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RESTRICTION TO GL2(Φ) OF SUPERCUSPIDAL
REPRESENTATIONS OF GL2(F)

KRISTINA HANSEN

Let F be a p-i\e\ά with ring of integers Θ whose maximal prime
ideal is / = ωΘ, and with finite residue field 4 = Θ//k. Let G = GL 2 (F)
and let K be the subgroup GL 2 (0) of G. In this paper we obtain the
decomposition of the restriction to K of any irreducible supercuspidal
representation of G. (The corresponding result for unitary representa-
tions, G = PGL2, and i of characteristic Φ 2 was found by Silberger.
Here we make no assumption on the characteristic of d.) It is well-known
that any irreducible supercuspidal representation of G is admissible and
hence decomposes as a direct sum of irreducible λ-types, each of which
appears with finite multiplicity. Here we show that, in fact, each of these
irreducible components occurs with multiplicity one, and we give an
explicit description of each component.

This work is based upon results of Kutzko, who proved that any
irreducible supercuspidal representation of G is twist-equivalent to
another such representation which, in turn, may be compactly induced
from one of two compact-modulo-center subgroups of G.

Introduction. Let F be a /?-field with ring of integers ΰ whose

maximal prime ideal is ft = ωΘ, and with finite residue field 4 = 0/fi. Let

G = G L 2 ( J F ) and let K be the subgroup G L 2 ( 0 ) of G. In this paper we

obtain the decomposition of the restriction to K of any irreducible

supercuspidal representation of G. (The corresponding result for unitary

representations, G = PGL 2 ? and 4 of characteristic Φ 2 was found by

Silberger in [Si2]. Here we make no assumption on the characteristic of

4.) It is well-known that any irreducible supercuspidal representation of G

is admissible and hence decomposes as a direct sum of irreducible

ΛΓ-types, each of which appears with finite multiplicity. Here we show

that, in fact, each of these irreducible components occurs with multiplicity

one, and we give an explicit description of each component.

This work is based upon results of Kutzko ([K3] and [K4]), who

proved that any irreducible supercuspidal representation of G is twist-

equivalent to another such representation which, in turn, may be com-

pactly induced from one of two compact-modulo-center subgroups of G. I

would like to thank Philip Kutzko, my thesis advisor, for his inspiration

and guidance of this work. I would also like to express my appreciation to

Paul Sally for his preliminary reading of and comments on this paper.

327



328 KRISTINA HANSEN

Some notation and facts. We need some notation in addition to that
established above. We make the convention that for any subsets A, B, C,
and D, (£ #) denotes the set of elements (" b

d) with a in A> b in 2?, c in
C and d in D.

Let / be the residue field Θ/fi and let \4\ = q. The additive group JF+

has a filtration fc~x D 0 = ̂ ° 3y^1 3 ^ 2 D with [/*:/'] = #'~5

for t > s. If U = (9 - / , the group of units in Θ, then 1/ has a correspond-
ing filtration U D C/1 D t/2 D , where ί/1 = 1 -f/, and we have
[ U : U ι ) = q - I &nd[Us :U<] = q ' - s for t > s > 1 .

Let P be the standard parabolic subgroup of G, and let N be its
unipotent radical. (That is, P = (£* £*) and iV = ({, f), where i 7* de-
notes the group of units of F.) Then N is isomorphic to the additive group
F+ and has a corresponding filtration N_ι D Λ/"O D iVx D , where
Λ; = (x

0 f) . Let P0 = PΠ G\2(Θ) = (Jf * ) ; then iV0 = JV n Po.
Our matrix groups have similar filtrations. If M = M2{Θ), then we

have a filtration Mo = M D MλΏ M2 - , where M, = ̂ 'M for each
nonnegative integer ι. If we let M r be the set of matrices in M which are
upper triangular modulo fr, then M' also has a filtration given by

MQ - ΛΓ D M[ D M2' , where M/ = y . \χ ^

for /x = [i/2] and Ϊ 2 =

where the brackets denote the greatest-integer function. The filtration of
M defines a corresponding filtration KQ = K D ̂  D ϋΓ2 of Ĉ =
G12(C?), where Kt = I -h M,, for each / > 1. We note that AΓ/JKΊ S

G12(/), so that [if: ϋCJ = (q - l)2q(q -f 1), and that [ ^ : i ^ J =
[MΛ,: Mt] = ^4(/~J> if / > 5 > 1. We also consider the subgroup 5 of K
consisting of those matrices in K which are upper triangular modulo^. B
has a filtration Bo = B Ώ Bxo B2 •— corresponding to that of M\
where B, = / + M/, for each i > 1. We note that [B: Bx] = [U: U1]2 =
(q - I) 2 , and [5 5 : 5J = [0: / ] 2 = q2 for each / > 5- > 1, so this filtration
of B is roughly twice as fine as that of K. Finally, we define the
subgroups Z and Z' of G to be the center Z(G) of G and the subgroup
{ωΊ I i an integer} of Z(G), respectively, and the subgroup Zo of K to be
the center Z(K) of K.

At times in what follows we refer to conjugate groups of various
groups. If / is a subgroup of G, we define the conjugate group Jy for γ in
G to be {γyγ"1 \j in /}. In particular, we frequently refer to conjugate
groups Jw\ here w is the Weyl element (_? I).
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We also frequently use the notation P\Q/R. If P and R are

subgroups of the group β, then P \ Q/R refers to a complete set of

( P , R) double-coset representatives in Q.

Level and twist-equivalence. Given a representation a of K or ZK

(respectively, B or Z'B), because σ is locally constant, there is a minimal

number n such that Kn (respectively, Bn) is contained in the kernel of σ.

This integer n is called the ΛΓ-level (respectively, 5-level) of σ. For such a

representation σ, it is clear that the restriction of σ to Nn (respectively,

Nn ) decomposes as a direct sum of identity representations, σ is defined

to be cuspidal if its restriction to No contains no nontrivial identity

component, so that there is a minimal number m with 0 < m < n

(respectively, 0 < m < nx) such that the restriction of σ to Nm contains a

nontrivial identity component. In this case, the nonnegative integer n — m

(respectively, nλ - m) is called the ^-defect (respectively, B-

defect) of σ.

