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p-HENSELIAN FIELDS: K-THEORY,
GALOIS COHOMOLOGY, AND
GRADED WITT RINGS

ADRIAN R. WADSWORTH

For a field F with a p-Henselian valuation v, direct sum decomposi-
tions will be proved for Milnor’s X-theory mod 7 (n a power of the prime
p), for the Galois cohomology of F with Z -coefficients, and for the
graded Witt ring of quadratic forms of F (with p = 2). In each case, the
summands of the ring associated to F are copies of the corresponding
ring associated to the residue field of v, and the number of summands is
determined by its value group. The theorems generalize results known
for a field with a complete discrete valuation.

The direct decompositions in K-theory, in Galois cohomology, and
for the graded Witt ring, for a field with a complete discrete valuation are
a familiar part of the “local” machinery of field theory. In view of the
increasing importance of Henselian fields, it seems worthwhile to spell out
just how these results for complete discrete fields generalize to the
Henselian case. While such generalizations are not surprising, and may in
certain cases be known to some, they have not appeared in the literature.
(The Witt ring of a Henselian field has been described, see [15, §12.2], but
not the graded Witt ring.)

The basic setting for our results is a field F with a p-Henselian
valuation (p a prime number), as described in §1. The p-Henselian
property is a weaker relative version of the Henselian condition on a
valuation. We work with p-Henselian valuations because they are exactly
the ones for which direct sum decompositions exist (at least when F has
enough roots of unity) — see (2.3), (3.10), and (4.7). We will consider
K-theory, cohomology, and the graded Witt ring in separate and largely
independent sections. While the direct sum formulas are strikingly similar
in each category, the methods used to obtain them are quite different.

I would like to thank Richard Elman and Bill Jacob for several
helpful conversations during the preparation of this paper.

1. p-Henselian fields and a ring construction. We will use the
notation (F, v, I') for a field F with valuation v: F — I' (where F = F —
{0}). The value group I' will be written additively. The valuation ring,
maximal ring, group of units, and residue field associated to v will be
denoted respectively V,, m,, U,, and F. For a € V,, a will denote its
image in F.
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Let p be a prime number. A field extension F C K is said to be a
p-extension if K is Galois over F with Galois group a pro-p-group. The
p-closure of F, which will be denoted F(p), is the unique maximal
p-extension of F in some algebraic closure. A valuation v on F is said to
be p-Henselian if there is only one extension of v to F( p). This is a special
case (2 = F(p)) of the Q-Henselian valuations introduced in [5] and
discussed also in [4, Ch. II]. Brocker points out [S, §1] that the usual
characterizations and properties of Henselian fields have natural ana-
logues for p-Henselian fields.

All Henselian valuations are p-Henselian. Valuations which are 2-
Henselian but not in general Henselian have arisen naturally in connec-
tion with superpythagorean fields (see [5, (3.5)], [6, Cor. 8]) and in
quadratic form theory — see [14] and [28]. Notably, Ware has shown [28,
Th. 4.4] that essentially whenever the Witt ring of F is a group algebra
there is a 2-Henselian valuation on F which induces the group algebra
structure on WF.

PROPOSITION 1.1 Let (F,v,I') be a field with valuation. Then v is
p-Henselian if and only if v extends uniquely to each Galois extension L of F
with [L: F] = p.

Proof. Let © be any extension of v to F(p), and let M be the
decomposition field of ¢/v (see, e.g. [11, p. 110]). Suppose v is not
p-Henselian; then M # F by [11, (15.7)]. Let L be a minimal proper
extension of F lying in M. Then L lies in some p-extension K of F with
[K: F] < oo. Since the Galois group §(K/L) is a maximal proper sub-
group of the p-group §(K/F), L is Galois over F and [L: F] = p. Also,
because L is normal over F the decomposition field of the restriction of ©
to Lis M N L = M, by [11, (15.6)(c)]. Hence, v does not extend uniquely
to L. So, if v extends uniquely to every Galois extension of F of degree p,
then v must be p-Henselian. The converse is clear. O

For any integer n > 1, p,, will denote a group of n nth roots of unity
in a field. To say that F contains n nth roots of unity (and hence,
char Ftn) we will often write for short, u, C F. Note that if F has a
valuation v and char F'{ n, then p, C F implies p, C F; when this occurs,
the residue map V, — F sends the nth roots of unity in F bijectively to
those of F.

PROPOSITION 1.2. Let p be a prime number and (F, v, I') a field with
valuation. Suppose p, C F and char F # p. Then, the following are equiva-
lent:

(i) v is p-Henselian;
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Gi) 1 + m, C F7;
(iii) 1 + m, C F?"; for every integer ¢ = 1.

Proof. (i) = (iii) Take any a € 1 + m, and let f( X) = X?* — a. Then
f has an unrepeated linear factor mod m, and f splits in F(p). So, the
usual argument for Henselian fields applies here (cf. [5, (1.2)]), showing
that f has a linear factor over F, i.e., a € F?".

(iii) = (ii) Clear. _

(it) = (1) Suppose 1 + m, C F”. Then, for any s € U,, if s € F”?, then
s € FP. Let (L, w, A) be any extension of (F, v, I'), such that L is Galois
over F and [L: F] = p. By Kummer theory, L = F(d'/?), for some
de F—FP. 1If v(d) &pT, then |A:T|=p. If v(d) € pI', we may
assume v(d) = 0 (replacing d by dt” for suitable t € F). Then, d & F?, so
g(X) = X? — disirreducible in F[ X]. Since ghasarootin L,[L: F] = p.
In either case, the fundamental inequality 2 e, £, <[L: F] = p [11, (17.5)]
shows that w is the only extension of v to L. Hence, by (1.1), F is
p-Henselian. O

For p = 2, (1.1) and (1.2) were proved by Dress [8, Satze 2, 3].

REMARKS 1.3. (i) Note that, for any field with valuation (F, v, I') the
condition 1 + m, C F? is of interest only when char F # p. For, when
char F = p, we have 1 + m  C F? iff F = F” or v is the trivial valuation.
(If char F = 0, this is deducible from the identity in [4, p. 2, bottom line].)

(ii) If char F = p, then the analogue of (1.2), at least for a discrete
valuation, is: v is p-Henselian iff m, C {a? — a| a € F}. This is a little
harder to prove than (1.2).

The next lemma, which is well known, gives a basic property of
p-Henselian valuations (when p, C F) which we will use heavily. We
write Z, for Z/nZ (with Z the integers).

LEMMA 1.4. Let n = p¢, p prime. If (F, v, T') is a field with valuation
for which 1 + m_ C F", then there is a canonical short exact sequence

(1.5) 1 > F/F" SE/F" 5T /nT = 0,
which is split exact, not canonically, since I /nT is a free Z,-module.

