PACIFIC JOURNAL OF MATHEMATICS
Vol. 95, No. 2, 1981

THE HOMOTOPY GROUPS OF KNOTS I. HOW TO
COMPUTE THE ALGEBRAIC 2-TYPE

S. J. LomoNAco, JR.
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Let K be a CW complex with an aspherical splitting,
i.e., with subcomplexes K_ and K, such that (a) K=K_UK,
and (b) K_,K,=K_NK,,K, are connected and aspherical.
The main theorem of this paper gives a practical procedure
for computing the homology H*ff of the universal cover K
of K. It also provides a practical method for computing
the algebraic 2-type of K, i.e., the triple consisting of the
fundamental group =,K, the second homotopy group r,K
as a 7, K-module, and the first k-invariant kK.

The effectiveness of this procedure is demonstrated by
letting K denote the complement of a smooth 2-knot (S*, £S?).
Then the above mentioned methods provide a way for com-
puting the algebraic 2-type of 2-knots, thus solving problem
36 of R.H. Fox in his 1962 paper, ‘“Some problems in knot
theory.”” These methods can also be used to compute the
algebraic 2-type of 3-manifolds from their Heegaard split-
tings. This approach can be applied to many other well
known classes of spaces. Various examples of the computa-
tion are given.

Table of Contents

0. Introduction ..........ceeiiriiiiiieiiii ittt 349

I. Brief historical development.................. i, 352
II. The diagram of @ 2-knot ...........oiiiiiiiiiiiniiiiiinnnenn. 352
III. Group SyStems ......uiiiiniiit ittt ieiaaeeneernnnnans 356
IV. Chain complex basics .......oiiiiiiiiininiiiiiiiiinennnnnnns 358
V. Free resolution systems ........coiiiiiiiiiiiiiiiiiiiinnnnn.. 360
VI. Completions of chain complexes .........cooveviiiiiiinennennn.. 363
VII. The main theorem (Theorem 7.1) .......ccvviuinienneinnnnnann, 364
VIII. Fox-Lyndon resolutions ...........ccoeiiiiiiiiiniiiinininenne. 368
IX. A constructive form of the main theorem (Theorem 9.2)........ 369
X. What is the significance of the algebraic 2-types of 2-knots?....373
XI. Miscellaneous corollaries on 2-knots .........cooviiiiiiiaiiiane. 375
XII. Conclusion: Problems and more problems ...................... 376
Appendix A. A computing manual for algebraic 2-type calculations....378
Appendix B. Explicit calculations for 2-knots ........................ 383
S 3 =Y Y=Y S A 387

0. Introduction. Let K be a CW complex with an aspherical
splitting. An aspherical splitting of a CW complex K is a triad
(K, K_, K.) of CW complexes such that (a) K= K_U K, and (b)
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K,K,=K NK, K, are connected and aspherical." The main
theorem (Theorem 7.1) of this paper gives an effective procedure
for computing the singular homology I-I*K of the universal cover
K of K from the groups w,K_, m K, m,K, and the morphisms
g.: T K,— n, K, induced by inclusion. It also provides a practical
method for computing the algebraic 2-type* of K, i.e., the triple
consisting of the fundamental group 7, K, the second homotopy group
7, K as a mwK-module, and the first k-invariant AK lying in the
cohomology group H*w K; m,K).

The effectiveness of this procedure is demonstrated by letting
K denote the complement of a smooth (or locally flat piecewise
linear (PL)) 2-knot (S* kS?. Then the above mentioned method
provides a way of computing the algebraic 2-type of 2-knots from
their hyperbolic splittings (def. 2.1). This solves problem 36 of
R.H. Fox in his 1962 paper [22], and substantially more.

The effectiveness of this procedure is also demonstrated by
letting K denote a closed connected 3-manifold. Then the algebraic
2-type of K can be computed from any one of its Heegaard split-
tings (of positive genus). The methods of this paper apply to
complements of unsplittable 2-links and to many other types of
spaces. Various examples of this computational procedure are given
in Appendix B.

A 2-knot is said to be quasi-aspherical (QA) if the third homology
group of the universal cover of its complement K vanishes (def.
10.1). It is demonstrated that the homotopy type of the complement
K of a QA 2-knot is completely determined by the algebraic 2-type
of K. This suggests a possible analogue in dimension four of
Papakyriakopoulos’ theorem on the asphericity of 1-knots [53]. (See
Problem 1 in § XII.)

It is demonstrated that, for every homology 1-sphere K (hence,
for all n-knot complements), Hy(7,K) =7, K/ 7, K=(Z Q- x7.K), Where
% denotes the augmentation ideal of 7K. (This can be thought of
as a generalization of the Kervaire condition H,(m,K) = 0. See [36].)
It follows that the first k-invariant of a homology 1l-sphere K does
not vanish if H,(m K) # 0; hence, that the first k-invariant of a
fibered 2-knot is nonzero if its commutator subgroup is nontrivial
and finite.

NoOTATION. Throughout this paper (unless stated otherwise)
(S™*%, ES™) will always denote a smooth #n-knot, (if » = 2, it can be

1 In [43] K is called a “generalized Eilenberg-MacLane (GEM) complex. From [43],
the homotopy type of the GEM complex K is completely determined by the group
system G={m; K_«—mK —>mK.}. Hence, the notation K=K(G,1). For details, see [43].

2 In [48] S. MacLane and J.H.C. Whitehead call this the algebraic 3-type.
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locally flat PL). By the exterior of an nm-knot (S**, kS™) is meant
S*** with a small open tubular neighborhood of kS™ removed. The
complement is S*™* with kS"™ removed.

Note to reader. This paper has been written to be read in any
one of three modes, i.e., as

Mode 1. A mathematical treatise. Read §§1 through XII. To
understand only the main theorem (Theorem 7.1), read the caveat
below and §§ III through VII.

Mode 2. A “handy man’s manual” for computing algebraic
2-type. In this mode only a rudimentary understanding of [11] is
needed. To compute the algebraic 2-type of:

(i) 2-knot complements, then read only §II, Theorem A 2.1,
Observations 1 through 3 and the Hint (all of Appendix A), and
Appendix B.

(ii) 3-manifolds, then read only Theorem A 2.1, Observations
1 through 3 and the Hint (all of Appendix A).

(iii) Arbitrary spaces with aspherical splittings, then read all
of Appendices A and B.

Mode 3. A paper to browse through on a lazy Sunday afternoon.
Use the table of contents and begin by browsing in any section.
All terms not defined within a section are referenced back to their
place of definition.

This paper started out to be a condensed and revised version
of [41, 42]. To the author’s surprise, it has developed into much
more. It basically contains all the material of [41, 42] with the
exception of the section on identities. It also contains as its main
theorem, Theorem 7.1, a distillate of the computational method
hidden within the recesses of [41, 42]. This clarification makes it
possible, not only to compute the entire algebraic 2-type of 2-knot
complements, but of a much larger class of spaces.

Caveat. The direct limit functor lim defined in §V does not

commute with the homology functor.

ACKNOWLEDGMENT. I would like to thank John Harper for his
helpful discussions on the Ek-invariant. I would also like to thank
John Milnor for pointing out that, as an immediate consequence of
[23], all the hyperbolic points of a smooth (locally flat PL) 2-knot
can be pushed into the same 3-dimensional hyperplane (see Theorem
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2.1). Finally, I would like to thank the referee for his helpful
comments.

I. Brief historical development. The development of the
work on the homotopy groups of knots had its beginnings in the
early 1900’s when Dehn and Wirtinger found a method for comput-
ing the fundamental group of 1-knots. Later in 1957, Papakyriako-
poulos [53] determined all the higher homotopy groups of 1-knots
by proving his famous theorem on the asphericity of knots. This
theorem essentially says that all the higher homotopy groups of
1-knots vanish, and hence, that the homotopy type of a 1-knot com-
plement is completely determined by its algebraic 1-type (i.e., by its
fundamental group).

Mathematicians then turned to higher dimensional knots, seeking
methods for computing their homotopy groups and looking for a
higher dimensional analogue of Papakyriakopoulos’ theorem on the
asphericity of knots. In 1962 Fox [21] gave a way to compute the
fundamental group of 2-knots from their motion picture representa-
tions. He then asked in problem 36 of [22] for a method for
computing the second homotopy group (as a =,-module) of locally
flat PL 2-knots.

In this paper, a method is given for computing the second
homotopy group as a mw,-module of smooth (or locally flat PL) 2-knots,
thus solving problem 36 of Fox. We then ask if the homotopy type,
of a 2-knot complement is determined completely by its algebraic
2-type. Some evidence (Theorem 10.1) is given suggesting that this
might indeed be true. A method for computing the complete
algebraic 2-type of smooth (or locally flat PL) 2-knots is given.

REMARK. Please refer to the bibliography for a more complete
historical development. (Also see [37] and [62].)

II. The diagram of a 2-knot. If we are to compute the
algebraic 2-type of a 2-knot, we will first need a convenient way
of representing such knots. We will utilize Fox’s motion picture
representation of knots, i.e., a representation in terms of a para-
meterized family of 3-dimensional cross-sections [21]. We will then
carry this method one step further by showing that essentially
only one single 3-dimensional cross-section, the so called 0-level, is
needed.

As mentioned in §0, (S* kS* will denote a smooth (or locally
flat PL) 2-knot. Throughout this section K will denote its ex-
terior, i.e., S* with a small open tubular neighborhood of %S*
removed.



THE HOMOTOPY GROUPS OF KNOTS I 353

For a given function 7:(S* o) — (S! «) and for each point ¢
in the 1-sphere S?, define the t-level as

K, = KN [c(t) U =] .

If the time function v is suitably chosen, then the t-levels K, are
the 3-dimensional eross-sections mentioned above.

There is no need to consider arbitrary time functions z. More
particularly, we will show that we need only consider 7 of the
following type.

DEFINITION 2.1. A smooth (or PL) map z: (S* ) — (S?, «) such
that 77'(e) = o is a hyperbolic time function of an exterior K of
a 2-knot (S*, kS? provided:

(1) 7l.s2 has only finitely many critical points, all of which are
nondegenerate and none of which is the point at .

(2) All elliptic points occur at levels K_, and K.,.

(38) Al hyperbolic points occur at level K.

The spaces K_ = UU,..K; and K, = |, K, are called the bottom and
top halves of K respectively. The triad (K, K_, K;) is called a
hyperbolic splitting of the knot.

