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ERGODICITY IN AFFINE SKEW-PRODUCT TORAL
EXTENSIONS

HARVEY B. KEYNES AND MAHESH G. NERURKAR

We examine the dynamics of those skew-product extensions in
which the fibre is a torus supporting a group of automorphisms which
intertwine with the given Z" action. The main results concern lifting
ergodicity generically from the base when the original action is perturbed
into new action by a continuous affine cocyle. Extensions are indicated
for other properties, such as weak-mixing and Bernoulli, and smooth
variants are stated.

1. Introduction. A (topological) dynamical system is a pair (Y, T),
where T is a locally compact separable group, acting continuously on the
right of the compact metric space Y, with action (y,¢t) > y-¢ If in
addition, we have a T invariant Borel probability g on Y, we denote this
system by (Y, T, p).

Let (X, T') be another dynamical system such that #: (X, T) - (Y, T)
is an affine extension with the fibre group G supporting an automorphism
group {o,|]z € T}. Let [i be the Haar lift of p to X. (See [4] for more
details on these definitions and the definitions given below.) A continuous
affine cocycle a for w is a continuous map a: Y X T — G satisfying the
cocycle condition,

a(y, nty) = a()’a’l)[ozfla(y ) tlatl)]9 Vy, ty, 1.

Let Z(Y,T,G) be the set of all such cocycles. Given f &€ C(Y,G), the
space of continuous maps from Y to G, and setting 1/(y,t) =
f(¥) o, f(y - 1)] we get a cocycle 1/ € Z(Y,T,G), called an affine
coboundary. The set of all affine coboundaries will be denoted by
B(Y,T,G).Given ¢ € Z(Y,T,G) and 1/ € B(Y, T, G), if

¢ V(y,t)=f(y) oy, t)o[f(y- )],

then ¢ - 1/ € Z(Y, T,G). Two cocycles ¢,, ¢, are cohomologous if ¢, =
¢, - 1/ for some f.

As a subset of C(Y X T, G), we can restrict the compact-open topol-
ogy to Z(Y,T,G). This topology can be seen to be generated by a
complete separable metric. When 7' = Z, one can identify Z(Y, T, G) with
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C(Y,G) and the metric can be taken to be the usual supremum metric. We
use the letter d to denote metric on any space.

Given a € Z(Y, T, G), we define the skew-product T action on X by
setting x ot = (a(y,t)"'x) - t if mx = y. This new dynamical system will
be denoted by (X, 7,) and is called the skew-product extensions of Y by a.
Note that (Y, T) is still a dynamical factor and ji is invariant under
skew-product action but = need not be an affine extension (e.g., if G is
nonabelian).

Our main results are concerned with lifting ergodicity generically to
the skew-product extension.

The precise statements are given below.

THEOREM (1.1). Let #: (X,T,ji) = (Y,T,pn) be an affine extension
with fibre G. Further assume that
(1) T = Z" and p is nonatomic
(ii) G = T¢, the c torus for some ¢ € N and o,, o, - - - ,0, be automor-
phisms of G generating an equicontinuous Z."-action.
(i) (Y, T, p) is ergodic.
Then the set {a|a € B(Y,T,G) and (X, T,, i) is ergodic} is residual
in B(Y,T,G).

THEOREM (1.2). Let 7: (X, T, 1) = (Y, T, p) satisfy the conditions of
Theorem (1.1) except that the Z'™-action on G need not be equicontinuous.
Then the set {a|a € Z(Y,T,G) and (X, T,, ji) is ergodic} is residual in
Z(Y,T,G).

Notice that if we give up the periodicity of the fibre automorphisms,
we need to enlarge the class to all cocycles.

We will prove these theorems for integer actions (i.e. T = Z), since
the proof in the general case is essentially the same. Thus we denote by T
the homeomorphisms both on X and Y generating the Z action and by ¢
the group automorphism generating the action on G. The proof of
Theorem (1.2) will be built in two steps. First we prove Theorem (1.1). We
then complete the proof of (1.2) by modifying the constructions used to
prove (1.1) and using a “Furstenberg type” tower for the automorphism o.
The details are given in §2.

2. Proofs.

A. Proof of (1.1). The condition of equicontinuity of ¢ is equivalent
to assuming that o” = 1, for some p > 0, since G is a torus. First we
describe briefly a useful “diamond diagram” for equicontinuous affine
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extensions, (see [S] for details.) Let K be the enveloping semi-group of
(G,0).
KX K

id X o m

All spaces in the diagram are dynamical systems with Z actions and all
maps are factor maps. The action on K X X is generated by homeomor-
phism T(k, x) = (ko, Tx). There is a left G action on K X X, defined by
g(k,x) = (k, k(g)x), which commutes with this Z action. We will think
of L?(X, i) as a closed subspace of L2(K X X,» X i), where » is the
normalized Haar measure on K.

