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REGULARITY OF SOLUTIONS
TO ELLIPTIC ISOPERIMETRIC PROBLEMS

HAROLD R. PARKS

In an earlier paper by the author, the existence theory for solutions
of elliptic isoperimetric problems was developed in the context of rectifi-
able and integral currents. The regularity problem for solutions of those
isoperimetric problems was essentially left open. Examples were given to
show that, in certain cases, regularity may be totally absent. In this note
we derive positive regularity results for solutions of elliptic isoperimetric
problems.

1. Introduction. Let ® and ¥ be class 2 elliptic integrands. The
problem studied in [PH] was that of finding a surface, S, minimizing the
integral of the integrand ® over S subject to the requirements that S have
a given boundary and that the integral of the integrand ¥ over S equal a
specified value, . In [PH] it was shown that two parameters, v, and ¢,
were crucial to understanding the problem:

Yy is the absolute minimum for the ¥ integral among
surfaces which satisfy the boundary condition, ¥, is the
minimum for the ¥ integral among surfaces which satisfy
the boundary condition and for which the first variation of
the ® integral vanishes.

In this paper, also, y;, and ¢, are crucial. Using the first variation to
estimate the integrals over deformed surfaces, we are able to show that the
regularity results of F. J. Almgren, Jr., [AF], in the form recently derived
by E. Bombieri, [BE], yield the following (see 6):

THEOREM. If ¢, = ¢ <, and T is a rectifiable current which minimizes
the ® integral among rectifiable currents which satisfy the boundary condition
and have ¥ integral equal to , then the regular points are dense in
spt T ~ spt 0T.

2. Preliminaries. We will use the notation and terminology of

[PH]. Additionally, we
(1) assume ® and ¥ are class 2 elliptic integrands of degree m on Z,
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(2) choose A with 1 < A < oo such that
AT'=®(z,a) <A and
Al =¥(z,a) <A
hold forz € Aand « € A\ ,R" with |a|= 1,

(3) fix Yy with §p = ¢ <y,
@) fix T € R, ,(Z) which satisfies spt(R — 9T) C B, (¥, T )=,

(@, T)=inf((®,5):SER,, (2),
spt(R — 3S) C B, (¥, S)=4v},
(5) denote by G the set of
x€(IntANsptT)~(BUsptdT)

such that there exist » > 0 and a class 3 isotopic deformation

h:IXW-2Z,
of an open subset, W, of Z in Z, for I an open interval with 0 € I,
satisfying
HA4ACw,

(ii) A(I X sptT) C A,

(iii) A[I X (B N spt 0T)] C B,

(iv) A(t,z) = zfort € [ and z € B"(x, r) U (spt a7 ~ B),
(V) h(t,z) @ U*(x,r)fort € I and z & U*(x, r),

(i) U"(x,r) CInt A ~ (B U sptoT),

(vii) 8(T, ®, h) # 0.

3. LEMMA. There is at most one point in
[(Int 4 N'sptT) ~ (B U sptdT)] ~ G.

Proof. Fix

x, €E[(Int4 NsptT) ~(B U sptdT)] ~G,
x, €E(Int A NsptT)~(BUsptdT)

with x; # x,. We will show
x, €G.

Since y <, T is not ® stationary with respect to (A4, B) and, hence,
there is a class 3 isotopic deformation

kiJXV->2Z
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of an open subset, V, of Z in Z, for J an open interval with 0 € J,
satisfying

ACV,
k(J X sptT) C A,

(
k[J X (B N sptdT)] C B,
k(t,z)=z fort€J and z € sptdT ~ B,
80T, ®, k) # 0.
Choose r > 0 such that
U"(x,,5r) CInt A ~ ({x,} U B U sptaT).

Choose an open interval 1, with 0 € I C J, and an open W, with4 C W
C V¥, such that

|k(z,z) —z|<r holdsfort €l and :z € B"(x,,3r),
K[IX (W ~U"(x,,2r))] 0N B*(x,,r) = 2.
Choose ¢: R" - R of class oo such that
o(z) =0 iflz=<2,
o(z) =1 if|z|=3,
0<¢(z)=<1 forallz €R™.
Define
LIXW->Z
by‘setting
I(t,z) = ¢(r ' (z — x,))k(t, 2) + (1 — o(r~'(z — x))))z

for (¢,z) € 1 X W. We note that r and / satisfy the conditions 2(5i-vi)
with x replaced by x,. Thus we have

dI(T,®,1)=0.
Define
h:IXW->2Z
by setting
h(t,z) = (1 —¢(r 'z — x))))k(t, 2) + ¢(r~'(z — x,))z

for (¢, z) € I X W. We have

0+#8U(T, ®, k)

=8(T,®,1) + 6(T, ®, h) = 8T, @, h).
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Since r and A satisfy the conditions 2(5i-vi) with x replaced by x,, we have

X, €G.

4.1. Preliminaries. In 4.2 we will use the following notation:

(1) Fix x, € G and let ry, >0 and h: I X W — Z satisfy the condi-
tions of 2(5).

(2) Set

a=80(T,®, h), B=238V(T,V¥,h).

