule
M to H*(C°, M°) is studied in §3. This map links the multiplicative
cohomology of Sweedler and Amitsur to the additive cohomology of
Hochsechild. We provide an example to show that this map need
not be surjective but show that if ¢ is invertible in an appropriate
sense ¢"(o, M) is actually an isomorphism. In particular, if ¢ is an
invertible (i.e., Amitsur) two-cocycle contained in a commutative
subalgebra A of C, then ¢"(0, M) is an isomorphism. The behavior
of ¢"(o, M) under base extension of % and two-cocycles equivalent
to o is considered, and several other results are derived which are
useful in studying ker ¢"(g, M).

In §4 we prove that if C is a finite dimensional algebra over a
field %, ¢'(o, M) is injective for all ¢ and M; that is, ¢ induces an
injection of the group of equivalence classes of k-derivations of C
with values in M into the group of equivalence classes of k-deriva-
tions of C° with values in M°. This result is compared with
Flanigan’s work on Gerstenhaber’s deformation theory.

2. Notation and preliminaries. Let C be an algebra over a
commutative ring k& and let unadorned & and Hom represent &),
and Hom,, respectively. Denote the n-fold tensor product C& --- ® C
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by C®". We denote the opposite k-algebra of C by C° and call a
left C® C°-module a C-bimodule. In this section we provide a brief
review of the pertinent features of Sweedler’s theory of two-cocycles
and Hochschild’s cohomology theory.

Following Sweedler [7], we call an element ¢ = 3,0, ® b, X ¢,
in C®CEC a C-two-cocycle if

2,0:0; ®b; ®eib; ®e; = 30,0 bia; ®b; Q eje
and there is an element ¢, in C with

Z‘az’eabi@Ci:1®1:Zaai®bieaci .

Given a C-two-cocycle 0 we may form a k-algebra C° as follows. As
an abelian group C’ is equal to C. For any z in C, we use the
notation z° to indicate that we are considering x as an element of
C’. The product * of any two elements a2’ and y° in C° is defined
by

X0y = (Z, aiwbiyc,)o .

The C-two-cocycle ¢ = 3, a, ® b, ® ¢, is said to be cohomologous to
the C-two-cocyele 7 = >, 7, R s, X¢t; via 0 = X, 2, Ry, in CRC if

Si20; Qb; ® ey = Zl ra; Q Y80 & Yits
k2¥] 139
and
> @6,y = e. .

If the element >, 2, ® v7 in CQ C° is invertible, ¢ is called vertible,
and ¢ and 7 are said to be equivalent, denoted ¢ ~ °z. In this case
the k-algebra map R’: C°— C° defined by R¢?) = 3, z.cy,)” is an
isomorphism.

DEFINITION 2.1. For any C-two-cocycle 0 = >, a,® b, Q¢;, let
the linear map 4(d): C°® C* — C® C° be defined by

2’ @y’ — 3 aaxb; @ (c;bye.) .
(2%

#(0) is a k-algebra map and hence induces a change of rings functor
from the category M(C) of C-bimodules to the category M(C°) of
C’-bimodules which we will denote by ( )°. The interested reader
is referred to [5, 6, 7] for more of the theory of Sweedler two-
cocycles and the maps ( )°.

Now we review the basic definition of Hochschild cohomology.
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For any integer n = 1 and any C-bimodule M define 6*: Hom (C¢*, M) —
Hom (C®*+, M) by

(5f)(x1 ® e ® {13,,,.“) = mlf(w2 ® e ® xn-ﬂ)
+ Z 1(—1)lf(x1® ttt ®xixi+l® e ®wn+l)

0<i<n-t

+ (_1)"+lf(x1 ® o ® x'n)xn'H .

The nth Hochschild cohomology group of C with values in M is then
defined as H"(C, M) = ker 6*/Im é**. If C is a projective k-module,
it may be shown [1, Chap. IX] that H"(C, M) = Extis(C, M).
Further discussion of Hochschild cohomology may be found in [1, 4].

3. Map induced on Hochschild cohomology by a two-co-
cycle. The change of rings map ¢(o) associated with a Sweedler
two-cocycle o introduced in Definition 2.1 induces a map ¢*(c, M):
H(C, M) — H"(C’, M°) on Hochschild cohomology which is the focus
of this paper. In general, this map is not surjective, as the following
example illustrates.