Levels are defined similarly for a supercuspidal representation τ of G;

however, in this case, because τ is admissible, it can contain no group Kn

or Bn in its kernel. Here we define the X-level (respectively, Jϊ-level) of r

to be the minimal integer n such that the subspace of vectors fixed under

T by Kn (respectively, Bn) is nontrivial. It is a fact [Bo] that any

supercuspidal representation of G has ϋf-level at least 1 and 5-level at

least 2.

Let 77 and T be representations of G. We say that TT and τ are

twist-equivalent if there is a quasicharacter χ of the multiplicative group

F * of F such that π is isomorphic to T <8> χ <> det. Twist-equivalence is an

equivalence relation on the set of (equivalence classes) of representations

of G, and if π and τ are twist-equivalent, then they share the same

irreducible subspaces. Moreover, π is smooth (respectively, admissible,

supercuspidal) if and only if r is.

If 77 is a supercuspidal representation, we define the minimal level of

77 to be the minimum of the levels of all representations T which are

twist-equivalent to 77. We say that 77 is of minimal level if its level is equal

to its minimal level. In this paper, we obtain an explicit decomposition of

the restriction to K of any supercuspidal representation 77 which is of

minimal level; the remarks above show that there is no loss of generality

in placing this added assumption on 77.

Supercuspidal representations of GL2(F). The results of this paper

are based on work which appears in two papers of Kutzko ([K3] and [K4]).

In the first, he proves that cuspidal representations of ZK or Z'B
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compactly induce to supercuspidal representations of G, that such repre-
sentations which are both irreducible and of defect 0 compactly induce
irreducible representations, and finally, that each irreducible super-
cuspidal representation of G is induced uniquely in this fashion. In the
second paper, he gives explicit descriptions of the inducing representa-
tions. The work of this paper is based upon these descriptions, and we
begin with a recounting of them.

To commence, we shall, as previously indicated, fix an arbitrary
irreducible supercuspidal representation (TΓ, F), which we without loss of
generality assume to be of minimal level /.

Level 1. Suppose first that / = 1, so that the subspace Vx of V
consisting of those vectors in V which are fixed under m by Kx is
nontrivial. Because Kx is normal in K, Vx is a AΓ-subspace of F; let ττx

denote the restriction to Vx of π | κ. If σ is any irreducible i£-subrepresen-
tation of ττl9 then clearly iN(σ, 1) Φ 0. If in addition we had iN(σ, 1) Φ 0,
then because Bλ = KXNO9 σ would contain a 5-subrepresentation of level
1, but this is impossible because the 5-level of π is at least 2. Thus we
must have iNo(σ9 1) Φ 0, whence σ is a cuspidal representation of defect 0.

Let W be a subspace of Vλ where πx acts as σ. Then since the group
Z is contained in the center Z(G), W is in fact a ZJ^-subrepresentation of
TΓ. Thus if T denotes the restriction to W oί π \ zκ, τ is also irreducible and
cuspidal of defect 0, and Kutzko's first paper shows that the compactly
induced representation τG is irreducible. Since, by Frobenius reciprocity
(which may be proved in this case as a corollary to Kutzko's generalized
Mackey's theorem, [Kl]), TΓ is a subrepresentation of τ c , this irreducibility
implies that these two representations are in fact isomorphic.

Now we consider the case of supei cuspidal representations of minimal
level / > 1. These representations may be divided into two categories,
depending upon whether they are compactly induced from a representa-
tion of ZK or of Z'JB; those in the first category are called unramified,
and those in the second, ramified (for reasons which will be seen later).
Kutzko's descriptions of the inducing representations for these super-
cuspidal representations fall into three categories, depending upon whether
the supercuspidal representation is unramified of even level, unramified of
odd level, or ramified.

Level > 1. Suppose that the representation 77 has level / > 1. As in
the case that / = 1, the subspace Vι of vectors in V which are fixed under
77 by Kι is a nontrivial finite-dimensional X-subspace of V, and we let πt

denote the restriction to Vι of <n \ κ. Let lλ = [1/2] and l2 = [(/ + l)/2], as
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above. Then the restriction of *πι is a representation of K^ which factors
through Kl2/Kj. This quotient group is isomorphic to the abelian group
M/Mh under the mapping (1 + ωl2A)/Kι -» A + Mlχ. It follows that all
of the irreducible subrepresentations of the restriction of 777 to Kt are
one-dimensional. In fact, the existence of this isomorphism implies that
every irreducible Kt -subrepresentation of τrι is of the form ψA for some A
in M9 where ψA(k) = φ(ω~iΎτ(A(k - / ) ) ) , where ψ is a fixed character
of F+ which is trivial on Θ but not on yί"1. It is easy to show that
ΨA = ΨB if a n c^ on^y if 4̂ — ̂  lies in M{ and that for any k in ίΓ, the
conjugate representation ψ^ is isomorphic to ψkAk-ι. The latter fact
implies that mι has an irreducible ^-subrepresentation ψA if and only if
it also contains a subrepresentation ψB for any matrix B in M which is
£- similar to A

We proceed by considering a matrix A such that ψ^ is a subrepresen-
tation of the restriction of 777 to JRΓ7. If 4̂ denotes the image of A under
the canonical epimorphism of M onto M 2(/), and if yί is similar to B in
M 2 (/), then 4̂ is JξΓ-similar to a matrix 5 in M with image B, and ψ 5 is
also a j£7 -subrepresentation of π,. This means that we may without loss of
generality assume that A is in Jordan canonical form. Let χA denote the
characteristic polynomial of A in M 2(/). The cases that 77 is unramified
or ramified correspond, respectively, to the cases that χA is irreducible or
reducible.

