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SPLITTING HOMOTOPY IDEMPOTENTS WHICH HAVE
ESSENTIAL FIXED POINTS

Ross GEOGHEGAN

We consider the problem of whether every homotopy
idempotent f:X-*X, X being a finite CW complex, splits
as a domination by X of some CW complex Y. This problem
has a history (which we explain) both in abstract homotopy
theory and in geometric topology. If / is a pointed homotopy
idempotent, it is known that / splits; if X is permitted to
be infinite-dimensional, it is known that / need not split;
and the obstruction to splitting is describable entirely in
/#: πx(X, x) -»τri(X, x) The difficulty, then, lies in requiring
X to be finite and permitting / to be merely freely homotopic
to / 2.

Our idea is to compare the fixed point theory of / (this
is where we use the fact that X is finite) with its homotopy
theory. We apply a theorem about the fundamental-group
behavior of a homotopy idempotent which has essential
fixed points, which we proved in the preceding paper. We
believe that this theorem may eventually be used to prove
our conjecture that / splits when the Lefschetz number
!/(/) is nonzero. In the present paper we only succeed in
getting part of the way to such a result, by showing
(Theorems 1.16 and 1.17) just how subtle a counter-example
to the conjecture would have to be.

The problem of whether every homotopy idempotent on
a finite complex splits is equivalent to the well-known
problem in shape theory of whether every FANR is a pointed
FANR (equivalently: does a compactum shape dominated
by a complex have the shape of a complex?) In those
terms, we are looking at the case of FANR's whose Cech
Euler characteristic is nonzero.

1* Background and results* This paper is motivated by the
following

Problem 1.1. Does every homotopy idempotent on a finite CW
complex split?1

Before explaining the problem's significance, and our contribu-
tion to its solution, we define terms. f:X —>X is a homotopy
idempotent if / is homotopic to (~) f\ = f°f). Whenever X

u
dominates a space Y we find homotopy idempotents on X: if X ί̂  Y

d

are maps such that d © u C=L l r , then u © d is clearly a homotopy
See footnote to Problem 1.9 added in proof.
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idempotent. Now assume X has the homotopy type of a CW com-
plex; then the homotopy idempotent / on X splits if there is a
space Y and maps u and d as above such that u o d ~ /. By a
well-known theorem of Whitehead [13] such a space Y must also
have the homotopy type of a CW complex. Problem 1.1 deals with
the case in which X is (or has the homotopy type of) a finite CW
complex. Note that it is not assumed that the maps and homotopies
mentioned above preserve any base point: it will become clear that
this is at the core of the problem.

Problem 1.1 seems to be of interest in two quite separate parts
of topology. On the one hand, it is a problem in homotopy theory
which has connections with combinatorial group theory. On the
other, it is equivalent to a well-known geometrical problem about
the shape? of compacta. Our investigation will use the Nielsen-
Reidemeister-Wecken theory of fixed points [1] as a tool. So, to
organize the background, we begin with some exposition.

(A) The homotopy theory behind the problem:
We first drop the assumption that X is finite, and discuss

Question 1.2. Does every homotopy idempotent on a CW complex
split?

Here is a review of what is known. Let X be a CW complex
and / a homotopy idempotent on X; assume X is connected and
(altering / by a homotopy) that f(x) = x for some xeX which we
use as base point. By hypothesis there is a homotopy H:f~f2

ω

where ω(t) Ξ H(X, t) is the loop at x traced out by x.

PROPOSITION 1.3. / splits if and only if, in π1{X9 x), we have

We sketch a proof of Proposition 1.3 in §3 but readers familiar
with the problem will recognize that 1.3 is no more than a varia-
tion (useful here) on previously known results. Immediately we get

COROLLARY 1.4. / splits if (i) a) is homotopically trivial, or
(ii) πλ(X, x) is abelian, or (iii) f?([(ύ]) e image (/J) for some r ^ 2, or
(iv) πx(Xf x) is finite.

Proof, (i) is clear. f\ = T[ω]°/# (where Tg(h) = g^hg) so (ii) is
clear. If /f([α>]) = fl([σ]), then /|([ω]) = /, o /} o /Γ 2(M) - M^]" 1)./*
(M) /#([ft)l) — M[ω])> s o (ϋi) is proved, (iv) is contained in (iii),
since finiteness implies that T[ω] takes image (/#) isomorphically onto
itself. •
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Those are positive results, but there exist unsplittable homotopy
idempotents. The simplest example is due independently to Freyd-
Heller [6] and Dydak-Minc [2]. Before describing it we introduce
the notation of HNN extensions. If M is a group and a: Λf—> M is
a monomorphism, the HNN extension M% is obtained as follows:
letting (F; R) be a presentation for M, a presentation for MS is
(Ff; R') where Fr = F U {t}, t being a "new" generator, and Rf =
R[j {t-ιmta{m'1)\m^M}. t is called the stable letter. (This is not
the most general kind of HNN extension.) HNN extensions are
discussed in [10], where the following is proved:

PROPOSITION 1.5. // representatives are chosen from the right
cosets in M/a(M), 1 being chosen from the coset containing 1, then
every element of M£ can be written uniquely in the "normal form"
m0tm1tm2t tmnt~

k where moe M is arbitrary, while ml9 , mn are
coset representatives, k and n being integers ^0. •

Now the example: we give details because we will need them.

