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ORTHOGONAL PRIMITIVE IDEMPOTENTS
AND BANACH ALGEBRAS ISOMORPHIC WITH /,

TAQDIR HUSAIN

In this paper, a study of orthogonal primitive idempotents and
minimal ideals in topological algebras with orthogonal bases has been
made. Among other results, a structure theorem for Banach algebras with
orthogonal bases has been proved, similar to Ambrose’s structure theo-
rem for H*-algebras in the separable case. Furthermore, a necessary and
sufficient condition is given for Banach algebras with orthogonal bases to
be isomorphically homeomorphic with the Hilbert algebra /,.

1. Introduction. In our papers [5], [6], [7], we introduced the no-
tions of orthogonal and cyclic bases in topological algebras and studied a
number of properties of such algebras. For instance, we proved necessary
and sufficient conditions under which a topological algebra with an
orthogonal basis is isomorphically homeomorphic with the Fréchet alge-
bra s of all complex sequences ([7], [6]). Similar characterization theorems
were proved for the Banach algebra /; of all complex sequences with
absolutely convergent series [3] and the Banach algebra ¢, of all complex
null sequences [4].

Here we are concerned with a study of orthogonal primitive idempo-
tents in topological algebras with orthogonal bases. As is well-known, the
existence of idempotents in semisimple rings or algebras enables one to
represent such rings or algebras as a direct sum of simple rings or
algebras. Such a consideration for Hilbert algebras has led us to doubly
orthogonal idempotents and to a structure theorem for such algebras. The
structure theorem for Banach algebras with orthogonal bases is stronger
than the similar result for H*-algebras proved by Ambrose [1] but only in
the separable case.

Specifically, we prove general results regarding orthogonal primitive
idempotents in §3. For instance, we identify the maximal family of all
orthogonal primitive idempotents. In §4, we prove that there are lots of
closed minimal ideals (Theorem 4.4) in any topological algebra with an
orthogonal basis. This leads us to a structure theorem for such algebras.
Moreover, each Banach algebra, if it has an orthogonal basis, can be
expressed as a countable direct sum of simple Banach subalgebras, each of
which is isomorphically homeomorphic with the field of complex numbers

313



314 TAQDIR HUSAIN

(Theorem 4.7). In §5, we consider Hilbert algebras. In this case, the
structure theorem can be strengthened by using doubly orthogonal
idempotents (Theorem 5.2 and Remark 5.3). Finally, in §6, we prove a
necessary and sufficient condition under which a Banach algebra with an
orthogonal basis is isomorphically homeomorphic with /,, the Hilbert
algebra of all complex sequences with square absolutely summable series.

2. Preliminaries. Let o/ be a Hausdorff topological algebra over
the complex field C (i.e. a complex algebra o/ with a Hausdorff topology
in which the maps: (x, y) = x + y, (A, x) = Ax, (x, y) = xy are con-
tinuous, where x, y € &and A € C.) A countable set { x;} of #is said to
be its orthogonal basis if the following two axioms hold:

(1) x,x; = §, x; for all i, j > 1. In other words, x,x; = 0 for i # j and
x?=x,

(ii) {x;} is a basis of o/ regarded as a topological vector space. In
other words, for each x € o/ there exists a unique sequence {A;(x)} of
scalars such that

n [e e}
x=lim Y A (x)x; = 2 A (x)x;.
TR =1 i=1
(In the sequel we denote L A,(x)x; by L.A,(x)x; unless otherwise
stated.) Since A;’s depend upon x, it is easily seen that each A, is a
multiplicative linear functional, often called a coordinate functional. In
general, each A, need not be continuous. Whenever they are, the basis
{x;} is called a Schauder orthogonal basis. It is known [6] that each
orthogonal basis in a LMC (cf. [6]) algebra is a Schauder orthogonal basis.
Indeed, in particular for Fréchet (i.e. complete metrizable LMC) and
Banach algebras, the same is true.

If {x,} is an orthogonal basis in a normed algebra «/, without any
loss of generality, we may assume that ||x,|| = 1 for all i > 1, in other
words, the basis can be normalized. Thus in this case if x = X,A,(x)x;,

then
lim [[A;(x)x{ = lim [A\,(x)|=0 forallx €.«.
1—> 00 1—> 00

Hence for each x € &/, the sequence { A,(x)} is in ¢,,.