Unramified case. In this case, there are s and Δ in / with χA(x) =
x2 — sx + Δ, an irreducible polynomial in /[JC] (so Δ Φ 0). In this case,
A = (-Δ I) + <°C, f°Γ s o m e preimages s and Δ in 0 of s and Δ, and
some matrix C in M. It is easily shown that A is then X-similar to a
matrix B = (_^ },), where s' and Δr are also preimages in Θ of s and Δ,
so we without loss of generality assume that C = 0.

It is then easy to show that the stabilizer in K of ψ^ is the subgroup
UEKf, where UE denotes the group of units in the subalgebra ΘE = Θ[A]
of M generated by A. (Note that if we let E be the subalgebra F[A] of
M2(F)9 then because χA is irreducible, E is a /7-field which is unramified
of degree 2 over F (see [S]), with ring of integers 0E\ this explains the
terminology " unramified" used for this case.)

Unramified, even level case. First suppose that π has even level, so
that / = 2m (m > 1), and ψA is a representation of Km factoring through
Km/K2m with stabilizer UEKm. In this case, because UEΠ Km= UE, the
restriction to UE of ψA has an extension ψj to UE, and for each λ in
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Λ = (UE/UE

n)A we get a well-defined representation ψAλ of UEKm by

defining φAλ(uk) = λ(u)ψA (u)ψA(k) for each w in t/̂ . and k in Am.

Let σ be an irreducible A-subrepresentation of tπι such that the

restriction of σ to AΓm contains the subrepresentation ψA. Then by

Frobenius reciprocity, σ is a subrepresentation of the induced representa-

tion ψ*. However, by Clifford's theorem, ψA is isomorphic to the direct

sum representation ΣχeAίψAt^9 each of whose summands is an irreducible

representation of K. Thus σ is isomorphic to \pAβ for some λ in Λ.

Let W be an irreducible subspace of Vι where 777 acts as σ. As in the

level one case, W is a ZA-subspace of V, and if we let r denote the

restriction to W of 771 z j o T is irreducible. The fact that σ is isomorphic to

ψA£ implies that r is cuspidal, of level / and defect 0, and as before, we

find that π is isomorphic to the compactly-induced representation τκ.

Unramified, odd level case. Suppose next that π has odd level, so

that / = 2 m + 1 and φA is a representation of Km+ι factoring through

Km + ι/K2m+v As in the case above, \pA may be extended to UEKm+1, but

in this case UEKm is the stabilizer of ψA in K. In this case we make use of

the following filtration of subgroups:

uFu
ι

Eκm

We note first that there exists an extension \pA to UFUE of the restriction

of \pA to UFUE Π Km+ι = UE

n+ι. Then as above, each representation λ' in

(UFUE/UE

J + ι)A determines a representation ψAλ, of UFU^Km+ι which

extends ψA. Each representation χpA has in turn an extension \pA to UE,

and for λ in UE which extend λ', we get representations ψA λ which

extend ψ^ λ , to UEKm+ι. On the other hand, Km+ιN™ = B™ is a subgroup

of Km for which the formula ψA(k) = ψ(ω~!TτA(k - /)) defines a

representation, and since UFUE Π 57

W = UE

n+1, there are extensions ψ^^^γ

of \PAλ, to UFUlBJ corresponding to γ in (N™/N™+1)
A. Each of these

representations induces to a unique irreducible representation ζAλ,

of UFUEKm (independently of γ), and each induced representation

ζA tyκm is isomorphic to a direct sum of irreducible representations

Σλ extending v£<,x> e a c k s u m m a i l d of which is completely determined as

the complement in ζA fcκ™ of the induced representation ψA feκ>»9 for
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some extension λ of λ' to UE> where distinct extensions λ determine

nonisomorphic representations ζAtλ9 and where each ξAλ is actually an

extension of ζAy to UEKm. It follows from Clifford's theorem that the

induced representation ψA

εKm is isomorphic to q copies of the direct

sum Σ v Σ λ e x t e n d i n g v iA9λ, and that ψ* is isomoφhic to q copies of

Σλ>Σ\ζA£9 all of whose summands are irreducible.

Now if σ is an irreducible £-subrepresentation of πι such that the

restriction of σ to Km+1 contains ψA, then by Frobenius reciprocity, σ

must be isomoφhic to one of the representations ξA£. If, as before, we let

W denote a subspace of Vι where tπι acts as σ, then W is a ZAΓ-subspace

of V, and if r denotes the restriction to W of m \ zκ, then T is irreducible.

Because σ is isomoφhic to ξA£ and ξA λ restricts to f̂  v on UFUEKm, τ

is cuspidal, of level / and defect 0, and as before, we find that π is

isomoφhic to the compactly-induced representation τ G .

Ramified case. Finally, we consider the ramified case. Here, for any

subrepresentation \pA of the restriction to Kt of 777, we have χA{x) =

(x — a)(x — b), a reducible polynomial in /t[x]. Kutzko has shown [K2]
that because π is supercuspidal, we cannot have a Φ ϊ , so in fact, χA(x)

= (x — a)2 and we can assume that A = (J | ) , where δ is either 0 or 1.

Noting ψaί = χa °det, where χ β is a character of t/7, we see that if B =

(2 0) and 5 is any preimage of B in M, then ψ^ = ψ β ® χ β <>det. Thus if

χ j is an extension of χ f l to i 7*, and £ = π ® χ j °det, then £ is

twist-equivalent to TΓ and ψ β is a iΓ-subrepresentation of £. Since, as

previously mentioned, twist-equivalent representations have correspond-

ing irreducible subrepresentations on common subspaces, we without loss

of generality assume in what follows that π = ξ and A = B. Moreover, if

8 = 0, then \pA is trivial on Kf_l9 contradicting the fact that Vι_1 Φ 0, so

we have δ = 1.

