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ON THE GEOMETRY OF EXTENSIONS OF
IRREDUCIBLE MODULES
FOR SIMPLE ALGEBRAIC GROUPS

STEPHEN R. DOTY AND JOHN B. SULLIVAN

Let G be a simple, simply connected affine algebraic group over an
algebraically closed field & of non-zero characteristic p. We consider the
problem of determining the extensions of irreducible modules by irre-
ducible modules. The extensions may be realized as submodules of
modules induced from characters on a Borel subgroup of G. The
geometry of the distribution of composition factors of those induced
modules is determined by an operation (namely, alcove transition) of the
Weyl group on the space of weights. Generically in the lowest p*-alcove,
that operation stabilizes a canonical subset of the set of highest weights
of those irreducible modules which extend the irreducible module of
some fixed highest weight. The stability leads to an upper bound on that
subset, which can be refined using the translation principle. We give a
conjecture for the generic distribution of extensions of irreducible mod-
ules by a fixed irreducible module.

Introduction. Let G be a simple, simply connected affine algebraic
group over an algebraically closed field k of non-zero characteristic p.
(B,T) is a fixed Borel subgroup and maximal torus pair, X(B) is the
character group of B, and B°PP is the opposite Borel subgroup. Take the
positive roots of (G,T) to be the roots of (B°?,T). Let G, be the
kernel of the Frobenius morphism of G. Let {H'(x)}%m¢/8
= {H(G/B, L(x))}¥™5/8 be the sheaf cohomology modules of the
homogeneous space G/B at the line bundle L(x) induced from a char-
acter x on B.

For each dominant character A, H°(\) has as its socle the irreducible
module M, of highest weight A. The formal character of M, can be
computed in terms of the formal characters of the modules { M, |p # A, p
strongly linked to A}, once the multiplicities [H°(X): M,] of the M, as
composition factors of H°(A) are known. Let X[H°(A)] = {(pn,n) €
X(B) X L. |[H(N): M,]=n}, let X, ={pe€ X(B)|[H'N): M,]+
0}, and let X* = {p € X(B)|[H°p): M,]# 0}. In [7], the authors
defined the W-linkage class WL - A of a character A. They showed that
WL - X is an upper bound for X,, when A is a weight generic in the
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lowest p?-alcove, and conjectured that WL - A = X,. In 1.2, we prove that
conjecture, using a Theorem of J.-c. Ye [9]. In this way, we can tell when
[HO(A): M,] is non-zero, although we are not in a position to give the
value of the multiplicity [H°(X): M,].

Let v be a special vertex (§0). Let W, be the subgroup of the affine
Weyl group that fixes v. W, is canonically isomorphic to the Weyl group
W; let y be the element of W, corresponding to an element w of W. Let
Soc/ M be the jth socle term for a module M. Let A be a weight, generic
in the lowest p2-alcove. The W-linkage class of A, as a bound on X,,
arose in [7] in connection with the bearing that the group of alcove
transition operators {1}, ., has on the supposed structural similarity
between H'™(w - X) and H%(y - N). In fact, the operator I, transforms
X[H'™(w - N)] into X[H°(y-MN)], and X[Soc!(H'™(w - N))] into
X[Soc!(H®(y - \))]. Pursuing the theme of structural similarity fur-
ther, we show in 1.3 that I, transforms X[Soc*(H'™)(w - \))] into
X[Soc?(H(y - N))]. As a corollary, we show that

H'™(G/BG,, L(Soc*(Z,(w - X)))) = Soc2( H'™(w - X)),
where Z,(w - A) is the TG,-module induced from the 7B,-module ikw - A.
In Andersen’s work [3], the question arises of whether the socle series of
Z,(w - ) can be lifted to the socle series for H')(w - A). That Corollary
gives an affirmative answer for j = 2.