It now follows from the work of Fox and Milnor [23] that:

THEOREM 2.1. Ewvery smooth (or locally flat PL) 2-knot has a
hyperbolic time function, and hence, a hyperbolic splitting.

A hyperbolic time function of the trivial 2-knot is shown in
Figure 1. One of the spun trefoil is given in Figure 2.
A quick glance at Figures 1 and 2 will convince the reader that

. . Ky

OC:’.O Ko.5
o. ‘ ”ﬁ m Ko
: o/

COO K 0.5

° [ ] K

FiGure 1. Hyperbolic time function of the trivial 2-knot.
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-1
FIGURE 2. Hyperbolic time function of the spun trefoil.

the above method of representation is highly redundant. The entire
knot can be completely reproduced from the 0O-level K, and a set of
labels (one for each hyperbolic point) indicating how the hyperbolic
points open up above, i.e., for ¢ > 0. We are thus led to the follow-
ing convenient and compact representation of 2-knots.

DEFINITION 2.2. Let K, be a O-level of the exterior K of a
smooth (or locally flat PL) 2-knot (S* kS? arising from a hyperbolic
time function. Then a diagram of (S* kS* is a regular projection
of K, with over and under crossings indicated in the standard way
and with hyperbolic points labeled as shown in Figure 3.

By Theorem 2.1, all smooth (or locally flat PL) 2-knots have a
diagram. Diagrams of the trivial 2-knot and of the spun trefoil are
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<

Labeled Hyperbolic Point Meaning

N
/N

Labeled Hyperbolic Point Meaning
FIGURE 3. Interpretation of hyperbolic point labels.

FIGURE 4. Diagram of trivial 2-knot.

¢ a b

c babEB baB
Ficure 5. Diagram of Example 1, the spun trefoil.
7, K=(a, b: abab~la~b"'=1)

1, K=0Un: (1—a+ba)d Ug=0)

H¥mK; 7:K)=0 and EK=0
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2n+1
twists

2n twists
FIGURE 6. The diagram of Example 2.
mK=(a,x: a®, axd’®) and 7, K=0@Un: (x—1)dUg=0=(Z%" a?)d Up)
Ha(ﬂlK; ﬂfzK)=’Z2n+1=(tI t2"+1=1) and kK=t
shown in Figures 4 and 5 respectively. Diagrams of other 2-knots
are given in Figures 6 and 7.

III. Group systems. In this section group systems and their
direct limits are defined. The Van Kampen theorem is also stated.
(See [10] for a more general formulation.)

A group system G is a set of three groups G_, G, G, together
with two group morphisms ¢.:G,—G.. If g_ and g. are both
epimorphisms (monomorphisms), then G is called an epimorphic
(momomorphic) group system. (The phrase “group system” is used
rather than “group triad’ because all definitions and results hold
for a more general class of group systems.)

If G and G’ are group systems, then a morphism f:G— G



THE HOMOTOPY GROUPS OF KNOTS I 357

Xzyaxyzx
FIGURE 7. The diagram of Example 3.

mK=(a,x: ax=za? and 7. K=0@Ug: (1+a—ax)oUg=0)
H¥zK; nyK)=0 and kK=0
from G to G’ is a collection of morphisms f,: G, — G, la = —, 0, +)
such that the diagram

G.—G,— G,

f-l fol l ,

GL—G— G,

is commutative. If each morphism in f is an isomorphism onto,
then f is said to be an isomorphism and G and G’ are said to be
isomorphic.

If G is a group system and G a group, then a morphism
f:G—G from G into G is a collection of morphisms f,:G,— G
for « = —, 0, + such that the diagram

G,
/ ' \g+
v N
G

g-
~NLA
Nl S

G

‘fo G,

is commutative. The image of f is the subgroup of G generated
by the images of all the morphisms in . The morphism f is said
to be an epimorphism if its image is G itself.

DEFINITION 3.1. A direct limit (push-out) of a group system G
is a group G together with a morphism f: G — G such that
(1) f is an epimorphism.
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(2) For every group G’ and morphism f’: G — G’, there exists
a morphism h: G — G’ such that f'=hf, i.e., fi=hf, for a=—,0, +.
The group G will be denoted by lim G and the morphism £ by

g° = {g%, 97, 95}

THEOREM 3.1 [10]. Ewvery group system has a direct limit
unique to within tsomorphism.

The following gives some insight into the geometric significance
of the above material. More will be said in later sections.

DEFINITION 3.2. Let (@, @_, Q+) be a triad of pathwise connected
spaces such that @, = Q_N Q; is also pathwise connected. Then
the group system G associated with (Q, @_, @) is the group system
consisting of the groups 7,Q_, 7,Q,, 7.Q+ together with the morphisms
induced by inclusion.

THEOREM 3.2. (Van Kampen) (See [10] for more general version.)
Let (Q, Q_, Q1) be a triad of spaces such that

(1) @=Q_UQ@Q..

(2) Q_, Q =Q_NQ4, Qs are open pathwise connected subspaces
of the pathwise connected space Q.
Let G be the group system associated with (Q, @_, Q+). Then wQ=
lim G and g~ is the collection of morphisms g, 7,Q,— w,Q induced

— . .
by inclusion (¢ = —, 0, +).

REMARK. The main theorem of this paper (Theorem 7.1) can be
thought of as a w,-generalization of the above Van Kampen theorem.

IV. Chain complex basics, The mature mathematician pro-
bably will need only skim this section. The material in this section
comes from [15, 47, 65].

If G is a group, then ZG will denote its integral group ring;
and if ¢g: G — G’ is a group morphism, then the same symbol will
denote the induced ring morphism g¢g: ZG — ZG’'. By a left (right)
G-module is meant a left (right) ZG-module. For all groups G, the
infinite cyclic group Z is considered to be a left G-module under the
trivial action. We write @, rather than @,.,. If M and M’ are
left G-modules, then a G-morphism ¢: M— M’ means a left ZG-module
morphism. If M and M’ are left G-and G’-modules respectively, then
a map under the group morphism ¢g: G— G is an additive morphism
¢: M — M’ such that g(xm) = g(x)¢(m) for all x€ G and me M. (See
[65].)
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A G-chain complex C is a sequence of left G-modules C, for
each integer ¢ together with G-morphisms 9,: C, — C,_, such that (1)
C,=0 for ¢ <0 and (2) 6,+,0, =0 for all q. C is said to be free
if C, is a free left G-module for all q. An augmentation ¢ of C is
a G-morphism &: C,->Z such that ¢, = 0 and e(xe,) = e(c,) for all
xeG and ¢, eC, C is said to be augmentable if there exists an
augmentation for C. An augmentable G-chain complex C together
with an augmentation is called an augmented G-chain complex (which
is also denoted by the same symbol C).

If C and C’ are augmented G-chain complexes, then a chain
map ¢: C — C’ defined in dimensions up to q is a sequence of G-
morphisms ¢;: C, — C! 0 £ 1 < q such that

0, = ¢, .0,(1 = 1= ¢q) and &', = ¢ .

Given two chain maps g, 4: C —C’ defined up to dimension ¢, a
chain homotopy D from ¢ to + in dimensions not greater than q,
written

D: ¢ = 4 (dim = ¢)
is a sequence of G-morphisms D,:C; — C/,; 0 < i < ¢ such that
Vo= ¢+ 0D, + D9 0=i=4q),

where for ¢ =0, D,_,0, is omitted. If such a chain homotopy exists,
then ¢ and + are said to be chain homotopic in dimensions not
greater than ¢, written ¢ = 4 (dim < ¢). Two chain maps homotopic
in dimensions not greater than ¢ induce the same homomorphism
of the integral (reduced) homology groups for 0 < 7 < gq.

A chain map ¢: C— C’ defined up to dimension ¢ is said to be
a chain equivalence in dimensions mot greater than q if there
exists a chain map ¢": C' — C defined up to dimension ¢ such that

¢¢’ = 1’ (dim < ¢) and ¢'¢ = 1 (dim < ¢q)

where 1 and 1’ denote the identity chain maps on C and C' respec-
tively. Such a chain equivalence induces an isomorphism of the
integral (reduced) homology groups for 0 < 7 < g.

DEFINITION 4.1. Let C’ be a (augmented) free G-chain subcom-
plex of a (augmented) free G-chain complex C. Then C'is a proper
free subcomplex of C or C is a proper extension of C’ provided for all ¢

(1) C; is a G-direct summand of C,, and

(2) GC,/C; is a free left G-module.
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(Note: The boundary operator ¢ of C does not necessarily respect
the direct sum decomposition C, = C, @ (C,/C,).)

The following two theorems are a relativized versions of those
found in [15].

THEOREM 4.1. (Relative extension of chain maps.) Let A, B, C
be free G-chain complexes such that B is a proper subcomplex of A.
Let ¢: A — C be a chain map defined up to dimension q and p: B—
C a chain map defined up to dimension q + 1 and such that ¢,|z=
P, for 1 =< q. Then ¢ extends to a chain map defined up to dimen-
ston q¢ + 1 such that ¢,uls = gy of and only if the q + 1 cocycle
Nevdalan lying in Z(A/B, HC) wvanishes, where 7, Z,C— H,C
denotes the natural morphism.

THEOREM 4.2. (Relative extemsion of chain homotopics.) Let
A, B, C be free G-chain complexes such that B is a proper subcom-
plex of A. Let ¢,¢": A—C be chain maps defined for all q and
let +p, 4': B> C be chain maps defined for all q such that ¢|z =
and ¢' |z = +'. If D: B—C is a chain homotopy from + to «' defined
up to dimension q + 1 and tf D*: A — C 1s a chain homotopy from
é to ¢ defined up to dimension q and such that D*|; = D, then D*
extends to a chain homotopy from ¢ to ¢’ defined up to dimension
q + 1 and such that D}, |z = Dy of and only if the obstruction

Norr(Po41 — Py — anq-l—l)]m/mqﬂ lying in Z'*(A/B, H,.,C)

vanishes, where 7),.,: Z,+,C —> H,,C denotes the natural morphism.

V. Free resolution systems. A more general and slicker for-
mulation of this material is given in [43]. The definitions of §§ III
and IV are assumed.