The form of A implies that A is ίΓ-similar to a matrix (__£ )) with Δ

and s in ̂ , so we assume that A is equal to this matrix. Then ψA is trivial

on the subgroup B2l_2 of B, and if we let Wj be the space of vectors in V

fixed under <n by 1?7, then W2l_2 Φ 0. (Recall that / must be at least 2.)

Because Bj is normal in B, each space F^ is a 5-subspace of F, and we let

πj denote the restriction to Wj of π\B. Then the restriction to 5 / _ 1 of

π2l_2 factors through the group Bι_1/B2l_2, which is isomoφhic to the

abelian group Af/_1/M2

/

/_2, and this implies that the representation

decomposes as a direct sum of one-dimensional representations ψD where,

as before, ψD(b) = ψ(ω~ιTτD(b - /)) but now D must lie in M[ and

Ψz>! = Ψz>2 if a n d only if JDX - D 2 lies in M/. Because JB/_1 D .fiΓ/2, there

must be some D in M[ such that the restriction $D\K is equal to ψ^.
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This implies that D - A (Ξ Af7i, so that D is 5-similar to D' = (_£, ],)

where Δ' and sf lie in 0 and Δr = Δ and s' = s (modulo y^1), and we can

without loss of generality assume D = D'. Furthermore, since ψA = ψD

on Kl2, we can assume that A = D' = D. Suppose that Δ e ^ 2 . Then if

g = (ι Q~l), gAg~ι lies in y£M, so that ψ | , also a subrepresentation of the

restriction of TT^I-I^ *S trivial on Kt_v But this contradicts the fact that

K7_! # 0, soΔ e ^ - / 2 .

This implies that the characteristic polynomial χA of A is an Eisen-

stein polynomial and hence is irreducible. This in turn implies that if

E = F[A], the subalgebra of M2(F) generated by A, then E is a /?-field

[Se], ramified of degree 2 over i% and it is easy to show that fen

E = E Π Mf

n

and t/j? = UE Π 2?n. This case is similar to the unramified even-level case

in that we can show that the stabilizer of ψA in B is Bt_v Defining an

extension ψ'A to UE of the restriction of ψ^ to U^~ι as in that case, we get

a representation -φAλ on UEBι_ι extending ψA for each representation λ

in (UE/UE~ι) Λ. Clifford's theorem then implies that the induced represen-

tation ψA decomposes as a direct sum of nonisomorphic irreducible

representations Σψ^f, and as before, π\ B must contain a subrepresenta-

tion σ isomorphic to ψA χ for some λ. If W is a subspace of V where TΓ | B
acts by σ, then σ has an extension T to Z r 5 , and again we find that TΓ is

isomorphic to the compactly induced representation τ G .

Decomposition of the representation. We can now begin to decom-

pose the representation π\κ, as desired. In each case above, TΓ is com-

pactly induced from an irreducible representation T of the subgroup L of

G, where L = ZK in the level 1 and unramified cases, and L = Z'B in

the ramified case. Using this fact we can find an initial decomposition of

TΓ I KJ as follows.

THEOREM 1. // TΓ is isomorphic to the compactly induced representation

τG, where τ is a cuspidal representation of L {equal to either ZK or Z'B),

then the restriction iΐ\κ is isomorphic to the direct sum of induced represen-

tations Σηe K\G/L(rη I κ n Lη)κ.

Proof. Because TΓ is admissible, we know [Sil] that the restriction TΓ | K
decomposes as a direct sum of irreducible ΛΓ-types, each occurring with

finite multiplicity. This means that TΓ | K is completely determined by the

intertwining numbers iκ(δ,π\κ), for irreducible representations δ of K,
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and it suffices to show that

φ> Σ (^
η<=K\G/L

= Σ iκ(*Λr*\κnLi)
K),

η<=K\G/L

for each such δ. By using Kutzko's generalization of Mackey's theorem
[Kl], we can prove a version of Frobenius reciprocity [Ha] which implies

that iκ(δ,ir\κ) = iκ(δ,τc\κ) = ΣηeK\G/LiKnLη(8>'rη) O n t h e o t h e r

hand, using Frobenius reciprocity for compact groups, we find that

The next lemmas allow us to write the direct sum in Theorem 1 more
explicitly. Their proofs are quite simple and are omitted. For each integer
*;><>, le t u, = ( { , 2 , ) .

LEMMA 1. If L = ZK or Z'B, then K\ G/L may be taken to be the set

LEMMA 2. If L = ZK, then K n IΛ = K n K\ If L = Z'B, then
L^ = KΓ\ B7*'.

LEMMA 3. // / = 0, then K n K* = K and K n 5 ^ = B. If t > 1,
K Π Kη= K Γ) Bηi = P0Kn the set of matrices in K which are upper

triangular modulo ft.

Recall that the representation τ of L extends a representation σ of a
subgroup / of L, where / = K when L = ZK and / = B when L = Z r 5.
This fact and the last three lemmas imply that the initial decomposition of
TT I κ which is given in Theorem 1 may be rewritten as a countable direct
sum as follows: π\κ= σκ Θ Σt>ι(ση'\ PQK)K. The rest of this paper is
devoted to proving that our decomposition of m \ κ is now complete; i.e.,
that each summand in the direct sum above is in fact irreducible. We
proceed with a case-by-case analysis.

Level 1. Assume again that / = 1 so that, as seen above, π is
compactly induced from the representation r of ZK extending the repre-
sentation σ of K, where σ is irreducible and cuspidal of defect 0. Because
σ factors through K/Kx and this group is isomorphic to GL 2(/), σ
determines an irreducible representation σ of the latter group. The fact
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that σ is cuspidal implies that σ is also: i.e., if N denotes the group of
upper triangular matrices in GL 2(/), then iχ(σ, 1) = 0.

The irreducible cuspidal representations of GL 2(/) are well-known,
so we have explicit formulas for the action of σ. Specifically, σ has
dimension q — 1 and there exists a character p of /* such that the
following formulas hold for the character χ(σ) of σ:

x(σ)la jΐ) = 0, for all c in/ and aΦ din**,

χ(σ)ί a I = — p{a), for all c in i* and a in /*, and

X(σ)(a

o °a) = (q-l)p{a), for all β in/*.