Proof. For any field with valuation (F, v, I') we have the canonical
short exact sequence

(1.6) 1- U,/ (U)" - E/F" 5T /nT - 0,
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where © is induced from v: FoT.If 1+ m, C F". then the canonical
surjection U, /(U,)" — F/F" is an isomorphism, which we substitute into
(1.6) to obtain (1.5). To obtain a Z -base of I'/nT’, take any subset of
' /nI’ mapping bijectively to a Z -base of I’ /p[I". O

For a field with p-Henselian valuation, we will compare a ring (in
K-theory, Galois cohomology, or a graded Witt ring) for F with the
corresponding one for F. In each case the same kind of ring extension
occurs, which we will now describe in general terms. All the rings we
consider are assumed to be associative.

Let A = @2 A, be a graded ring with 1 which is anticommutative,
i.e., in which

(1.7) a,a, = (-1)*a,a,, foralla, € A;anda, € 4,.

Take any 1 € A with 2¢ =0, any index set J, and let {x,}, be a
collection of distinct symbols not in 4.

DerFINITION 1.8. A[J; ¢] denotes the anticommutative graded ring
extension of 4 by the x,’s (with each x; given degree 1), subject only to
the relations

2__ .
X; =X, foreachj € J.

More precisely, let 4,{ X;} o, denote the polynomial ring over 4, in
noncommuting indeterminates X;. Then A[J; 7] is the factor ring of the
free product 4 * , A{ X} ¢, modulo its ideal 9 generated by {Xa, —
(~1)a,XJ, X, X, +X X, X2 tX|a, €A, i=0, j,kel}); x, is the
image of X.. The free product is given a grading extending that on A by
assigning degree 1 to each X. Since 9 is a homogeneous ideal there is an
induced grading on A[J; ¢]. The first two types of generators of § (and the
anticommutativity of A) assure that A[J; ¢] is anticommutative. To

describe A[J; t] more fully we need further

NoTATION 1.9. For an index set J, let ¢, denote the collection of all
subsets of J with m elements, for m € Z, m >0. Let § = U7 _,§,. A
typical member of §,_ will be written as J, and the elements of the set j
listed as j;, j5y- - sfpm-

ReEMARKS 1.10. The ring A[J; ¢] of (1.8) is a free left (and right)
A-module, with base {1} U {x;x  -- {] {(Jis---+J} €%} This is
easily seen by induction on the cardlnahty |J | of Jif |J|< o0, and by a
direct limit argument if [ J|= oo. (Note that in the buse for A[J; 7] there
is one term x; - --x, for each J € ¢. That term depends on the order of
the j; (not Just on j) but the dependence is only up to sign, and can be
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ignored.) Since the terms in the base are homogeneous, we can read off
the homogeneous components of A[J; t]: for k =0,

k
(1.11) AlJ; 1, =4,9D DA4,_,x, --x,.

m=1 je4,

In this direct decomposition, each summand 4,_,,x; - - x; is isomorphic
toAd,_,.

The ring A[J; t] can be described as a tensor product of 4 with
another ring, but this is somewhat cumbersome to do in general (cf. the
discussion of products of k-algebras in [3, p. 366]). We note a few special
cases.

ExampLEs 1.12. (1) If t = 0, then A[J; t] = A4 ®7 A(J), where A(J)
denotes the exterior algebra (over Z) of the free Z-module with base
{x,};es- Note that 7 = 0 whenever 4 is (additively) an n-torsion group, n
odd.

(i1) If A is 2-torsion, then A and A[J; t] are commutative rings, and
we have the graded ring isomorphism

(1.13) A[J, t] =A ®Z2[X] GR,

where Z,[ X] is the polynomial ring over Z, and GR = Z,[ X][J; X]. That
is, GR is the factor ring of the (commutative) polynomial ring Z,[ X,
{X,},c,] modulo the ideal generated by { X? — XX| j € J}. (GR can also
be described as a graded Witt ring — see §4.) A is made into a Z,[ X]-al-
gebra by mapping X to ¢. To see that (1.13) is an isomorphism, note that
each side is a free A-module, and corresponding basis elements multiply
analogously.

2. Milnor’s K-theory mod n. Let (K, F), denote Milnor’s K-theory
for a field F, taken mod n. We now show how (K,F), is related to
(K4F), for a p-Henselian field, n a power of p. The arguments are easy
and natural generalizations of those given by Milnor [19, §2] for a
complete discrete valuation. The resulting decomposition of (K, F), in
terms of (K, F), provides a prototype of what should be expected in the
setting of Galois cohomology and of graded Witt rings.

We recall briefly Milnor’s construction in [19] of K F. For a field F
let T(F) denote the tensor algebra of F as a Z-module. Reducing T(F)
modulo the (homogeneous) ideal generated by {a ® (1 —a)|a € F, a #
1} yields the anticommutative [19, (1.1)] graded ring K,F, whose ith
homogeneous component is denoted K,F. For any integer n > 1, let
(K,F), denote the graded anticommutative ring obtained by reducing
K,Fmodn; so (K,;F),= K,F/n(K,F). For a € F, let I(a) denote the
image of a in (K,F), (which is canonically isomorphic to F/F"). Since
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the group operation on (K, F), is written additively, we have /(ab) = I(a)
+ /(b). This is a slight modification of Milnor’s “logarithmic” notation in
that our /(a) lies in (K, F),, not in K, F.

ProPoOSITION 2.1. (cf. [19, (2.1), (2.2)]). Let (F, v, T') be any field with
valuation, and let n = p*, where p is prime. Choose any subset {m};c; of F
which maps bijectively under v to a Z,-basis of T /nT. Then there is a
surjective graded ring homomorphism 8. (K F), = (K F),[J; I(—1)] such
that

Hu) > l(u) foru€ U, and I(m)r>x; forj€EJ.

Proof. Let B = (K,F),[J; I[(—1)], the extension ring of (K,F),
described in (1.8)—(1.11).

Any a € F can be written a = b - - - md" where b € U, ji,. .. .ji
are distinct elements of J, and d € F. Such a decomposition of a is not
unique, but my,...,m, are uniquely determined mod » (by ©(a) in I' /nT’)
and bin F is umque mod F". Thus, there is a well-defined surjective group
homomorphism a: F ~ B, given by

k
amI(b)+ Y mx,.
This map extends uniquely to a ring homomorphism B8: T(F) — B. To see
that B induces a map y: K, F — B, we show that B(a ® (1 — a)) =0, for
every a € F, a # 1. By definition, 8(a ® (1 — a)) = a(a)-a«(l — a).

