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DIAGONALIZATION UP TO WITT

MAX WARSHAUER

In this paper we construct an additive system of gener-
ators for the Witt group of %-Hermitian inner product
spaces.

The idea to do this was suggested by Conner, who should be
thanked for his help on this and other matters. The reader should
note that the additive system of generators obtained is for HU(K),
where K is a fractional ideal in an algebraic number field. In this
setting there are in general no rank one forms. This contrasts
sharply with the case of H^OiK)) for the Dedekind ring of integers
O(K) in an algebraic number field which has been studied and under-
stood [1],

The case of a fractional ideal arises in [3], for example, where
the group H±1(^-\E/Q)) for K = 2f-\E\Q) the inverse different is
computed. However, no method for constructing representatives of
the Witt classes is discussed in [3].

In [2], the group H_ί(Z(X))9 where X = exp 2πi/p a pth root of
unity, p an odd prime, was studied. Here rank 2 forms were con-
structed by ad hoc considerations. We return to this example later,
as it is a special case of the general result we obtain.

We now begin by describing the setting in which we work. Let
E be an algebraic number field together with an involution —. The
fixed field of — is F. We denote by O(E) and O(F) the Dedekind
rings of integers in E and F respectively. Let K be a — invariant
fractional O(J5r)-ideal. We fix u a unit in E of norm 1, i.e.,
uύ = 1.

DEFINITION 1. A K-valued inner product space is a pair (ikf, B)
satisfying:

(1) M i s a finitely generated torsion free O(JSr)-module.
(2) B: M x M —>K is a non-singular IΓ-valued w-Hermitian

inner product defined on M.

The non-singularity condition is that the adjoint map AdBB:
M-^Ή.om0{E)(M, K) defined by m->J5( —, m) is an isomorphism.
Further, B is u-Hermitian, meaning

(a) B{x, y) = uB(y, x) for x, y in M.
(b) B(Xx, y) = B(x, Xy) = XB(x, y) for X in O(E).

Note that when u — + 1 , this is the usual notion of Hermitian.
When u — —1, we have skew-Hermitίan. The generalization to /M-
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Hermitian arises naturally in studying asymmetric inner product
spaces [4], where no assumption about symmetry is made.

An inner product space (M, B) is metabolic or Witt equivalent
to zero if there is a subspace NaM which is equal to its own
orthogonal complement N1. This means JV = iV1 = {v e l : B(v, n) =
0 for all neN). If such an JV exists, it is called a metabolizer.

DEFINITION 2. Two Hermitian inner product spaces (Mlf Bt) and
(M2, B2) are Witt equivalent if (il^φik^, B X 0 -JS2) is metabolic.

The notion of Witt equivalence is an equivalence relation and
there results the usual Witt group HU{K) of Witt equivalence
classes of ^-Hermitian K-valued inner product spaces. The reader
is referred to [1] where this group is discussed in detail. The
intimate relation of this group to topology is examined in [3] and
[2].

We begin our study of the general case by introducing the
group Iso (E/F). The purpose of this group is to restrict out atten-
tion to various equivalence classes of HU(K) which are canonically
isomorphic. Following [1], we consider pairs (u, K) satisfying:

(1) uΰ = 1. K is a — invariant fractional O(ϋ7)-ideal.
(2) (u, K) is equivalent to (nu iQ, written (u, K) ~ (ulf KJ,

provided there exists a fractional O(l£)-ideal A, and x e E, satisfy-
ing

(a) xAAK = Kx

(b) xx^u = uy

The group of equivalence classes of pairs (u, K) satisfying (1) and
(2) is called Iso (E/F). The following theorem results.

THEOREM 3. (u, K) ~ (ulf Kx) implies HU(K) is canonically iso-
morphic to H^iKJ. [1, p. 29]

This theorem implies that to give an additive system of gener-
ators for Hn(K) it suffices to consider the equivalence class \u, K\
of (u, K) in Iso (E/F).

In fact, we can compute Iso (E/F) as follows. Let R denote
the collection of prime ideals 3? in O(E) which lie over prime ideals
P in O(F) which ramify in E over F.

Now suppose E = F(v/~σ~). Let τ: F —>C be an embedding. We
say τ is a real infinite prime if τ: F ~> R, and in this case τ induces
an ordering o n F . If a < 0 with respect to this ordering, meaning
τ(σ) < 0, then τ is said to be an infinite ramified prime as opposed
to the (finite) ramified prime ideals described above.

Each infinite ramified prime gives rise to a signature sgn[M, J5]
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for [M, B] in HU(K). The signature is obtained by letting X+ =
{x e M: B(x, x) > 0}, and X~ = {x e M: B(x9 x) < 0}. Then sgn [M, £] =
dimension X+-dimension X~.

Associated to a finite prime ideal & in O(E) is the ^-adic
valuation i?^ on E. If ί is a fractional ideal, v&(K) is the ex-
ponent to which & appears in the factorization of K. If x e E,

We now define a map / : Iso (E/F) -> J?/#2 by:

> over ramified

where sz""1 = tt is given by Hubert's
Theorem 90.