From x = ¥,A,(x)x; in a topological algebra, we conclude that x = 0
iff A,(x) = 0 for all i > 1. Furthermore, by the definition of basis, x; # 0
foralli > 1.

We shall freely use the terms and results from [S]-[7]. For a general
reference on bases in Banach space, the reader may consult Day [2],
Singer [9] and for a general theory of Banach algebras, Zelazko’s book

[10].
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3. Orthogonal and primitive idempotents. In this section, we de-
scribe the maximal family of all orthogonal primitive idempotents in a
topological algebra with an orthogonal basis.

Since a topological algebra with an orthogonal basis is commutative
[6], the commonly used terms “left”, “right” and “two-sided” in noncom-
mutative cases are redundant. Hence the terms defined by Ambrose [1] for
noncommutative H*-algebras, which we are going to use here will not be
accompanied by the words “left”, “right” and “two-sided”.

According to Ambrose [1], an algebra 4 is said to be proper if for any
x € A, Ax = xA = {0} implies x = 0. '

Throughout this section, &/ will stand for a Hausdorff topological
algebra with an orthogonal basis { x, }.

Now we have some elementary properties:

PrOPOSITION 3.1. If for any x € o/, xx; = 0 for all i > 1, then x = 0.
Hence sZis proper.

Proof. From x = X,A;(x)x,, we obtain xx; = A,(x)x, =0 for all
i = 1. Since x; # 0, it follows that A;(x) = O foralli > 1 and so x = 0.

PROPOSITION 3.2. For any x € &/, x # 0 iff x" # 0 for any integer
n>1.

Proof. If x =YX A/(x)x; then x" =X A, (x")x,, Now A (x")=
[A;(x)]" # O for some i iff A;(x) # O for the same i.

PROPOSITION 3.3. If £ is an ideal of & such that x,/ C £ for some i,
then x, € 2.

Proof. Since x,x € ffor all x € &, in particular when x = x;, we get
x}=x,€.

PROPOSITION 3.4. &/ contains no proper (# {0}, &) nilpotent ideals.
(An ideal £ is called nilpotent if #" = {0} for some integer n > 1.)

Proof. Suppose #" = {0} for some ideal .# and some integer n > 1.
Then x" = 0 for all x € £. But then by Proposition 3.2, x = 0. Hence
F = {0}.

DEFINITION 3.5. An element e of an algebra is called idempotent if
e*=e+# 0. A family {e,} of idempotents is said to be orthogonal if
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eep = 0 for a # B. An element is said to be primitive [1] if it cannot be
expressed as a sum of two orthogonal idempotents.

Note that if an algebra has identity e (ex = xe = x) then it is an
idempotent, but not conversely.

It is a nontrivial matter to determine the collection of all idempotents
in an arbitrary algebra or ring. In our case, however, it turns out to be a
simple matter.

We note that by definition each member x; of an orthogonal basis is
an idempotent. Moreover, if o is any finite subset of the set N of positive
integers, then

X o Z X i
i€c
is an idempotent. In general, let x be an idempotent of .«/. Then from
x =Y A(x)x; and x2=x, we get [A,(x)]*>=A,(x) for all i >1, ie.
either A,(x) =0 or 1 for all i > 1. Let E be the subset of N such that
A(x)=1foralli € E. Then
x= ) x,.
ieE
Hence the collection of all idempotents in /is huge. In special cases, the
subset E above is always finite.

PROPOSITION 3.6. Let &/ be a normed algebra with an orthogonal basis.
If x = L.\, (x)x, is an idempotent of Z, then \,(x) = O for all i but a finite
number of them where it is equal to 1. In other words, x is an idempotent of
Hiff x = L,e,X;, where o is a finite subset of N.

Proof. By the above remark, since x is an idempotent, there is a subset
E of N such that x = ¥, _.x;. Suppose E is infinite. Since the series is
convergent, there is i, such that for all i > i, ||x,|| < 1. By the orthogonal-
ity of basis, x, = x¥ for all £k > 1 and so ||x,|| = ||x¥|| < |lx,]|* = 0 as
k — oo for all i > i,. This shows that x, = 0 for all i > i, which is ruled
out by the definition of basis. Hence E is finite.

THEOREM 3.7. { x;} is the maximal orthogonal family of idempotents of
a topological algebra o/ with an orthogonal basis { x;}.

