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JOINS OF DOUBLE COSET SPACES

H. N. BHATTARAI AND J. W. FERNANDEZ

The double cosets of a group by a subgroup and the
irreducible complex characters of a finite group have a
structure which can be studied by means of hypergroups
(alias convos, probability groups, and Pasch geometries). An
external operation on these structures called the ‘join’’ is
studied. Decomposition theorems are established in both the
general hypergroup (Pasch geometry) case and the weighted
hypergroup (probability group) case.

1. Geometries and Joins.

DEFINITION 1.1. A Pasch Geometry (see (3)) is a triple (4, 4,, e)
where A is a set, ec 4 and 4, C A X A x A satisfying:

(I) VaecA, 3 unique be A with (a, b, e)c 4,. Denote b by a’.

(II) e* =e¢ and (¢*) = aVa e A.

III) (a,b,c)ed,=(b,c, a)e 4,.

(IV) (Pasch’s axiom) (a,, a,, a,), (a, a,, a;) €4, = 3a,e A with
(as, ai, a,), (ay, a;, af) € 4,.

We may often write A for (4, 4, ¢) and 4 for 4, if the context
is clear. Also we use the word “geometry” for Pasch Geometry.

For B A, we denote B\{e} by B*. If BZ A, B is called a sub-
geometry of A, and we write B< A, iff (i) e B and (ii) (b, b,, a) €
4, with b, b,e B implies that ae B. If A and C are geometries, a
map f: A — Cis called a geometry morphism iff f(e) = e and (x, ¥y, 2) €
4, implies (f(@), f(y), f(2)) € 4.

1.2. Definition of A//B. If A is a geometry and B<CA, it can be
shown that the following relation ~ is an equivalence relation on A:

x~y iff 3b,b,eB,acA with (z,0b, @, (a, %, b,)e 4.

If the equivalence class of ac A is denoted by [¢] and we let A//B
denote {[a]: @ € A}, then in fact (A//B, 4, [e]) is a geometry where
(I2], [¥], [2]) e 4 iff 32" e[x], ¥’ € [y], 2" e [z] with (&', ¥/, 2") € 4,.

If A is a group (with 4 = {x, v, 2): 2yz = 1}) and B is a subgroup
of A, then A//B defines a geometry structure on the set of B— B
double cosets of A.

The following result is routine from the definitions.

PROPOSITION 1.3. Suppose that A and B are geometries and
fiA— B is a geometry morphism. Let K;={a3A: f(a) =e} and
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Im; = Nywee<s C.

(1) Kf<A,Imf<B.

(2) The inclusion map 1: K; — A is a kernel of f (in the
Geometry Category).

(8) The projection map p: B— Bf/Im, is a cokernel of f.

1.4. Construction of A \V B. Suppose A and B are geometries.
We construct a geometry A VV B (see (4)) called the “join” of B by
A as follows. Let AV B=AUB*. A function p: AV B— B is
defined via
e if xzeAd.
p@) = x if xz¢A.
Now let 4 be defined by requiring (z, y, 2) € 4 iff either {z, y, 2} S A
and (x,y,2)e€dy, or {x,y,2} LA and (p(x), p(¥), p(z)) €. It is a
straightforward verification that A \V B is in fact a geometry.
The join of geometries has an interesting categorial property.
In any category & with zero object, extensions are of interest where,
if A and B are objects of &, an extension of B by A is a triple
(f, M, g) such that M is an object of &, f and g are morphisms in
& satisfying:

A . w28

(1) f is a kernel of g and (2) g is a cokernel of f. For A and B
fixed objects of &, the class of exensions of B by A becomes a
category EXT.(B, A) where a morphism from (f, M, g) to (f’, N, g')
is a &-morphism 6 which makes the following diagram commute:

A &-join of B by A is defined as a terminal object in the category
EXT.(B, A).

PROPOSITION 1.5. Suppose A and B are geometries. With nota-
tion as above:

(1) (¢, AV B, p) is an extension of B by A (in the geometry
category).

(2) (¢, AV B, p) is a &-join of B by A (where & denotes the
geometry category).
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Proof. Both assertions involve diagram chases using the defini-
tions and are omitted.

The concept of ‘join’ can be extended. If I' is a linearly ordered
set and {A;: vel'} is a I-indexed family of geometries, a I'-join of
the geometries {A4,}, denoted by Vi.r4; can be defined in the
following way: Let V;.r A4, =) A¥U{e}. For o€l a map
foi Ueso A¥ U {e} — A, is defined via

x if xeA}
e otherwise .

fa(x) =

For =, y,2e Vicr Ay, let 2 ={wel:{x, y, 2} N A} + ¢}. Now we say
(x, ¥, z) € 4 iff either 2 = ¢ or 2+ ¢ and (fi(x), f,(¥), f1(z)) € 44;(\ =
sup2). A straightforward check verifies that V;.r 4, is a geometry,
and moreover if I' = {1, 2}, then V,.,4; = A4, V A,.