THEOREM 4. // at least one prime, finite or infinite, is ramified,
then f above is an isomorphism. If no primes ramify, Iso (E/F) is
isomorphic to C2, the finite group with 2 elements. [1, p. 82]

The final preliminary step needed is to recall the computation
of HU(K). This is done in terms of an exact sequence

0 > HU(K) > HU(E) - ^ HU(E/K) .

HU{K) is then the kernel of the d map, which is computed in [1, p.
89].

At each prime ^ , there is the local boundary

3 ( ^ ) : HU(E) > HU(E/K(^)) ~ H(0(E)/&) .

We will implicitly use this calculation in what follows. The impor-
tant observation is this. Choose x e E with xx~x — u. Then ramified
primes are divided into two classes

(a) c l ( ^ ) = 0 if v.ΛK) = vΛ%) mod 2.
(b) cl ( ^ ) = 1 if vAK) == v,{x) + 1 mod 2.

d{^) = 0 at ramified primes of class 0, and 3(^) preserves rank at
ramified primes of class 1 [1, p. 94]. Thus we see that in order
for a rank 1 form to exist it is necessary that there be no class 1
ramified primes.

We now proceed to give an additive system of generators for
HU(K). By Theorem 3, it suffices to consider \u, K\ in Iso (E/F).

Case 1. If no prime, finite or infinite, is ramified, then

|^ f JBΓ| = (a) \1,O{E)\ or

(b) |1, &\ 0* inert.
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This is discussed in [4]. In case (a), H^OiE)) is generated by the
1-dimensional form [0{E\ 1]. In case (b), H&&) = 0.

Case 2. Some prime, finite or infinite, is ramified. By Theorems
3 and 4, we may without loss of generality write K — &x ^ s ,
where &% are ramified, and choose u = 1.

(a) If s = 0, K = O(J&). In this case there are no class 1
ramified primes and a rank 1 form exists. A complete description
of the additive generators is given in [1, p. 102]

(b) If s > 0, then all ramified primes ^ which divide K are
class 1, so no rank 1 forms can exist. The object now is to build
up rank 2 forms which generate HX(K).

Before continuing, we introduce the Hubert symbol (y, σ)P,
where yeF, and E = F(V σ). This symbol is +1 if y is a norm
from the completion of E at S?, and —1 otherwise. We shall need
the following lemma.

LEMMA 5. For P tamely ramified, (characteristic of 0(F)/P not
equal to 2), a local unit u is a local norm, i.e. (u, σ)P — +1, if
and only if the image of u in the residue field O(F)jP is a square.
[1, P. 10]

Now let d be a discriminant for a form [M, B] in Hλ(K). The
following conditions follow from the boundary sequence.

(1) (d, σ)P = +1 at P inert.
( 2 ) (d, σ)P — +1 at all class 1 ramified primes. This is because

[M, B] is even rank, and the Hubert symbol determines 3(P).
The following lemma is not difficult to show.

LEMMA 6. If d is the discriminant of (M, B), then there is a
fractional O(E)-ideal A with dAA = O(E). In fact, we may take
A — AnM, the nth. exterior power of M.

Now let L: E@E-*E®E have matrix (% &). Identify ele-

( a \ ^ '

^ ). Then L defines an E-valued
2' /a \

Hermitian inner product L* on E@E as follows. Let χ = lυ'1)

any y = (fy be elements in E® E. Then L*(x, ») = (61δ2)(| ^ ) ( j ) -
ψLx.

We shall now show that L can be chosen with the following
properties:

(1) L: O(E)®AK-*KφdA
(2) L-1: KφdA^O(E)®AK
(3) ay — ββ = — d, so L* has discriminant d.
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The following lemmas follow.

LEMMA 7. L* satisfying [(1), (2) and (3) above defines a K-
valued Hermitian inner product on O(E) φ AK.

LEMMA 8. // L satisfies condition (3), and aeK, βedA=A~\
and yedKr1, then L will also satisfy conditions (1) and (2).

We now make an observation. By the Strong Approximation
Theorem, we can find weE satisfying wAc0{E), and wA and K
are relatively prime ideals. Notice now that if dAA = O(E), then
{djww){wA){wA) = O(E). We may now rechoose d as d/ww and A
as wA. This does not affect the norm class of d9 so without loss
of generality A c O(E), and A and K are relatively prime O(E)~
ideals.

We now show how to choose a, β, 7 satisfying ay — ββ — —d.
Thus, we must solve ay + d = ββ, or

( * ) airrdr1) + 1 = d-\ββ)

To begin with, let y = d. Then 7 6 dO(E) c dϋT""1. Consider the
above equation modulo ^ where ^ divides if.