We define operators on L2(K X X, v X ji) as follows.

(1) Given a € Z(Y,T,G) = C(Y,G), set

Urf(k, x) =f(ko,T(a(y)_1x)), where 7x = y.
(2) Given ¥ € C(Y,G), set
Hyf(k,x) = f(k, () "x).

(3) Let P and C be the projections onto the space of T invariant
functions and constant functions respectively.
(4) Set

1 n—l .
wr=— ¥ (Up)"
i=0
Given f € L*(X, i), e > 0 and m € N, we define

W(f,e,m)={¢|¢p € B(Y,T,G) such that IM € N, M > m
such that KW f, f) — (Cf,f)| <e},

where ( -, - ) denotes the inner productin L*(K X X, v X fi).

Using standard arguments (see [7] for related results in group exten-
sions) it is easy to show that the proof of the theorem reduces to showing
that for f € L*(X, ji) each W(f, e, m) is open and dense in B(Y,T,G).
Openess is routine and the denseness will be established in a series of
lemmas below.

LemMA (2.1). Let f € LX(X, ), ¢ > 0 andm € N. Let ¢ € Z(Y, T, G)
and Y € C(Y,G). Then ¢ - 1Y € W(f,e,m) iff ¢ € W(H,f, e, m).
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Proof. The proof follows from observing that, (iy W;H, = H W2
and (if) CH, = H,C = C

LEMMA (2.2). Assume that for any f € L*(X, i), € > 0, m € N, given
8 > 0, there exist 5 =y € C(Y,G) such that

(i) D(1*,1) < & and

(i) 1¥ € W(f, e, m).
Then for any f, ¢ >0 and m € N, W(f,e,m) is dense in B(Y,T,G).
Here, D is the metric defined by D(¢;, $,) = sup, cy d(91( ), $,( )

Proof. The condition in this lemma implies that 1 € W(f,e, m)
Vf, e,m. Now the previous lemma implies 1¥ € W(f, e, m), Vf, &, m. This
immediately implies W(f,e,m) = B(Y,T,G).

From this point onwards, we will assume in addition that the bundle
7: (X, T) = (Y,T) is “dynamically trivial”. This means that X = G X Y
and T(g, y) = (o(g), Ty). We define additional operators U; and V on
L*(K X X) = L*(G X K X Y) by setting,

UPf(g.k,y) =f(g, ko, Ty) and
Vi(g. k,y) =f(k7'(g), k. »).

Note that when a = 1, Urf(g, k, y) = f(0(8), ko, Ty), so U? disregards
the action of o on G. Set

w0 =

S|

n—1 .
X (up)"
i=0
Then the following lemma can be easily verified.
LEMMA (2.3) (i) WloV = Vo W2, Vnand (ii) VC = CV = C.

Next, we view the flow T(k, x) = (ko,Tx) on K X X as a K skew-
product extension of (Y, T, u) by the cocycle (y,n) — ¢" (n € Z). Then
applying a result of R. Zimmer (see [9]) to this cocylce we get a Borel map
§: Y > K and a closed subgroup K, of K such that (i) 6(y,n)=
$(¥»)'e"{(T"y) € Ky, Y(y,n) € Y X Z and (ii) (Ko X, Y,vg X p) is
ergodic, where v is the normalized Haar measure on K.

The restriction to K, yields operators B and Py on L*(K X X) by
setting,

(1) Bf(g. k,y) = f(g k(y),y)and

(i) Pe(8: K ¥) = [y fi, (8, kko, ¥) dvc (ko) dp().
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Note again that BC = CB = B

LEMMA (2.4) The operators W converge weakly to B“IPKOB as
n — o0.

Proof. This is essentially a restatement of the above result of Zimmer.
For an explicit proof, see [7].

LEMMA (2.5). Given f€ L*(X,ji), € >0, 8§ > 0, suppose that there
exists ¢y € C(Y,G) such that,

(a) D(1%,1) < 8 and

(b) || Py, BV 'H,f — Cf|| <e.
Then W(f, e, m) is dense in B(Y,T,G), for any f, & and m.