Proof. Clearly by the definition of orthogonal basis, {x;} is an
orthogonal family of idempotents. To show it is maximal, let x € o/ be
such that x? = x # 0 and xx;, = 0 for all i > 1. But then by Proposition
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3.1, x = 0 which is contrary to the definition of idempotent. Hence there
are no other idempotents orthogonal to { x; }.

REMARK 3.8. Note that if a topological algebra with an orthogonal
basis has identity e, then e cannot belong to the maximal orthogonal
family of idempotents.

THEOREM 3.9. Each x, is a primitive idempotent of &/ and { x,} is the
maximal family of all orthogonal primitive idempotents of /.

Proof. Suppose, if possible, x;, =y + z where y, z are orthogonal
idempotents, ie,. y2=y+0, zZ=z+#0 and yz=0. Since y, z are
idempotents, there are subsets (possibly infinite) of N such that x =
YicgX; ¥ = L;epx;. Furthermore, yz =0 implies EN F = &. Then
X; = X, epy X, But this contradicts the uniqueness of the representation
of an element in series by the definition of basis, unless E U F = {i}.
Hence each x; is primitive. Since there are no other orthogonal (Theorem
3.7) idempotents than { x;}, it follows that { x;} is the maximal family of
all orthogonal primitive idempotents.

4. Minimal closed ideals and structure theorems. In this section, we
identify all closed minimal ideals with a view to establishing a structure
theorem for topological algebras (in particular, Banach algebras) possess-
ing an orthogonal basis.

DEFINITION 4.1. An ideal in a commutative ring (or algebra) is said to
be minimal if it does not contain any nonzero proper ideal of the ring (or
algbebra). An algebra or ring which does not contain any nonzero proper
ideals is called simple.

Again throughout this section, 2/ denotes a Hausdorff topological
algebra with an orthogonal basis { x; }.

PROPOSITION 4.2. For each i, x, &/ is an ideal of & and x, 4 N x ;o =
{0} fori + j.

Proof. 1t is, indeed, easy to verify that x,2/is an ideal. If x € x,/N
x; for i #+ j, then x = x;y = x;z for some y, z € &/. From the expan-
sions of y and z, we derive x = x;y = A, (y)x;, = A;(2)x; = x,z. Now
multiplying this equation by x;, we get
Ai(y)xiz = Ai(y)xi = }\j(z)xixj = 0.

Since x; # 0, we conclude that A,(y) = 0 and so x = 0.
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THEOREM 4.3. Each x, &/ (i=1) is a closed minimal ideal and
x; € x; foralli > 1.

Proof. First we show that each x,;%/is a minimal ideal. Let i be fixed.
Then by Proposition 4.2, x;%/is an ideal. For minimality, suppose £is an
ideal of &/ such that 0 # £ C x,&/. We show that # = x,o/. We consider
three cases:

Case (a). Suppose x; & 4 for all j > 1. Then for any x € 4, x # 0
from x = X A ;(x)x; we have xx; = A ;(x)x; € ffor allj > 1. Since x # 0
implies there is some j such that A (x) # 0 and so (Aj(x))“l()\j(x)xj) =
x; € 4, a contradiction.

Case (b). Suppose thereis x; (j # i) such that x; € 4. But then for all
x €, xx; € #and so #x; C #C x,. By Proposition 4.2, &/x, N &x;,
= {0} for i # j and we conclude that &/x; = {0} for j # i. But this means
that xf = x; = 0, which is ruled out. Hence #contains no x;, j # i.

Case (c). Thus # must contain x;. Since £ is an ideal, for all x € &7,
xx; € # and we have &x; C #. Since 4 C x,/, we have proved that
x;/=Fand x; € x,;.

To complete the proof, we must show that x,/is closed. Let y € x,/
. (@) .
(closure). There is a net {x,x;} C x,& such that (x,x;) = y. Since the
multiplication in .2/ is continuous, we have

(o)
(x.x)x, = (x,x;) = yx; € #x,.
Since &/ is Hausdorff, y = yx, € &/x; and so «x; is closed for each i.
Now we prove a structure theorem.

THEOREM 4.4. Each Hausdorff topological algebra s/ with an orthogonal
basis { x;} can be written as a countable direct sum of closed minimal ideals
{x,}.

Proof. Since for each x € &/ there is a unique sequence {A;(x)} of
scalars such that x = ¥ A;(x)x;, from this we obtain: xx, = A,(x)x; for
all i > 1. Hence x = X,(xx;). Since xx, € &x; for all i > 1 and x, /N
x ;o= {0} for i # j (Proposition 4.2), we conclude that &/ = @ X ,(&x,),
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a direct sum in which each «/x; is a closed minimal ideal of </ by
Theorem 4.3.