ExXAMPLE 3.1. Let k be a field and C be a central separable k-
algebra. Then H"(C, M) = {0} for all » =1 and all M. However,
given any k-algebra D with k-dimension of D equal to the k-dimen-
sion of C, there is a C-two-cocyele ¢ with D =~ C* [7, Theorem 6.1].
Choose 7 so that C° = k[x]/<{x™> with m = k-dimension of C. Then
HYC*, C*) = {0} since d/dx is a nontrivial Hochschild 1-cocycle. Thus
#'(t, C) is not surjective.

In certain cases, however, ¢"(o, M) is actually an isomorphism.

DEFINITION 3.2. A Sweedler C-two-cocycle 0 = >, a,Q® b, Qe¢;
is vertible if 3;;a.,0;, QbR e, ® ¢ is invertible in CRC'R
CRC.

LEMMA 8.8. If a Sweedler C-two-cocycle o s wertible, ¢™(o, M)
18 an tsomorphism for all n and M.

Proof. Let S, 4, @ v Q@ w, X 2} be the inverse of
a0, ®b;Qcb, @ci and
define ¢(6): C® C°*— C°® C* by
FS 0 @ v} = 3 o) ® wwa)” .

Then it may be verified directly that ¢(o) = ¢(o)*. Therefore ¢(o)
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is an isomorphism and hence the induced maps ¢"(¢, M) on Hochschild
cohomology are isomorphisms.

ExAMPLE 3.4. Let A C C be k-algebras with A commutative.
If 6in ARAKRASCRCXC is an invertible (i.e., Amitsur) A-
two-cocycle, clearly ¢ is a vertible C-two-cocycle and thus ¢"(c, M)
is an isomorphism for all » and M.

In the next section, we will show that ker {¢'(c, M)} = {0} for
any Sweedler two-coeyele o if C is a finite dimensional algebra over
a field k. First, however, we need several simplifying tools. Let
o and 7 be C-two-cocycles such that o ~ °z. Then for any n and
M, ¢"(z, M) = R’og¢"(0, M) where R’ is induced by the algebra iso-
morphism R’: C°— C°. Therefore we have

LemMMA 3.5. If 0 and T are equivalent C-two-cocycles, M 1is a
C-bimodule and n is a positive integer,

ker {¢"(g, M)} = {0} iff ker {"(z, M)} = {0} .

LEMMA 3.6. Let S;, 1 =1, 2, be algebras over the commutative
ring k. Hence C= 8, xS, 1s a k-algebra with diagonal k-action
and canonical projections p,: C— S, 1 =1, 2. If

0= ; @iy Qip) & (byy, i) & (Cayy C€1)

18 a C-two-cocycle, then
(1) pi0) =ia; ®b; Qe is an S;two-cocycle.
(ii) If 6; = 2 2; @ yy; is a vertible element in S; ® S;, 7 =1, 2,
then
0=(1,0&®(0,1)+(0,1)K(Q,0)
+ Z@l (wily 0) ® (yi]y O)

+ ; (Oy xiz) ® (07 yiE)

18 a vertible element im CQ C and o ~ °t defines a C-two-cocycle T
with e. = (X Ty Yir, 2 Turo,Yr) U €5 = (€5, €,)-

Proof.
(i) follows trivially since an algebra map clearly preserves the
two-cocycle relations.
(i) If 0, = 3, %; ®¥,; is the verse of §;, then one may show
that
i=00®(©O,1+01HX®,0
+ 3 @, 0 ® Ty 0)
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+ ; (0’ 512) ® (O, 271'2)
is the verse of 6. The form of e. is clear.

Suppose now that % is a field and let L be an extension field of
k. The natural injection C— C® L induces a map CQRQCRC—
CRL)R,(CRL)R,(CRL). Let 0 ®1 denote the image of the
C-two-cocycle ¢ under this map. Then we have a commutative
diagram with exact rows

{0}—ker ¢"(o, M) — H™(C,M) — HYC", M)

l l l

{0} —kerg"(c®1, ML)~ H(CRL, MR L) - H(C°Q L, M’ ® L)

where H?(—, —) denotes the Hochschild cohomology as an L-algebra
rather than as a k-algebra. Since L is a field extension of %, it
follows easily by linear algebra from the definition of Hochschild
cohomology (ef. §2), noting (CX® L) ®,n =~ (C¢") X L, that the map
H"(C, M) — H}(C® L, M ® L) is injective. Thus the above commuta-
tive diagram allows one to conclude that ker¢"(c ® 1, M ® L) = {0}
implies that ker ¢"(o, M) = {0}.

LemmaA 3.7. If C is an algebra over an algebraically closed
field k& which 1s Artinian as a ring and o is a C-two-cocycle, there
18 a C-two-cocycle T with o ~ °t and e. = 1.