Let A be a weight in the box V¥ (see §0). Each weight p has a unique
expression p = p° + pu!, where p® € V»~V? and p! € X(T). In this
paper, we handle extensions only between irreducible modules M, and
M, where p° # \°. (The case u® = \° can be studied separately using the
fact that Exty(Myo, 0, My, x) = Exty(p!, '), for X not on a wall of
the dominant chamber.) In [2], Andersen showed that I, stabilizes
the set m Bxt(A)? = {(p,n) € X(B) X Z_,|p® # X\° and n =
dim Extlc( , M)}, for A generic in the lowest pZ-alcove. In §2, we
study the geometry of the operation of /,, on the set Ext(A\)? = {p e
X(T)|p® #+ A\ and ExtL(M, > My) # 0}. Ext()\)o is contained in the union
of X, and X* The I, -orblts in Ext(A)° fall into three classes: (i) the
orbits that lie in X, (11) the orbits that lie in X?, (iii) the orbits that meet
both X, and X* From each orbit, we pick out an element which is
specially situated relative to v, depending on the class to which the orbit
belongs. From an orbit in the third class, the element is g - A, where 8 is
a simple root and sp. - A is the reflection of A in the B affine hyperplane
which is below A and nearest to A. These considerations lead to the
Theorem in 2.2, which gives an upper bound on Ext(A)° as a union of
certain I, -orbits in X(T).
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In §§2.3 and 2.4, we consider the question of whether spy- A, B
simple, lies in Ext(A). In particular, we show that when A lies in a
translate of the fundamental alcove, Soc*(H°(A))/Soc'(H°(N)) =
eﬂ simple MSB: ) }\

In §3, we show that the alcoves of characters x and A must be
compatibly oriented in order for x to be an element of Ext(A). This gives
a tightening of the upper bound on the set Ext(A)°, given in 2.2. Finally,
in §4, we give a conjectural formula for m Ext(A)° in terms of the second
and [dimG/B — 1]st-socle layers of H°()).

We thank H. H. Andersen for discussing with us his work [3] during
his visit to the University of Washington in the Summer, 1985.

0. Let G be a simple, simply connected algebraic group over an
algebraically closed field of characteristic p. Let B be a Borel subgroup of
G, with maximal torus 7 and character group X(B) = X(T'). Let B°PP be
the Borel subgroup opposite to B, R the set of roots for (G,T), R™ the
set of roots for (B°PP, T'), S the set of simple roots in R*, and p the half
sum of the positive roots. Let R(T') be the root lattice in X(7'), and let
X(T)* be the set of dominant weights relative to R*. W is the Weyl
group of (G, T), s, is the reflection associated to a root y, /(') the length
function on W, and w, the longest word in W. (, ) is a W-invariant inner
product on X(R) ® ; R, and a” = 2a/(a, a) is the coroot of & € R. Let
N = dimG/B = l(w,). G, is the kernel of the Frobenius map on G.

Notation. Much of this notation appears already in [7].
Let 7, be the operator on X(T) which translates each weight by a
fixed weight x.

K(pR(T)) = {T,\ |\ € R(T)} is the root translation group.

K(pX(T)) = {T,\|A € X(T)} is the weight translation group.

W,= W - K(pR(T)) is the affine Weyl group. W - K(pX(T)) aug-

ments W, by the fundamental group of G. w(x) is the ordinary action of
we W, on x € X(T), and w- x is the action w - x = w(x + p) — p.
ww, - x is understood to mean (wyw,) - x, for w;,w, € W,
Let « € R and n € Z. H,,, is the affine hyperplane {x € X(T)
®,R|(a",x + p)=np}. s,,, the reflection operator in H,,,, is an
element of W,

A special vertex v is an element of X(T') of the form Ny ¢ singez Hg nyp-

v is a common point for N hyperplanes, one for each positive root.
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W,={o€ W,|o-v=uv}isthe Weyl group at v. W itself is the Weyl
group at —p, and W and W, are isomorphic via conjugation by 7, ., ,. w
and y denote elements of W and W, which correspond under the
isomorphism. In particular, y, € W, corresponds to w,, and y € W,

corresponds to s..
F,={x€X(T)|ngp < (B, x +p).BES]
is the dominant chamber at v.
F'=y,-F,={x€X(T)|ngp = (B".x +p).BE S}

is the negative dominant chamber at v.

V,={xeX(T)lngp < (B".x+p)<(ng+1)p.pE S|

is the upper box at v.

Vi=yo-V,={x€X(T)|(ng = 1)p < (B".x +p) <ngp.BE S}

is the lower box at v.