By hypothesis we have a # 0, and without loss of generality we may
assume a > 0.
(3) Define the elliptic integrand

2 ZXAN,R" >R
by setting
2(z, 1) = (la| +18]) "'[IBI®(z, 1) +lal¥(z, p)]
for (z,p) € ZX N\, R".

4.2. THEOREM. There exist ry, ¢, with 0 < r,, ¢, < 00, such that for each
r,withQ<r=r,

TLU"(xq, )
is (£, w, 2r) minimal in U"(x,, r) (see [BE; Definition 1]), where
w(t) = c;sup{||TIB"(x, 1): x € U"(x,, 1;)}.
Proof. We will assume
(T, ¥, h) #0;

the proof in case 8(T,¥, h) =0 is similar. By [PH; 1.4] and the
argument used in the proof of [PH; 1.3], we see that, in fact,

§O(T, ¥, h) <0

must hold.
We can find é, ¢, positive real numbers, and

f,g RN {r:]f]<8} > RN {¢: |t|< b},
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of class 2, such that for ¢ with | |< § the following hold:
(1+c)el,
(@, hT)— (@,T)— t8(T, ®, h)|< ct?,
(¥, kT Y— (¥, T)— t8(T, ¥, h)| < cr?,
(®, hyuT)=(®,T)+1,
(¥, hyuT)= (¥, T)+1,
|7(2) — f[80(T, @, W™= e,
|g(t) = ({8(T, ¥, 1)] | < 2.
Let 7, be such that
0<r=3""r, |ITIU"(xy,3r;) <A3.
Set

¢ = SA(1 + a)(1 +[B)(1 + a (1 +[B]')(1 + 8)X(1 + c)’.

Fix r with 0 < r < r,. Let K be compact with K C U"(x,, r). Suppose
X e, (R") satisfies dX =0, spt X C K. Set d =diam(spt X) and fix
x, € spt X. By [PH; 1.4] and the argument used in the proof of [PH; 1.3],
we may suppose either

(%) (¥, T)<(¥,T+X), (2, T)>(®, T+ X)
(%) (¥, T)>(¥,T+X), (2, T)<(®, T+ X)

Case 1. Assume (*) holds. We have
(¥, T+ X)— (¥, T)=(¥,(T+ X)LU"(x,,d))
< \|T + X|U"(x,, d) =N (®,(T + X)LU"(x,, d))
<N (®,TLU"(x,,d))<N|T|U"(x,,d) <8.

Set

t=(¥,T)— (¥,T+X).
Then, by 2(5iv, v),

(¥, hyul T+ X))= (¥, T)
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holds, so we have
(@, hypulT+ X))=(®,T).
But also we have, again using 2(5iv, V)
(@, hye(T + X))
<(®, T+ X)+ 8V(T,®, h)g(z) + c[g(1)])
<(®, T+ X)+a(B 't + ct?) + c(B 1+ cr?).
It follows that
BI(@, T)<IBI(®, T+ X)+ a((¥,T+ X) = (¥, T))
+IBI((E, T+ X)— (¥, X))
(ac + B 7%+ 28] il + 2).
Consequently, we have
(E,T)<(E,T+X)+|Bl(a +|Bl) (¥, T+ X)—(¥,T))
- 5(1+ @)1 + e)’(1+ 8)2(1+(8] ')
We note that
(¥, T+ X)— (¥, T)< (¥, TLK+ X)<A\M[TLK + X]
and
[f|= N sup{“T“B”(x, d): x € U"(x,, rl)}.
So we have
(E,TLK)<(E,TLK+ X)+ w(d)M[TLK + X].

Case 11. Assume (**) holds. The argument used in this case is similar

to that used in Case I. The difference is that we set
t=(®,T)— (0, T+ X)
and consider
hf(,)#(T+ X).

5. LEMMA. There exists p > 0, which depends only on m and A, with the
following property: For each r, >0 there exists ¢, = c,(ry, T, m,A\) >0
such that if 0 <p =<r, and x € sptT satisfies dist(x, B U sptdT) =r,,

then |T|U"(x, p) = c,p" holds.
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Proof. Set p = A"2m. Let r, > 0 be given. Set ¢, = M(T)(r,) *. Fix
x € spt T which satisfies dist(x, B U spt 9T") = r,.
Define u: R* - R by setting

u(z) =z — x|.
Define v: {p: 0 < p <r,} - R by setting
o(p) =|TIU"(x, p).
Define H: R X R” - R” by setting
H(t,z) = x+ t(z — x).

For0 <p <r,, set
S, = TLU"(x, p) + H#[(E‘L{t: 0=<t=<1})(T,u,p +>]
By [PH; 1.4], for each 0 < p < r, we have either
(¥, T)<(¥,8,) or (®,T)<(®,S,).
For £' almost every 0 < p < 7, we have
M[H,[(E'L{r: 0=:=1}) X (T, u,p +)]] =m 'pv'(p).
We conclude that for £! almost every 0 < p <r,
A 'o(p) = Am”'pv’(p)
and, hence,
(%) A 2mp~' < (v(p))'v'(p)
holds. The conclusion of § is now easily obtained by integrating ().
6. THEOREM. Suppose ® and ¥V are class 2 elliptic integrands and
Yo=Y <Y.If T ER, (Z)satisfies
spt(R—93T)C B, (¥, T)=1y,
(®,T)=inf{(®,5):S€R,, ,(2),
spt(R —3S) C B, (¥, S) =y},
then the set of regular points is dense in
(IntA NsptT)~(BUsptdT).

Proof. The theorem follows from 3, 4.2, 5 and the main result of [BE].
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