Case l.a€m,. Then I —a=11in F, so (1 — a) = I(T) = 0, hence
B(a®(1 —a))=0.

a(a) = 0, and we are done as in
a€F, and B(a® (1 —a)) =

Case2.a€ U.Ifa=1in F then
Case 1. If a# 1, then 1 —a=1—
l(a)-I(1 —a)=0.

Case 3. a & V,. Then v(1 —a) =v(a) and (1 —a)/a=-1 in F.
Writing a = ba" - - - m"+d" as above we have correspondingly 1 —a =

(b(1 — a)/a)m™ - ’”kd” Since I(b(1 — a)/a) = I(-b) in (K,F),, and
2-1)=[1) =0, and m — m, is even, it follows that

B(a® (1~ a)) :[1(5 )+ I [15) + S,
= Ub)-1(-b) +(1(b) = I(-b)) Tmx; + Zm;x]

=0+ 2 (=1(=1)m, + 1I(=1)m?)x, = 0.
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Thus, y exists, and since B is n-torsion, y induces a homomorphism 8:
(K4F), = B. One easily sees that § has the properties described in the
proposition; 4 is surjective since a is surjective and the ring B is generated
by its terms of degree 1 (since this is true for (K, F),). O

Note that the ring (K,F),[J; /(-1)] has the form described in
(1.12)(i) if n is odd and (1.12)(ii) if » = 2. Observe also that the argument
of (2.1) shows that if I' itself is a free abelian group (not just I /nT’), then
there is a map K, F —» K, F[J; I(-1)].

REMARK 2.2 (cf. [19, (2.1), (2.2)]). We can obtain various “residue
maps” from (K, F), to (K,F), by composing 8 of (2.1) with projection
onto any of the (K,F), -components of (K,F),[J; I(-1)] in the direct
decomposition given in (1.11). With one exception, these residue maps
depend substantially on the choice of {7}, ;. The exception occurs when
I'/nT has finite rank, say r, as a Z,-module. Then set J = {1,2,...,r}.
Using projection onto the component of x,x, - - - x,, we have 9: (K, F),
- (K,F),, of degree -, such that for any u,,...,u, € U,,

a(l(“l) T l(uk)l(m) tee l(‘”'r)) = 1(17,) te l(ﬁk),
() -+ U )(m) -+ Um ) =0 f0O=m<r.

If we make a different choice of the =, say {[,...,n/}, and form the
corresponding map 9, then 0’ = dd. The constant d, a unit in Z,, is the
determinant of the change of base matrix from the ordered base
{o(m),...,0(m))} of I'/nI to {v(m,),...,0(7,)}. Of course, if n = 2 or if
there is a preferred basis of I' /nT (e.g., when I' = Z), then 9 is canonically
determined.

PrOPOSITION 2.3 (cf. [19, (2.6)]). Let n = p€, where p is prime. For a
field with valuation (F, v, T') the map 6 of (2.1) is_an isomorphism if and
only if 1 + m,_ C F". When this occurs, and (K ,F), is identified with its
image in (K . F),, we have (using notation (1.9)) for every k = 0,

(K.F),=(K.F),® D D (K(_,F),l(m;) - I(m, ).

m=1jeg,

Furthermore, we have for each summand, (K,_, F Yul(m;) -+ U(m; ) =
(Kk mF)

Proof. Assume some choice of {m},., has been made as in (2.1).
Suppose 1 +m, C F". It is easy to verify that the canonical injection
i F/F"- F/F" of (1.5) induces a graded ring homomorphism A:
(K,F), = (K,F), for which A(/(#)) =I(u) for any u € U,. Since
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(K, F) [J; I(-1)] is a free (K4 F) -module by (1.10), there is a well-de-
fined map v: (K, F) [J; I(-1)] = (K,F), given by »(a) = A(a) and
v(ax; ---x;) = Ma)m, ---m, for any a € (K4F), and distinct ji,.. . j,
eJ. Tt is easy to check that v is an inverse for #; hence 6 is an
isomorphism. For the converse, note thatifa € 1 + m,, then 6(/(a)) = 0.
The injectivity of 6 implies /(a) = 0in (K, F), = F/F" hence 1 + m, C
F". The rest of (2.3) is immediate from (1.10). O

COROLLARY 2.4. Let n = p°, p prime, and let (F, v, I') be a field with
valuation such that char F # p. Then the map 0 of (2.1) is an isomorphism if
F is p-Henselian and p, C F or if F is Henselian.

Proof. The p-Henselian case is immediate from (1.2) and (2.3). The
argument of (1.2)(i) = (iii) showing that 1 + m, C F” is actually valid if v
is 2-Henselian (cf. [5, §1]) for some normal extensmn Q of F such that
F C Q". If F is Henselian, we may take £ to be the separable closure of
F. O

REMARK 2.5. The number n was restricted to be a prime power in
(2.1)-(2.4) to assure that I' /nI’ be a free Z,-module. For more general
values of n one can always reduce to the prime power case: if n = n, - - - n,,
with n;, = p{i and the p, distinct primes, we have the primary decomposi-
tion (K,F), = ®L (K ,F ),,- This is also a direct sum decomposition of
rings. Note that the rank of I' /n,I' may vary with i.

3. Galois cohomology. We now prove the analogues to (2.1) and
(2.3) for Galois cohomology with Z, coefficients. The case F' = F((¢)) and
n =72 was proved by Milnor [19, p. 341]. Arason [1, pp. 475-477]
obtained the corresponding direct decomposition for v a Henselian dis-
crete valuation on F and n» = 2, and Elman [9, Th. 2.6] generalized
Arason’s argument to arbitrary n. (Of course the analogous direct decom-
position for the Brauer group, with F a field with complete discrete
valuation is much older — tracing back to Witt [29].) Our approach here
applies to Henselian valuations with arbitrary value group, using an
induction argument with an abstracted version of Arason’s argument for
the induction step.

For a profinite group G and a discrete G-module M, let H(G, M),
i = 0, denote the ith (continuous) cohomology group of G on M. (See [7,
Ch. IV, V] or [23] for definitions and general background.) For any integer
n=2, we write H(G,n) for H(G,Z,) with G acting trivially on
Z,:= Z/nZ. Identifying Z, ®zZ, with Z, via 1Q® 1 - 1,
H*(G,n):= @2 ,H (G, n) becomes an anticommutative (see (1.7))
graded ring with multiplication given by the cup product (cf. [7, pp.
107-108)).
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THEOREM 3.1. Let G be a profinite group, N a closed normal subgroup of

G, and n = 2 an integer. Suppose,
(i) there is an isomorphism ¢: H'(N, n) =Z;

(i) G/N acts trivially on H'(N, n);

(iii) the restriction map res_, : H'(G, n) - H'(N, n) is surjective;

(iv) H'(N, n) = 0 for every i > 1.
Choose any B € H'(G, n) such that ¢(res;_ (B)) =1 in Z,. Then, for
every k = 1, there is a short exact sequence

0 - H*(G/N, n) S H*(G, n) > H*" {(G/N, n) - 0,

which is split by the map

y: H*"Y(G/N,n) - H*(G,n) givenby a > B U inf; n_g(a).