V" and V, are two fundamental domains for the operation of K( pX(T))

on X(T). In particular, we may write each weight A as A = A’ + pA!,
where \> € V»~ Ve and N € X(T).

0.1. The extended affine Weyl group W - K( pX(T)) operates on the
set of hyperplanes {H, ,, |y € R',n € Z} and on the set of special
vertices.

Let y € R. The nearest lower y-hyperplane reflection s 4 on X(T) is
defined by s 4 A=y, ,,- A, where np < (Y, A+ p) <(n+1)p. 5,4
operates trivially on the set of special vertices.

Let SL be the monoid of operators on X(7") generated by the set
{s,4«lY € R"}, including the identity. For each p-regular weight A, let
SL - A be the set of weights into which A can be moved by the elements of
SL. Write x T A (x is strongly linked to A) if x € SL - A.

The nearest upper y-hyperplane reflection s* on X(T') is defined by
s} X=s,,, A, where (n — 1)p < (y",X + p) < np. Let SL™' be the
monoid of operators on X(7') generated by the set {sX|y € R"}, includ-
ing the identity x € SL - A and A € SL™! - x are equivalent.

0.2. Extensions. Let M, be the irreducible G-module of highest
(dominant) weight A. Let [M:M,] be the multiplicity of M, as a
composition factor of a module M. Let H'(x) be the ith-cohomology
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module H'(G/B, L(x)) for the line bundle L(x) induced from a char-
acter x on B. For a B-module E, we employ also the notation H'(G/B, E)
for the cohomology module H'(G/B, L(E)).

DEFINITIONS. Let A be a dominant character.
X, = {x € X(T)"|[H'(\): M,] # (0)},
X ={x e X(T)"|[H(x): M,] # (0)}.
X € X, and A € XX are equivalent.
Let Exty(M,, M,) be the group of extension classes of M, by M,.
DEFINITION. Ext(A) = {x € X(T)" |Exty(M,, M,) # (0)}.

x and A are symmetrically related by Ext: x € Ext(A) and A € Ext(x)
are equivalent. See [6], for instance.

DEFINITION. Ext(A)? = {x € Ext(A) | x° # A°}.

Let N be the set of non-negative integers. The following definitions
bring in multiplicities.
DEFINITIONS

mX, = {(x,n) € X(T)"x N|n = [H'(A): M,]},
mX* = {(x,n) € X(T)"x N|n=[H(x): M,]},

mExt(\) = {(x,n) € X(T)"x N|n = dim, Ext,(M,, M,)}.

(x,n) € mX" and (A, n) € mX, are equivalent, as are (x, n) € mExt(A)
and (A, n) € m Ext(x).

DEFINITION. m Ext(A)° = {(x,n) € mExt(A)|x° # A°}.

0.3. For each y € W,, define the alcove transition operator I, on
X(T) by letting I, =T, , , on each box V" I: W, — Perm(X(T)),
y = 1, is a homomorphism of groups, since I, - V* = V?"*. The box V"
is fixed pointwise by the subgroup of operators I, = {I,|y € W,}. That
definition agrees with the definition of the alcove transition operators
given in [7].
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DEFINITIONS
WL-X= () I, -SL-(y-\)isthe W-linkage class of X.
yEW,

WL - A= () y'-SL?-(I,-\)is the inverse W-linkage class of \.
YEW,
x € WL -\ and A € WL™! - x are equivalent.

By [7], for each special vertex v, WL-A =N,y I,-SL-(y-A)
and WL -A=N,cy, y~ - SL™ - (J, - A). In particular, when A € V?,
we have WL'-A= Nyew,y' - SL" -\, a W,yinvariant subset of
weights. '

LEMMA. Let y € W, and let a be a simple root such that I(y,y) = I(y)
+ 1. If x € F*, theny,y - x € SL™" - (y - x).

Proof. We may take v = -p. Since /(sw)=I[(w)+ 1, we have
wl(a) € R*. Hence, sw-x —w:-x=—(a’,w-x+ pla =
~(wHa)",x + p)a >0, when x € F~".

In the same way, if x € F,, then y,y - x € SL - (y - ).