We know ([6], Corollary 1.5) that if the basis of a topological algebra
is a Schauder basis, then the algebra is semisimple. Since every basis in a
Fréchet and, in particular, Banach algebra is a Schauder basis, it follows
that every Fréchet as well as Banach algebra with an orthogonal basis is
semisimple. We can improve Theorem 4.4 for Banach algebras.

First assume that.27is a Hausdorff topological algebra with a Schauder
orthogonal basis { x;}. Then each associated coordinate functional A;(x)
= A, is a continuous multiplicative linear functional on /. Hence its
kernel

M, = (x €st:\,(x)=0)

is a closed maximal ideal of .« for each i > 1. Moreover, these are all the
closed maximal ideals of &7 (cf. [6], Theorem 2.1). Thus the quotient o//.#
is a Hausdorff topological algebra in the quotient topology.

Now we have:

PROPOSITION 4.5. Let </ be a Hausdorff topological algebra with an
orthogonal Schauder basis { x,}. Then there exists a continuous isomorphism
of &/ M ; onto Lx, for each fixed i > 1.

Proof. For each x € /M, set Y(X) = xx;, where X = x + A, is a
coset in <Z/.# ,. First we check that ¢ is a well-defined map. For this, let
x=x+M,=y+ M, then x —y € #, and so A,(x — y) = 0. Whence
A(x)x; = A;(y)x; and so xx;, = A, (x)x; = A;(py)x; = yx;. It is easy to
verify that ¢ is linear. Further

V() = ¢ ((w)) = ()x, = (xex)(x)) = 4 () (),

because x? = x,. This proves that ¢ is an algebra homomorphism of .«Z/.#,
into &/x;. Y is one-one: suppose xx; = 0, then A;(x)x; = 0 implies A,(x)
= 0 because x; # 0. Thus x € .#, which proves that ¢ is injective. Now if
xx, is an arbitrary element of &/x; for some x € &, then xx; = A ,(x)x, =
A(x + y)x, forally € #, and so y(x) = xx; shows that ¢ is an isomor-
phism of «Z/# ; onto ¥ x,.

We endow «&7/.# with the quotient topology and /x; with the
induced Hausdorff topology from /. To prove the continuity of ¢, first
we denote the quotient map: &/ — &Z/.# ; by ¢ and the map: x — xx, by g.
Then ¢ (@(x)) = g(x) for all x € /. Clearly ¢, being the quotient map, is
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continuous and open, whereas g, being the multiplication map in the
topological algebra, is also continuous. Thus for any neighbourhood U of
0 in &/x; (note &/x, being an ideal of .« is an algebra), g (U) is a
neighbourhood of 0 in 2/ by the continuity of g and hence (g }(U)) is a
neighbourhood of 0 in 27/ ; by the openness of ¢. Since

yH(U) = 9(g7(V)),
we have proved the continuity of .
Now in the case where &7 is a Banach algebra with an orthogonal
basis, we can describe the nature of closed minimal ideals &/ x;.

THEOREM 4.6. Let o/ be a Banach algebra with an orthogonal basis { x;}.
Then each closed minimal ideal /x,; (i > 1) is isomorphically homeomorphic
with the field C of all complex numbers.

Proof. Since #x, is a closed ideal of the Banach algebra .7, it is itself
a Banach algebra under the induced norm topology. Furthermore, «/x, has
identity, viz. x,. Hence the algebra 27/, being isomorphic to x;
(Proposition 4.5) also has identity. Since .#, is a closed maximal ideal of
&, /M is a Banach division algebra and hence by the Gelfand-Mazur
theorem, &7/.# ; is isomorphic and homeomorphic with the field of com-
plex numbers. But the continuous isomorphism ¢ (Proposition 4.5) of the
Banach algebra 7/ onto the Banach algebra &/x; is open by the open
mapping theorem and so ¢ is an isomorphism and homeomorphism. Since
/M ; has been shown to be isomorphically homeomorphic with the field
of complex numbers, the same holds for each «/x,. This completes the
proof.

Now we prove a structure theorem for Banach algebras with an
orthogonal basis which is similar to, but stronger than, Ambrose’s struc-
ture theorem [1] for H*-algebras in the separable case.

