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HORSESHOE MAPS AND INVERSE LIMITS

MARCY BARGE

Inverse limits of interval maps are used to show that certain
homeomorphisms of the disk into itself factor over a standard n-fo\ά
horseshoe map on attracting sets and to give a topological classification
of the attracting sets of horseshoe maps.

1. Introduction. In [S] Smale defined the horseshoe map on the two-
sphere and gave a complete description of its complicated nonwandering
set. Horseshoe maps occur in a wide variety of dynamical systems and an
understanding of their properties is crucial in analyzing the dynamics of
such systems.

Here we consider the full attracting set for the horseshoe map. This
attracting set is a type of snakelike continuum called a Knaster continuum
[B, W]. By realizing these continua as inverse limit spaces for a map of the
interval we can, in some situations, construct a particular surjection of one
of these continua onto another and, in so doing, provide a dynamical
factorization of one horseshoe map over another (at least on attracting
sets). This is carried out in §§2 and 3. Similar techniques are used by
Block in [Bl].

In the final section of this paper we use a result of Watkins [W] to
give a topological classification of the attracting sets for horseshoe maps.

2. Let / be the interval / = [0,1], and let D2 be the two-dimen-
sional disk D2 = / X / U A U ί where A and B are half disks attached
to opposite sides {0} X / and {1} X / of the square / X / as in Figure 1.

Now let P: D2 -> / by

and

P((x, y)) = x for all (x, y) <Ξ / x /.

For each integer n > 2 we define an /?-fold horseshoe map Fn: D2 -> D2

to be a homeomorphism (into) having the following properties:
(i) Fn(P-\P(z))) c p-\P{Fn{z))) for all z e D2;
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FIGURE 1

(ii) Fn(A) c interior(^) and
Fn(B) Q interior(yl) for n even,
Fn(B) c interior(2?) for n odd;

(iii) for all x e /, P"H^) n ^ ( ^ 2 ) h a s exactly π components; and
(iv) diameter (Fn

k(P-\P(z)))) -* 0 uniformly in z e Z>2 as k -> oo.
The attracting set for the tf-fold horseshoe map Fn is the set Λn =
Πk^0Fn

k(D2). That is, given z e D 2, the distance between Fn

k(z) and An

goes to zero as k goes to infinity.

F6(D2)

FIGURE 2

For each π > 2, Fn induces a continuous map of the interval, fn:

I -* I, defined by

/^-PfFjMx))).

The map /„ has the following properties:

°' n even'
1, noάά\

and there exists at e /, 0 = a0 < aλ < < a2n < a
fn is strictly monotone on [Λ 2 I - U a2i] for / = 1,2,...,/? and

{0}, /odd,

{!}, /even.

= x s u c h t h a t
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FIGURE 3

Associated with a continuous map of the interval, /: / -» /, is the

inverse limit space

( / , / ) = { ( ^ o . ^ - - - ) k - ^ / a n d / U . + 1 ) = x I f / = 0 , 1 , 2 , . . . } .

We give (/, / ) the topology induced by the metric

Then (/,/) is a compact connected metric space. Finally, let /: (/,/)

(/, /) be the homeomorphism defined by

f~ι
Notice that f~ι is just the shift:

I O' *1> *2> // = \X1> X2> ' ' * )•

Now let Fn be an ^-fold horseshoe map of the two disk with attracting set

Λ^ and let fn be the induced map of the interval.

THEOREM 1. The function P: An -> (/,/w) given by

is a homeomorphism (onto) and the diagram of homeomorphisms

F

n
fn

A

(ΛΛ)

commutes.
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Proof. Since fn{P(F^i+ι\z))) = P{Fn{F~^ι\z))) = P(/£"'(*)), we
see that P(z) is indeed an element of (/,/„).

P is clearly continuous. To see that P is one-to-one and onto, let

x = (x 0 , xl9...)e (/, fn) and let

Ck = Fn

k(p-\xk)) for* = 0,1,2, . . . .

Then Q is a closed, nonempty subset of D2 for each fc > 0, and since

we have Ck+1 c Ck for k = 0,1,2, Thus Π*. > 0 Q is a nonempty set

and if Z G Π ^ 0 Q }

 t h e n ^ ( * ) = *o> ^(^""H*)) = *i> τ h a t is>
P(z) = x. Moreover, if P(z) = x then z must be in Cik>0Ck. But since
diameter(i7

Af(P~1(jc/:))) -> 0 as k -> oo (condition (iv) in the definition of
Fn)9 we haveΓ\k>0Ck = {z} and P is one-to-one as well as onto.

3. Given continuous maps F: A -> Λ and G: Γ -> Γ, we say that F

factors over G if there is a continuous surjection H: A -> Γ such that

H ° F = G ° H. If i/ is a homeomorphism then i*1 and G are said to be

conjugate. For example, Theorem 1 states that Fn\A and fn are conjugate.