0.4. We take the following facts about infinitesimally induced mod-
ules from [5] and [2]. For A € X(T), let Z,(A) be the TG,-module
induced from the character A on TB,. Z,(A) is isomorphic, as a TG,-mod-
ule, with the BG,-module induced from the character A on B. When we
regard Z,(A) as a BG-module in that way, we denote it by BZ,(A). M, ,
denotes the unique simple submodule of BZ,(A). The composition factors
of BZ,(A) lie in the set {M,, |x € X(T)}. A composition series for
BZ,()) is also a (TG,-) composition series for Z;(A). To see that M, | is
irreducible as a 7G,-module, we have BZ;(A\) = BZ(\°) ® pN, and
M, =M, ® pN. M, is isomorphic, as a BG,-module, with the
G-module M,o, and M,o remains irreducible as a G,-module, since \° €
y(p—Dep,

Let & be the Coxeter number of (G, T'). Let C, be the alcove in V_
which contains —p in its closure.

p

DEFINITION [2]. A = A% + pN is generic if 6(h — 1) < (a”,\) < p —
6(h — 1), forall «a € R™.

The following information may be found in [2], for A generic. Let
p = u® + pp! be a weight.

1. H(w-A)=0for i+ [(w)

2.If[BZ(w-\): M, ,]# 0, then p' € w - C,.
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3.1f pt € w- C, then H'™(G/BG, (M, ,)) = My, -1 .
4. H'™(G/BG,,— ) takes a composition series for BZ,(w - A) to a
G-composition series for H'™)(w - ).

5.[H'™(w - \): M,] =[BZ,(w-\): M, 1, for p € X(T)*.

pO+pw-p

1.

1.1. We require the following material from [2, 3] on connections
between sheaf cohomology (G-) modules and induced modules for infini-
tesimal subgroups of G, established by Cline, Parshall, Scott, Jantzen and
Andersen.

For A and w™'- (A + p#) generic weights, we have the following
equalities, by 0.4.

[HO(}\) M o

i +pu‘]

= [BZ,(N\): M,

0 +pu‘]

= [BZ,(\) ® p8: My 0., ® pl]

po+pp

= [BZ,(A + p8): My 0, 01 0))
= [HI(W)()\ +p0)2 Mpo+pw,—1,(p1+0)]

= [I‘IO(W_1 (}\ + pﬂ)) Muo+pw“1‘(p}+0)]'
In the following proposition, pf is determined by requiring that
wl-(A+pl)=yt-A
PROPOSITION. Let A and y~' - A be generic weights.
(a) [HO(A) My.0+pp,1] = [HO(y—l ) }\) Mu0+pw‘l(p1+0)]'
() I (p0 + pp') = p° + pw™ - (p' + ).
Proof. (a) is proved above.
(b) p® + pp! lies in V7# *(»~D*_Since I - operates on yre+r=De by
TV"‘(pu‘+(p-1)p)—(pul+(p~1)p) = Tv"(pu1+pp>~(pul+pp)’
we have
Lo (p®+ pp) = p + pu' + y7 (ot + po) — (o1’ + pp)
=u® = pp +y 7 (pp' + po).
Beginning with the other side of equation (b), we have
pO+p(w (4 6)) = p®+ w(pp' + p8 + po) = pp.

Hence, the equality (b) is equivalent to

y U ppt + pp) = w(put + pd + pp).
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The last equation is equivalent to

wy™ - (ppt +(p = Dp) = (pp' +(p = 1p) =wy - A =1,
a valid equation since wy~! - A — A is independent of A. In fact, wy~! =

wl, w'T ,_  =T,,,,T,,is a translation operator.

As a corollary of the proposition, we get the alcove transition prop-
erty of [7]. Let 1,, acton X(T) XNbyI, - (x,n)= (1, x,n).

COROLLARY. [, - mX, = mX ,.

The cohomology modules H°(A) and H'®™(wy~' - \) can be devel-
oped in stages, namely,
H°(\) = H°(G/BG,, H(BG,/B, L()))),
and
H'™(wy™t - \) = H'™(G/BG,, H’( BG,/B, L(wy™* - 1))).
In [3], Andersen shows that, for A generic,
H°(G/BG,,Soc’(Z,(\))) = Soc’/( H°(N))
and
H'™(G/BG,,Soc’(Z,(w - X)) € Soc’/( H'™(w - X)).