By a free resolution over a group G is meant an augmented
free G-chain complex C such that

o
Oq

A 0

C, C,. . C,

is exact. (The infinite cyclic group Z is considered to be a left
G-module under the trivial action.)

DEFINITION 5.1. Let G be a group system. (See §IIL.) A free
resolution system C over G is a set of free resolutions C-, C° C*
over G_, G, G, respectively together with maps v*: C°— C* such
that

(1) ZG.@qC" is a proper subcomplex of C*. (See Definition
4.1.)
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(2) v#:C!— C# is the map under the morphism g¢.: G, — G.
defined as the composition of the map of C; into ZG. @, C; given
by

c——1Q® ¢
Go

together with the inclusion map of ZG. @, C° into C*.

DEFINITION 5.2. Let C and C’ be free resolution systems over
a group system G. A chain map @:C — C' is a collection of chain
maps ¢*: C*—C’™ (¢ = —, 0, +) such that

C-e—(C"—>C™*

I A

C'- cn C'+

is commutative. If ¥:C— C’ is also a chain map, then a chain
homotopy 4 from @ to ¥, written 4: @ = ¥, is a collection of chain
homotopics 4% ¢* = 4 such that

C-«—C'—C*

A ek

c'- g C'+

is commutative. If there is a chain equivalence from @ to ¥, we
say that @ is chain homotopic to ¥, written ® = ¥. A chain map 9:
C—C' is a chain equivalence if there is a chain map @': C' — C such
that @9’ =1’ and &'® =1, where 1 and 1’ denote respectively the
identity chain maps on C and C’. C and C’ are said to be chain
equivalent if there exists a chain equivalence from C to C’.

THEOREM 5.1. Any two free resolution systems over the same
group system G are chain equivalent.

Proof. Let C and C’ be any two free resolution systems over
G. Since C° and C”™ are free resolutions over G, there exists a
chain equivalence ¢°: C°— C” which induces a chain equivalence
¢° from ZG. @q,C° to ZG. @.,C”. Since all of the obstructions of
Theorems 4.1 and 4.2 vanish, ¢° extends to a chain equivalence from
C=* to C'=. O

DEFINITION 5.3. Let G be a group system and C be a free
resolution system over G. Let G = lim G and let C be an augmented

G-chain complex. A chain map @: € — C is a collection of chain
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maps ¢*: C* — C (a=—, 0, +) under the respective group morphisms
gz: G, — Gla = —, 0, +) such that

CO
/ l AN
e AN
c- ' c+
AN /

\.1/
C

is commutative. The image of @ is the smallest G-subcomplex of
C which contains the image of every morphism in @. The chain
map @ is an epimorphism if its image is C itself.

DEFINITION 5.4. Let C be a free resolution system over a
group system G with G = lim G. A direct limit (push-out) of C is
an augmented G-complex C—a)nd a chain map @': C — C such that

(1) @ is an epimorphism and,

(2) For every augmented G-complex C’ and chain map @': C —
C’, there exists a chain map p: C — C’ such that @ = p®.

Such an augmented G-complex C will be denoted by lim C and @ by
(/5

The direct limit defined universally above will now be defined

constructively.

DEFINITION 5.5. Let C be a free resolution system over a group
system G with G = lim G. The associated triad (C,C-, C+) of C is
a triad of augmentéa) G-complexes formed as follows: Let C* =
ZG @®;. C*. Hence, C"=ZG @, C°=C-nC+. Let C=(C-@C+)4C",
where 4C ={c@ (—c)|ceC?). C is called the associated complex
of C and C° the associated intersection. The associated morphism
®: C — C is defined by §.(c)=1,c ¢, c(a=—, 0, +), where 1,, denotes
the identity of ZG.

THEOREM 5.2. Let C be a free resolution system over a group
system G. Then the direct limit of C exists and is unique up to
1somorphism. Moreover, the associated complex C together with the

associated morphism @ forms the direct limit of C.

THEOREM 5.3. Let C and C' be free resolution systems over the
same group system G. FHKvery chain equivalence @ from C to C’
induces a chain equivalence ¢:1im C to lim C' such that

— —
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(/]
C—C'

¢wl lgp/w

lim € -5 lim ¢
— —

is commutative. Moreover, @ induces a chain equivalence from the
associated triad of C to the associated triad of C'. Hence, by
Theorem 5.1 the direct limit of any free resolution system over G
18, modulo chain equivalence, an invariant of G.

The following theorem will be of use in the calculation of the
algebraic 2-type of 2-knots.

THEOREM 5.4. Let C be a free resolution system over a group
system G with G =1lmG. If ¢,: G, — G is an epimorphism and if

G, s of homological dimension at most q, then

ZG @ Ker 87 = Ker 07,
G“

for i = q + 1, where 6% and 0* denote the boundary operators of C*
in C and of C= in the associated triad of C respectively.

IV. Completions of chain complexes. The material given in
this section will be used to define and to compute the first k-invar-
iant. (See [15].)

DEFINITION 6.1. Let G be a group and C an augmented free
G-chain complex. Let ¢ be a nonnegative integer such that H,C=0
for i < q. Then a g-completion C of C is a free resolution over G
such that

(1) C is a proper extension of C (see Def. 4.1.).

(2) C,=C, and 3, =3, for i < q.

DEFINITION 6.2. Let G, C, C, and ¢ be as in the above defini-
tion and let id:C — C be the identity chain map defined in dimen-
sions up to g. The obstruction k(C, C) to extending id to C,,, is
the (¢ + 1)-cocycle

k(C, C) = 75:C,pn —— 7,0 ~ 2,0 HE

lying in Z+'(C, H,C). (See Theorem 4.1.) Let k(C, C) denote the
cohomology eclass in H**C, H,C) = H**(G, H,C) represented by
k(C, C).

The invariance of the above cohomology class is given by the
following theorem.
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THEOREM 6.1. Let G be a group and C and C' augmented free
G-chain complexes. Let q be a monnegative integer such that H,C =
0= HC’ for i < q and let C and C’ be g-completions of C and C’
respectively. Then every chain equivalence from C to C' extends
to a chain equivalence from (C, C) to (C’, C"). Each such equivalence
induces an isomorphism of HC', H,C') onto H*(C, Hqé) which
carries k(C', C') onto k(C, C). (See [15].)

VII. The main theorem. The main theorem (Theorem 7.1)
will now be stated and proven. (The direct limit functor lim (Def.
—

5.4) does mot commute with the homology functor. See caveat in §0.)

DEFINITION 7.1. An aspherical splitting of a CW complex K
is a triad (K, K_, K;) of CW-complexes such that

(1) K=K_UK,.

(2) K,K,=K_nN K, K; are pathwise connected.

(3) K_, K, K. are aspherical.®

REMARK. It follows that there exist open subsets K_, K,=K_n
K+, K. of K containing: K_, K, K, respectively as deformation
retracts. Hence, the Van Kampen theorem (Theorem 3.2) can be
applied. (See [10].)

THEOREM 7.1.* Let (K, K_, K.) be an aspherical splitting of a
CW complex K. Let C be a free resolution system over the group
system G associated with the triad (K, K_, K,). (See Defs. 3.2 and
5.1.) Let K_, K, K, denote the respective lifts of K_, K, K, to the
universal cover K of K. Then limC is chain homotopic to the

~ - ~
augmented chain complex CK of singular chains of K. Hence,

H.,K = H lim C (as left Zn,K-modules) ,

where Nﬁ dNefnotes the reduced singular homology. Moreover, if (C=
lim C, C-, C*) denotes the associated triad of C (see Def. 5.5), then
—_—

AR, = H,C* = H,(n.K,; Zr.K) ,
for a = —,0, +. Finally, if C is a 2-completion of lim C (See Def.

3 In [43], K is called a generalized-Eilenberg MacLane (GEM) complex. The
collection K={K_, K,, K.} is called an aspherical structure on K. From [43], the
homotopy type of a GEM complex is completely determined by the group system G=
{n K- —m Ky— mK:}. Hence, the notation K=K(G,1). See [43] for details.

¢ In [43], li_r)n C is called the chain complex of the group system G={r Ky—r; K¢—
7K.} and denoted by CG; and Hy lgn C=H.(G; ZG) is the homology of the group
system G with local coefficients in ZG, where G:li_r)n G. Sece [43] for details.
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6.1), then the 3-cocycle k(C, lim C) given by
C,— 7,C = 7, (lim C) - H,lim C

lying in Z%C, H,lim C) 1is a representative of the k-invariant kK
lying in H¥C, H,lim C) = H¥7,K; 7,K). (See Def. 6.2)

Proof. Let K., K, denotes the lifts of K., K, respectively to
the universal cover K of K and let K. and K, denote respectively
the universal covers of K. and K,. Moreover, let ¢¢ denote all the
i-cells of K, and &% all the i-cells of K, — K,. Then the i-cells of

R K., R, K., K, are respectively

{go® U ga; U go' |gem K},
{gos U goi|gem, K},

{goil g e, K},

{goi U go'.|gem, K.},
{go,|g e Tt K} .

Let CK, CK., CK, CIv{i, CIV{0 denote the corresponding augmented
G-chain complexes and let v*: CK, — CK, denote the maps induced
by the covering maps. Then

C = {{CK_, CK,, CK,}, {v_, v+}}

is a free resolution system over G and (CK,CK_, CK,) is the
associated triad of C. Hence, by construction

H,K = HCK = H,limC

and
H,K,= HCK, = H(n,K,; Zn,K)
for all ¢ and for a = —, 0, +.
Next let C be a 2-completion of lim C; then from § 6 an obstruc-
tion k(C, hm C) in H¥C, H, hm C) = Hs(nK 7,K) is defined. This
construction of k(C, hm C) is premsely the geometric definition of

the k-invariant kK glven in [14, 15] except that the resolution C
is used instead of the bar resolution.

This proves the theorem for a particular free resolution system
over G. Let C’ be any other free resolution system over G and let
(C'=1im €", C'-, C'+) be the associated triad of €’. Then from §V, the

associated triad of €’ is chain homotopic to (CK, CK-, CK*). Finally,
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let C' be a 2-completion of C’. Then from §VI, (', C") is chain
equivalent to (C, CK) and the general theorem follows. O

REMARK. Theorem 7.1 holds for more general aspherical split-
tings and group systemt. This is why the phrases “aspherical split-
ting” and “group system” are used above rather than “aspherical
triad” and “group triad”. (See [43]).