Proof. Since C is Artinian, the Jacobson radical J(C) is nilpotent
and thus by [5, Theorem 4.7] 0 ~ q(r) where ¢ is the endomorphism
of C induced by projection modulo J(C). (Note that since k is
algebraically closed, the semisimple algebra C/J(C) is actually separa-
ble over k.) We may henceforth assume C is semisimple and thus
by Wedderburn-Artin structure theory we have C = [[™, S, where
S; = M(n,, k), the algebra of n, by m, matrices over k. Then by
Lemma 3.6 it is sufficient to show that the S,-two-cocycle p,(d) is
equivalent via 6, to an S,-two-cocycle 7, with e, = 1. If n, =1 and
S; =k, one may take 6, = 1®e,, (cf. [6, §1]). If n, > 1, then the
existence of 0, = >}z, ®y;, with e, ~ '”e,i and > x5e,9; =1 is
assured by [7, Theorem 6.1].

4. Injectivity of ¢'(g, M). In this section we prove
THEOREM 4.1. Let C be a finite dimensional algebra over a

field &, 0 be a Sweedler C-two-cocycle, and M be a C-bimodule. Then
¢'(o, M): HY(C, M) - HNC°, M°) is injective.
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In light of the results in §3, we need only to prove:

THEOREM 4.2. Ifk is an algebraically closed field, C is a finite
dimensional k-algebra, o is a Sweedler C-two-cocycle, and M is a
C-bimodule, then there is a Sweedler C-two-cocycle T with o equivalent
to T and ¢'(t, M) injective.

To establish this theorem we need several preliminary results.

LEMMA 4.3. If k is a field, C is a k-algebra, o is a Sweedler
C-two-cocycle, and M is a C-bimodule, the map ¢'(c, M) is induced
by the map

d— <x" — <;’ aiaje,d(bjocbie,,)cicjy)

from the group Der, (C, M) of k-derivations of C with values in M
to Der, (C°, M°).

Proof. This lemma may be proved using the definition of ¢(o).

LEMMA 4.4. Let C be an algebra over the commutative ring k,
M be a C-bimodule, and d: C — M be a k-derivation. Let o = >,;a; Q
b, X e, and m be elements of CRQCRC and M, respectively, such
that

d(x) = 3, agbme; — >, ammbxe; = [x, m],
d,) =0 for all %
Zia'ibi®ci =1®1=>3a®bgc, .

Then d(x) = xm — mx = [z, m] for all x in C.

Proof. Letting [, ] denote the usual Lie bracket, we have
d(z) = Ei] a;xbme;, — Zi, a;mb,xe;

(4.5) = 3, a;x[b;, mle, + Zi. a.[b, mlae; + [z, m] .

Sinece d(b,) = 0 for all 7,
[b;, m] = —3. a;bib;, mle; — 3. a;lb;, mlbic; .
7 7

Hence we may rewrite eqn. (4.5) as

d(x) = _12 ax0;b,[b;, mle;e,
J
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— ; a.xa;[b;, mlb.c;e,
— gaiajbi[b,-, m]e;xe,
— %aiaj[bj, mlb,c;xc, + [x, m]
= —tz, axd(b,)e;, — ; add)xe; + [x, m]
d(x) = |z, m]

and we are done.

Now we are ready to prove Theorem 4.2:

Since we are assuming C is a finite dimensional algebra over an
algebraically closed field, we may write C = B@ J(C) with J(C) the
Jacobson radical of C and B a k-separable subalgebra of C. By [5,
Theorem 4.7], o is equivalent to its projection modulo J(C), a C-two-
cocycle 0, in BQ B& B. Then using Lemma 4.8 and the fact that
H'(B, M) = {0} [4, Theorem 4.1], the map Der, (C, M) — Der, (C*, M)
which induces ¢'(g,, M) is given by d — (x — d(x)*). Thus ¢'(o,, M)
will be injective if for any m in M, d(x?) = x2xm — m?2*x for
all « implies that d(x) = am — ma for some two-cocycle o, equivalent
to o,. This follows from Lemma 3.7 and Lemma 4.4.

REMARK 4.5. Theorem 4.2 may be paraphased as “multiplication
alteration shrinks the separable part of C.” Since J(C)" & J(C°) for
J(C) nilpotent [5, Lemma 2.1], multiplication alteration adds to the
nilpotency of C. Hence the effect of multiplication alteration is in
a sense opposite to the effect of Gerstenhaber’s deformation theory
[3] which adds to the separable part of C and shrinks the radical
[2, Theorem 1].
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