In those statements, it is understood that Soc’/( Z,())) is the jth TG,-socle
term, which is a BG,;-submodule of BZ,(A), since G, is a normal
subgroup of BG, and since the G,-socle series of Z,(A) coincides with the
TG,-socle series of Z,(A).

1.2. Proof of the W-linkage conjecture. We prove the conjecture of [7],
which states that the set X, of highest weights of composition factors of
H°(\) equals the W-linkage class of A, when A is a generic weight. At the
suggestion of J. E. Humphreys, we use a Theorem of J.-c. Ye [9] which
gives the composition factors of the infinitesimally induced 7'G,-modules
Z,(N).

Let £x={p€ X(T)" |pt(wy-A+pp)}. Let X be a p-regular
weight in V(7= e,

THEOREM [Cor. 3.5 of [9]}. Suppose thatp > 2h — 2.
(N e X(T)|[Z,(N): M, \] #0} = {w-p+pplpES,,we W}.
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Since Z;(X) ® (-pp) = Z,(N — pp), we get the following shifted
version of the theorem, when we add — pp to each weight in the sets of
the Theorem, and replace A — pp by A.

THEOREM. Let A be a p-regular weight in V ~°. Suppose that p > 2h —

(N e X(T)|[Z,(N): My ) #0) = {w-plp€Fip,,,weE W).

PROPOSITION. If A€ V7°, then WL -X={(w:p|p€L,,,,
we W

Proof. #yxipp={nE X(T)" |n1Twy-A}.Since A € V°, WL™" - A
=N,cpw (SL-A). Let p € ¥, ,,,, and let w € W. By the lemma in
03, ww-utw, A for each w € W; hence, At wyww - p. In other
symbols, wow,w - p € SL™" - X and w - p €N, ¢y (wow))™ - (SL' - A) =
WL - X. To get the other inclusion, it will suffice to show that F_ , N
WL XN C & pipprsince WL - X and {w - plp € F,,,,,w € W} are
each W-stable. If x € F.,n WL - \, then At w - x for all w € W, and
wow - x T w, - A. In particular, x Tw, - A.

Let p > 2h — 2.

THEOREM (The W-linkage Theorem). Let N\ be a p-regular generic
weight. The set of highest weights of composition factors of H°(\) equals the
W-linkage class of A.

Proof. Let X{ = (X € X(T)|[Z,(X): M;,]# 0} and X,, = {X €
X(T)|[Z(N): M, y]+ 0}, for any weight A. By the proposition and
theorem above, we have WL™' - A = X}, for p-regular weights A in V'~
hence, by translation by v + p, we have that equality for p-regular weights
A in any box V*. Equivalently, WL - A = X, , for p-regular weights. By
0.4(5), X, = X, = WL -\, for A generic.

DEFINITION. Let A be a generic weight. X} is the set of generic
weights in X2,

THEOREM. (The inverse W-linkage Theorem.) Let N\ be a p-regular
generic weight. If all the weights in WL™' - X are generic, then X;‘ =
WL -\

Proof. If p € X}, then A € X, = WL - p, by the W-linkage Theorem.
Hence, p € WL - \. Using the hypothesis, the argument may be reversed
to give the reverse containment.
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1.3. Extensions, the second socle level, and alcove transition. For M a
G-module, set X[M]= {(x,n) € X(T)*X N|n =[M: M,]}. In particu-
lar, X[H°(A\)] = mX,. We will show that alcove transition stabilizes the
set m Ext(A)?, and preserves the second socle level, i.e.,

I, - X[Soc?(H(A))] = X[Soc(H™ (wy~t - X))].
By [7], I, - X[Soc'(H°(A))] = X[Soc'(H'™(wy~"' - A))].

Define the usual ordering on the set of functions from X(T)* to N
by: {(x,n,) € X(T)"X N} < {(x,m,) € X(T)"X N} if n, <m,, for
each x € X(T)". In the following proposition, we express a part of
Andersen’s results [3], quoted in 1.1, in terms of alcove transition.