EXAMPLE 1.6. Let G be the group1 with generators g%, i —
0, 1, 2, and relations gτιgόgi = gj+1 whenever i < j ; and let φ: G—>G
take each gt to gi+1. Clearly φ is a well-defined monomorphism, and
Φ2 = TgQ o φ. Let Xo = K(G, 1) and /0: Xo -> Xo be induced by φ. Then
f0 ~ fl where [ω0] = g0. The natural homomorphism image (φ2)^ —>

image (φ) induced by inclusion on image (̂ 2) and taking the stable
letter to φ(gQ) is clearly an isomorphism. So φ(gQ) £ image (φ2), by 1.5.
So /0 does not split, by 1.3.

We remark that G has a two generator/two relation presenta-
tion (see [4 page 83]).

Freyd and Heller observed ([3] or [6]) that this example is
"contained in" all examples:

PROPOSITION 1.7. Define β:G-> π^X, x) by β{gr) = fl([ω]). Then
β°Φ = Λ°/3. β is a monomorphism if and only if f fails to split.

The "only if" half of this is immediate from 1.3. The "if" half
is proved in [3]: the reader without access to [3] can easily put
together a proof using the material in §2 below. The relationship
between Question 1.2 and combinatorial group theory is clearer in
the following variation on Proposition 1.7.

PROPOSITION 1.8. / fails to split if and only if the natural
L Besides [2] and [6], this group G occurs in an earlier unpublished example of

R. J. Thompson, who constructs an infinite, finitely presented simple group H containing
G as a subgroup. I thank R. Strebel for this information.
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homomorphism 7: image (ff)%\ —> τϋι(X, x) induced by inclusion on
image (/|) and taking the stable letter to /$[(*)] is a monomorphism,
whose image is the subgroup of π^X, x) generated by f^([oo]) and
image (fl).

Note that the image is as described whether or not / splits.
Monomorphism is the point. Proposition 1.8 is proved in §2.

(B) Additional information in the finite-dimensional case:
In between Problem 1.1 (unsolved) and Question 1.2 (solved) lies

the unsolved

Problem 1.9. Does every homotopy idempotent on a finite-
dimensional CW complex split?2

On this there are two significant results:

PROPOSITION 1.10 ([6]). A homotopy idempotent on a finite-
dimensional K(π, 1) splits.

This is a consequence of 1.7 together with the easily checked
fact that the elements s^+i^l1 of G generate an infinite-dimensional
free abelian group. See [3] for details.

PROPOSITION 1.11 ([3]). If X is n-dimensional and X is (n — 1)-
connected then f splits. In particular a homotopy idempotent on a
two-dimensional CW complex splits.

(C) Geometrical meaning of Problem 1.1:
We do not know of any geometrical reason for studying Problem

1.9, but Problem 1.1, the case of a finite complex, has geometic
content.

Let the compact metric space Z be shape dominated by the
finite CW complex X (see [4] for information on shape theory). Then

d
there are shape morphisms X ^ Z such that d © u is the identity

u
shape morphism. The shape morphism u°d is clearly idempotent,
and, since X is an ANR, is representable by a map /: X -> X which

d'
must be a homotopy idempotent. If / splits as 1 ^ 7 , with Y a

u'
CW complex, then d°u' and d'ou are mutually inverse shape
morphisms, so Z is shape equivalent to CW complex. Conversely if
Z is shape equivalent to a CW complex Y it is an easy exercise to
show that / splits through Y. Compact metric spaces shape

2 Added in proof: Hastings and Heller have answered Problem 1.9 affirmatively.
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dominated by finite CW complexes are called FANR's (or ANSR's
in [4]). The above says that the FANR Z has the shape of a CW
complexe if and only if any one of the homotopy idempotents on
finite complexes associated with Z splits. Similar considerations
show that if there is an unsplittable homotopy idempotent / on a
finite complex X, and if Z — lim {X <— X <— } then Z does not have
the shape of a CW complex.

Now a compact metric space Z can be embedded in Rn or Q (the
Hubert Cube) so as to have an /-regular neighborhood [11], [12] if
and only if Z is shape equivalent to a CW complex. Thus we have

PROPOSITION 1.12. The following are equivalent: (a) every homo-
topy idempotent on a finite CW complex splits] (b) every FANR can
be embedded in Rn or Q so as to have an I-regular neighborhood. •

For sharper information on the kind of embeddings see [11] and
[12].