REMARK. Theorem 1.1 can be thought of as a m,-generalization
of Crowell’s version of the Van Kampen theorem [10].

The following corollaries of Theorem 7.1 are stated more gener-
ally in [43].

COROLLARY 7.2. Let (K, K_, K.) be an aspherical splitting of
a CW complex K with universal cover K. Then

cer— Hqﬂlz——» H/(m,K,; Zm,K)
— H,(nK_; Zn,K) @ H(x,K,; Zn K) — HEK —> -

s a long exact sequence.’

From Theorem 7.1 or Corollary 7.2 we have as a corollary the
following result of J. H. C. Whitehead.

COROLLARY 7.3. (Corollary to Theorem 5 in [66].) Let G be
the group system associated with an aspherical splitting (K, K-, K)
of a CW-complex K, i.e., associated with the triad (K, K_, K.). (See
Def. 3.2.) If all the morphisms in G are monomorphisms, then K
18 aspherical.

The following theorem will be of use in simplifying the calcula-
tion of the algebraic 2-type of 2-knots.

THEOREM 7.4. Let (K, K_, K.) be a hyperbolic splitting of a
smooth (or locally fiat PL) 2-knot. (See Def. 2.1.) Then K. collapses
to a wedge of e. l-spheres, where e_ and e, denote respectively the
number of upper and lower elliptic points. Hence, w, K. s free of
rank e. and of homological dimension one.

5 This is a special case of the long exact sequence
co = Hy (G5 A) — Hy(Go; A) — Hy(G-; AYDH(G+; A)— Hy(G; A)— ---

found in [43], where G denotes the system {G_-—Gy—G.} with direct limit (or push-
out) G and A is a right ZG-module. This is a generalization to push-outs of Swan’s
[43] Mayer Vietoris sequence (with local coefficients) for free products with amalgama-
tion. See [63] for details.
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THEOREM 7.5. Let K, be the 0-level of a hyperbolic splitting of
a smooth (or locally flat PL) 2-knot. (See Def. 2.1.) Then the funda-
mental group w K, of K, is of homological dimension at most two.

Proof. m K, is the group of an unsplittable 1l-graph in S°®.
Hence, by [9, 51] it is of homological dimension at most 2. (See
remark at end of § VIIL.) O

From Theorems 7.4 and 7.5 above it follows that the hyper-
bolic triad of a smooth (or locally flat PL) 2-knot satisfies all the
hypotheses of the following theorem.

THEOREM 7.6. Let (K, K_, K;) be an aspherical splitting of a
CW complex K and let G be the associated group system. (See Def.
3.2.) Let K be the universal cover of K. If nmK_, n.K, n.K, are
respectively of homological dimension at most 1,2, 1, then the exact
sequence of Corollary 7.2 reduces to

H,K = H(rn,K,; Zn,K)
and to the short exact sequence

0 — H,K — H,(7,Ky; Zn,K)
— H,(n,K_; Z7,K) @ H\(7,K,; Zn,K) — 0,

and all the remaining reduced homology groups of K vanish.

The second homotopy groups of 2-knots were originally computed
from the above short exact sequence [41, 42]. The method given
in this paper is a more general procedure of calculation. For 2-knots
and 3-manifolds, this procedure of course reduces to the use of the
above exact sequence. The more general procedure is needed to
compute the k-invariant.

REMARK. Heegaard splittings of positive genus of connected
3-manifolds satisfy the hypotheses of Theorem 7.6.

From Theorem 7.4 and from the asphericity of 1-knots [53], we
conclude:

THEOREM 7.7. Ewvery hyperbolic splitting of a 2-knot is an
aspherical splitting.

It is obvious that:

THEOREM 7.8. Ewvery Heegaard splitting of positive genus of
a closed conmected 3-manifold is an aspherical splitting.
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VIII. Fox-Lyndon resolutions. We now give a method for
constructing a free resolution of a group which, for our purposes, is
geometrically more enlightening and computationally more economical
than the bar construction. (Our construction is similar to that
found in [46, 65].) This method of construction will be used to
bridge the gap between the main theorem (Theorem 7.1) and its
more constructive analogue (Theorem 9.2).

If C is a (augmented) G-chain complex, then by a free basis of
C, written

SO; Slr SZ’ Tty

is meant a sequence S,(¢ =0,1,2, ---) of sets of symbols such that
S, is a free basis of the left G-module C, for all ¢ = 0.

Let & = (x:r); be a presentation [11] of a group G. A Fox-
Lyndon 7resolution over G corresponding to & is a free resolution
over G constructed as follows:

Let C, be the free left G-module on the single symbol P and
let C, and C, be the free left G-modules on the sets X and R,
where X and R are sets of symbols in one-to-one correspondence
with the elements of x and r respectively. Let e: C,— Z denote
the extension of the morphism ¢: G — Z which sends each element
of G to 1 and define the G-morphisms 4,: C, — C,, d.: C, — C, by

0,X;, = (x, — P vX,e X
aZRj = Z (57‘,/@%1)){1 VR] S R ’

where x;, — 1 and 07r;/0x, denote respectively the image in ZG under
¢ of x;, — 1 and of the Fox derivative [11, 18] or,/ox..

Next let u be a set of generators of the left G-module Ker o,
and U a set of symbols in one-to-one correspondence with the
elements of u. Define C, as the free left G-module on the symbols
U and 0,: C, — C, as the G-morphism given by

J
where dU,/0R; denotes the left coefficient of R; in w,.
Similarly, let w be a set of generators of the left G-module
Kerd, and W a set of symbols in one-to-one correspondence with

the elements of w. Define C, as the free left G-module on the
symbols W and 9,: C, — C, as the G-morphism given by

34W;=wl=%(3W;/5Uk)Uk (VW;G W),

where 0W,/0U, denotes the left coefficient of U, in w;,.
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The free resolution C over G defined inductively as above is
called a Fox-Lyndon resolution of G corresponding to &. The free
basis (see definition above)

PrX:R’L]y Wr"'

is called a constructive basis of the Fox-Lyndon resolution C.

Finally, a gq-completion C (see Def. 6.1) of an augmented free
G-chain complex C is a Fox-Lyndon g-completion if C is a Fox-
Lyndon resolution over G.

REMARK 1. The symbols U correspond to identities and the W
to the identities among the identities. The coeflicients oU,/0R; and
oW,/oU, are actually the images of the Fox derivatives of these
identities and identities of identities. Hence, the notation. (See
[41, 42, 65].)

REMARK 2. Let @ be the complement of an unsplittable graph
in the 3-sphere. Then @ collapses to a 2-dimensional CW complex
K containing only one 0-cell. Let (x:r) be the presentation of 7,Q
carried by the cells of K and let K denote the universal cover of
K. Then the cells of K lift to K to form an augmentable 7,Q-chain
complex CK. This chain complex, when augmented, is a Fox-Lyndon
resolution of z,Q corresponding to (x:r). Moreover, C,,IZ' =0 for
g > 2. Hence, 7,Q is of homological dimension at most 2.

IX. A constructive form of the main theorem. The Fox-
Lyndon resolution defined in § VIII will now be used to give a more
constructive form (Theorem 9.2) of the main theorem (Theorem 7.1).

DEFINITION 9.1. Let G be a group system with direct limit
G =limG. A presentation (x_; x; X+:7_; 75 ri)s_ 4,6, of G is a pair
of mo—r—f)hism presentations [20] (x; x_: 1o; 7_)s,s_ and (Xo; X2 To5 T g0,
of 9_:G,— G_ and g¢g.: G, — G, respectively. The subscripts ¢, and
¢, are usually omitted unless extra precision is needed. It follows
from [10] that (x_, x,, x.:r_, r,, ry) is a presentation of G.

REMARK. If f:G — H is a group morphism, then a presenta-
tion (x; y: r;8) of fis a set of two presentations (x: r), and (x; y: r; 8)y.
of G and H respectively such that

F(x) = F(x Uy)

L



370 S. J. LOMONACO, JR.

is commutative, i.e., such that f is the morphism induced by the
inclusion ¢. (See [20].)

By arguments similar to those found in [20, p. 411], it can be
shown that the following transformations do not alter the isomor-
phism type of the presented group system.

DEFINITION. Let & = (x_; x,; x4: r_;r,;r.) be a presentation of
a group system . Then the following are called Tietze transfor-
mations of F.

(I) Adjoin to r, any one of its consequences.

(I.) Adjoin to r. any one of the consequences of r,Ur..

(II) Adjoin a new symbol z, to x, and z,u*' to r,, where u is
in the free group F(x,).

(II.) Adjoin a new symbol z, to x. and z.u' to r., where u
is in the free group Fl(x, x.).

By a proof similar to that given in [19, p. 198], it can be shown
that:

THEOREM (Tietze). If P and P are finite presentations of
the same group system, then it is possible to pass from ome to the
other presentation by applying a finite sequence of Tietze Trans-
formations of types

O=, @)=, d)*=, A=, A=, AL)* .

DEFINITION 9.2. Let & = (x_; x,; x+: r_; r,; r1) be a presentation
of a group system G with G =1lim G. Then a Fox-Lyndon resolu-
tion system over G is a free rg:;olution system C constructed as
follows: Let C° be a Fox-Lyndon resolution (see § VIII) of G, cor-
responding to (x,:r,). Let C* be a Fox-Lyndon resolution of G. cor-
responding to (x,, x.:r, r.) formed by extending ZG.@g, C°. Then
C-, C°, C* together with the obvious maps v_, v+ under the respective
group morphisms g_, g, is a free resolution system over G. Let P,
X,, R, U,, W,, - -- be the constructive basis (see § VIII) of C°and let
the induced free basis (see § VIII) of ZG. @, G° also be denoted by
the same symbols. Extend this free basis to a constructive basis
P, X,UX,RUR.,UUU, W,UW,, --- of C*. Then

P; X_, XOy X+; R_, RO, R+; U__, l];), U+; W_, WO; W+; e

is called a comstructive basis of the Fox-Lyndon resolution system C.