PROPOSITION. Let A and y~' - A be generic weights. Forj > 1,
I, - X[Soc/(HO(N))] < X[Soc/( H'™ (wy~* - A))].

Proof. Set p6 = wy™ - A — A. We have
[Socf(HO()\)): My, ] = [Soc/(Z,(N)): My o, 0]
= [Socf(Zl()\ + pb)): Ml,”oﬂ,(nlw)]
< [Socf(H"w)(}\ + pb)): M“0+pw-l,(“1+o)].

1

Since I, - (p° + pp') = p® + pw™" - (' + 8), the proof is complete.

LEMMA. Let M be a module with irreducible socle M,. If M/M, =
@ M,, where x # A, then dim, Exto(M,, My) = m.

Proof. The exactness of the sequence
0 - Homy(M,, M,) - Hom(M,, M) - Hom (M, M/M,)

- Extg(M,, M,)

and the hypothesis that Hom ;( M, , M) = (0) imply the statement.
The following Theorem of Andersen’s [2, Th. 3.6] shows that exten-
sion multiplicity is constant on alcove transition orbits.

THEOREM 1 [2]. Let A be a generic weight in V°. For eachy € W,
I,-m Ext(A)° = mExt(A)°,

REMARKS 1. To reconcile the notation in Theorem 1 with the notation
of [2, 3.6], one may use the formula

I, (0 +p (N + p)) = p® + p"(N + w(p)),

relative to the vertex v = p"\' + (p” — 1)p. Here, I, = I,
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2. It is instructive to see how the Theorem follows from the previous
proposition, given sufficient genericity assumptions. Let (8, n;) be an
element of m Ext(A)°, where n; may be zero. Assume that all the weights
in W, - I, - & are generic. To prove the Theorem, we show that ny = n,,
for each p € I, - 8. Let x be an element of ,, - & which maximizes the
extension multiplicity relative to A, i.e.,

n, = max{n,‘]p €I, -9,(p,n,)€E mExt()x)O}.
Let ye W,
(i) If x < A, then (x, n,) € X[Soc*(H°(A))], by [4]. Hence,
Iy '(X’nx) = (Iv ) X’nx) € I_v ’ X[Socz(HO()\))]

< X[Socz(H’(W"I)(w‘ly . K))],

by the proposition above. Since M, is the socle of H/® (w=ly - \), the
lemma above implies that the extension multiplicity n, ., of I, - x relative
to A is at least n_ . By the maximality of n,, we have n, = n, ..

(i) If x > A, then (X, n,) € X[Soc’*(H (x))]. Hence, for A € V", we
have

()\’ nx) = I,v '(A’nx) €1,- X{SOCZ(HO(X))]

< X[SOCZ(H’(WJ)(w'ly . x))],
by the genericity assumptions. Since Soc!( H'™ (w™ -y - x)) = M, _, it
follows that n, < n, ,asin (i). Hence, n, = n,
The following is a Corollary to [2, Th. 3.6].

v X7

v X"

CorOLLARY. If A =M+ pN satisfies 8(h— 1)< (a’,N)<p —
8(h — 1) for all « € R™, then all the weights in Ext(\)° are generic.

Proof. Let § be an element of Ext(A)°. If we write

8 =p®+p(N + w(h)),
for some u € X(T)"*, then we have |(a”, p')| < 2(h — 1), by Lemma 3.5
and Theorem 3.6 of [2). Hence, 6(h — 1) < (a”, N + p}) <p — 6(h — 1).
We have the following conjecture on the transformation properties of
alcove transition. Let y € W,.

Conjecture. If x and y - x are generic weights, then 1, -
X[Soc/(H'™(w - x))] = X[Soc/(H(y - x))]-
The conjecture is valid for the second socle term.
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THEOREM 2. If X and y' - \ are generic weights, where X\ € V", then

I, - X[Soc?(HO(A))] = X[Soc®(H'™ (wy™ - \))].

The statements of two corollaries precede the proof. Let M be a
G-module. Let M N mExt(A) denote the set {(x,n,) € mExt(A)]
[M: M ]+ 0}, ie., the highest weights x of the composition factors of M,
paired with the integer n, = dim, Exty(M,, M,). The socle of
H™(wy1 - X)is M,, since y~' - A is a generic weight (see [2] and [7]).
Let Soc, = Soc?/Soc'.