Proof. For any k = 1, consider the following diagram:
(3.2)

d inf r d inf
- SHY(G/N, n) > HN(G, n) 5> H((G/N, H'(N, n)) S H**'(G/N,n) = - -

AN | p*
H*Y(G/N,n)

Because H'(N, n) = 0 for i > 1, the top line of (3.2) is part of a long exact
sequence obtained by Hochschild and Serre [13, p. 132, Th. 3] using their
spectral sequence for group extensions. The map inf is inflation from G/N
to G, and 4 is the map 4, of the Hochschild-Serre spectral sequence,
EP?= H?(G/N, HYN, n)). The map r is determined by the following:
For every element  of H*(G, n) there is an inhomogeneous continuous
normalized cocycle T € C¥(G, n), with class [r] =7, such that for
8----8 € G, the value of 7(g,,...,g,) depends only on g, and the cosets
g N,...,geN. For any such 7, r([r]) =[o], where the cocycle ¢ €
Ck~Y(G/N, H'(N, n)) is defined by

o(g,N,...,ggN)(h) = (h, g;,...,8;), foralhEN, g,,...,8, €G.

The map ¢* in (3.2) is the isomorphism induced from ¢, using (i) and
(i1). ¢ was defined above. We compute ¢* o r o . Take any a = [p] €
H*"Y(G/N, n). Then Y(a) = [7], where, for g,,...,8, € G, 1(&,---,8)
= B(g,) p(g;N,...,8.N). This cocycle 7 has the property given above.
Hence, r(¢(a)) = [o], where

o(g,N,...,gu.N): h> B(h)-p(g,N,...,gN), forh €N, g,,...,8. €EG.
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Thus, ¢*(r(¥(a))) = [k] where
k(g:N,....8N) = @([h > B(h) p(g.N,...,8N)])
= p(gN,....8:N)-p(resg_y (B))
=p(g,N,....8N) 1.

This calculation shows that ¢* o r o y = id. Hence, r is surjective, so
d = 0 in the long exact sequence in (3.2), and this sequence breaks up into
short exact sequences. (For k = 1, the injectivity of inf;  y_, ; follows from
the standard isomorphism H'(G, n) = Hom(G,Z,).) Setting p = ¢* o r,
we have the split short exact sequences of the theorem. EI

REMARKS 3.3. (i) The quoted theorem from [13] is proved there for
ordinary group cohomology, not continuous cohomology. However, the
proof in [13] carries over to the profinite setting simply by replacing the
cochains and coboundaries by continuous cochains and coboundaries.

(ii) Alternative proofs of [13, Th. 3] can be found in [21, (11.35),
(11.45)] or in [12] — Hattori gives a proof without using spectral se-
quences. However, the specific property of the map r needed to see that ¢
splits the short exact sequence in (3.1) (the property given in the sentence
earlier beginning “For any such 7...”) is not apparent from the arguments
in [12] or [21]. Nor is it very clear in [13], either, but it follows from the
proof of [13, Th. 1, pp. 121-122].

COROLLARY 3.4. With the hypotheses of (3.1), we have, for each k = 1,
H*(G, n) = inf(H*(G/N, n)) ® (B uinf(H*~'(G/N, n))),

with inf(H*(G/N, n)) = H*(G/N, n) and B u inf(H*"'(G/N, n)) =
H*"\(G/N, n).

Proof. This is immediate from (3.1). O
For the rest of this section we adopt the following

Standing Hypotheses 3.5. Let (F, v, T') be a field with valuation. We
assume p,, C F, where n = p°, p prime, and char F #* p. Fix some subset
{m}es C F, such that {0(7)} is a Z,-base of T'/nT. Let §, denote the
collection of subsets of J with m elements (as in (1.9) above), m = 1,2,....

Let F, denote a separable closure of F, and let G, denote the Galois
group §(F,/F). Since u,, C F, G acts trivially on p,. Fixing henceforth a

generator @ € p, to be mapped to 1 in Z,, we will identify H*(Gg, u,)
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with H¥*(Gp, n). Let

8: F - H'(Gg, n)
denote the connecting homomorphism arising from the short-exact G-
module sequence given by the nth power map

]—)p,n—>F(—-2]3;——-)1,

5

Because p, C F (as char F # p) we have an analogous map §: F —
H\(Gg, n).

Suppose now that (F, v, I') is Henselian. Let (F,,, w, I') denote the
maximal unramified extension of F in F,. Then F,, = (F),. Since w/v is
indecomposed and unramified, G5 = G./S(F,/F,,); after identifying these
groups, we have an inflation map inf: H*(Gz, n) - H*(Gg, n).

THEOREM 3.6. Suppose, in addition to hypotheses (3.5), that (F, v, I') is
Henselian. Let B; = 8(;), for every j € J. Then, for each k = 0,

H*(Gp, n) = inf(H*(GF, n))

K
@D @ (inf(H*"(Gz n)))uB,uB,u--uB,.

m=1 jeg,,
Moreover inf is injective and for each j € 9 .
inf(H*""(Gz, n)) u B u--- uB, = H*™(Gf, n).
Furthermore, there is a graded ring isomorphism (in notation (1.8))

v: H¥(Gg, n) > H*(Gr, n)[J; § (=1)], with v(B) = x,,j EJ.

Proof. To simplify the notation, we write H*(G) for H*(G, n) and
H*(L/K) for H*(S(L/K)). For a field K, F C K C F, let (K, vy, k)
denote the unique extension of v to K.

Let g = char F (so ¢ # p), and let F,, denote the maximal tamely
ramified extension of F in F,. Note that for the valuation extension Of /v,
F, is the ramification field, F), is the inertia field, and F itself is the
decomposition field (cf. [11]). If ¢ = 0, of course F,, = F,. If ¢ # 0, the
Galois group §(F,/F,) is a pro-g-group ([11, (20.11)]); hence, as q is prime
ton = p¢, H(F,/F,) = 0 for all k = 1. It follows by the inflation-restric-
tion sequence [7, p. 101] that inf: H*(F,/F) — H*(Gy) is an isomor-
phism. Thus, it suffices to prove the theorem with §(F,, /F) replacing G
(and the B; modified correspondingly).
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By valuation theory F;,/F,, is an abelian Galois extension [11, (20.14)]
(see also [22, (1.1)]) and every intermediate field K is completely de-
termined by the image of T in Iy [11, (20.19)]. Furthermore, by [11,
(20.20)], for all fields Kand M with F,, CK C M C F,,and [M : K] < oo,
we have [M: K] =|T},,: I|.