Proof. From Lemma (2.2), given m € N, we need to find ¢ € C(Y, G)
such that (i) D(1%,1) < § and (ii) 1¥ € W(f, e, m). Now for any v,

(W.'f.f) = (HW'f Hyf) = (WH,f, H,f)
= (VWV'H,f, H,f) = (WV'H,f,V'H,f).
Therefore,
(x) [(w2f.1) = (ct. )]
<(Wv-H,f,VH,f) = (B"P BV 'H,f,VH,f)]
+|( BP(, BV 'H, [,V H, [} = (Cf, f)].
The 2nd term is equal to
((B'Px BV 'H,f,V'H,f) = (V'H,Cf,V'H,f)|
=|( B7'P,BV'H,[,V'H,[) = (C[,VH,f)]
<| BBV~ ||V |
<\ B v-H |l f1I|Px,BV "H,f - Cf|| (since B'C = C).

Thus given € > 0, condition (b) allows us to pick ¢ € C(Y,G) such that
the 2nd term is less than &/2. Then (2.4) allows us to select M large
enough so that the first term in () is also less than ¢/2. This yields (ii)
and completes the proof.

The proof of (1.1) now reduces to the following result.

LEMMA (2.6). Given any f € L*(X,[i), € > 0 and 8 > 0, there exists
¥ € C(Y, G) such that (i) D(1%,1) < 8 and (ii) | Py BV 'H,f — Cf|| <.
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Proof. Without loss of generality, we assume f to be continuous. Let
M = sup, . y| f(»)| Let " > 0 be a small number to be specified later.
Let h: R¢ > T¢ be h(t,ty,...,t,)=(e*™,...,e*™) and 4 a ¢ X c
nonsingular matrix with integer entries corresponding to ¢ (this implies
that o(hx) = h(Ax), Vx € R°). Pick 8, > 0 such that
(1) if x, ye R°and ||x — y|| < §,, then d(h(x),h(y)) <38.
Then pick N € N such that,

(2) (i) N =kp forsomek, and

(i) 2p sup [ A4']| <NS,, and

-p<i<p

N2-1 M’

Now using Rokhlin’s lemma we get a Borel set ¥ C Y such that,

(3) V,TV,..., TV~ are pairwise disjoint
N2-1 0
_andu(Y— urv <

i=0
Next, let « > 0 be such that, if y,, y, € Y and d(y,, y,) < «a then
@) /(& Ty) = f(g,Tw)[ <w', VgeGand0<i<N’-1.
Further partition V into disjoint Borel sets B, (1 < i < R + 1) where,
(5) diam(B,) < a, p(B;) >0, VI <i<R, p(Briy) =0
and the map { is constant on each B,.

Since { takes only finitely many values this is possible. Let I = [0, 1]
and I? =] X I°X --- XI°(p times). Let / denote Lebesgue measure
on [0, 1]. Since each B, is standard Borel and p is nonatomic, we let ¢
B, — (I?, #,.) be a Borel isomorphism such that,

(6) (¢l nls) =17, V1<i<R.

Set y**1 = 0 on Bg, ;.
We can write ¢/(y) = (¥}(¥))o<,<,-1 Where ¢/: B, — I is the
projection of ¢’ on the jth component. Next, set

(7)  (T’) =pyi(y), Vy € B, where j=smod p
(0<j<N>-1,0<s<p-1).

Then setting { = 0 outside U,N:(,‘ 'T'V, we get a Borel map ¢: (Y, B,) —
[0, pI.
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By using Lusin’s approximation, we can select a continuous map §:
Y — [0, p]¢ such that,

(8) w100 # 30} < T3

’

We then define,

(9) 0(y) = i (4)7'8(T).

Clearly, 6: Y: — R¢ is a bounded continuous map. Finally, set ¢ = h o 6.
We will now show that ¢ is the required map.

To see that condition (i) is satisfied, it is enough to check by our
choice of &, in (1) that supyey||9(Ty) — AB(y)|| < 8,. But this last
condition holds since,

18(T) — 4b(y)] = 3 “

_Af. TO(Ty) - X AT(Ty)

i=0

= %'la(m +ATO(T?) + - +A"V09(Ty) - 46(y)

~6(1y) — 476(T%) - - “

1 -2 sup ||4'||p <&,, using(2).

N ~-p<i<p
We next consider condition (ii). We first note that

Py BV~'H,f(g.k,y) = fKXY(BV‘1H¢f)(g,kk’,y)deo(k’)Xdu(y)

0

IA

= /Knydkk';(y)]gxp(y),kk'§(y),y)dvko(k') X dp ().

Now since f € L?(X, i), f depends only on the G and Y components.
Hence,

P BV Hf(g.k,y) = [ [ 7(IKKS()]80(2), ) di(y) dog (k).