THEOREM 9.1. Let C be a Fox-Lyndon resolution system over a
group system G corresponding to a presentation P of G. Let G =
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lim G and (C, C-, C+) be the associated triad (see Def. 5.5) of C. If
PX,X,X;R,R,R;; U ,U,U;W_, W, Wg;---
is a constructive basts of C, then
P’ XO’RO’ l]O, WOy et
P, XOUXi’ROURi, UoU Uiy WoU W:’ *
P, X_UX;UX.;-,R_.UR()UR.{», U_U lIOU U+, W_U ”’ou W_(., °

are respectively the induced constructive bases of C,, C‘i, C, and the
boundary operators are given by

5°=1G®30 5izlg®ai
Gy Gt
~ dte if e C+
00 = 4§, | ~
0o if 0eC,
where 0, 1s the boundary operator of C,.

THEOREM 9.2. (Comsiructive form of main theorem.) Let C be
a Fox-Lyndon resolution system over a group system G correspond-
ing to a presentation

P = (X_5 X0 X413 T Ty)

of G. Let G=1imG, let (C,C-, C+) be the associated triad (see

Def. 5.5) of C, and let C be a Fox-Lyndon 2-completion of C (see
S VIIT). Let

P; X-—y XO; X+; R—’ RO’ R+; U—; U;,, U+; W__, WO’ W+; et
be a constructive basis of C and let

PX UX,UX;,,R_UR,UR, U_U U,U UqU U,,
W_uUwW,uWguw,, -
be a constructive basis of C formed by extending the free basis of

C mentioned in Theorem 9.1. Then H,C as o left G-module is
generated by the elements of dU; and

OUs, 3, OWofoUn)dUn =0, v Woe Wo)

is a presentation of H,C as a left ZG-module_. Moreover, if W' is
any set of generators of the left ZG-module C,, then

@OUy: S @W'[3U)oUs =0, YW'e W)
]

el

is also a presentation of H,C as a left ZG-module. Moreover, the
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obstruction k(C, C) lying in H YC, H,C) is represented by the equi-
variant 3-cocycle k: C, — H,C given by
(0U* if U*e Uy

KU*) =
) o ifU*eU UUUU,.

Proof. From the long exact sequence induced by the short
exact sequence

we have that
H,C = H/(C/C)
as left G-modules under a isomorphism denoted by 0,.° But

8, ¢, 9, UD: WD; )

is a constructive basis of Q/é. Hence, U is a set of generators
of the left ZG-module Z,(C/C) of relative 3-cycles and

oWg = ,Z (aWD/aUD)UD
tgelp

is a set of generators of the left ZG-module B,(C/C) of relative
3-boundaries. Hence,
(Umzmgvm(a Wz/oUz)Uq = 0, VW e W)
is a presentation of H,C/C) as a left ZG-module. Thus using the
isomorphism 9, taking Uy to U, we have the first presentation.
Next, let C® be a left ZG-chain complex such that C® and C
agree up to and including C, and such that C® = 0 for ¢ > 3. Then
H,C = HC® and by the same argument, H,C® = H,(C/C®), which
gives the second presentation.
Finally, by Definition 6.2, the obstruction k(C, C) is represented
by
k = %id,: C, — Z,C = Z,C — H,C .

Hence,
oU* if U*e Uy
KU* =oU* =
e 0 if U*eU_.UU,UU,
since U = 0 in H,C for all Ue U_U U,U U,. O

The following theorem will be used to simplify 2-knot and
3-manifold calculations.

6 In the termonology of [43], H:(G; ZG)=H,(G, G; ZG).
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THEOREM 9.3. Let (K, K_, K.) be an aspherical splitting of a
CW complex K (see Def. 7.1) and let G be the associated group
system (see Def. 3.2). Hence, by Theorem 3.2, m,K = lim G. Let C

be a Fox-Lyndon resolution system over G co'r’respm%l)i'ng to the
presentation (x_; X x:r_;r;ry). If K,= K_ N K. collapses to a
2-dimensional CW complex and if (x,:r,) s aspherical, (i.e., its
associated 2-complex 1s aspherical), them Xero; =0, i.e., U, of
Theorem 9.2 is vacuous. Hence, we may also assume Keroj =0,
i.e., W, of Theorem 9.2 is vacuous.

X. What is the significance of the algebraic 2-type of 2-
knots? Throughout this section (unless stated otherwise), K and
K' will denote the exteriors of m-knots. (See notation in §0.)

We now attempt to understand how significant are the remaining
homotopy groups 7,K for ¢ = 3 for 2-knots. A complete answer to
this question would indeed be a four dimensional analogue of the
asphericity of 1-knots [53]. The evidence given herein (Theorem
10.1) suggests that the algebraic 2-type’ completely determines the
homotopy type of 2-knot complements. If this is so, then the
groups 7, K for ¢ = 3 are of little significance.

Since the asphericity of 1-knots essentially means that the
algebraic 1-type (i.e., the fundamental group) completely determines
the homotopy type of 1l-knot complements, we now ask if the
analoguous property is true of 2-knots, i.e.,

QUESTION. If the complements of two smooth (or locally flat
PL) 2-knots are of the same algebraic 2-type’, then are their com-

plements of the same homotopy type?
In an attempt to gain some insight into the above question,

we give the following definition.

DEFINITION 10.1. An n-knot is quasi-aspherical (QA) if the
(n + 1)-th homology group of the universal cover of its exterior
vanishes.

THEOREM 10.1. Let K and K' be the exteriors of two smooth
(or locally flat PL) QA 2-knots. Then K and K' are of the same
homotopy type if and only if they are of the same algebraic 2-type’.

Proof. The exteriors K and K’ are homotopic to 3-dimensional
CW complexes, which we also /denote by the same symbols K and
K', respectively. Hence, we need only prove that, if K and K’

" In [48], S. MacLane and J.H. C. Whitehead call this the algebraic 3-type.
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are two 3-dimensional CW complexes of the same algebraic 2-type,
then K and K’ are of the same homotopy type.

Assume that K and K’ are of the same algebraic 2-type. Hence,
there exists an isomorphism (f,, h) of T(K) = (n.K, 7K, kK) onto
T(K') = (m,K’, m,K', kK') [48]; and by Theorem 3 of [48] this iso-
morphism has a geometric realization ¢: K — K'.

Let K’ and K’ denote the i-skeletons of K and K’, p: K— K
and p’: K’ — K the universal covers, and K‘=p—'K®and K"=p—'K"".

Following [48], we define an augmentable chain complex C=C,K
by C.K = H(K‘, K*-") if i >0 and by C,K = HK" if i =0 with
boundary operator defined in the obvious way. Let C*= C{K be
the corresponding augmented chain complex. Define C’' = C, K’ and
C'* = CtK’ in like manner. Then C* and C’* are acyclic in dimen-
sions less than 2. In fact, because of quasi-asphericity H,Ci=H,K=
0 = HK = HC' if i+ 2, where K and K’ are the universal covers
of K and K’, respectively.

By Theorem 4 of [48], (f,, k) has a combinatorial realization
(fo M): C*— C” which induces an isomorshism of H,C* for 1 < 3. (C°
and C” denote the 8-skeletons of C and C’ respectively.) But H,C=
0= H,C' for :>2 and C.K =0 = C,K’ for 14> 3. Hence, (f,, k) has
a combinatorial realization (f,, »): C — C’ which induces an isomor-
phism of H,C onto H,C’ for all 1.

By Theorem 5 of [48], C =,C’ for all <. Thus, C is equivalent
to C'. On the other hand, K and K’ are J,-complexes of dimension
3. So by Theorem 15 of [69], K is of the same homotopy type
as K'. O

Actually, we have proven more than stated above, namely:

THEOREM 10.2. If Q and @ are topological spaces such that

(1) Q and Q are dominated by conmected 3-dimensional CW
complexes, and

(2) The third homology groups of the umiversal covers of Q
and Q' both vanish,
then @ and Q' are of the same homotopy type if and only if they
are of the same algebraic 2-type.

It is easy enough to show that the class of QA knots is immense.
It is proven in [26] that:

THEOREM 10.3 [26]. An n-knot is mot QA if and only if its
fundamental group G has a decomposition of the form A¥B with
C finite and properly contained in A and B such that the meridian
subgroup H of G lies in A.
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THEOREM 10.4. [26, 39,41, 55, 64] The class QA n-knots includes
all spun, twist spun, fibered, nilpotent, and finitely ended knots.

If all 2-knots were QA, then the above question would be
resolved. However, this is not the case. Recently, Gonzalez-Acuna
and Montesinos [26] have constructed an n-knot (» = 2) with infi-
nitely many ends, thus solving problem 40 of R.H. Fox [22].
Rateliffe in [55] has pointed out that this example has a group of
the form given in Theorem 10.3 above, and hence, is not QA. In

light of Theorem 10.4 above, the examples of [26] are indeed
remarkable.

XI. Miscellaneous corollaries on 2-knots. We list below a
number of miscellaneous corollaries. The following corollary is an
immediate consequence of J. H. C. Whitehead’s certain exact sequence
[67].

COROLLARY 11.1. Let @ be a topological space such that

(1) @ 7s homotopic to a 3-dimensional CW complex.

(2) The third homology group of the unmiversal cover of Q
vanishes.
Then 7,Q as a 7 Q-module is isomorphic to I'(7,Q), where I' denotes
the functor defined in [67]. (See also [45].)

REMARK. If K is the exterior of a smooth (or locally flat PL)
QA 2-knot or of a connected QA 8-manifold, then the above corollary
can be used to compute 7, K from z,K. (For details see [45].)
From [12, 13] and from Theorem 10.1 it follows that

COROLLARY 11.2. If K is the exterior of a smooth QA 2-knot
and if w,K = 0, then K is a homotopy l-sphere.

Since all 1-knot groups are of homological and cohomological
dimension at most 2 (see [9, 51] or Remark 2 in § VIII), we have:

COROLLARY 11.3. Let K be the exterior of a spun 2-knot. Then
H¥(n K;n,K) =0, and hence, the k-invariant kK vanishes.

COROLLARY 11.4. Let Q be a connected CW complex whose
second homology group vanishes and let & denote the augmentation
ideal of wQ. Then the k-invariant kQ lying in HmQrm.Q) 1is
nonzero if w,Q/ F w,Q # 0.

Proof. By [14], if kQ = 0, then .# m,Q is then the kernel of
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the natural morphism of 7,Q into H,Q. O

The following is a consequence of the Leray-Serre spectral
sequence. (See [8, p. 356].)

COROLLARY 11.5. Let @ be a CW-complex such that H,Q = 0 =
H,Q. Then

HmQ = n.Q/.9 7,Q (:Z®ﬂ1 oTQ)

where # denotes the augmentation ideal of Q.