Another related matter is the following. If the pointed connect-
ed compact metric space (Z, z) is pointed shape dominated by a
pointed finite CW complex, (Z, z) is called a pointed FANR. It is a
fundamental problem in shape theory to decide whether Z an FANR
and zeZ imply (Z, z) a pointed FANR. In [9] we explain the
following:

PROPOSITION 1.13. The following are equivalent: (a) every homo-
topy idempotent on a finite CW complex splits; (b) every FANR is
a pointed FANR, with respect to any base point. •

(D) The fixed point theory behind the problem:
In the preceding paper [7] we studied the fixed point theory of

a homotopy idempotent on a finite complex X. The reader unfamiliar
with fixed point theory as expounded, for example, in [1], should turn
to §2 of [7] for a review. Here we merely remark: that certain
fixed points of a map f:X—>X are called "essential"; that if the
Lefschetz number, L(f), is nonzero then / has at least one essential
fixed point; and that for compact PL manifolds X of dimension 2^3,
/ has an essential fixed point if and only if / is not homotopic to a
fixed-point-free map.

We continue to consider a finite connected CW complex X, and
f:X-*X such that f~ f\ From [7; Theorem 1.2] we quote:

PROPOSITION 1.14. Let f have an essential fixed point x and,
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using x as based point, let H:f~ f2. Then there are integers
ω

0 < m < n and a loop σ based at x such that, in πx{X, x), [co]m = [σ]
/fW-1. D

Here is an instructive example. Let X be S1 V S\ and let / be
the map which sends a to a and β to a~λβa (a and β being the
two "loops"). T h e n / ~ l x so / is a splittable homotopy idempotent.
Moreover L(f) Φ 0, so some fixed point of / is essential. The wedge
point x is not essential; if it were, then, applying /# to the equation
in Proposition 1.14 and abelianizing, we would have m{a} = 0, which
is false in [π1(Xf x)]ab = Z φ Z. However the fixed point y half-way
around β is essential; with respect to y f is pointed homotopic to
/2. This example is also useful in understanding 1.3: if x is base
point ω = a; if y is base point ω = the constant loop; either way

Ί([ω]) = /KM).
We will apply Proposition 1.14 via

COROLLARY 1.15. With notation as in 1.14, let K be the sub-
group of πλ{X, x) generated by /#([<#]) and image (/#). Then fl([(θ])m

is a commutator in K for some m > 0.

Proof. By 1.14, f\{[ωY) = / | (M)Mω]- )/KW-ι)/t([α)] ). D

One consequence is to rule out the "universal example" of 1.6
and 1.7 in the following sense.

THEOREM 1.16. Let f:X-*X be a homotopy idempotent on a
finite complex, and let f have an essential fixed point x. Then
/#: π1{X9 x) —• π1{X9 x) is not conjugate to the komomorphism φ:G->G
described in Example 1.6.

Theorem 1.16 is proved in §2.

Another consequence comes from combining 1.8 and 1.15:

THEOREM 1.17. Let f:X->X be a homotopy idempotent on a
finite complex, and let f have an essential fixed point x. Let f ~ f2,

ύ)

let K be the subgroup of πλ(X, x) generated by /#([<*)]) and image
(/#), and let p: K —> Kab be the natural projection. Suppose f fails
to split. Then #(/#([<*>])) has infinite order in Kab while p(fl([(θ]))
has finite order in Kah.

Proof. The finite order comes from 1.15. The infinite order
comes from 1.8, using the fact that when MS is abelianized, the



SPLITTING HOMOTOPY IDEMPOTENTS 101

stable letter goes to a generator of a Z-summand. •

We conjecture that the situation described in Theorem 1.17
cannot happen, and hence that / (with an essential fixed point) must
split. A proof of this conjecture has eluded us so far.

2* Proofs of Proposition 1*8 and Theorem 1*16* To simplify
notation in Proposition 1.8, write π = π^X, x), F = /# and z = [α>].
Then 7: image (i^2)?i —• π is inclusion on image (F2), and takes the
stable letter t to F(z).

Proof of Proposition 1.8. First "if". Suppose / splits. Then,
by 1.3, F(z) = F\z), so y(t) e image (F2). But 7 is mono, and, by
1.5, 1£ image (F2). Contradiction.

To prove "only if", we first note that if / fails to split, then
no power of F{z) lies in image (F2). Because, suppose F(zk) — F\y).
Then F\zk) = F(z-1F(y)z) = F(z~') - F\y) F(z) = F(zk). So, by 1.3,
the homotopy idempotent fk splits (fk cj f2k), hence / splits since

/ ~ Γ
Every element of image (F2)°Fl has normal form τ = m0tm1tm2t

tmnt~
k as in Proposition 1.5. Let i(τ) — n + k. Suppose ker 7 Φ {1},

and pick τ e ker 7 so that τ Φ 1 and i(τ) is minimal among all such.