We use these formulas below to show that each summand (ση ' | Pκ)
κ is

irreducible by proving that its intertwining number with itself is 1.
Applying Mackey's theorem for compact groups to this representation, we
find that

K K ) Σ ip0κ(niPoκA^Λo"r)
aeP0K(\K/P0Kt

The formulas above with the lemmas below allow us to compute this
number. For each positive integer /, let α, = (ly ?).

LEMMA 4. For each positive integer t, P0Kt \ K/P0Kt may be taken to
be the set {/, w} U {at \0 < i < t), where w denotes the Weyl element.

Proof. If P denotes the set of upper triangular matrices in G =
GL 2 (/), then it is well-known that P\G/P may be taken to be {/,w}.
Since Kλ is normal in K, this implies that for any k in Ky there are
elements pλ and p2 in Po such that ρλkp2 is equal to either kx or wkl9

where kx lies in Kv Moreover, if kγ = (* h

d) and γ = (c\-i J), then
kλ e γP0, so that either γ or wγ lies in the P0Kt double coset of k in K.
In the first case, if c has valuation / in F (so / > 1), then there exists u in
U such that ca~ι = ω'w, so that γ = (ι

Q 2)«, (o u1)- Thus if / < t, then α
lies in the P0Kt double coset of k in K, whereas if / > t, then / does. In
the second case, since wγ = {wyw~ι)w and wyw~ι lies in Po, we see that
w lies in the double coset of k in K. D

The proof of the following lemma is straightforward and is omitted.
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LEMMA 5. For all positive integers t and i with i < t, P0Kt Γ) (P0Kt)
ai

is the set

w
ωy w — ωιx + ω* z j ' 9 ' ' ' /

, P o ^ Π ( P 0 ^ ) w w the set Z0Kr

LEMMA 6. In the case that π has level 1, /or e#c/* positive integer t,
(ση'\ poκ)K is irreducible and has degree qt+ι — qι~x.

Proof. As previously stated, we prove the irreducibility of (σηt | P κ )
κ

by computing its intertwining number with itself. Applying Lemmas 4 and
5 and the equation which precedes them, we have

+ Σ %
0 < i < t

We can compute the value of each summand using the character formula
for σ given above. Specifically, if μ is a Haar measure on ΰ normalized so
that jΘdμ = 1 and inducing Haar measure μ* on G12(0), then we have:

JPnK,
dμ*(β)

u

a b
c d

Xdμ(a)dμ(b)dμ(c)dμ(d)

u u
a> b

ωc d

U '0 *U

Jφ *d-

,Ja 0
x(<0 - T

\c d

X(σ)
-\[d 0

c d

Xdμ(a)dμ(b)dμ(c)dμ(d)

dμ(a)dμ(c)dμ(d)

dμ(a) dμ(c) dμ(d)

(continues)
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ί dμ(c)dμ(d)

f \p(d)\ dμ(c)dμ(d)

- x , 2

- I) " 1

u

Similar arguments show that:

/Z^(σ\(σ^Γ) = 0 and

Thus iκ(ίo*<

claimed.

Finally,

p(d)\2dμ(d)

f θ Γ e a c h l W i t h θ

η' I PQK)K) - 1, so that ( α * | is irreducible, as

= [K:Kt][P0K,:Kt]-\q-\)

•

These lemmas show that we have found the desired decomposition of

771 κ. (Note that σκ = σ in this case.) We have proved:

THEOREM 2. // π has level 1, then the sum σ Φ Σ,> 1 (σ η ' | poκ)K i s a

complete decomposition of iτ\ κ into irreducible K-types. The summands are

of degree q- 1 and (q - l)q'~\q + 1) = qt+ι - q'~\ t = 1,2,..., re-

spectively.
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We now continue with the ramified and unramified cases.

Level > 1. We return to the case that m has level / > 1. As seen

from Theorem 1 and the remarks following Lemma 3, we have

π I κ = σκ θ Σt>i(ση' I p κ ) κ . When π is unramified, as in the level 1 case,

σ is a representation of K, so that σκ = σ and is irreducible. We claim

that σκ is also irreducible in the ramified case. The following lemma

enables us to prove this fact.

LEMMA 7. Let ΊT be ramified, and define E as above. Then B =

(B Π B")UF.

Proof. Let a and d lie in U and b and c lie in Θ, so that al + bA lies

in UE. Let TV be the norm NE/F(aI + bA)9 so that N lies in UF. Then

since

ωc d) = [ [ωc(a + sb) + ̂ d]N~ι {ad

and B Π 5 H = ZQKV B = (B Π BW)UE, as claimed. D

LEMMA 8. // TΓ is ramified, then σκ is irreducible.

Proof. Since σ is a representation of B, we apply Mackey's

induction-restriction theorem for compact groups to find that iκ(σκ, σκ)

= Σy€ΞBχK/B iBnBA°>°y)' Noting that B = POKV we see that by Lemma

4, we may take B\K/B to be the set {/,w}. It follows that iκ(σκ,σκ)

= /β(σ, σ) + /βΠβw(σ, σw) = 1 + iBnB

w(σ^ °w)> s o it suffices to show that

the latter summand is equal to 0. To prove this, we use the fact that σ is

induced from the representation ψA λ of UEB/_ι. Again applying Mackey's

theorem and using the result in Lemma 7, we find that:

/ r 1
= ^BnBw\[xpA,λ\τ/_ιπBw\

BnBw Γ 1 BnR

( } 1 ) } 1 ]

γ e 5 Π (Γ/_! )W\BΓ)BW/Tι_! Π 5M'

where 7)_x denotes the set U^^^ and ψ = ψ^ λ . Furthermore, JK"/<? c

C / ^ , . ! Π 5 and # / 2 is normal in K, so ^ c 5 Π (UzB^y and

AΓΛ c [£/£#/_! Π 5VV]Y for each γ in the index set. This and the fact that
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ΨA\\K = ΨΛ imp!y t h a t