For every j = {ji---sjm) € $m let K7=F, ({77 |i=1,2,....m

..})- Since p,. C F,, for each a, K5 is a Galois extension of F.
Let L U s K7 Then I, is p-divisible, as {o(m;)} spans I'/nI'. So
I: /T has no p torsmn and the previous paragraph shows that §(F,,/L)
has order prime to p (as a supernatural number — cf. [23, p. I-4]).
Therefore, arguing as before, H*(F,,/L) = 0 for all k = 1, so it suffices to
prove the theorem with G(L/F ) replacing Gp. Since L =lim K73 it
suffices to analyze H*(G7), where G;= §( H—'/F ).

For each ¢ € F, the character d(c) € H'(G;) is given by 8(c):
o> o(c/") /" e p, (6 € Gg); so, clearly 8(c) lies in the image of
mfg( F(c\/m/Fy-Gp- FOr each jE€J, let B/ be the unique element of
H'(F(w}/")/F) such that 1nfg(F(,,./n)/F)_,GF(B ) =8B,

We claim that for every j = {Jis---sJm) €%, and every k = 0,

(3.7)

min( k,m)
Hk(GT) =inf H*(G5)® @ @ (inf H*(GF)) v Y, U Uy,
=1 jey,icj
where v, = inf 8] € H'(G7). Further, inf: H(G7) — HX(G7) is injective
and each term (1nf H* ’(G—)) uy,u---uy, =H k=l(Gp). (There are vari-

ous inflation maps here — each is the only one that makes sense in its
context.)

We prove the claim by 1nduct10n on m. To simplify notation write

]—-—{12 m}andh—{12 — 1},and set7 = 7,,. (If m = 1, set
Ky=F,,.) Then K;= K—’({rrl/” 1), and 7'/? & K. (Otherwise, by
Kummer theory, 7 € span of {771, ..,m,_,} in F/F?, for some a, con-

tradicting the choice of the 7;’s.) Let G Gy and N= Q( K—*/ K3), a closed
normal subgroup of G. Note that for each a, Kp(#'/7") is a cyclic
Galois extension of K7 of degree p®. Since K;= U%_, Ky(7'/?"), N =
lim Z/p“Z = Z which is a free pro-p-group of rank l Hence, there is
an 1somorph1sm ¢: H(N)=12Z,, and H(N) =0 for i > 1 (see [23, pp.
I-6, 1-37] or [17, pp. 43, 45]). Furthermore as u,, C F, G acts trivially on
H'(N). (For, recall that the action of G on H'(N) = Hom(N, n) is given
by

(7-x)(0) = r[x(s7'o7)] = x(77'o7),
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forr € G,x € H(N),ando € N. But x(7 " 'o7) = x(0), since 7" lar =0
(mod §( K*/K—*(w‘/ "))), and this group lies in ker x.) Also, if we choose
o € N mapping to a generator of §(Kj(7'/")/K3), then res;_, N(Yn(0))

= o(w'/")/m'/", which is a generator of p,. Thus, res;_  (v,) is a
generator of H'(N); for some b € Z prime to n, g(res;_ y(b7,,)) = 1 in
Z,. Since G/N = Gy and (-1)*"'y,, generates the same group as by,, it
follows by (3.1) that, for every k = 1,

(3.8) H*(G7) = inf H*(Gy) ® (inf H*"(G3)) uy,,,

with H*(Gy) and H*~!(Gy) mapping injectively into the respective sum-
mands. If m =1, G;= G and this establishes the claim. If m > 1, we
may assume by induction that the claim holds for H*(Gjy); substituting
(3.7) for H*(G ) into (3.8) yields (3.7) for H k(&) Thus, the claim is
proved for allj € §.
Since all the inflation maps inf: H*(G7) — H*(G7) are injective for
i,j€Y$,7CJ, and H*(L/F) = lim H*(G7), it follows that inf: H*(G7)
- H*(L/F) is injective for every J. Hence, we have for H*(L/F) a direct
sum formula corresponding to (3.7); that formula is just the one in (3.6)
with §(L/F) replacing G (and inf( B;) replacing ;). As shown above,
this proves the direct sum formula in (3 6), and the 1nJect11v1ty assertions
for the maps. Hence, H*(G ) is a free left H*(G7)-module. It follows that
there is a well-defined degree-preserving H*(G)-module isomorphism »:
H*(Gp) » H¥Gp)lJ; 8(-1)] given by

»((inf «) uBu--- U,Bjm) =ax; ---x;, and »(infa)=a,

for any a € H' (GF—) Since distinct 8;’s anticommute, 8, u B; = 8(-1) u B;,
and 8(-1) = inf 8(-1), we see that » 1s actually a ring 1somorphlsm ) D

REMARK 3.9 (cf. (2.5)). If n is composite, say n = p© - - - px, with the
p; distinct primes, then H*(Gp, n) = @k | H*(Gp, p; ) Hence there was
no loss in restricting to a prime power in (3.6).

For any field F with p, C F it is known (cf. [20, §15] and [19, §6])
that there is a well-defined graded ring homomorphism ¢.: (K,F), =
H*(Gp, n) such that,

o(l(a) ---1(a,)) =8(a;)u---ud(a,), foranya, € F.
PrROPOSITION 3.10. Let (F, v, T') be a field with valuation for which

hypotheses (3.5) hold. Then there is a graded ring homomorphism

v: H*(Gp, n) » H*(Gr, n)[J; § (-1)]  with 8(m) > x,.
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If v is injective, then F is p-Henselian. Furthermore, the following diagram
commutes:

K (F),——>(k, F) [j; ((-1)]
(3.11) or 5
H*(GY, n) —— H*(Gz, n)[J; § (-1)].

4___

Proof. Let (E,w, A) be any Henselization of (F, v, I'). Then, we may
identify E with F and A with I'. Let v, denote the map of (3.6) for E
(using the same {7;} for E as for F). Define» := v o (resg, . ,)- For any
ace U, v(8(a)) = §(a). Hence, if v is 1nject1ve then 1 + m, C kerd =
F" sov is p-Henselian, by (1.2). The map ¢jis the canonical extensmn of
o7 (K, F) - H*(Gg, n). It suffices to check the commutativity of the
diagram on generators /(a), a € F, and this is easily verified. a

REMARK 3.12. As in (2.2), if | J |= r < oo, the map » of (3.10) induces
a “nearly canonical” residue map 9": H*(Gg, n) > H*(Gf, n) of degree
—r. Furthermore, if 9: (K*F), - (K*F), is the corresponding residue
map defined in (2.2), we have @703 = 3’ © @.