Since every m-knot complement is by Alexander duality a homo-
logy 1-sphere, we have

COROLLARY 11.6. Let K be the exterior (or complement) of a
smooth m-knot. Then

H,rm K = ﬂzK/ﬁdﬂzK (:Z®n1 Kn.z-K) ’

where F# denotes the fundamental ideal of K. Moreover, the k-
wvariant kK lying in H¥ 7 K; 7,K) is nonzero if H;m K # 0.

The first part of Corollary 11.6 can be thought of as a generali-
zation of the Kervaire condition H,z,Q = 0. (See [36].)

COROLLARY 11.7. Let K be the exterior of a smooth (or locally
Aat PL) fibered 2-knot. Then kK = 0 if the commutator subgroup
G’ of 7K is non-trivial and finite.

Proof. If G’ is finite, then by Theorem 13 of [3]
T, K = (0:(2wg)0= 0=(t—1)9).

Hence, 7K/ 7,K = Z, +# 0, where n is the order of G', and by
Corollary 11.6, kK == 0. O

XII. Conclusion: Problems and more problems. We list
below a number of problems which as far as I know are still

unresolved.

PROBLEM 1. Let K and K' be smooth (or locally flat PL) 2-
knot exteriors. Is K of the same homotopy type as K’ iff K and
K’ are of the same algebraic 2-type? (See §X.) If so, this is a
four-dimensional analogue of the asphericity of classical knots.
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PROBLEM 2. Let K and K' be smooth m-knot exteriors (n = 3).
Is K of the same homotopy type as K' iff K and K' are of the
same n-type?® (See [50, 68].) (See §X.)

ProBLEM 3. (Ratcliffe.) Is a smooth n-knot (n =2) quasi-
aspherical if and only if it is finitely ended? (See Theorem 10.3
and last paragragh of §X. See also [39, 48, 50, 55].) (See §X.)

ProBLEM 4. (Problem 37 of Fox [22].) Are there any non-
trivial smooth (or locally flat PL) aspherical 2-knots? This appears
to be a very difficult problem. The reader should note that a smooth
(or locally flat PL) 2-knot is aspherical if and only if the funda-
mental group 7, K of its exterior K is infinite eyclic. The “only if”
part of this statement is proven in [12, 13]. The “if” part follows
from [38, Theorem 3.4]. (See [34, 61].) Moreover, the exterior K
of a smooth (or locally flat PL) aspherical 2-knot is a homotopy 1-
sphere. For a map from S*' to K can easily be constructed which
induces isomorphisms 7,S* = 7,K. Hence, by a theorem of J.H.C.
Whitehead, K is a2 homotopy S!. (See also [25].)

ProBLEM 5. (Problem 8 of Gordon [28].) Let K be the exterior
of a smooth (or locally flat PL) 2-kmot (S* kS?. Is w,K always
JSinitely generated as a left Zn K-module?

PROBLEM 6. Let K be as inm Problem 5. Is w,K considered
only as a group always a free abelian group? (This is true for
all spun 2-knots. See [17].)

PROBLEM 7. Let K be as in Problem 5. Is kK # 0 if and only
of Haw K 0. (See Corollaries 11.6 and 11.7.) (From [15], it follows
that H,7, K # 0 iff the reduced K-invariant is non-zero.)

PROBLEM 8. Let K be as in Problem 5. What is the relation-
ship (if any) between H,m K, the number of ends of w K, and quasi-
asphericity? (See §§10 and 11.)

PROBLEM 9. When does a 2-knot diagram represent the trivial
2-knot?

PrROBLEM 10. When do two 2-knot diagrams represent the same
2-knot?

ProBLEM 11. Comnstruct a table of all 2-knot diagroms with

8 This is called the (n+1)-type in [68].
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<6 (or 7, or 8, ---) crossings and with =2 (or 3, or 4, ---) hyper-
bolic points. (See Problems 9 and 10 above.)

PROBLEM 12. Is there a CW-complex K such that no cell decom-
position of its underlying space |K| has an aspherical splitting?
Bill Beckmann [5] has pointed out that every 2-dimensional CW
complex has a subdivision which has an aspherical splitting.

PROBLEMS 18-16. These problems can be found in the addendum.

Appendix A. A computing manual for algebraic 2-type cal-
culations. If the reader is interested only in computing the algebraic
2-type of closed connected 3-manifolds and of 2-knot complements,
he or she need only read Theorem A2.1 and observations 1 through
3 and the hint, all in part A2 of this appendix. Explicit 2-knot
calculations are given in Appendix B. If the reader has more
general calculations in mind, then all of Appendix A should be
read.

Part Al. The computation for arbitrary aspherical triads.

DerFINITION Al.1. Let (K, K_K,) be an aspherical splitting of
a CW complex K, i.e., a triad of CW-complexes such that

(1) K=K_UK..

(2) K_,K,= K NnK,, K, are pathwise connected.

(3) K_, K, K, are aspherical, i.e.,, 7,K, =0 for a = —, 0, +
and for ¢ > 1.

Let (x,:r,) be a presentation of 7, K, let (x, x.:r,r.) be a
presentation of 7, K. such that x, +— x, (for all z, €x,) is the mor-
phism g¢.: 7, K, — 7, K. induced by inclusion, and let ¢3: 7K, — n,K
denote the morphisms induced by inclusion for a = —,0, +. It
follows from the Van Kampen theorem that (x_, x, x.:r_, r, ry) is
a presentation of 7, K.

Linearly order x_ U x,U x4 and r_ U r, U r; such that z, <z, <
2, for all 4, 4, k and r,_ < 75 < 7,4 for all a, B, v and consider the
equations:

(*0) () =0,
(*+) () =9,
(*=) (pedr) =a,
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* NS a(r+UroUr—-)>=_'
0 » <a(x_ Uax,Uxy) 0,

where the rows and columns of the above matrices are ordered
according to the above constructed linear ordering® and where or,/0x;
denotes the Fox derivative. (Note: (or,/ox.), (or./dx:) are all zero
matrices.)

Let 08U, denote a set of generators of the left Zz,K,-module of
solutions A\ of equation (*0) over the ring Zrz,K,. Each solution of
equation (*0) induces a solution A= of equation (*+) over Zw,K... Let
aU, also denote the induced solutions of (*+) over Zm,K.. Let
oU. U U, denote a set of generators of the left Zz K.-module of
solutions N4 of equation (*#) over Zz,K.. Each solution of (*+)
over Zm, K. induces a solution of (*[]) over Zm, K. Let 8U_U8U,U
9U,. also denote these induced solutions of (*[]) over Zz,K. Finally,
let dU_UdU, UBU,UBU, denote a set of generators of the left
Zz,K-module of solutions AZ of (*[]) over ZxK. Then ol is a set
of generators of 7,K as a left Zz,K-module.

A complete set of relations among the generators U5 of #,K
is computed as follows. Linearly order the set 8U_U8U,UoU-U8U,
such that 80U, < 8U;, < 8U,; < 8U;, for all a, B,v,d. Let R, be
a set of symbols in 1 — 1 correspondence with the relators r, for
a=—,0,+. Give dR_UOR, UOR, the linear ordering induced by
that on r_Ur,Ury. Let 6U,0R, denote the component of the
vector oU, corresponding to 7, for all oU, in 8U_U8U,U8U;U8U,
and for all #, in r_Ur,Ur,. And consider the equations

ﬁD<6U+ U8Ul, UdU, UBU. ) _3

"0 R, UOR, UOR.

where the rows and columns of the above matrices are ordered
according to the above constructed linear orderings.” (Note: (6U,/6R.),
@U./oR), QU./OR-), (0U,/0R-) are all zero matrices.)

Let oW denote a set of generators of the left Zz,K-module of

solutions th’ of (**[]) over Zmx,K. Finally, let 0W,/0U, denote the
component of dW, corresponding to oU, for all 6W, in oW. Then

{ >, (0W/oU)oUy = 0| We W}
O

o 0e U
is a complete set of relations in 7,K among the generatorsdU5. Hence,

® Rows in decreasing order from top to bottom. Columns in increasing order from

left to right.
10 Rows ordered as in footnote 9. Columns in decreasing order from left to right.
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{oUgloUgedUg}: gUD%UD(aW/aUD)aUD =0|0WedW})
is a presentation of 7,K as a left Zz,K-module.

Finally, let W, U, R be a set of symbols in 1 — 1 correspondence
with the elements of 9W,8U =298U_Ud8U,U8U,U8U,, OR =08R_U
R, U 8R,, respectively and let C,C, C, be the free left Zm K-
modules on the sets W, U, R, respectively. Then

¢, —%¢, 26,
is a portion of a free resolution over w,K, where
54W=Uzb(aW/aU)U, VWe W (over Zm,K)

o,U =RZ (@U/oR)R, VR R (over Zm,K) .

A representative of the k-invariant kK lying in H*rz K; n,K) is the
equivariant 3-cocycle k& given by

U if Ue Uy

mU) = { 0 if UeU_UL,UU, .

A2, Simplifications that occur for Heegaard and hyperbolic
splittings. For the reader who is only interested in computing the
algebraic 2-type (i.e., w, w,, and ke H%=w,; w,)) of 2-knot exteriors
or of 3-manifolds, we state and prove the following theorem. (The
definition of hyperbolic splitting is given in §II (Def. 2.1). A defi-
nition for Heegaard splitting can be found in any standard text
on 3-manifolds. See, for example, [32, Chapter 2].)

THEOREM A2.1. Let (K, K_, K;) be a hyperbolic splitting of a
2-knot (or a Heegaard splitting of positive genus of a closed con-
nected 3-mamnifold). Let (x,:r,) be an aspherical presentation of
7w, K, (see Observation 1 below) and let (x,.r,Ur.) be the presenta-
tion of w K. obtained by adjoiming the hyperbolic relators r. (see
Observation 2 below) [or by adjoining the meridinal handle relators
r. (see Observation 2 below)]. Let x=x, and r=r_Ur,Ur; and let
(r/ox) = (0r,/oxs) denote the Jacobian matrix whose ol entry is the
image of the Fox derivative [11, 18] or,/ox; in the ring Zm, K. Let
oU. be a set of generators of the left Zm K-module of solutions x of
equation (*)

(*) Morjox) =0,
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over Zm K such that the components of x corresponding to ri all
vanish. Let 80U be a set of solutions of (*) over Zmw,K such that
U =0U_UdU UBU, is a set of generators of the left Zz, K-module

of all solutions X of (*).
Next let 0R; be another motation for v, and let 6U,/0R, denote
the component of dU, corresponding to 0R; =1r,. Now let 0W be a set

of gemerators of the left Zm,K-module of solutions Zt of equation (**)
**) {(dUJOR) =0,
over Zz K.