We use implicitly in the arguments below the fact that Ext(A) N SL -
A=Ext(A)°NSL-A, for A\ p-regular. To see that fact, we have
Exto(Myo, 0, My, ,n) = Exto(M,, My) whenever x°=X" and X is
not on a wall of the dominant chamber [10]. Since X' € C,, we conclude
that if Exty(M,,, My) # 0, then x' > A, by linkage. Hence x° + px' >
A% + pAL

COROLLARY 1.
H'®(wy™ - A) N mExt(A) = X [Soc,(H'™ (wy™ - X))].

Consequently, Soc*( H'™(wy~" - X)) realizes all extensions of M, by
M,, whenever M, is a composition factor of H'™(wy~" - X).

COROLLARY 2.
H"W)(G/BGl,Socz(Zl(wy‘1 . A))) = Soc?(H'™(wy~ - X)).

Proof of the Theorem. Let (x, m,) € X[Soc,(H'™(wy~" - X))] and let
(1, x, m;.,) € X[Soc,(H°(\))]. We need to show that m = m, . . By
1.3, proposition, m; ., < m,. m, ., 1s also equal to dim, Extl(;(Mx,'M,y_X)
[4], and m,, is less than or equal to dim,Exty(M,, M,). Hence, by
Theorem 1, m,<my ..

Proof of Corollary 1. I - transforms the equality H°(X\) N m Ext())
= X[Soc,( H°()\))] into the equality of the Corollary.

Proof of Corollary 2. Since H'(G/BG,, Soc*(Z,(wy~'-N))) C
Soc?(H'™(wy~! - X)) by 1.1, it suffices to show that the two modules
have the same number of composition factors. Let n(M) be the length of
a composition series for a module M.
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Since A and wy™' - A\ are translates of each other, we have, using
0.4(4),

n(H'™(G/BG,,Soc*(Z,(wy™ - )))) = n(Soc*(Z,(wy~* - 1)))

= n(S°C2(Z1(>\)))
By 1.1 and the Theorem,
n(H°(G/BGy,Soc*(Z,(N)))) = n(Soc?(H(A)))

n(HO(G/BGp SOCZ(Zl(}\))))'

= n(Soc?( H'™(wy - 1))).

2. Estimates for Ext(A)°. Throughout this section, all the weights
considered are p-regular.

2.1. We begin with two lemmas on the geometry of the orbits for the
operation of the alcove transition group on X(7'). In the first lemma, we
show that each orbit for I, operating on the space of p-regular weights
contains unique maximal and minimal weights relative to the strong
linkage ordering 1.

Let v be the special vertex Mg smpez g, and let v, =
Ng e s.ng ez Hp(n,-1),- Let the orbit of a weight x be denoted by I - x.

LEMMA 1. There are unique elements § and 8’ in I-x such that
I-xCcSL-8and I-x c SL!- 8. Furthermore, 8 and 8’ are the only
elements of I - x lying in F, and F*, respectively.

Proof. 1t is evident that there can be no more than one such element §
and one such element 8. Let 0 be the vertex such that x € V7, and let y
be an element of W, such that y-v € F,. We claim that § = I, -x
satisfies SL - § D I - x. In fact, we show that if /(y,y) = I(y) + 1, then
I,1,-8<SL-(I,-38).Bythelemmain 0.3 for F, if I(y,y) =I(y) +1
and p € F,, then y,y-p€SL-(y-p). Since § =1;-x € V"’ and I, -
de V¥ wehave I 1, -8=1,-8+y,yy-0—yy- 0, where y,yy -0 —
yy - =mpa >0, by that lemma for p =y - 0. Hence, I,I -6 € SL -
(1, - ).

To complete the proof of the lemma as far as it concerns 8§, we show
that F, N1-x={8}. Let np < (B”,8 +p)<(n+1)p. By [7, 42],
d— I, - & =(n+1-ng)pB.Since I, - 6 eSL-4 wehaven > ng — 1,
ie. §€ F, . Let & be any element of F, N/-x and let v" be
the vertex such that 8§ € VY. We have (B”,8 + p) > (nz; — 1)p, and
(B”,v" + p) = ngp and v’ € F,. A repetition of the argument given in the
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first part of the proof, with & replaced by § and ¥ - & by v’, shows that
I-x C SL - 8. Hence, § =8.