THEOREM 4.7. Every Banach algebra </ with an orthogonal basis can be
expressed as a countable direct sum of simple Banach subalgebras /x;
(i > 1), each of which is isomorphically homeomorphic with the field of
complex numbers.

Proof. 1t follows from Theorems 4.4 and 4.6.

5. Doubly orthogonal idempotents and Hilbert algebras. In this
section we consider those topological algebras with orthogonal bases
whose topology is given by a norm which in turn is induced by an inner
product functional.
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Let H denote a Banach algebra such that its norm is given by:
llxll = + /{x, x), where (, ) is the inner product functional. In other
words, H is a Hilbert space as well as a Banach algebra in the norm
induced by ( , ). Such algebras are called Hilbert algebras.

It is well-known that each separable Hilbert space H contains a
sequence { u,} of orthonormal vectors (i.e. <u,., u j> = §;;) which forms a
basis of H. More explicitly, one has:

(i) x = £{x, u)u, for each x € H,

Gi) (x, y) = Z{x, u)(y, u,),

(iii) [|x]|*> = Z,|{ x, x,)|? (Parsevals’ equality).

Thus from (iii) and other known results it follows that each separable
Hilbert space is isometric with /,, the Hilbert space of all complex
sequences {a,} with L |a,|* < co.

DEFINITION 5.1. A collection { e,} of elements in a Hilbert algebra is
said to be doubly orthogonal if < €y eB> = 0ande,ep = 0 for a # B.

Since each separable Hilbert space H has a sequence {u,} of ortho-
normal vectors as pointed out above, it is interesting to ask if there exists
a Hilbert algebra structure on H such that the sequence {u;} is doubly
orthogonal. We answer this question below, in the affirmative.

It is clear that the canonical basis {e,}, where e, = {§,;} ., i =
1,2,..., of I, is unconditional ie. the series x = L,(x, e,)e, for each
x € [, is unconditionally convergent [2]. Hence an orthonormal basis of
any separable Hilbert space, being isometric with /,, is also unconditional.

With these remarks, we have:

THEOREM 5.2. Let 5#’be a separable Hilbert space with an orthonormal
basis { x,}. Then there exists a multiplication on ¥ and an equivalent norm
making 3¢ a Hilbert algebra with { x,} as its doubly orthogonal basis.

Proof. First we define a multiplication on 5 as follows: for x =
T (x, x;)x,,y = L{y, x,)x,, we define
x*xy =3 (x,x){y, x)x,.
The series is convergent in J# because the basis { x,} is unconditional as

remarked above. Thus for all x, y € 5, x* y € #. It is easy to check
that 5# with this multiplication is an algebra. Further, we define another

norm on 3 by: ||x| = {Z,/(x, x,)|*. Clearly this is the transported norm
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from /, and so || - | is equivalent to the initial norm on 5# by isometry. We
see that

llx* y| = \/X,KX, xi><y’ xi>|2
< VEA(x, x )P VEN s x)P

=[xyl
Hence 5 is a Banach algebra with the equivalent norm and the product
* . Since the new norm is induced from an inner product functional

<X, J’>, = Z<x’ xt><-)7’—;—l>

(the series is convergent by the Cauchy-Schwarz inequality), it follows that
J is a Hilbert algebra. Clearly

<x/’ xk>, = ;<xj9 xi><xk’ xi> =0

and x * x, = 0ifj # k. Thus { x,} is doubly orthogonal.

REMARK 5.3. Now in the case of a separable Hilbert space 5, one can
always regard it as a Hilbert algebra and therefore it can be expressed as a
countable direct sum of closed minimal ideals { #x;} in which each x; is
doubly orthogonal and each s£x; is isomorphically homeomorphic with
the field of complex numbers, in view of Theorems 4.7 and 5.2.

6. Banach algebras isomorphic with /,. In this section, among other
results, a necessary and sufficient condition for a Banach algebra with an
orthogonal basis to be isomorphically homeomorphic with /,, is given.

We have already shown when such Banach algebras are isomorphi-
cally homeomorphic with /; and ¢ (cf. [3], [4]).

First of all, we note that if a = {a,} € [, then a* = {a,} € [,, where
a, is the complex conjugate of the complex number a,. Furthermore,

lall: = VEdal® = yZia > = lla*|..