The operation \/ is easily shown to be associative in the obvious
sense.

2. Decomposition of geometries. Throughout this section,
(4, 4, e) is a geometry.

DEFINITION 2.1. Let B A. We call B a weak subgeometry of
A if:

(1) eeB.

(2) If be B, then b*e B.

(3) If b,b,eB,b, +0bi, and x€ A with (b, b,, x) € 4, then z € B.
The following result is straightforward.

ProproSITION 2.2. If B 1is a weak subgeometry of A, then
(B, 4B, e) is a geometry, where 4z = (B X B X B) N 4,.

For A a geometry, let L, = {B: B is a subgeometry of A and
A\B* is a weak subgeometry of A}.
If ac A, set A:a = {x: whenever (a, t, x) € 4, t = a*}.

LEMMA 2.3. With notation as above,
(1) L, 1s linearly ordered by imclusion.
(2) For BeL, B A:a Vac A\B.

Proof. (1) Let B,CeL, with BZC. Then 3beB\C. Just
suppose that C £ B. Then 3ce C\B. Let te A with (b, ¢, t) € 4 (such
exists by an easy verification). It is easy to see that (¢, ¢, b) € 4.
If teC, then beC (since B is a subgeometry), a contradiction.
Hence ¢ ¢ C. Similarly if ¢e B, then ce B since (¢, b, ¢) € 4, which is
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again a contradiction. Thus t¢ BUC. But then ¢ # ¢! and hence
be A\B* (since A\B* is a weak subgeometry of A4), which is a con-
tradiction.

(2) Let ac A\B, where BeL,. Let beB. Clearly ec A:a, so
we may assume that b = e. Suppose te A with (a,t, b)ed. If teB,
then ae B (since B is a subgeometry and (¢ b, @) € 4), which is a
contradiction. Hence te A\B. If ¢+ af, then be A\B (since A\B is
a weak subgeometry of a), again a contradiction. Thus ¢ = a®.

For BeL,, let B= U{C:CeL, and CE B}. Let L* ={BelL,:
B+ B).

LeMMA 2.4. Vvxe A*3Be L* with xe€ B and if Ce L, such that
C & B, then x¢C.

Proof. For xe A*, set B= Npeswy D, where S(x) ={D € L,: x € D}.
It is routine to show that Be L* and has the desired property.
For Be L*, let B~ = B\B*.

THEOREM 2.5. Let A be a geometry.

(1) B™ is a weak subgeometry of AVBe L.

(2) A=UzeruB”, and BN C" = {e} for B,CeL* +f B = C.
(8) If B,CeL* and B =+ C, then B~ < A:¢cvCeC* iff B< C.
(4) For the geometry B~, where Be L*, L. = {{e}, B}.

Proof. (1) is routine.

(2) A= UB follows from 2.4. If B, CeL* with B == C, we
may assume B < C. Then B < C, and hence (B\B*) N (C\C*) = B~ n
C™ = {e}.

(8) This assertion is shown using 2.3(2).

(4) Suppose Be L* and Ce L}. with C= B and C # {¢}. Let
B,=CUB. Then BE B, < B. A contradiction to the definition of
B is obtained after it is easily established that B, ¢ L,.

A non-trivial geometry A is called join-indecomposable iff whenever
A = BV C for some geometries B and C, then either B = {¢} or
C = {e}.

PROPOSITION 2.6. A wnon-trivial geometry A 1is join-indecom-
posable iff L, = {{e}, A}.

Proof. (=). If f: BV C— A is a geometry isometry isomor-
phism, it is obvious from the definition of the join that f(B)e L,.

(=) If BeL, with B+ {¢} and B =+ A, then it is routine to
verify that A = BV (4A\B*).

If I" is a partially ordered set with zero element »,e ', let I'*
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denote I'\{\}. The main decomposition theorem can now be easily
obtained.

THEOREM 2.7. Let A be a nontrivial geometry. There exists a
linearly ordered set I' and o I'*-family of weak subgeometries of
A, {A};e-+ for which

(1) Af=£¢ for all nel'™.

(2) A; is a join-indecomposable geometry Vael'*.

(3) A= Vi A
Moreover, if £ is a linearly ordered set and {B,} is a 2-family of
nontrivial join-indecomposable geometries such that A = \/ B,, then
there is am isomorphism of partially ordered sets f:I'* —Q and a
I'*-family of geometry isomorphisms {f3} such that f;: A, — B,

3. Probability groups. Many examples of geometries, such as
the double cosets of finite groups, the set of irreducible complex
characters of a finite group, and finite projective geometries, can be
given additional structure, which is reflected in the following concept
(see (3) and (6)):

DerFINITION 3.1. A discrete probability group is a pair (A4, p4)
where A is a set and p*: 4 x A x A—[0,1] is a map which we will
denote by (a, b, ¢) — p(a, b), and which satisfies the following axioms:

(0) For any a,be A, p/(a, b) = 0 for all but finitely many ce 4
and 3. pi(a, b) =1.