We now pick y, € B,, 1 <i < p, and fix them throughout the remainder
of the proof. By (4) and (5) it follows that, V k, k’, g we have

| [ AU 89(5). ) di )

“Lf([kk’f(y,-)]gxk(y),y,-)dulg,(y) <
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Let B = {y|y € B,,6(y) # ¥(y)}. Then using (8) and (9) it follows
that,

N ’
w(BY) < 5 <

<p=

Also, if y € B, — B, then

¢<y>=( T (T,y)) (%ng-fp¢;(y))... (using (7)

H “n(¥)(»)-

We now examine G? = G X G X --- XG (p times), and the following
maps,

h=hXhX---Xh: I?—> GP (p times),

=0 P Vxeg P Dx ... xe% G? - G?,

x(81,82 """ &) =88 " 8> x: G' > G.

Then letting “ ~ ” denote “within " of”, we obtain

fBf([kk’s“(y,)]g(jii[()O"h¢}(y)),y,)du (»)

B,

(»)

BI

~ [ (I3 ()] 8 o 5 o (), )

~ /;‘.pf([kk,g(Yi)]gX°5°7l(t),y,)dl”’(t)

~f (kK5 (v)]8x(8), ».) dn?(3),

n? =1 XnX--- Xn (p times)
(n—the normalized Haar measure on G).

~ [ (g, y)dn(g).
G

Combining these estimates yields,

[ SRR 00 au(3) = w(2) [ 15" 5) )]

< 57'p(B,).
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By using (7), it is clear that this type of estimate will hold for integrals
taken over T°B,, where 0 < s < N>— N — 1 and 1 <i < R. Moreover,
from (3) and our choice of N in (ii) of (2) remaining set has measure
< 27'/M. This implies

R N?-1

Pe BV H (g k)= X X w(B) [ f(8.T) dn(s)
i=1 j=
<. (g k.p).

From this it follows that |IPK0BV‘1H¢ f— Cf|| < e if o’ is chosen suffi-
ciently small. This completes the proof under dynamical triviality.

B. Completion of (1.1) and proof of (1.2). We now give an argu-
ment that (i) shows the assumption of dynamical triviality of the bundle
7: X — Y can be removed and (ii) extend the proof of (1.1) with no
assumption on o, to the class Z(Y, T, G) of all cocycles. In the case the 7
is not trivial, by using a Borel section we can assume that the 7 action on
X is generated by T(g, y) = (0(g¢(y)),T,) for some Borel map ¢:
Y — G. To prove (1.2), we will repeat the same arguments replacing
B(Y,T,G) by Z(Y,T,G). In either case we finally reduce the proof to
showing that for any Borel ¢: Y — G, given §, ¢ >0, m € N and
f e L*(X, i) we can find ¢ € C(Y,G) such that

() D(1*,1) < § and

(i) KWEYE, f) — (Cf, f)] < & for some M > m.

This is analog of Lemma (2.2). To prove the result needed we define the
operator V, (a € Z(Y, T, G)) by setting

Vof(g. k,y)= (k™ (e(»)g). k, y).

Then one can readily verify that W, oV = ¥, o W,?. Using this instead of
the previous relation (W oV = Ve W) as appropriate and the fact that
V,C = C in Lemma (2.5), one can directly verify that we come up with
the same conditions (namely D(1%,1) < & and ||Px BV 'H,f — Cf|| < ¢).
This proves Theorem (1.2) still under the assumption that ¢ is periodic.

We now consider the case of a general 0. Let H C G be a closed
o-invariant subgroup such that ¢ factored onto the quotient group H \ G
is equicontinuous. Consider the affine extension m: X; = H\X—>Y
with fibre H \ G, obtained by factoring by H. Then one can prove that
the set of & € Z(Y, T, G) for which the skew product flow induced on X;
by a is ergodic, is a residual subset of Z(Y, T, G). This proceeds in the
following steps: we can repeat Lemmas (2.1) through (2.5) for this class of
cocycles, and the construction of ¢ in Lemma (2.6) can be easily modified
so that ¢ in addition factors through H. We replace our 4 by the map
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Boh, where B: G > H\ G is the factor map and h: I?¢ - G is the
exponential map. Note that B ok takes the Lebesgue measure onto the
normalized Haar measure on H \ G and this is precisely what is really
needed in Lemma (2.6). The general proof of (1.2) is obtained by selecting
our subgroup H properly. The following result tells us precisely what our
H should be.

ProrosITION (2.7) ([S]). Let m: (X, T,ji) > (Y,T,n) be an affine
extension with fibre group G.