In other words, the involution: x — x* in /, is norm preserving.
We recall that /, has a Schauder basis { ¢,} satisfying:
(i) The basis is unconditional.
(ii) { e, } is doubly orthogonal, i.e., <e,, e'> =ee; = 0fori # .
(iii) { e;} is an orthonormal family, i.e., ( e,e j> = §,, as well as orthog-
onal ee; = §, e, for all i, j.
(iv) The basis {e;} is boundedly complete and shrinking (cf. for ins-
tance [2] for definition). (For, /, is reflexive and so the James
Theorem [2] applies.)
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With these remarks, first we show that each topological algebra with
an orthogonal unconditional basis carries a natural involution.

PROPOSITION 6.1. Let &/ be a topological algebra with an unconditional
orthogonal basis { x,}. Then for each x = L A ,(X)x; € «,

x* = mei

defines an involution (henceforth called natural involution) on <. Further-
more, for each x € &/, x # 0 iff x* #+ 0 and also xx* # 0 iff x # 0.

Proof. Since the basis { x;} is unconditional, the series defining x* is
convergent in .»/. Moreover, it is easy to check that x** = x, (x + y)* =
x* + y* (ux)* = px* and (xy)* = x*y* = y*x*. For the rest, we ob-
serve that A, (x*) = A,(x) and A,(xx*) = |A,(x)|>. Hence A,(x*) =0 or
A(xx*)=0iff A\,(x) = 0.

PrROPOSITION 6.2. If &/ is a normed algebra with an unconditional
orthogonal basis { x,}, then for all x = ¥, A (x)x, € &,

flexe | = flx*ac |
foralli > 1
Proof. Since xx; = A, (x)x,, for all i > 1 we have

el = A CGo)ox ) =[N, G || =l

PROPOSITION 6.3. Let &/ be a Banach algebra with an orthogonal basis
{x,}. Then for any sequence {a;} € l,, the sequences { y,y¥} and {|y,|*}
converge in s/, wherey, = L'_,a,x,,y¥ = XI_jax,;and|y,| = XI_la,|x,.

Proof. As before, without any loss of generality, we may normalize
the basis {x;} and so assume ||x,)|=1 for all i > 1. Since {x,} is
orthogonal, we have

2 w2
e =l = X lal x}
i=1
For n > m,

lyuy = vyl =| v~ Iym|2”

n
2
=“ Y x| <

i=m+1

n

Z 'ailz -0

i=m+1
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as m, n — oo. So the sequences { y,*}, {|y,>} being Cauchy sequences
in the Banach algebra ./, are convergent.

Incidently, the existence of a (an) (orthogonal) basis { x,} in a Banach
space (algebra) 7 implies that there exists an inner product topology
which is coarser than the initial one. Specifically, if x = XA (x)x,,
y =X\, (y)x,, then

A (A (y)
(x,y) = TR
defines an inner product. However, this inner product topology need not
be equivalent to the initial one.

Now we give a necessary and sufficient condition under which a
Banach algebra with an orthogonal basis is isomorphically homeomorphic

with /,.

THEOREM 6.4. Let o/ be a Banach algebra with an unconditional
orthogonal basis { x,}. Then sZis isomorphically homeomorphic with 1, iff

(i) Forall x,y € o, X |\ (xy)| < co.

(11) For all x € o/ and some o > 0,

2 2
LN 2 alal’

Proof. If ¢ is an isomorphic homeomorphism of .« onto /,, then
{¥(x,)} becomes an orthogonal basis of /, and so in view of Theorem 1.8
[6], we may identify {/(x,)} with the canonical basis { e;} of /,. Hence by
Bessel’s inequality, which is valid in /,, (1) and (ii) follow from the fact
that ¢ is a homeomorphism.

For the converse, assume (i) and (ii) hold. For each x € &/ we have a
unique representation of x by x = ¥ A,(x)x. Now by replacing y by x* in
(1), we obtain

NG = TN < o,
forall x = ¥ A, (x)x, € «. If we set
¢(x) = {Ai(x)},

then the last equation says that ¢(x) € /, for all x € &/. Since the
operations in /, are pointwise, it i1s easy to see that ¢ is an algebra
homomorphism of «/into /,. By the definition of basis, ¢ is injective. To
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prove that ¢ maps &/ onto /,, let a = {a,} € [,. Consider the sequence
{y,} of partia. sums:

n
I = Z a;x;.
i=1

First, for x = L A;(x)x;, ¥y = L,A(y)x,, we define
<x’ ,V>’ = Z'Ai(x)xi(y)'