(1) (Associativity) For any a, b, ¢, dc A,

g{p:(a, b)pi(z, ¢) = y%pi(a, Y)p, (b, c) .

(2) (Identity) Fee A such that p/(a, e) = d,(c)Va, ce A, where ¢
is the Kronecker delta.

(3) (Inverse) For each ac A, there exists a unique be A such
that p/(b, a) = 0. We denote b by a’.

(4) (a®* = a for all ac A.

(5) pia, b) = pkd* a) Va, b, cc A.

Note that the ec A in (2) above is unique. The term “discrete
probability group” will be abbreviated to simply “probability group”
or even “prob. group”. Also p will be used to denote p* if the
context is clear. For B < A, we use B* to denote the set B\{e}.

Useful properties of probability groups which follow easily from
the axioms appear in the following statement.

PROPOSITION 3.2. Let (A, p) be a prob. group. Then
(1) puch, @) = pulc, @) Ya,ce A.
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(2) pJa,a)+#1 VvaecA*.

(3) Pula, b)p,(ct, ¢) = p,(a, a*)p.ub, ¢). In particular, if b = c*,
s(a, b)p,(b, b*) = p.(a, a*)p,:b, b*), which implies that whenever p,(a, b)=
1’ pa#(by b”) = pe(b, b#)/pe(a, a’)*'

(4) pSa,bd) =0 iff p.(b, ¢*) = 0.

If A is a finite prob. group, let n, = >...1/p.(%, 2*). n, is
well defined since p,(x, 2%) 0 and A is finite. Two probability
groups (A, p*) and (B, p®) are called isomorphic iff there exists a
bijective map f:A— B such that pi(z, ¥) = p7.,(f(@), f(¥)) vz, v,
ze A.

The notions of geometries and probability groups are related by
the following result which can be obtained from the definitions (see

(2).

PROPOSITION 3.3. If (4, p) is @ prob. group, and 4 = {(a, b, ¢):
p.(a, b) = 0}, then (A, 4, e) is a geometry, called the geometry induced

by (4, p).

If A is a prob. group, a subset B of A is called a sub-prob.
group of A iff ee B and (B, p®) is a prob. group, where p® is the
restriction of p to triples from B. It is easily seen that B is a sub-
prob. group of A iff B is a subgeometry of the geometry A. In
particular, B is a sub-prob. group of A iff v¥b, ¢ € B, whenever p,(b, ¢) #
0, then a € B (assuming B non-empty).

4. Joins of probability groups. Suppose that (4, p*) and (B, p*)
are probability groups, and also suppose that the set A is finite. A4
and B acquire geometry structures according to 38.3. Consider the
following map (see (6)). 2:(4 U B*) x (AU B*) x (AU B*)—[0, 1] is
defined via

pl(x, ¥) if xy,2cA.
0 if 2, yeA and zeB*.
0,(2) if xeB* and yeA.
. k
(&, Y) = 0,(#) %f xeA and yeB*.
Xz, ¥) if x,y,zeB*.
0 if #,yeB*2zeA and y=+#a*.
i@, ) if zeB*y=2a%2CA.

n,p: (2, 2%

A long but straightforward check shows the following:

ProPOSITION 4.1. If A and B are probability groups with A
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finite, then (A U B*, p) is a prob. group whose induced geometry is
(AV B, 4,e¢).

The probability group (A U B*, p) is called the join of (4, p*)
and (B, p®), and is denoted by (4 V B, p) or simply by AV B. It
will now be shown that there is uniqueness contained in the definition
of the join.

THEOREM 4.2. Suppose that (A, p*) and (B, p®) are probability
groups with A finite. Suppose further that (A ) B*, p') is a pro-
bability group such that '

(1) The geometry induced from (AU B* p') is AV B,

(2) pilz, y) = pi(z, y) Vb, z, y € BY,

(3) pulx,y) = pi(w, y) Va,x,ycA.

Then p’ = p, where p is the map defined above.

Proof. Clearly p’ = p except possibly in the last case of the
definition of p. Hence we need only check that .(b, b*) = p.(b, b¥)
for a€ A, be B*. But we have

>, pu(b, 0%) =1 — 3, py(b, b°) = 1 — 3, p3(b, b%) = pi(b, b*) .
e€A yeEB* yEB*
Now by 3.2(3),

' bt = DB e gy = PeB, D) g
pa (by b ) p:(a’ CL#) pb#(b ’ a) p‘:(a, a#) ( ) .