COROLLARY 3.13. Suppose the field with valuation (F, v, I') is Henselian
and satisfies hypotheses (3.5). Then @ is an isomorphism (xresp. injective,
surjective) in degree < k iff @z is an isomorphism (resp. injective, surjec-
tive) in degree < k.

Proof. This is immediate from the commutative diagram (3.11), since
by (2.4) and (3.6) the rows of the diagram are isomorphisms. O

REMARK 3.14. There is a p-Henselian version of (3.6) and (3.10)—(3.13).

Let G denote §(F( p) /F), where F(p) is the p-closure of F, and let &:
F - H (G, n) be the analogue of the earlier § (when p, C F). Then the
analogue to (3.6) holds for (F, v, I') p-Henselian (for n = p©), with GF,
G 7, and 8(7 ) replacing G, Gz 7 and 8(7r ). The proof can be carried out in
the same way as for (3.6), and is a little easier, because the reduction from
F, to L is not needed. Likewise, (3.10)—(3.13) hold with the corresponding
changes.

REMARK 3.15. Jacob points out an alternative approach to (3.6) and
its p-Henselian analogue (cf. [14, pp. 266-267]). With the hypotheses of
(3.6), and the notation as in its proof, let G = §(L/F) and K = §(L/F,,)
So H*(Gr) = H*(G), as noted above, and K is an inverse limit of free
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abelian pro-p-groups. The short exact sequence
1-K-G- Gz 1

is split exact, since Gz = §(L/L,), where L, is a maximal totally ramified
extension of F in L. Hence, in the Hochschild-Serre spectral sequence

Eps = H7(Gr, HY(K)) = H*(G),

the d, maps are all 0 [13, Th. 4], so the d; maps are all 0 for i = 2, yielding
EZ% = Ep“. Therefore, H(G) =®,, ,—, E{. From the description of
K, Hi(K) is a direct sum of copies of Z,; using that H9 K) is generated
by cup products of terms from H'(K), one can check that G acts trivially
on HY K). This determines E§'9, and shows that H*(G) decomposes into
a direct sum of copies of H™(Gy), 0 < m < k, as in (3.6). One is left with
the task of identifying the summands within H*(G); this further informa-
tion is needed for proving (3.10) and (3.13).

(This argument, or (3.6) and (3.10) can be used to prove the group
extension case of [14, Th. 6], replacing the argument on the bottom of
p.266 of [14]; the reduction given there using composite valuations is
invalid.)

REMARK 3.16. Whereas H?*(Gp, n) is the n-torsion in the Brauer group
of F (when p, C F), the full Brauer group is H*(G, F.). It is natura] to
ask for a description like (3.6) of H*(Gy, F,) in terms of H*(Gg,(F),)
when (F, v, T') is Henselian. Let © denote the set of all roots of unity in
F,. Then, in the short exact sequence

1-Q->F->F/Q-1,

the right-hand term is uniquely p-divisible for each prime p  char F.
Hence, (with A(p) denoting the p-primary component of the abelian
group A),

H*(Gp, )(p) = H*(GF, @)(p) =lim H*(Gp, ).

For F as in (3.6) with p,. C F for each a, this direct limit is calculable
from (3.6). The question then arises whether there is an analogue to (3.6)
for H¥(Gp, p,), n = p°, when p, ¢ F. For this, the argument using (3.1)
does not seem to work, since for the G and N in the proof of (3.6), one has
H'(N, p,) = Z, (with trivial G action), and this is not G-isomorphic to .
Nonetheless, the spectral sequence argument of (3.15) shows that some
sort of direct decomposition of H*(Gp, u,,) is still possible.

For an extensive discussion of H*(Gp, F,) for F Henselian, see
Scharlau’s paper [22]. But note that, as Becker observes in [4, p. 130] Satz
4.1 in [22] is incorrect. (The error arises in 11.-8—-6 of [22, p. 247]. In fact,
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in Scharlau’s terminology, the image of Br(K,,/K) in Br(K, /K,,) is the
union of the n-torsion parts of Br(K,/K,,), for those n with p, C K.)

4. The graded Witt ring. In this section we will obtain results like
those of the preceding sections (with n = p = 2) for the graded Witt ring
GWF of quadratic forms of a field with valuation (F, v, I'). This is a
matter of translating to associated graded rings known theorems about the
Witt ring of F, which we will first review briefly.

For a field F, with char F % 2, let WF denote the Witt ring of
anisotropic quadratic forms over F. Let I*F := (IF)*, for k = 0, where
IF is the fundamental ideal in WF of even-dimensional forms. For
a,,...,a, €F, (a,...,a,) denotes the diagonal quadratic form a, X}
+ -+ +a,, X2 (or its image in WF). We write ((a,,...,a,,)) for the
m-fold Pfister form ® (1, a,). For background and undefined terminol-
ogy, see [18]. At times we will abuse notation by not distinguishing
between an element in F/F? and an inverse image in F.

Let (F, v, I') be a fixed field with valuation. We will assume throughout
this section that char F# 2. Let T be a subgroup of F/F? mapped
bijectively to I' /2T" by v; let WF|[T] denote the group algebra of T over
the Witt ring WF. Knebusch has shown [16, Th. 3.1] that there is a
well-defined additive group homomorphism p: WF — WF determined by:
p({a)) =(a) if a€ U, and p({a)) =0 if v(a) & 2I'. From p one
obtains (cf. [2, p. 174]) a surjective map

(4.1) A: WF - WF[T], givenbyA(q) = X p(q(2))t.

teT

A is well-defined, since p(g(t)) =0 for almost all 1 € T; one easily
verifies that A is a ring homomorphism. Knebusch has shown [15, §12.2]
that A is an isomorphism if and only if 1 + m, C F? (iff F is 2-Henselian,
by (1.2))..(The proof is like that for (2.3) above if F is 2-Henselian, the
map F/F?— F/F? of (1.5) induces a canonical map WF — WF, from
which one can build up an inverse of A.) Of course, if v is a complete
discrete valuation the isomorphism of (4.1) is a restatement of Springer’s
Theorem [26).

For a ring R and an ideal A of R, the associated graded ring of R with
respect to U is denoted Gy R (or just GR): GuR = @x A /AL
Taking R = WF, F a field, and A = IF, the associated graded ring GWF
is the graded Witt ring of F. The summands of GWF are written, for short
I*F:= I*F/I*"'F.
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The map A of (4.1) induces a surjective graded ring homomorphism
(4.2) n: GWF - Go(WF[T]), where ) = \(IF).
Let {7},., C F map to a Z,-base of T in F/F?. Then, in terms of the

ring construction of (1.8), we have

LemMa 4.3. Gu(WF[T)) = GWF[J; ((1))], a graded ring isomor-
phism.