φ
Note that the factorization of elements of B given in Lemma 7 implies

that we can take each of the indices γ to be of the form (ι

ωc °d) for some c

and d in Θ. This implies that yAy~ι - wAw~ι does not lie in M7i, so

^\ΦVA and iκ£VA,VΛ) = Q for each γ. Thus iBnB»(σ,σw) = 0, as
claimed. D

It remains to investigate the summands (oη'\PK)κ for / > 1. To

continue, we use the fact that σ is a representation of / (equal to K or B)

which is induced from a representation p of the subgroup H of J (equal

to UEKf or UEBj_l7 respectively, where E varies in the two cases). Since

σ = pJ

y Mackey's induction-restriction theorem allows us to argue that for

each t > 1,

Σ*, [PyVl\ poκtnHΎyι'J
t\Γ'/H^'

This seems to yield a contradiction of our previous claim that each of the

representations (ση'\PoK)κ is irreducible. The apparent contradiction is

resolved by the following lemma.

LEMMA 9. Let J and H be defined as above. Then for each integer t > 1,

Proof. Since P0Kt = (PQK,)1', it is equivalent to show that / =

(PQK()H. In both the ramified and unramified cases, H D UE, and we

prove the stronger result that / = (PQK{)UE.

Let g = {a

c

 b

d) lie in J. In the unramified case, J = K, and since

det g £ ft, not both a and b can lie in flF. Since fιE = fcF0E in this case,

this means that al + bA lies in UE. In the unramified case, J = B, so that

a must lie in UF, and again al + bA lies in UE. Now define x and y in Θ

by xl + yA= (cl + Al)(α/ + M ) " 1 . Then g - (ι

x °y)(al + M ) , so g e

PQUE, as claimed. D

Applying Lemma 9 to the result which precedes it and noting that

K Π H^ = K Π Kη' Π # η ' = P o ^ Π Hη% we find that (σ η ' | PQK)K =

(pη'\ p{)κrnH^)K = (Pη'\ κnH^)K> f°Γ e a c h t ^ 1- Thus it remains to in-

vestigate the ^-representations (pηt \ KnHv,)K- In view of the previous
work, it is natural to first find the level of each such representation.
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LEMMA 10. With H defined as above, for each t > 1, the representation

(ρηt\κnHr,t)
κ has levelt + /.

Proof. Note that in both the ramified and unramified cases, if

r = t + /2, then (K,)*1 c Kh c # . Thus for any γ in K, we have

Kr = # / c (K Π i φ γ c ( # n iP<)γ It follows that when we apply

Mackey's induction-restriction theorem, we find that

(pη'\κnfΓ")K\κr= Σ {(Pη')Ύ\κrn(κnfΓ"y)
ΎeKr\K/KΓ\Hη>

y(=K/KΠHη'

If p is ramified or if π is unramified and / is even, then p restricts to ψA

on Kf. If 77 is unramified and / is odd, then p = ξA λ on // = UEK{ and

restricts to ^ v = ( ψ ^ λ u ) ^ * ' 1 o n UFUEKI^
 a n <3 since ί/^i^ is the

stabilizer of ψ^, by Mackey's induction-restriction theorem, we have:

P\κt2= Σ Ψ Λ , Λ ' , I U 2

Thus p restricts to n\pA on AΓ̂ , where « = 1 or q, and hence pVt restricts

to Λ ψ j on ^ o ί r . Thus ( p ' Ί ^ n ^ ^ l ^ s Σ ^ ^ / ^ n ^ π ί Ψ J I ^ ,

so that (ρηt\κnH^)K restricts to the identity on a subgroup Kq of Kr

(q > r) if and only if ψj | ̂  = 1 . Finally, because the level of ψ^ is /, a

simple computation shows that \pA< \ κ = 1 if and only if q > t + / > r.

The result follows. D

Now we fix / and further consider the representation (pVt\ KΠH^)K'

Because it restricts to copies of the identity representation on Kt+h its

restriction to K(ί+l)i c Kt decomposes as a direct sum Σ ψ r

o where for C

in M9 ψ'c is defined on K{t+lh by ψ'c(k) = ̂ (ω'^'ΎrCik - I)). (Note

that ψ'c = ψ'c if and only if C\ — C2 lies in M{t+l).) We shall find a C in

M such that ψr

c is a subrepresentation of ( P ^ | ^ Π / / ^ ) ^ I Λ : +/ Mackey's

induction-restriction theorem implies that

P \ \ κ { t + ί ) 2 = Z* [P
γeΓ

γ e Γ
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where Γ = K{t+l)i \ K/K n # η s so it suffices to find a C for which ψ'c is

a subrepresentation of (pη ' | κ n Hnt)
K(t+ί)2 By Frobenius reciprocity, this

is the case if and only if ψc\κ nfp,t is a subrepresentation of

Pη'\ K n //i/-We need the following lemma:

LEMMA 11. /w /Λe case that m is ramified, so H = Uβ

K(ί+ίh Π # η ' = ^ ( r + / ) 2 Π 5 ^ ! - // m w unramified, so H = ί / ^ ,

# < , + /L Π /f^ = ^ ( ί + / ) 2 Π K%\ furthermore, K{t+I)i Π

)2 Π (Kl2N™y< in this case.

Proof. We prove the second result; the first is proved similarly. Let

k G K(t+ίh Π Hη' so that k = (uk')ηt, where u = wl + xA G t/^ and

kf ^K{. Writing this equation with matrices makes it clear that this

implies that w G Ulγ and x G ^ 7 I

5 SO that u ^ Kι and hence k G

Ku+/) Π AΓ7̂ , as claimed. Moreover, if /c = (\+α ^ j ) , then α, b and d

must lie in fc{t+l)2 aft2 and c lies in /tt+ι\ so that k% ι lies in ϋΓ7 JV7

W, as

claimed. D

Now for each / > 1, let

Then \p'Aι is the representation we seek:

L E M M A 12. \p'A is a subrepresentation of (pηί\Kt+ι nτ/ i")A Γ ( / + / ) 2> Z'Λ

/Λ^ ramified and unramified cases.