If oW/[oU denotes the component of 0W corresponding to oU
for all oW edW and for all 0U<cdU, then

OUy: S @W/U)aU, = 0 for all W eaW)
umedln

is a presentation of w.K as a left Zm ,K-module.

Finally, let W, U, R, X be sets of symbols in 1-1 correspondence
with the sets of symbols W, aU, r, x, respectively; and let C,, C,, C,, C,,
be respectively the free left Zmk-modules on W, U, R, X. Let C®
denote the left Zn, K-chain complex

S InK 7 —0

given by
FR4 :UZU(G WleU)U, &,U =sz€ (@UJoR)R
o.R =X§‘,X(8'r/ax)X, 0. X=2—1, e(,g‘_, ) = 2, Ny .

Then C* is a truncation of a free resolution of w.K. A representa-
tive of the k-invariant kK lying in H¥n K; 7,K) is the equivariant
8-cocycle k: C, — m,K given by

aU if Ue Uy

MUY= 0 if UeU_UU, .

Proof. Theorem 9.2 gives a presentation of 7,K and a repre-
sentative of the k-invariant. Since the presentation (x,:r,) of 7 K,
is chosen to be aspherical, it follows from Theorem 9.3 that oU, =
o = oW,

Moreover, for both Heegaard splittings of closed connected
3-manifolds (see [32]) and hyperbolic splittings of 2-knots (see
Theorem 7.4), #,K. is of homological dimension one. Hence, since
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the morphisms g%: 7, K. — 7, K induced by inclusion are both epimor-
phisms, it follows from Theorem 5.4 that the set oU. can also be
obtained by finding a set of generators of the left Zz,K-module of
solutions  of (*) over Zrm,K (rather than Zm K.) such that the com-
ponents of % corresponding to 7. all vanish. O

OBSERVATION 1. There exist aspherical presentations (x,:r,) of
7. K,. (A presentation is aspherical if its associated 2-complex is
aspherical.) Such presentations are easy enough to find. For
Heegaard splittings the usual presentation of the fundamental group
7, K, of the 2-manifold K, can be chosen. (See [7].) For hyperbolic
splittings, the Wirtinger presentation of x,K, with one relator
deleted is aspherical. (See [11].) Moreover, any presentation derived
from an aspherical presentation by applying a finite sequence of
Tietze (II)*' transformations [11] is aspherical. There are many
other transformations which preserve presentation asphericity. (See
[41, 42].)

OBSERVATION 2. Since ¢g_: K, — 7, K_ and g¢g.: 7, K,— 7, K, are
both epimorphisms, a presentation of #,K. of the form (x, r, r.)
can be obtained from a presentation (x,: r,) by adding relators r..
For Heegaard splittings simply add one relator for each handle, i.e.,
the relator carried by a meridinal 2-cell of each handle. For hyper-
bolic splittings of 2-knot exteriors, simply adjoin one relator for each
hyperbolic point, i.e., adjoin the upper (if + ) or lower (if — ) hyper-
bolic relators. (See Fig. 8.)

OBSERVATION 3. Since the groups =, K. are free for both

ri+=ab™! or e¢d™* r+=ad™! or be*

Y
Koo -
by
AN

r-=ad™* or bc! r—-=ab™* or ed™*
FIGURE 8. Hyperbolic relators.
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Heegaard splittings of 3-manifolds (see [32]) and hyperbolic split-
tings of 2-knots (see Theorem 7.4), the reader may find it easier to
find the oU. as follows. First, find a set dU. of generators of the
left Zm,K.-module of solutions x of (*) over Zm, K. for which the
components of x corresponding to r; all vanish. Then oU. is simply
the set of solutions of (*) over Zzx, K induced by oU..

The reader may find the following Hint of use in computing
the algebraic 2-type.

HINT. (Solving equations over group rings.)
Let

(1) (; wa)d =0

be a linear equation in unknowns {x;} over a group ring ZG (i.e.,
de ZG and a;€ ZG Vi).

Case 1. If d is not a divisor of zero, then equation (1) can be
replaced by

>iwa,=0.

(The element d can be shown mnot to be a divisor of zero by the
methods of [66, §8].)

Case 2. If d is a divisor of zero, then equation (1) can be
replaced by the equation

; w,-ai - ijd;' 9

where {df} is a set of generators of the right ideal of left anni-
hilators of d and where the b,’s are arbitrary.

Appendix B. Explicit calculations for 2-knots.

We now use Theorem A2.1 of Appendix A to compute the
algebraic 2-type of a number of 2-knots. (The methods of [45]
can be used to compute 7, of these examples. See Cor. 11.1 above
and following remark. From [49], the Euler characteristic of the
embedded connected surface is the number of elliptic points minus
the number of hyperbolic points.)

ExAMPLE 1. The diagram of a spun trefoil is given in Figure 5
page 355. (This is Example 9 of [21] and Example 1 of [41, 42].)
A presentation of 7,K, is (a, b, ¢, 2: 1,), where
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7, = caca'c¢ bab~'a"b" .
The hyperbolic relators r, and r_ are:

ry = be™ r_, =za"b"'a

ri, = 2ba"b0* r_, = bct.

Hence, (a, b, ¢, 2; 7_s, T_y, 7o, T+1, T+2) Which simplifies to
(a, b: abab=*a='d7")

is a presentation of 7, K. Thus equation (*) of Theorem A2.1 becomes

(a) (b) () (2
—b bab—'—1 0 1\ (ry)
0 1 -1 0 |(r)
0=0w M My hn)| 0 —1+a—ba l—a+ba 0 |(r) .
a'—a"'d —-a~! 0 1 ((r_)
0 1 -1 0/(r-)

By the methods of the Hint in Appendix A, the solutions 0U_UoU5U
oU,. of equation (*) of Theorem A2.1 are found to be:

U, = (0, 1—a+ba, 1,0, 0)

aUg=(0, 1, 0,0, —1)
oU_, = (0, 0, 1,0,1—a+ba).
Thus equation (**) of Theorem AZ2.1 becomes
0U,.
0= (it tiy )| U
oU_,

By the methods of the Hint in Appendix'A, the solutions oW of
equation (**) of Theorem A.l are:

ow=(@1, -1+ a —ba, —1).
Hence,
K= @Ug (1 —a+ ba)dUsg=0),
and

H¥n.K; n,K) =0, and hence kK =0.

ExAMPLE 2(n). The diagram of Example 2(n) is given in Figure
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6, page 356. (This is Example 12 and 15 of [21] and Example 2 of
[41, 42].)
A presentation of 7,K, is

(a, @, 24, 2_: 1)
where
7y = U"Z_u""x a7
and
U = gt " ea— "z .
The hyperbolic relators r,. and r_ are:
ry, = z.a"g" g r_ =zt
{'rﬂ =z_ & r_, = z_a"x"la " |
Hence,
(a, x: ™' =1, ax = xa™)

is a presentation of 7K. Thus, by the methods of Hint in
Appendix A, the solutions 8U_UOU-,U8U:. of equation (*) of
Theorem A2.1 are:

oU,, = ( A, B, 19 0’ 0 )
Ug=(1 —a, (@ — La*, 0, —(a — Da™**, —(1 — a))
oU_,=( 0, 0, 1, B, A ),
where
n—1 n+41
A=z"3a — > a
(1] 1
B = w“ia‘ — E‘:aﬂ

The solutions 0 W of equation (**) of Theorem A2.1 are:
n—1 n+t1
oW, = (1 g, e S+ S, —(1 — a))
0 1
8W2=< 0, S, 0 ).

(See Hint in Appendix A.)
Hence,

7K = <6U,:,: (x“‘a“”z:: o + g‘:a‘)aUD —0= (2 a‘)aU,:,>
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which simplifies to
K = <6UD: @— 1)U, =0 = <2Z:,a‘)aUD> ,
and
kK =t,
where

H¥n,K; Z7,K) = Zpysy = (L: 8" = 1) .

ExaMpLE 3. The diagram of Example 3 is given in Figure 7,
page 9. (This is Example 10 of [21] and Example 3 of [41, 42].)

K, = (a, 2, ¥, 2: 1)
ry = ayz 'wzy ' 'a Yz
Ty = axa "y o =Yz
Ty = Y2 ! r_, =z,
T, K = (a, x: ax = za?) .

By the methods found in the Hint of Appendix A, we have:

WUWyy=(—-1—a+ax, 0, 1, 0, 0)
oUn = ( 1, 0, 0, -1, 0)
oU_, = ( 0, 0,1, —-1—a + ax, 0).

oW=1,14+a—ax, —1).
Hence,

., K=0Ug: 1+ a—ax)0Ug=0),

a

b
FIGURE 9. Diagram of an embedding of RP? in S*.
n(S*—RPY)=(a: a®)=2,
7(S*—RP%)=0Un: (1+a)dUn=0)=Z (twisted action)



THE HOMOTOPY GROUPS OF KNOTS I 387

and
H¥n,K;7,K) =0 and kK =0 .

EXAMPLE 4. The diagram of an embedding in S* of the real
projective plane RP* is given in Figure 9. Using the methods of
Appendix A, we have

w,(S* — RP?*) = (a, b, c: ab™’, ac™, ab) = (a: a*) = Z,
m(S* — RP?) = (0UL: (1 4+ a)oUg = 0) = Z twisted action) .

(See [54].)

Addendum (Section XII continued)

PROBLEM 13. Let K be the exterior of a smooth (or locally flat
PL) 2-knot (S*, KS?. Is K always finitely related as a left Zn, K-
module?

PROBLEM 14. Let K be as in Problem 13. If w,K vanishes, then
18 K always a spherical? (See Problem 4.)

PROBLEM 15. Does there exist a 2-knot whose fundamental group
has no non-trivial elements of finite order but whose K-invariant is
non-zero? (See Corollary 11.7.)