Proof. (Here, ((1)) is the image of ((1)) in I'F.) Viewing 7, € T, let
7,= (1)~ m, € WF[T]. Then, in notation (1.9), we have

(4.4) WF([T] = wFe & © wrr, -7,
m=1 jeg,
with each summand isomorphic to WF. (To see that {1} U {7, ---7, | j

€4} is a WF-module basis of WF[T], note that for any finite subset J of
J (and corresponding ¢, C §), the coefficient matr1§ for expressing 1 and
{1,-::7, ] JEY) in terms of 1 and {7, ---m, | j € §) is a triangular
matrix W1th diagonal entries = 1; so the matrix 1s invertible.) The descrip-

tion of A*, k = 1 relative to (4.4) is:

0
(4.5) A=I"FO D @ I1“"Fr, -7 .
m=1 jeg, "
Here, set 1*~"F := WF when m = k. Formula (4.5) is easy to see for
=1, smce_l WF[T]/%|= 2; it follows for kK > 1 by induction, noting
that 7> = ((1))7,. Since the decompositions of A* and A**" are compati-
ble, we have

k
(4.6) Qlk/ﬁ[k“q — ikf@ GB @ (ikﬂmF)’Fjl 1—_/ ,

= Jm
m=1 jef,

where 7 is the image of 7, in A /%7, and each term (/ L D LARERE
I* "F.

Equation (4. 6) shows that Go(WF[TY)) is a free GWF-module with
base {1} U {7, -7 | j €%}. Hence, there is a GWF-module isomor-
phism

Gy (WFIT]) - GWF[J; ((T))]

given by 1>1and 7, ---7 > x; ---x, . Since each of these rings is
commutative and 7’ :(<T>>'FJ, we see that this map is also a ring

isomorphism. O
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PROPOSITION 4.7. There is a surjective graded ring homomorphism

¥: GWF - GWF[J; ((1))],

such that y(({a))) = ({a)) if a € U, and y({{-m;))) = x,. The map vy is
an isomorphism if and only if v is 2-Henselian.

Proof. v is the composition of 1 of (4.2) with the isomorphism of (4.3).
If v is 2-Henselian, A is an isomorphism, hence also are 7 and y.
Conversely, if y is an isomorphism, then for anya € 1 + m, ((-a)) =0
in I'F = F/F? Hence, | + m, C F?; so Fis 2-Henselian, by (1.2). O

REMARKS 4.8. (i) Milnor has defined [19, §4] a graded ring homomor-
phism s.: (K,F), - GWF. It is easy to see that for any field with
valuation ( F, v, T') (with char F # 2), there is a commutative diagram like
(3.11) above for s, i.e., v o 5z = sz o 6 (where the same {7} ., is used for
both y and 6).

(ii) Just as in (2.2) above, if |I'/2T" |= 2" < co0, we obtain from y a
canonical residue map o: GWF — GWF of degree —r. The formula for 9 is
like the one in (2.2), with ((—a)) replacing /(a).

(iii) Let R be the group algebra Z[T'], for T a 2-torsion abelian group.
Then R is the Witt ring of a field with 2-Henselian valuation (E, w, A),
such that A /2A = T and E is Euclidean (so WE = Z). The fundamental
ideal A of R is 2R+ 2, (1 — 7)R. As (4.3) shows, for the associated
graded ring with respect to A, GR = GZ[J; 2], where J is an index set for
a Z,base of T and 2 =2+ 4Z € (GZ),. Here, GZ = G, Z, so GZ =
Z,[ X] as graded rings (with 2 > X). See (1.12)(ii) for another description
of GR.

Now assume (F,v,I') is a field with 2-Henselian valuation with
I' /2T = T. The isomorphism A of (4.1) can be repeated: WF = WF ®4 R.
For graded Witt rings we have analogously from (4.7) and (1.12)(i1),

GWF = GWF ®;4 GR.

(Here GWF is made into a GZ-algebra by mapping 2 > ((1)).)

(iv) Suppose (F,v,T) is 2-Henselian, with {7} o, C F mapping
bijectively to a Z,-base of I'/2T'. Forj € J, let ¢, = ((~m;)) € IF. From
the isomorphisms A (4.1) and y (4.7) above, the direct decompositions in
(4.4)—(4.6) above correspond to direct decompositions of WF, IXF, and



P-HENSELIAN FIELDS: K-THEORY 491
fJ‘FiAfte( identifying WF with its canonical image in WF induced from i:
F/F? > F/F?of (1.5), formula (4.5) translates to
o0
(49) I'F=1'F® @ @ (I*"F)e;, ---¢,, fork=0.
m=1 jeg,

There are similar decompositions for other ideals of WF. For example,

consider gWF, with g a Pfister form. We can write ¢ = ({-a,,...,—a,,,
~m,,...,~m ), where a,,...,a,, € U, and o(m,),...,0(m) are Z,-indepen-
dent in T /2T. Set ¢’ = ((-a,,...,-a,,)) € WF. If | = 0, we have
(4.10) qWF=qWF® @ €D qWFe, ---¢, .

m=1 jeg,
If / > 0 we can assume our basic set {7}, contains m,,...,m,. Then, with

i=(1,2,...,1}, we have

o0
(4.11) gWF=@ @ qWFe ---¢,.

m=1 jes,.icj

S. Multiquadratic extensions of a 2-Henselian field. Throughout
this section, let (F, v, I') be a field with 2-Henselian valuation for which
char F # 2. Let B be a finite subgroup of F /F 2 and let M = F(YB), a
multiquadratic (i.e., 2-Kummer) extension of F. (That is, M =
F({Vb | bF*> € B}.) We continue to blur the distinction between elements
of F and their images in F/F2 Let (M,w,T,,) denote the unique
extension of v to M; w is also a 2-Henselian valuation. We will show how
the image and kernel of the canonical map of Witt rings

r.- WF-> WM

can be described in terms of the corresponding map WF — WM. This will
illustrate how one can work with the decompositions of WF and WM
given by (4.9), with k = 0. Then we will indicate the proofs of a few
results mentioned without proof in [10] and [25]. A key part of the
argument involves lining up Z,-bases of I'/2T" and I,/2I,; since this
clearly generalizes to p-Kummer extensions of a p-Henselian field, analo-
gous results hold for K-theory and Galois cohomology, for any prime p.