Clearly by (i), the series in the last equation being absolutely convergent is
convergent. Hence (x, y)’ is defined for all x, y € 4 and defines an inner
product and hence a norm:

flx]| = +V<xa x§, = V‘\_-"iI}\i(x)P .
By (ii), we have:

(%) el < a™Zlx]l” = a”'2[l¢(x) ]l
for all x € &Z. Now clearly for m < n,

n

2
e =Vl > == Vs YVu =Yy’ = 2 la) =0

i=m+1
as m, n —> oo because {a,} € /,. Hence from (*) it follows that { y,} is a
Cauchy sequence in . Since & is complete, there is x € &7 with

x = limy, = Y a,x,.
n .
1]

In other words, A,(x) = a,for alli > 1, i.e. ¢(x) = a. This shows that ¢ is
an isomorphism of & onto /,. Hence ¢™': I, = 2/is also an isomorphism.
By (%), we also have

le(a)] < a'/|al|

for all a € 1,. This shows that ¢! is continuous. By an application of the
Banach open mapping theorem, ¢~* is open and therefore ¢ is an isomor-
phic homeomorphism.

REMARK 6.5. (a) Theorem 6.4 establishes only an isomorphic homeomor-
phism of < onto |, but not an isometry. The latter can be obtained if we
modify conditions (i) and (ii) as follows:

(1) Forall x,y € o, L,|A (xp)| < ||lxp]l-

(i)’ For all x € o/, T\ (x)]* = ||x||%

For, (1) and (i)’ imply
2 2 2
Iell” = 2 =l (x) 2.

(b) Since the basis {e;} of 1, is boundedly complete and shrinking,

Theorem 6.4 implies that an unconditional orthogonal basis of a Banach
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algebra & satisfying (i) and (ii) of Theorem 6.4, is also boundedly complete
and shrinking. Hence such a Banach algebra must be reflexive by James’
Theorem ([2]).

(c) Banach algebras with unconditional orthogonal bases satisfying (i)
and (ii) of Theorem 6.4 are isomorphically homeomorphic with their duals
because [, is.

In view of Remark 6.5 (c), it is possible to recover the Riesz representa-
tion theorem as follows:

THEOREM 6.6. Let &/ be a Banach algebra with an unconditional
orthogonal basis { x,} satisfying conditions (1) and (ii) of Theorem 6.4. Then
fory € o,

H)=EN(y)  (xew)

defines a bounded linear functional on o/ and the map: y — f, of &/ onto " is
an isometry.

Proof. By Theorem 6.4, o/ is isomorphically homeomorphic with /,.
Since the absolute convergence of the series implies its convergence, for
eachy € &7,

K= Er(m)  (xew)
defines a linear functional on.%/. Moreover,
|fy(‘x)l < ZP‘:‘(XY)l < \/Zip\z(x)lz \/Zil}\i(y)lz < ®©

shows that f is bounded. Hence f, € &/’ for each y € &/. To show that the
map: y — f, is one-to-one, suppose f, = f, for some y;, y, € &/. Then
1, (x)=f,(x) for all x €. If y; # y,, then there is A; such that
A.(»1) # A;(y,) in the expansions y; = XA ;(y1)x,, ¥, = LA(,)x;. But
then f, (x,) = A, (») # A(»,) = f,(x;) contradicts the supposition. To
see that the map: y — f, is also onto and isometric, we denote by o:
x = {A;(x)} the map of &/ onto /, as considered in Theorem 6.4. Then
the conjugate map ¢’: [, > &/’ as well as its inverse ¢’ ™': &/ — [/, are
isomorphisms and homeomorphisms. Now let f € o/’. Then ¢'!(f) € [}
and so there exists a = {a,} € /, by the Riesz representation theorem for
[, such that

¢ (f)(a) = (a,a) foralla={a) <1,

= Zil_iai.
i
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By the isomorphism of ¢, for each a = {a,;} € /, there is x € &/ with
A(x) = a;ie p(x) =aand ay, € & with A,(y,) = a, fori > 1. Thus for
all x € o7, we have

f(x) = (f(e(x)) = Z‘_’iai = in(xyo)
=f,(x) forallx €.

Hence f = f, . Furthermore,

”)’0“/ = z:1|}\x‘()’0)|2 = sup I(x,YO>/|

lixll<1

sup || 22X, (xy)

lixll<1

where as usual [|x|/ = JLJA,(x)|* and (x, y)’ = LA, (x)A,(y). This

completes the proof.

= s 1,00 =l )
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