PROBLEM 16. Do there exist two 2-knots with exteriors K and
K' respectively such that m,K =, K' and 7,K = 7, K' (as left Zz K-
modules) but with distinct K-invariants? (See [27].)

REFERENCES

1. J. J. Andrews and M. L. Curtis, Knotted 2-spheres in the 4-sphere, Ann. of Math.,
70 (1959), 565-571.

2. J. J. Andrews and S. L. Lomonaco, The second homotopy group of spumn 2-spheres
in 4-space, Ann. Math., 90, No. 2 (1969), 199-204.

3. J. J. Andrews and D. W. Sumners, On Higher-dimensional fibered kmots, A.M.S.
Trans., 153 (1971), 415-426.

4. E. Artin, Zur Isotopie Zweidimensionaler Flichen in R*, Abh. Math, Seminar
Univ. Hamburg, 4 (1925), 174-177,

5. William Beckmann, Personal communication.

6. Joan S. Birman, Braids, links, and mapping class groups, Annals of Math. Studies,
No. 82, Princeton University Press, Princeton, N. J., 1974.

7. S. S. Cairns, Introductory Topology, Ronald, New York, N. Y., 1962.

8. Henri Cartan and Samuel Eilenberg, Homological Algebra, Princeton University
Press, Princeton, N. Y., 1956.

9. Richard H. Crowell, H, of subgroups of knot groups, Illionis J. Math., (1970), 665-673.
10. Richard H. Crowell, On the Van Kampen theorem, Pacific J. Math., 9, No. 1
(1959), 43-50.



388 S. J. LOMONACO, JR.

11. Richard H. Crowell and Ralph H. Fox, Introduction to Kmnot Theory, Springer-
Verlag, New York, 1977.

12. Eldon Dyer and A. T. Vasquez, The asphericity of higher dimensional knots,
Canad. J. Math., 25, No. 6 (1973), 1132-1136.

13. Beno Eckmann, Aspherical manifolds and higher-dimensional kwnots, Comment.
Math. Helvetici, 51 (1976), 93-98.

14. Samuel Eilenberg and Saunders MacLane, Determination of the secomd homology
and cohomology groups of a space by means of homotopy invariants, Proc. Nat. Acad.
Sei., (1948), 277-280.

15. , Homology of spaces with operators II, Amer. Math. Soc. Trans., 65, No.
1 (1949), 49-99.

16. Samuel Eilenberg and Norman Steenrod, Foundations of Algebraic Topology,
Princeton University Press, Princeton, N. J., 1952.

17. D. B. A. Epstein, Linking spheres, Proc. Camb. Phil. Soc., 56, Part 3 (1960),
215-219.

18. Ralph H. Fox, Free differential calculus. I Derivation in the free group ring,
Ann. of Math., 57, No. 3 (1953), 547-560.

19. , F'ree differential calculus. II The isomorphism problem of groups, Ann.
of Math., 59 No. 2 (1954), 196-210.

20. , Free differential calculus. V The Alexander matrices re-examined, Ann.
of Math., 71, No. 2, (1960), 408-422.

21. Ralph H. Fox, A quick trip through knot theory, in ‘‘Topology of 3-Manifolds and
Related Topics,” edited by M. K. Fort, Jr., Prentice-Hall, Inc., Englewood Cliffs, N.J.,
(1962), 120-167.

22. , Some problems in kmot theory, in ‘‘Topology of 3-Manifolds and Related
Topics,” edited by M. K. Fort, Jr., Prentice-Hall, Inc., Englewood Cliffs, N.J., (1962),
168-176.

23. R. H. Fox and J. W. Milnor, Singularities of 2-spheres in 4-space and equivalence
of knots, (unpublished version).

24. , Singularities of 2-spheres in 4-space and cobordism of kmnots, Osaka J.
Math., 3 (1966), 257-267.

25. H. Gluck, The embeddings of two-spheres in the four-sphere, Amer. Math. Soc.
Trans., 104 (1962), 308-333.

26. F. Gonzilez-Acuna and J. M. Montesinos, Ends of knots, Ann. of Math., 108, No.
1 (1978), 91-96.

27. C. McAGordon, Some higher-dimensional knots with the same homotopy groups,
Quart. J. Math. Oxford, 24, No. 95 (1973), 411-422.

28. , Problems, ‘‘Knot Theory,” edited by J. C. Hausmann, Springer-Verlag,
New York, (1978), 309-311.

29. M. A. Gutierrez, An exact sequence calculation for the second homotopy of a knot,
Amer. Math. Soe. Proc., 32, No. 2 (1972), 571-577.

30. M. A. Gutierrez, An exact sequence calculation for the second homotopy group.
II, Amer. Math. Soc. Proc., 40, No. 1 (1973), 327-330.

31. John R. Harper and S. J. Lomonaco, Jr., The k-invariant, in preparation.

32. John Hempel, 3-Manifolds, Annals of Math. Studies, No. 86, Princeton Univ.
Press, Princeton, N. J., 1976.

33. Sze-Tsen Hu, Homotopy Theory, Academic Press, New York, 1959.

34. A. Kawauchi, On partial Poincare duality and higher-dimensional knots with
7,=2Z, preprint, Kobe University.

85. M. Kervaire, Les noeds de dimensions supérieures, Bull. Soc. Math. France, 93
(1965), 225-271.

36. » On higher dimensional knots, ‘‘Differential and Combinororial Topology,’’
Edited by Steward S. Cairns, Princeton Univ. Press, Princeton, N. J., (1965), 105-119.
37. M. Kervaire and Cl. Weber, A survey of multidimensional knots, ‘‘Knot Theory,”’




THE HOMOTOPY GROUPS OF KNOTS I 389

edited by J. C. Hausmann, Springer-Verlag, New York, (1978), 61-134.
38. Jerome Levine, Knot modules I, A.M.S. Trans., 229 (1977), 1-50.
39. S. J. Lomonaco, Jr., Finitely ended knots are quasi-aspherical, submitted.

40. ———, The fundamental ideal and 7, of higher dimensional knots, Amer. Math.
Soc. Proc., 38, No. 2, (1973), 431-433.

41, —————, The homotopy groups of knots. I. The four dimensional analogue of
the asphericity of knots, (manuscript), version 9-14-77.

42, ————, The homotopy group of knots. II. A solution to problem 36 of R.H.
Fox, (manuscript), version 9-14-77.

43, ————, The homology of group systems with applications to low dimensional
topology, A.M.S. Bull., 3, No. 3 (1980), 1049-1052.

44, —————, The second homotopy group of a spun knot, Topology, 8 (1969), 95-98.
45. ————, The third homotopy group of some higher dimensional knots, in ‘‘Knots,

Groups and 3-Manifolds” edited by L.P. Neuwirth, Annals of Math. Studies, Princeton
Univ. Press, Princeton, N. J., (1975), 35-43.

46. Roger C. Lyndon, Cohomology theory of groups with a single defining relation,
Ann. Math., 52, No. 3 (1950), 650-665.

47. Saunders MacLane, Homology, Academic Press, New York, N. Y., 1963.

48. Saunders MacLane and J. H. C. Whitehead, On the 3-type of a complex, Proc.
Nat. Acad. Sci., 36 (1950), 41-48.

49. J. Milnor, Morse Theory, Annals of Math. Studies, No. 51, Princeton Univ. Press,
Princeton, N, J., 1963.

50. Robert E. Mosher and Martin C. Tangora, Cohomology Owperations and Applica-
tions in Homotopy Theory, Harper & Row, N. Y., 1968.

51. L. P. Neuwirth, Knot Groups, Annals of Math. Studies, No. 56, Princeton Univ.
Press, Princeton, N. J., 1965.

52. D. G. Northcott, An Introduction to Homological Algebra, Cambridge Univ. Press,
New York, N. Y., 1960.

53. C. D. Papakyriakopoulos, On Dehn’s lemma and the asphericity of kmnots, Ann.
Math., 66, No. 1 (1957), 1-26.

54. T. M. Price and D. M. Roseman, Embeddings of the projective plane in four
space, manuscript.

55. John Ratcliffe, On the ends of higher dimensional knot groups, Quart. J. Oxford
(to appear).

56. Kurt Reidemeister, Complexes and homotopy chains, Amer. Math. Soc. Bull,,
(1950), 297-307.

57. ———, Homotopiegruppen von Komplexes, Hamburg. Abh., 10 (1934), 211-215.
58. ———, Uberdeckungen wvon Komplexen, J. reine angew. Math., 173 (1935),
164-173.

59. Dale Rolfsen, Knots and Links, Publish or Perish, Berkeley, CA., 1976.

60. Edwin H. Spanier, Algebraic Topology, McGraw-Hill, New York, N. Y., 1966.

61. D. W. Sumners, On asphericity of knots S* im S*, preprint.

62. Shinichi Suzuki, Knotting problems of 2-spheres in 4-sphere, Mathematics Seminar
Notes, Kobe Univ., 4, No. 8, Nada, Kobe, Japan, (1976).

63. Richard G. Swan, Groups of cohomological dimension one, J. Algebra, 12, (1969),
585-601.

64. G. A. Swarup, An wunknotting criterion, J. Pure and Appl. Algebra, 6 (1975).
291-296.

65. H. F. Trotter, Homology of group systems with applications to knot theory, Ann.
Math., 76, No. 3, (1962), 464-498.

66. J. H. C. Whitehead, On the asphericity of regions in a 3-sphere, Fund. Math.,
32 (1939), 149-166.

67. ———, A certain exact sequence, Ann. Math., 52 (1950), 51-110.

68. ————, Combinatorial homotopy I, Amer. Math. Soc. Bull., 55 (1949), 213-245.



390 S. J. LOMONACO, JR.,

69. J. H. C. Whitehead, Combinatorial homotopy II, Amer. Math. Soc. Bull., 55 (1949),
453-496.

70. , The second boundary operator, Proc. Nat. Acad. Sci., 36 (1950), 55-60.
71. E. C, Zeeman, Twisting spun knots, Amer. Math. Soc. Trans., 115 (1965), 471-495.

Received May 21, 1979 and in revised form June 10, 1980. Supported in part by
State University of New York Summer Research Grant and also by the L-0-O-P Fund.

STATE UNIVERSITY OF NEW YORK
ALBANY, NY 12222

AND

INSTITUTE FOR DEFENSE ANALYSES
PRINCETON, NJ 08540

Current Address: 7004 South Ridge Drive
Dallas, TX 75214