Let Y=T/2T and Y,, =T,,/2T},, and let y: Y - Y,, be the map
induced by the injection (which we treat as an inclusion) I' - I,,. Let
Q(F) = F/F?*. 1dentify Q(F) with its canonical image in Q(F) (see
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(1.4)). Let B= B N Q(F). Then we have a commutative diagram with
exact rows by (1.4):

1 1 0
! { d
1 - B - B - o(B) - 0
(5 1) l I\’ l
' O(F) - QF) > Y - 0
l ! B ly
1 - oM) - QM) - Y, - O

The middle column is exact by Kummer theory, and the left and right

columns are clearly zero-sequences. So, 17(‘/1_7) C M. Note that kery =
(I' N 2T,,)/2T.

Let f=[M: F]and e =|T,,: T'|=| 2T, : 2T'| (as T, is torsion-free).
Then,

(52)  |B|=|B| |6(B)|</-|kery|=/-|T N2T,:2T|
<f-|2Ty:2T|=f-e<[M: F].

But, by Kummer theory [M: F] =|B|, so equality holds throughout
(5.2). Hence, M = F(\/f), 2T, C I, o(B) = ker y = 2T, /21" (with order
e), and the outer columns of (5.1) are exact.

Choose b,,...,b, € B which map to a Z,-base of v(B), and choose
{a;};e; € Q(F) which map to a Z,-base of Y /o(B). Further, for each b,,
choose a fixed square root \/b_, € Q(M). (That is, let \/b—, be \cM?* €
Q(M), where /c is a square root of some ¢ € F with cF? = b, € Q(F).
Since ¢ is determined only mod F?, /E: can be any element of
Ve EM?/M?)

PROPOSITION 5.3. {0(a;)},c; U {0(])),...,0(b,)} is a Z,-base of Y.
Further, {w(a;)};c; U {W(/b,),...,w(/b,)} is a Z,-base of Y,,.

Proof. Clearly the first set is a base for Y. Since o(B) = ker y,
{w(a;)};e; is a base of im y. Let B, be the subgroup of B generated by
{by,...,b}, and let C be the subgroup of Q(M) generated by

{{b, ..., b, }. Then,

|w(C)|<|C|=2*=|0(B)|=e=|Y,/imy|
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(the last equality because 2I',, C T'). But since v(B,) = v(B) = 2I},/2T,
dividing by 2 (in I;,) shows that w(C) maps onto Y,,/im y. A comparison
of orders shows that this map must be bijective and {w(/b, ),...,w(yb,)}
maps to a base of Y,,/im y. So, combining this set with our base of im y
yields a base of Y,,. O

For j€J, let a;= ({-a,;)) € WF and o] = ((-a,))) € WM; let

B, = ((-b))E WFandy,—« Byye wM 1<i<s. Letg(resp £)
denote the set of nonempty subsets of J (resp. of {1,2,. s}) For
7= {p-- -3Jm) € ¥ (as in notation (1.9)), let = a;a, - - - @, ; likewise
for B if I € £. Formula (4.9) for k =0 becomes a httle more com-

plicated because we have split up the base for Y. It now reads:

(54) WF=WF® @ WF;® D WFBr® @ WFaypr.
i€y = jey.lee

Let us adopt the following notation as an abbreviation for (5.4):

(5.5) WF = (WF, WFaz, WFB7, WFa:B7 ).
Correspondingly,
(5.6) WM = (WM, WMo, WMy7, WMay7 ).

The map r: WF - WM sends a; to a; and B, to 0, so we can read off
the image and the kernel (denoted W(M /F)) of r:

(5.7) r(WF) = (r(WF ), r(WF )&, 0y7,0a%y7 ),
(58) W(M/F)=(W(M/F),W(M/F )az, WFB7, WFe:-B7 ).
In the notation of [10, §2], WD(M/F) is the obvious part of

W(M/F),ie., WD(M/F) = 3, 5({~b)YWF. Since B U {b,,...,b,} gen-
erates B, we have, using (4.10) and (4.11),

(5.9 wD(M/F) =3 ({-b))WF+ ZBWF

beB
= (WD(M/F),WD(M/F )az, WD(M/F )87, WD(M/F )a;p7)
+(0, 007, WFB, WFaB7 )
= (WD(M/F ), WD(M/F )az, WEB7, WFo:B7 ).
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Setting h,(M/F):= W(M/F)/WD(M/F) as in [10, (2.2)], (5.8) and
(5.9) yield

(5.10) hy(M/F) =hy(M/F)® @ hy(M/F).

jE€s

Likewise, let r’(WF) be the obvious part of r(WF), e, r'(WF) =
N, im(WL — WM), as L ranges over fields F C L C M with[M: L] = 2.
Using compatible direct sum decompositions for WL and WM, one can
compute im( WL — WM); this image has two forms, depending on whether
M /L is ramified or unramified. One obtains from this,

(5.11) r(WF) = (r'(WF ), r'(WF )& 0v7,0y7 ).
Hence, from (5.7) and (5.11),
(5.12) hy(M/F):= r(WF)/r'(WF) =hy(M/F) ® D hy(M/F).

i€}

Note that the index set for the direct sums in (5.10) and (5.12) is in
one-to-one correspondence with the elements of Y /ker y; so when | Y |<
oo the number of summands is | Y|/e. Formulas (5.10) and (5.12) yield
(10, (2.15)] and show that F is 1-amenable (resp. strongly 1-amenable) iff
WF is 1-amenable (resp. strongly 1-amenable).

The formulas for the direct decompositions of I*F (and (K, F), and
H*(Gp, n)) are slightly different from (5.4), and this is illustrated by the
analogue to (5.4) for I*F. Forj = {j,... Jn) € ¢, set |f[: m. Then (4.9)
becomes, in the shortened notation of (5.5), for any k = 0,

(5.13) 1 = (IF,(1 VI F o, (1471 F ) B, (14" V1V F e ).

Again, set I”F = WF when m < 0. For the corresponding formula (5.13)
for I*F = I*F/I**'F, simply place bars over the I’s, a’s and B’s in
(5.13). Note, though, that some of the summands in the formula for / kF
will drop out because I™F = 0 when m < 0. From (5.13) and (5.13) one
easily obtains the analogues to (5.7) and (5.8) for the image and kernel of
I¥F — I*M and I*F — I*M. By using the corresponding image and kernel
formulas for the case of H?(—,2), one can show that, in Tignol’s notation
[27, p. 6],

(5.14) N(M/F)=N,(M/F), fori=1,2,3.

(Formula (5.14) corresponds to (5.10) and (5.12) above; but the sum-
mands indexed by ¢ in (5.14) are all 0’s because they come from terms
involving H%—,2) and H'(-,2), where there is complete cancellation.)
From (5.14) it follows that F has Tignol’s property P,(n) [27, p. 6] iff F
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has property P,(n), for i = 1,2,3, n = 1,2,... (cf. [25, (3.10)]. This was
proved by Tignol [27, §6] for v a complete discrete valuation.
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