Proof. By the remarks preceding Lemma 11, we see that it is enough

to show that ψ^ | κ nfr,t is a subrepresentation of the restriction

PηΊ K n 7/"/ The lemma above allows us to consider the latter represen-

tation more closely. In the case that π is ramified, p = ψA λ on H =

UEBt_^ and p restricts to ψA on Bt_v If TΓ is unramified, then H = t/£-K,,

and if / is even, p = ψA λ on H and restricts to ψ^ on Kι = ^ TV̂ . If π

is unramified and / is odd, then p = ^ λ on // and restricts to tA,\' =

(\PA,\>,I)UFU1EKII on UFU^Kh, so the restriction of p to UFU^BJ contains

Ψ/I,XM
 a s a subrepresentation. Thus the restriction of p to B™ = Kt N™

again contains ψA. Applying Lemma 11, we find that ψA\κ + nHnt

is a subrepresentation of p | κ + n ^η/ in all cases. Moreover, if A: G
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K(t+Ih Π H* then:

= ^-'-'Ίxω'^A η ^k - I)) = φiω-'ΎrAη ^k - I)ηt)

Thus φ'A I κ n ff,, is a subrepresentation of the restriction ρv>\ κ n „,,,
as claimed. D

Because ψ^ is a subrepresentation of (pηt\ κ nH^)K ( t + l ) 2 which is in
turn a subrepresentation of (pη ' | AΓΠ/ZO^I ΛΓf+/ > by Frobenius reciprocity
it follows that ψ̂ f and (pηt\ κnH*t)

κ must intertwine. We continue by
finding the decomposition into irreducible components of the representa-
tion ψ £

ψ'At is a representation of K(t+lh factoring through K(t+lh/Kί+h and
as above, its stabilizer in K is the subgroup U(At)K(t+i)i, where 1/(̂ 4,)
denotes the group of units in the subalgebra Θ(At) of M2(Θ) generated by
Ar Note that U(At) = (UFU^)η' if the field E is ramified over F, and
£/(^r) = (UFU£t+lY' if £ is unramified over F, so that Ϊ7(^) c (UFU^)η<
c L^r in either case. Thus if ψ^ denotes, as before, an extension of the
restriction ψ^ \K/ΠUE to UE, then if (ψ^) ~ = (ψ^)^ | ^ ^ ^ (ψ^) ~ extends
Ψ^ to ί/(^ f).

Thus in the case that t + I is even, as before, for each representation
λ in Λ = [U(At)/[U(At) Π K(ί+lh]] Λ, we get a corresponding extension
ψ^ λ of ψ^ to its stabilizer in K, and Clifford's theorem implies that ψ£
is isomorphic to the direct sum of nonisomorphic irreducible representa-
tions Σ λ e Λ ψ ^ .

In the case that / 4- / is odd, the form of At implies that the formula
Ψ Λ , W = Ψ(ω~*~ll£ΐAt(k - I)) defines a representation on the group
Bt+ι-\ which factors through Bΐ+ι_ι/B2ΐ+2l_2. The stabilizer in B of this
representation is U(At)Bt+ι_l9 so this time, for each λ in Λ =
[U(At)/[U(At) Π J5 i + /_J]A, we get an extension ψ'Apλ of ψ^ to its
stabilizer in j?, and we find that ψ^ is isomorphic to the direct sum of
nonisomorphic irreducible representations Σχ e AΨ^JJ This implies that
ψ f̂ is isomorphic to the direct sum Σ λ e Λ ψ ^ J ; we show that these
summands are also irreducible and nonisomorphic. The argument is
similar to the one given earlier to show that σκ is irreducible in the
ramified case. As in that case, we find that for any λx and λ2 in Λ, we
have:
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so it suffices to show that the latter number is always equal to 0. We use

the following lemma, which generalizes Lemma 7, and which is proved in

the same way.

LEMMA 13. For any integers / > 1 and t > 1 (and t = 0, in the case

that E is ramified over F\ B = (B Π Bw)U(At).

This lemma and Mackey's induction-restriction theorem imply that

/ \BnBw

Ψ/!,,λ I BΠBW = [Xl/At,λ\ BwΠU(At)Bt+/_1) >

and since the lemma also implies that Bw = (B Π Bw)(U(At))w, we also

= Σ iC{

BΓ)B"

where

Γ = B Π

and

c(γ) = [ ί n [[/(Λ)^,.,]w] n [Λ- n

for each γ G Γ. Since for each γ, C(γ) 13 K(t+lh and since ψ^ λ | ^

ψ^ , we see that the equations above show that

But as in the proof of Lemma 8, we can take each index γ to be of the

form (ι

ωc 2), for some c and d in Θ, and it is then clear that yAty~ι -

wAtw~ι does not lie in M ( / + / ) , so that

for each γ e Γ.

We have now proved the following lemma:

LEMMA 14. ψ f̂ ώ isomorphic to the direct sum Σ λ G Λ ψ ^ f, where

A = [ί/(v4,)/[l/(^) Π
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and

A = [U(At)/[U(At) Π 5 f + / _ 1 ] ] Λ ift + I is odd.

In either case, the summands are irreducible and nonisomorphic.

By the remarks following Lemma 12, ψ'f and (P%\KΓ\H^)K inter-

twine. The lemma above gives a decomposition of ψ £ into irreducible

subrepresentations, and it follows that one of these summands must be a

subrepresentation of (pη'\ KnHvt)
K. Here we recall that the representation

p of H is in both the unramified and ramified cases determined by a

representation λ of UE which factors through UE/UE

2 in the first case and

through UE/UE~ι in the latter. Because U(At) c Ug*, if we define λt by

λ, = λ ^ l ^ }, then λ, defines a representation which factors through

U(At)/[U(At) n ^ + / _ J and so also through U(At)/[U(At) Π ̂ / + / ) J , so

that ψ^ £ is an irreducible component of ψA in both the unramified and

ramified cases. We claim that ψ'A * is also a subrepresentation of

(pη< \KnHit)
K. The following lemma, which corresponds to Lemma 11 and

is proved similarly, is needed to prove this fact.