We will see in §3 that the attracting sets for any two fl-fold horseshoe

maps Fn and Gn are homeomorphic. It is not necessarily the case,

however, that Fn and Gn are conjugate on their attracting sets. Nonethe-

less, there is a "standard" w-fold horseshoe map Sn such that every other

/7-fold horseshoe map factors over Sn (on attracting sets). Actually every

(n + 2fc)-fold horseshoe map Fn+2k factors over Sn on attracting sets and,

in fact, maps that in rough detail resemble an π-fold horseshoe map factor

over Sn on attracting sets.

In order to be more specific we will work on the level of interval

maps. Let sn be a continuous map of the interval / = [0,1] with the

following properties: there are points bi9 0 = b0 < bx < < b2n <

b2n+ι = 1 such that

{0}, /odd

{1}, /even

and sn is linear on [£2/-i> b2i], / = 1,2, Now let tn be any continuous

map of the interval satisfying: there exists points ai9 0 = a0 < aτ <
a 2n

{0}, /odd,
; Ί . I = 0 , , 2 Λ .

{1}, *even,
Notice that tn([a2i_v a2i]) = [0,1] for / = 1,...,/?: but we make no

assumptions about how tn behaves on [a2i_v a2i].
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FIGURE 4

Graph of s6

THEOREM 2. Given sn and tn as above, there is a continuous surjection

h: I —» /such that sn° h = h ° tn on I.

Proof. So that we have room for future subscripting, let s = sn and

* = tn.

We will construct the surjection h in steps. Assume that n > 2 is

even. For odd n the construction is much the same.

Step 1. Let <®0 = U"=o[α2/> α2ί+il ^n ^ s s t e P w e simply define h on
«@0 such that λ|[ β + i ] is an increasing homeomorphism from [α 2 /, ^2/+i]
onto [Z>2/, 62/+i] ^ 0 Γ e a c ^ / = 0 , 1 , . . . , /i. Denote A|«®0 by Λo. Then it is
clear that for x e ^ 0 , j(Λ0(x)) = Λ0(/(x)).

2. Let @m = Γm(%)ίoτ m = 0,1,2,... and let ^ = U m > 0 ^ m .

Since t(2Q) c ^ 0 we have ^ m + 1 2 ^ m for all m > 0. In this step we

extend Λo to 3d. To do this first define

to be the inverse of s j^._ i ) ό i ]β Also, for x e / such that

for A: = 0 , 1 , . . . , m — 1, define

/ —

α* = ak{x) = / provided /Λ"~1(JC) e (Λ 2 /-I>
 α/) for fc = 1, . . . , m.

Now let x <^3). Then x e ^ 0 o r x G ® m - ^ m _ x for some m > 1. If

o let h(x) = A0(JC). If x - S m _ x for some m > 1, let

where ak = ak(x), k = 1,.. ., m. This is well defined since x £ Bm_v We

will show that Λ is continuous on «® and that s°h = h°t on @.



34 MARCY BARGE

If x e 2)m+k - ®m+k_v then tk(x) ^2)m- Sdm_x and

since aι(tk(x)) = ai+k(x) for / = 1,...,/w. In particular, for x G @m+1

— S)m and m > 0, we have h(x) = s~* <> h ° t(x) so that 5°/ί(x) =
s o s~λ o h o ί (χ) = Λ o ί(jc). Thus 51 ° Λ = Λ ° t on all of 2.

Let x G «@. Then tm(x) = 0 for some m > 0 (n even). Thus, if y is
sufficiently close to x, tm(y) G [0, αx) c S o . It follows that ,® is open.

To establish the continuity of h on <@, we will first show that h is
continuous on 3>v If x G ̂  - S o then for ^ sufficiently close to x (and
jV G Q)^) we have j ^ «®1 — «®0, αx = (*ι(y) = α1(x), and

If x G interior(S0) then for 7 sufficiently close to x, j^ G interior(«®0),
and

If x G ̂ 0 — interior(^0) = {α1? α 2 , . . . , α2«}' saY x = αy? Λen h(x) =
Λ0(x) = Z>y. Now, note that if j is odd then sjι(ϋ) = blj_ι and ^/^l) =
627, and if j is even then s/^O) = b2J and s/^l) = b2j-v Let ^ G «®X -
^ 0 be close to x. We consider four cases.

If i = 0 mod4 then j G (a^^ at), aλ = i/2 is even, t(aι) = 0 so
t(y) = 0, and

A(^) = s^oh0ot(y)oS^oho(0) - j-HO) = Z>2αi = b, = h(x).