(1) Let (Y, T, p) be ergodic. Then (X, T, ji) is ergodic (weakly-mixing)
iff the affine bi-transformation group (Gp\ G,Gp\ X,T,p) is ergodic
(weakly mixing). Here g = (m)4fi, m: X = Gp\ X is the quotient map
and G C G is a closed o-invariant subgroup such that (Gp\ G, o) is the
maximal equicontinuous factor of (G, o).

(2) Furthermore if (G,o0) is distal, and (Y, T, ) is uniquely ergodic
then (X, T, fi) is uniquely ergodic iff it is ergodic.

So choosing H = G, in the previous argument finishes the proof of
Theorem (1.2).

ReMARK. The question arises whether Theorem (1.2) can be obtained
without the enlargement to the class of all cocycles. If the automorphism o
is distal but not equicontinuous, our proof does not enable us to lift
ergodicity generically in the class of closure of coboundaries. The main
obstacle is the lack of an analog of the “diamond diagram™ (see §2.A for a
more detailed definition). This diagram is critical even in the equicontinu-
ous (o” = I) case, and enables us to view o itself as a cocycle into K—the
enveloping semigroup (see Lemma 2.3). In turn, this observation helps us
to lift ergodicity without any additional assumptions like ergodicity of
(Y, T?,pn). However, we do not know if Theorem (1.2) is true for distal
actions in the closure of the coboundaries.

In the case that ¢ is ergodic, it seems likely that the closure of
o-coboundaries should be the set of all cocycles. In the measure theoretic
situation D. Lind has proven that for ergodic o, every o-cocycle is a
measurably a o couboundary. It seems possible that some topological
variants of his techniques might yield this result. Note that when G /G| is
trivial, for example, when o is hyperbolic, then every cocycle yields an
ergodic action.

3. Extensions. Several extensions of (1.2) follow readily. One can
replace ergodicity in Theorem (1.2) by weakly mixing. This is proved by
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using the product bundle X X X Y X Y. Using the same techniques,
we can prove a generic theorem for lifting ergodicity in the class { @ X «|
a€ Z(Y, T,G)} € Z(Y X Y, T,G X G). In addition, a result of D.
Rudolph (see [8]) shows that for affine extensions with Bernoulli base, the
skew product flow is Bernoulli iff it is weakly mixing. These observations
can be summarized in the following theorem.

THEOREM (3.1) Let 7: (X, T, i) = (Y, T, n) be an affine extension as
in Theorem (1.2).

(1) If (Y, T, p) is weakly-mixing ( Bernoulli), then {a|a € Z(Y,T,G)
such that (X, T,, i) is weakly mixing ( Bernoulli)} is residual in Z(Y, T, G).

(i1) If (G, o) is distal then ergodicity in (1.2) can be replaced by unique
ergodicity.

Part (ii) is an immediate consequence of (2) of Proposition (2.7).

Some additional properties can be added to the properties lifted as in
Theorem (3.1), (i). Results of Parry [7a] show that K-automorphisms are
lifted. Unpublished results of Thovenot and Rudolph yield that mixing
and k-fold mixing, respectively, are also lifted.

Finally, we examine some smooth versions of these results. Suppose Y
is a compact connected C* manifold and 7: ¥ —» Y is a C* diffeomor-
phism, preserving a smooth measure p. In this general setting it is
unknown whether any smooth version of Theorem (1.2) holds. The main
difficulty in applying these techniques in the smooth case arises in Lemma
(2.6). In general, it is not possible to construct a smooth map ¢: ¥ —» G
satisfying (i) D,;(1¥,1) < § and (ii) HPBV’IH\pf— Cf|| < &, where D is
the C! metric on C' maps from Y to G. However, adopting a technique
used in [6], under the special situation of an irrational rotation on a circle,
one can prove a smooth analog of Lemma (2.6) by putting restrictions on
irrational rotation number a. The following is the precise statement.

THEOREM (3.2). Let m: X — Y be an affine extension as in Theorem
(1.2), where (Y, T) is an irrational rotation on the circle. Assume that there
exists a sequence ( p,/q,) of irreducible fractions such that \a — p,/q,| <
M/q2*Y where M > 0, y > 0 are constants and q,, > o an n — oo. Then
the set of & € C\(Y,G) such that (X,T,,p) is ergodic is residual in
CY(Y,G).

The above theorem in the context of group extensions yields a smooth
version of a result of Glasner and Weiss in [3]. For more general
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diffeomorphisms 7: Y — Y, it seems possible that smooth versions of
Theorem (1.2) may hold under the assumption that T admits periodic
approximations with sufficient speed.
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