Hence

S i, b = 5 LB 8D i by,
aed <1 pi(a, af)

Combining the two expressions for the same sum, we obtain that

pl(b, b%) = p: (b, b9 .

Ny

Thus

’ B — p.(b, b%) — p2(b, b = 2 (b. b*
pa(6, ) pia, @)  npia, af) B0, 89 -

COROLLARY 4.8. Suppose (A4, pY), (4, ), ---, (4,, p*) are pro-
bability groups with A, A, ---, A,_, finite. Fori=1, ---,n A, has
a geometry structure induced by the map p*, and hence we may form
the join of the geometries V-, A,. There exists a unique probability
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map p on the set J7_, AF U {e} which satisfies (i) p induces the join
geometry Vi, A, and (i) p,(y, 2) = pi(y, 2) whenever x, y, z € Af.

Proof. A routine induction argument on = using the theorem
establishes the corollary.

COROLLARY 4.4. Swuppose that {(4, pO)}, s a family of finite
probability groups. There exists a unique probability map p defined
on Uiz, AF U {e} which satisfies (1) p induces the join geometry Vi, A,,
and (2) for x,y, z€ Af, p,(y, 2) = pi(Y, 2).

Proof. This corollary follows immediately from 4.3, since V2, 4,
is a limit of V7, A,.

Two notes on the above construction are important.

(1) The condition that all the probability groups be finite (except
possibly the last one) is necessary because of the definition of a
probability group, which stated that p,(a,d) is nonzero for only
finitely many c. However, if b = a*c AF and ce A; where j <1,
then the construction has p.(a, ¢*) # 0. (2) The map p described in
4.3 and 4.4 (which is a generalization of the original construction)
can be explicitly defined as follows, where =, denotes >,.,, 1/p(x, 2%):

pi(a, b) if a,b, ce A, and either ¢ = e or b = a*
<H.i>-pﬁ(a, o) if acA}f,b=a"c=¢e.

k<t m,

o,¢) if acA,beAf, and 1 < j.

0.(¢) if acAf, beA;, and j <.

0 if a,bcAf,ceAf,b#af, and 1+ j .

(L) 208D i ot~ pe ar, ce A7 and
pile, ¢

(1) pa, b) =

oe) ifa=b=c¢.

Combining the above results with the decomposition of geometries
established in §2, a decomposition theorem is easily obtained.

THEOREM 4.5. Let A be a probability group which is nontrivial.
There exists a linearly ordered set I' and a I'-indexed family of
nontrivial probability groups {(4;, »*)} such that

(1) A, is a join-indecomposable geometry Vie .

(2) I is either finite or order isomorphic to Z*.

(8) The geometry A s the join of the geometries {A}ic;.
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Also, of I’ is finite then A, 1s finite except possibly A,, where I' is
identified with {1, 2, ---, n}, while iof I' is infinite, A; is finite Vie I .
Finally, the original probability map » on A 1is given by the
formula (7).

Proof. The main statements are merely a recapitulation of
Theorem 2.7 and the calculations which appear above. The only
statement which needs to be proved is that A, has a probability
structure which is “compatible” with the original map ». If we define
the map p* via:

p.(x,y) if x,y,zeAf
0.(2) if y=e

Pz, y) = 104(2) if z=e
0 if 2=-¢and y = a*
1 — 30 Do, ¥) if z=e and y = 2%,
aeA;

it is an easy exercise that (4,, p?) is the probability group that is
needed.

Several examples of joins (of probability groups and geometries)
can be given.

(1) The complex irreducible characters of a finite group G form
a probability group if one defines the map p via the following pro-
cedure.

If G={X,---, %} is the set of complex irreducible characters,
one has

LAy = Smiit, for i,j=1,--, m.
k=1

Let p, (X, X;) = n; X, (1)/X,(1)X;(1). Then (G, p) is a probability group
(See (6) and (3)). If G is a nonabelian group of order »° for some
prime p, it can be shown that G is the join of Z, X Z, and Z,.
Several other groups can be decomposed into joins, but it is not
known to the authors wbhich finite groups (non-simple, since a join
does give a normal subgroup) decompose into joins.

(2) Projective geometries have a structure which may be
studied as a hypergroup (see (5)) or as a Pasch geometry or probability
group (3). A necessary and sufficient condition that a geometry de-
compose into a join of projective geometries is given in (1).

(3) Totally ordered groups (from which valuations are defined)
can be given a geometry structure (although not a probability group
structure except in the trivial case) which breaks up into the join
of geometries consisting of two elements. If one considers more
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general geometries in the same setting, a “generalized valuation”
concept can be studied in the study of Rings and Fields (See (3)).
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