If / s 1 mod4 then j G (Λ, , «/ + I), «X = (i — l)/2 4- 1 is odd, /(α^)
= Oso ί(>;) - 0, and

Hy) = s-ιoh0ot(y) - J ^ O Ao(0) - ^/(O) = Z>2αi_x = ^ = A(x).

If 1 = 2 mod4 thenj; G (a._1?«.), αx = //2 is odd, t{at) = 1 so
t(y)~ l,and

Λ(j) = ^ o A o O / W - ^ l o Λ 0 ( l ) - ^ ' ( 1 ) = ^ = bt = h(x).

If i = 3 mod4 then 3; G (ύf/? α / + 1), αx = (/ - l)/2 + 1 is even, /(α,)
= 1 so t(y) =*• 1, and

My) = ^ » Λ o z( y) = ^ » ΛO(I) = s-aι\\) = 6 ^ ^ = b, = h(x).

Thus we see that h is continuous on Sfv
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Now let x e 2m - S)m_x for some m > 1. Then tm+\x) e

interior(^ 0) so if j is sufficiently close to x then tm+1(y) e i^0 andj> e

®m+v Also, for j> close to JC, /*(>>) ^ / — «@0 for & = 0 , 1 , . . . , m — 1 and
= <**(•*) = αΛ for fc = 1,.. . , w. Then

since /z is continuous on 2X. Thus, Λ is continuous on 2.

Step 3. We now extend h to S.

Let x e ^ - 0 . Since x € S, ίΛ(jc) e / - ^ 0 for all k > 0. Thus
α^x) is defined for all k > 1 and for each m > 0 there is an εm > 0 such
that εw -> 0 as m -* oo and, if |x - j>| < εm, then αΛ(.y) is defined and
equals ak(x) for k = 1,2,..., m.

Now for J , Z G S such that |JC — y\ < em and \x — z\ < εm we have
α ^ ( z ) = α* for A: = 1,..., m and

Let λ, be the slope of s|[β2ι_1>β2<] and let λ = min / = 1 ,...,„(|λy |). Then
λ > 1 and

diameter) 5 ~ l 0 o4y~1(i)) < —-

Hence, letting Bε(x) = {y e / | |JC - y\ < ε}, we see that

diameter(/ι(i?εJ.x) Π .©)) -» 0 as m -> oo.

Thus h extends continuously to 2. We see in fact that

h(x) = lim ^ 1 ° " ° ^ 1 ( 2 ) foreveryzG/.
m—> oo x m

C l e a r l y s°h = h°t on @.

Step 4. We now extend h to all of /.
Let x e / — 3f and let ί7 be the component of / — 2 containing x.

Say U = (y, z). Since 2 is itself open, y and z are in 2 — 2. Now, it
must be the case that cck(y) = &k(z) f°Γ a ^ k > 1 (these numbers are
defined since y9 z £ 2); otherwise there would be a k > 0 such that
tk([y> zl) 2 [β2/? α2/+i] f°Γ some i in which case U Π @k Φ 0. But ί/ c
/ - 2 c / - S..
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Thus we see that

for any w e / (see Step 3). Now define

for x e / — Θ. Then h is continuous on all of /. It is a simple matter to

check that s ° h = h ° t on all of /.

COROLLARY 3. Suppose that sn and tn are as in Theorem 2 except that,

in addition, tn is linear on [a2i_v a2i] for i = l,2,...,n. Then there is a

homeomorphism h: I -» / such that sn ° h = h ° tn on all of I. That is, sn

and tn are conjugate on I.

Proof. The surjection h constructed in Theorem 2 is a homeomor-

phism in this case. In fact, if one constructs a continuous surjection k:

I —> / as in the theorem, beginning with k0: \J?=0[b2i, b2i+ι] ->

U/Lo[fl2i> a2i+i\ given by k0 = AQ ι and reversing the roles of s and t, then

k = h'\

Now suppose that Sn: D2 -> D2 in an H-fold horseshoe map with the

property that the induced map on the interval, sn: I -> /, is linear on

[bli_ι, b2i], i = 1,2,..., n (as in the earlier definition of sn). Let

T: D2 -> Z)2 be any homeomorphism satisfying: there exists a projection

Φ: D 2 -•* / such that T(Φ'\Φ(z))) c Φ ' ^ Φ ί ^ z ) ) ) for all z e D2;

di&mcteτ(Tk(Φ~\Φ(z)))) -> 0 uniformly in z e D 2 as k -^ oo; and

the induced map of the interval / : / - > / has the property that

{0} for / even

{1} for/odd

for some 0 = a0 < aλ < < a2n+ι = 1.

Let An = nk^0Sn

k(D2) and Γ = Π ^ o ^ ( 2 ) 2 ) .