We claim that there exists β[ in O(E)/^ such that I = d"1(/Sίiβj).
(βf. = ySj since ^ is ramified). In order to see this, recall that
dAA = OCE), so d^e i l c O ( J 5 ) . By choice A and if are relatively
prime ideals, so d~x is a local unit at all ^ dividing if. But all
^ dividing if are class 1 ramified primes, so by the boundary
sequence (d, σ)P = + 1 at all such ^ . Thus, by Lemma 5, d~x is a
square in the residue field at all tamely ramified primes dividing
if. At all wildly ramified primes dividing if, d~ι is also clearly a
square in the residue field since in this case the residue field has
characteristic 2 and everything is a square. Thus, for all primes
^ dividing if, we can find β[ in 0{E)\^t such that

Let βi be a lift of /9 to O(E).
Notice that if ^ and ^ 2 are relatively prime ideals dividing

if, then we can find ru s2 in ^ and ^ 2 with rt + s2 = 1. Now
consider /^n + /9A. It follows that (^g^ + /ΘA)2^""1 = 1 in O(E)/^
and O(E)/&*2. Thus (/32n + β&fd'1 = 1 in 0{E)\^^%. It follows
inductively that we can find βeO(E)dA-1 such that β2d~1=ββd~1 =
1 in O(E)/K. Thus there exists α 6 if with (β/?)^-1 = 1 + α = 1 +

) as desired.
So given d a discriminant of any form in i?i(if), we have pro-
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duced a two dimensional form (3 ) with discriminant d. The ques-

tion is whether these two-dimensional forms generate HX{K).

A. If there are no infinite ramified primes, so no signatures,
then the answer is yes. In this case, Hλ(E) is determined by rank
mod 2 and discriminant, and we have realized all possible discrimi-
nants.

B. Suppose there are 2 or more infinite ramified primes. Then
arguing as above we may produce a two-dimensional form M —

O(E)®AK, B = ( J β \ with discriminant d satisfying:

(d, σ)p — +1 at all primes, finite or infinite, except for τ1

and τ2, two specified infinite primes.

(<Z, σ)rι = (d, σ\2 = - 1 .

Note that (d, σ)Γl = — 1 implies [M, B] has signature ±2 at rx.
By tensoring with an appropriate 1-dimensional form from H^OiE))
if necessary, we can produce two 2-dimensional forms in Hγ{K) with
the following properties.

[Ml9 B±] has signature +2 at ^ and τ2 .

[M2, B2] has signature +2 at τί and —2 at τ2 .

These forms still have discriminant d since tensoring an even rank
form with a 1-dimensional form from H(O(E)) does not change the
discriminant. Hence [Mlf Bx] φ [M2, J52] has signature +4 at rx, and
0 at τ2. In this manner, we have shown that J 2, the square of the
fundamental ideal of even rank forms, is additively generated by
the 2-dimensional forms described above. However, the collection
of 2-dimensional forms given clearly generates H^Kyj2 which is
determined by rank mod 2 and discriminant.

C. There is exactly one infinite ramified prime τ. If there are
any class 0 ramified primes, meaning any ^ which ramify but do
not divide K, we can produce a 2-dimensional form with discrimi-
nant d having (d, σ)τ — —1 by realization of Hubert symbols and
the above construction. We use the class 0 ramified prime ^ to
let (d, σ)P. = — 1 and satisfy Hubert reciprocity. This 2-dimensional
form has signature ±2. Adding this form to itself, it is clear that
we obtain a form with signature ±4, and trivial discriminant.
Hence J 2 is additively generated by this 2-dimensional form, and
we finish as before.
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The above also works if there are any dyadic ramified primes.
However, if there are no class 0 ramified primes and all ramified
primes are non-dyadic, then every form [M, B] in HX{K) has even
rank and discriminant d satisfying (d, σ)P = + 1 at all primes except
possibly τ, the one infinite ramified prime. But then Hubert reci-
procity implies (c£, σ)τ — +1 also. Thus, there are no non-zero 2-
dimensional forms. HX{K) is then generated by 4-dimensional form
with signature +4 at τ, but it is unclear how to explicitly produce
this form.

We have thus shown in all cases except the above how to ex-
plicitly construct a collection of 2-dimensional forms additively
generating HX(K). In this one exceptional case, HX{K) has no non-
zero 2-dimensional forms, and is additively generated by a 4-dimen-
sional form with signature +4.

To illustrate these results, again consider H^iZiX)). In Iso (E/F),
| - 1 , Z(X)\ = |1, ̂ | , where & = & is the prime in Z(X) over peZ.
In fact, letting Δ = λ(2>~1)/2 - λ("+1)/2 = λ(p-1)/2(l - λ) we see that Δ
generates ^ . However Δ= — Δ, so ΔΔ~ι = — 1, and we use the
isomorphism / preceding Theorem 4.

All (p - l)/2 infinite primes in Q(λ + λ"1) = F ramify, and & =
^ — (Δ) is the only finite prime over ramified. Our discussion applies
perfectly. When p = 3, we obtain the exceptional case described
above. In this case only one real infinite prime ramifies, and only
one finite non-dyadic prime ramifies.
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