Case 1. No ί's occur in τ. Then τ — mQ, y(τ) = 1 = y(m0) so
m0 = 1 = τ. Contradiction.

Case 2. Negative powers of t occur in τ, but no positive powers:
then τ — mot~

k and y(τ) = 1, so F{zk) e image (F2) which we have
seen to be impossible.

Case 3. Positive powers of t occur in r, but no negative powers.
Then τ = m0tm1tm2 tmn. For all m e image (F2), t^mt = F(m),
so mt = tF(m). Pulling the m's to the right we get τ = tnm where
m e image (F2). y(τ) = 1 = F{zn)m, so ί\2%) e image (ί72) which, as
has been said, cannot happen.

Case 4. Both positive and negative powers of t occur in τ.
Then τ = mφmί/m^ - tmnt~

k = tF{m^)mιtm2 tmnt~
k. So ί"Vί =

F(mo)m1tm2 tmnt~
{k~ι) is also in ker 7. Yet i{t~ιτt) = i(τ) — 2.

Since i(r) is minimal, ί"Vί = 1. Hence τ = 1. Contradiction. •

REMARK 2.1. The above proof can be adapted trivially to show
that if / fails to split then the subgroup of π^X, x) generated by
[ω] and image (/#) is also an HNN extension. But this is not "if
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and only if": a constant map from the circle to itself is a splittable
homotopy idempotent for which the same property holds (if ω is
chosen to generate π^.

We now turn to Theorem 1.16. Recall φ:G-^G in Example 1.6.
The reader is invited to check the following (or see [3]):

LEMMA 2.2. (a) Every g eG can he written

g = 97} - - gΐk

kigΐk

n

+\+1 9Tr*
r

where each nt is a positive integer, iλ < i2 < < ik, ik+1 > ik+2 >
• > ir,

(b) // p:G->Gab = Z®Z is projection, p(g0) = (1, 0) and
p(9ύ = (0, 1) for all i > 0.

Proof of Theorem 1.16. Suppose /# is conjugate to φ. To
simplify notation, identify π1{X9 x) with G and f% with φ. For some
ω, f ~ f\ Let [ω] be identified with g e G. Then ^2 = 2V o ^ =
Γ^o^, so ί/o"1^ commutes with ^(G). By Corollary 1.15, φ\g)m is a
commutator in ^(G), hence φ(g)m is a commutator in G, ^ being mono.
By Lemma 2.2(a) we can write g = ^ g^lg^+1 #rr"

r where
each ^ is a positive integer, ix < < ik, ik+1 > > i r. If
s > max {ΐi, , ir} the relations in G give

Hence 1 + ^fc+1 + + wr = % + + nk.
But, since ^to)m goes to QeZξ&Z under abelianization, so does

φ(g). Hence, by Lemma 2.2(b), nx + + nk — nk+1 + + nr.
This gives a contradiction.

3* Proof of Proposition 1*3* An inverse sequence of groups

G1 ^ G2 <̂- is Mittag-Leffler (ML) if for each m, there exists n
such that image (Gw+r —> GJ is independent of the nonnegative
integer r.

As in §2, let π = TΓ̂ -X, a;), F — f^ and « = [α>]. We are to prove
that / splits if and only if F(z) = F\z).

F F
LEMMA 3.1. F(z) = F\z) if and only if the sequence π <— π <— •

is ML.

Proof. If the sequence is ML then for some r ^ 1 image (Fr) =
image (F r + 1). So Fr(z) = Fr+\y) for some #; hence F(z) = F2(y),
since we may conjugate by af"1. So F2(^) = F(z~1F(y)z) =
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)\y){z) = F{z).
Conversely, letting Ty{ω) = y-'ωy, note that if F(z) = F\z),

then image (Fz) = 2V(,,(image (F2)) = 2W,(image (F2)) - image (F2),
F F

so the sequence π <— π <— is ML. •

Proof of Proposition 1.3. If / splits as X ^ F then the sequence
u

π <— π <— is cofinal in t h e sequence TΓ^X, x) J^ πx{ Y, y) <—

TΓiCX, a?) < , as is πx( Y, y) < πx{ Y, y) < . Since d o u ~ 1F,
the latter is ML, hence so are the others.

F F

Conversely, if the sequence π <— π <— is ML it is well-known
that / splits. A proof can be found, for example, in [4] Theorem
9.2.2 (5 —> 3) where only the case of finite X is explicitly considered.
But the proof for infinite X is the same. For other proofs see [8]
and [5]. •
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