LEMMA 15. In the case that <π is ramified, so H = UEB{_λ,

Bt+ι_x Π Hη' = Bί+I_1n B^LV If π is unramified, so H = UEKk, then

*, + /- i n Hηt = Bt+ι-ι Π K?χ<\ furthermore, Bt+I_, n ^ = J^+,-1 n

{Kl2Nζy< in this case.

The lemma above allows us to prove:

LEMMA 16. In all cases, ψ'A £ is a subrepresentation of (pη'\ Kn Hvt)
κ.

Proof. Because ΨΆt,\t ^s irreducible, it suffices to show that

iκ(ΨΆ ,xt Λpη' I KΠ H*t)K) > 0. By Frobenius reciprocity, we know that

Σ ^ n
γ€ΞHt\K/KnHη<

where Ht = U(At)K{t+l)/2 if t + / is even, and Ht = U(At)Bί+ι_1 if

/ 4- / is odd. Thus

where as before H = UEKι if E is unramified over F and i/ = UEBι_ι if

£ is ramified over F. In the cases that E is ramified or E is unramified

and / is even, we have seen that p = ψA λ on H. The proof of the result is

similar in these cases; we prove it in the case that Ht= U(At)K(t+lh and
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E is ramified so that H = UEBj_v In this case, because U{At) c Ug' and
by the lemma above,

H, n H* = u(A,)[κ{l+l)i n #"<] = £/(Λ)K+/>2 n J

Because we have defined ψ̂ ~ = (ΨAVΊUW λ, = λ^l^^ )9 and because
ΨΛ, = Ψ3' o n κu+i)2

 n ^ - i ( a s s e e n m ^ e PΓO°f °f Lemma 12), we see
Λat ////n//4Ψ^Λ'Pη') = iHtnπ'(fΆnλt>M) = X in these cases.

In the case that E is unramified over F and / is odd, p = ξA λ on H
and restricts to ζAλ, on UFUEK1I9 where ^ λ, = ( Ψ Λ Λ M ) ^ ^ ' 1 - There are
two cases, depending on the definition of Ht; their proofs are similar and
we assume that Ht = U(At)Bt+/_1 in what follows. Thus

w h e r e i / / = ^C/

', so applying the lemma above we find that

As above, we see that we have constructed ψ', λ in such a way that it is

equal to (ψAχΛ)
η' on Ht Π HfΎ]\ so again i^nwiΨΆ^λ,' pη') = 1. •

Finally, we shall prove that ψ^λ, = (Pηt\ κnw)K by showing that
their degrees are equal. The following lemmas imply this fact.

LEMMA 17. ψ^,λf has degree (q - l)qt+ι~2(q + 1).

Proof. If / + / is even, then \p'A λ is a representation of U(At)K{t+l)

and (ί + / ) 2 > l . Hence since ψ'A λ has degree one, ψ^ £ has degree:

= \K:K(ι+lh)\υ{At)Ku+l)i:Ku+lhγ
l

= [K:K(t+l)i\[u{At):U{At)cMί(t+l)2\
- 1
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If / 4- / is odd, then ψ^ j λ is a representation of U(At)Bt+ι_l9 and

again ψ^ λ has degree one. Thus in this case, ψ'A % has degree:

[K:B][B:U(At)Bt+l^]

= [q

Π

To compute the degree of (ρηt
 \KΠH^)K^

whose proof is similar to that of Lemma 11:

LEMMA 18.

use the following lemma,

LEMMA 19. In both the ramified and unramified cases, and for any

t > 0, (p*' | m i / 0 * has degree (q - l)q'+'-2(q + 1).

Proof. In the case that E is unramified over F, we have H = UEKt,

and applying the lemma above, we find that K Π HΆ< = U(At)[K Π Kξ ].

Note that

n
/'+ /> ί/'1

where M = M(ί, /) = max(0, /x - r), and it follows that U(At) Π

ί/'' / + /t MA. Thus in this case, (ρη \ κ n w,,) ̂  has degree:

= [K: Kt+I\[U{A,){K Π K?): A n ^ ' ] - 1

(continues)
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(continued)

= [K: Kt+li][U(At): U(A,) n K?>\ ~\κ Π K%: Kt+ι\ 'ldeg(p)

Recall that when / is odd, p = ξAλ and has degree q, while when / is

even, p = ψAλ and has degree 1. Thus deg(p) = φ~lχ in either case.

Since I = l2 + lv we see that (ρηt \ κ n Hη,)
κ has degree

as claimed.

In the case that E is ramified over F, we have H = UEBt_x, and

applying the lemma above, we find that K Π Hv' =

Note that

where N = N(t, I) = max(0,(/ - l ) x - ί), so it follows that ί/(Λ,) Π 5 ^

= U'λI + fcNA. Thus in this case, (p η ' | KnHv,)K has degree:

[ A : : Λ : n / / " ' ] deg(p)

= [K: Kl+h][K n H« : K n B^Γ'lK n BJ L,: Kt+l2]-ιdeg(P)

= [K: Kl+l2][U(At)(K Π B^): K Π ̂ J " 1

D

We have thus found our desired decomposition of π into irreducible

K-types. We recall that (O\PQK)K = {ρ\Knw)K a n d can state our final
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theorem:

THEOREM 3. // π has level I > 1, then the sum σκ Θ Σ ^ ^ σ ^ | PQK)K

is a complete decomposition of π\κ into irreducible K-types. The summands

are of degree (q — l)qt+ι~2(q + 1), t = 0,1,2,..., respectively.
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