COROLLARY 4. Γ/zere is a continuous surjection H: Γ -> Λw such that

the diagram

r Z r

Λn - A .

commutes. That is, T on Γ factors over Sn on An.
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Proof. Theorems 1 and 2 provide the following commutative diagram

T

hi hi

A. - A,

Φ and P are homeomorphisms and h: (I9t) -> (I9sn) is the continuous
surjection given by

where h is given by Theorem 2. Let H = P~ι oh ° Φ.
Thus we see that if m > n and m and « have the same parity, then

the m-fold horseshoe map Fm factors over the standard H-fold horseshoe
map Sn on their attracting sets.

In the next section we give a topological classification of the spaces
An.

4. We first define a standard model for the spaces An.
Let gn: I -* /, n > 2, be defined by

M = /0, /even, Q

J \ 1 , /odd, *>,...,/!,

and gw is linear on [ί'/w, (/ + l)/w], / = 0 , . . . , « — 1. Let

^o» xi> )\xι G 7 ' ί π ( ^ , + i ) = xi> / = 0 , 1 , . . .

be the inverse limit space. Another description of the space (/, gn) is as

follows. Let Σn = {(α l 9 α 2 , . . .)\at G ( 1 , . . . , n}} and give Σn the topology

induced by the metric

d((aι,a2,...),(βχ,β2,-))= t ^ Γ ^

Let / X Σ Λ have the product topology and define Pn: I X Σn -> (7, g n )

by P Λ (x , α) = x where x = (A: 0 , X 1 ? . . . ) is the unique element of (/, gn)

such that xo = x and xi G [α, /w, ( α ; 4-
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Pn is at most two-to-one and if we define the equivalence relation ~
by (x, α) ~ (y, β) if and only if />„((*, α)) = PH((y, β)) then (/ X Σn)/~
with the quotient topology is homeomorphic with (/, gn).

More specifically, in / X Σn we identify (x, α) with (y, β) if and only
if one of the following applies.

(1) If aλ = 2j — 1 and >βx = 2j for some 7 and ai = ft for i > 1
t h e n ( l , α ) ~ ( l , β ) .

(2) If n is odd and α = ft = n for 1' = 1,..., m; α w + 1 = 2j — 1,
βm + i = 2j for some 7; and at = j8f for / > m + 1; then (1, ot) — (1, β).

(3) If α, = β = 1 or / = 1,2,..., m; α m + 1 = 2j and ^8W+1 = 2y for
some j ; and α; = βi for / > m + 1; then (0, α) - (0, β).

(4) If n is even and ai = ft = 1 for / = 1,..., m; α w + 1 = β w + 1 = n;
αm + 2 = 2j — 1 and )8m + 2

 = 2y for some 7; and α; = ft for i > m + 2;
then(0,α)~(0,β).

Now let /π be the interval map corresponding to an τz-fold horseshoe
map Fn.

THEOREM 5. (/,/„) is homeomorphic with (/, gn).

Proof. Let J = [\, | ] c / and let Σπ be as above. Define g n :
/ X 2 ^ (/>/„) by β^ίx^) = x where x = (xo,xl9...) is the unique
element of (/,/„) such that x0 = 2(x - \) and xt G [fl2α _ l9 «2«/]- Here
0 = <z0 < ax < < β2« + i = 1 as in the description of fn in §1. Then
Qn is a homeomorphism of / X Σn onto its image. (/,/„) — Qn(J X ΣΛ)
is a collection of arcs. We extend Qn to (/ X Σn)/~ by mapping the arcs
in ((I X Σn)/~) — (J X Σn) onto the corresponding arcs in ( / , / „ ) -

β n ( / x Σ Λ ) .
For example, let α and β be as in Case (1) above in the description of

the identifications made in (/ X Σ n ) / ~ . Then Qn((h <*)) =
(1, a4J_2,...) = x and Qn{(\, β)) = (1, aAj_λ,...) = y for some j . Then

Aa = {t = (1, *!, /2, ...)€= (/,/B)|α4,_2 < ?! < α 4 y_!,

is an arc joining x to y in (/, /„). Now let β π map the arc

( [ i l ] X { α } U [ i l ]

i n ( / x Σ M ) / ~ ontoΛαby
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where

h = (*4y-i - aΛj-i){^ - I) + aΛJ_2;

and

where

If we extend <2rt over all the arcs in((/X Σn)/~) — (J X Σn) in this way

(depending on Case 1, 2, 3 or 4), the result is a homeomorphism of

( J X Σ J / - onto (/,/„).

The spaces (/, gΛ) are classified in the following theorem of Watkins

[W].

THEOREM. (/, gn) is homeomorphic wiht (/, gm) if and only if n and m

have exactly the same prime factors.

COROLLARY. An is homeomorphic with Am if and only if n and m have

exactly the same prime factors.
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