The facts about 8’ are proved in the same way as those for §, where
F? replaces F, in the arguments.

In the second lemma, we show that I, -orbits which lie totally within
SL - A also lie totally within WL - A. Let A bea p-regular weight in V°,

LemMA 2. (@) Ny ey, I, - (WL -N) =N,y I, - (SL- ).
O N, ey L, - (WL -A) SNy 1, - (SLT- ).

Proof. The left to right containments are evident. We prove the other
containment in (a). Since A € V'’ C F¥, we have SL- A C SL-(y!- )
for y € W,, by the lemma in 0.3. Hence

N I,-(SL-A)c N [V-SL-(y'l-}\)= WL -\,

YEW, YEW,
and
N IV-(SL-}\)C N I_V-(WL-}\).

YeWw, yEW,

2.2. Let A = X% + pX' be an element of V'’ satisfying the condition
8(h — 1) < («’,N') < p — 8(h — 1), for all @ € R*. The operation of I,
on X(T) stabilizes Ext(A)° (1.3, Theorem 1), and the I, -orbits in Ext(A)
may be divided into three types,

(1) the orbits within WL - A

(i1) the orbits within WL™! - A

(iii) the orbits which meet both WL - A and WL - A.
In fact, Ext(A)° c X, U X g", by [4] and the Corollary to Theorem 1 of 1.3;
and X, U X g" C WL -\ U WL™ - A, by the W-linkage Theorem.

PROPOSITION 1. Let A € V" and let x be a weight other than \. If the
orbit I, - x liesin WL - XU WL - X and it intersects both WL - \ and
WL - X, then it equals I, - sy - N, for some B € S.

Proof. Let x be an element of the orbit. By the hypothesis, the orbit
contains some element 8§ such that § € WL™' - X and I w0 € WL-A,
for some B € S. We will show that I <8 = spe - A

First, we show that I, - 8§ = 54, - }\ for some j > 1. Since I, - 6 € SL
-A,and A € SL! - §, wehave0<)\—l =81, 8)+(>\—8)
= mpB — X, cr-a,y, wherem € Zand a, > 0. Hence, a, = 0, for y # B.
Since IB 8 SL-A and I -6 =A— mpﬁ + agB, we conclude that

- 8 = sy - A for some j > 1
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The stability of WL - A under W,(0.3) implies that y, - § € WL™" -
A.Since yg - 8 =yp - I, - sfs - X =yisgsge A = 543" - A, j must equal 1.
Denote I, - x by I - x.

PROPOSITION 2. Let A be a weight in V".

(a)nyew » - WL- A= UBeF AsLad - 8.

(b)ﬂvewlv WL— ACUBGF"OSL" AI 8.

Proof. By Lemma 2 of 2.1, it will suffice to show thatN ., I, - SL -
A=Uscr asal-8andN o I, - SLV A =Uscpnsiaal- 8

(i) Let 6 € F, NSL-A.ByLemmalof2l, /-6 CSL-8§CSL-
A; hence, I -8 C N EWI SL - A.

(i) Let x € ﬂ yew I, - SL - A Since I - x C SL - A, the element § in
the orbit, produced in Lemma 1 of 2.1, lies in F, N SL - A. The proof of
the second equality is similar.

As a consequence of Propositions 1 and 2, we have the following
upper bound on Ext(A)°.

THEOREM. Let A be a weight in V' satisfying the condition 8(h — 1) <
(a®, Ny < p — 8(h — 1), for all « € R*. Ext(X)° is contained in the union
of the I, -orbits of the sets (i) {sgs-A|B € S}, (i) F, N SL-A, (iii)
Fon SLt- A

Here, the orbits of the elements of F, NSL- A liein WL - X and those
of F* N SL™ - X liein WL - A.

Exampres 1. For groups of type 4, and B,, (F,_ N SL-A)U
(F' N SL™! - A) = V. Since [ w, operates trivially on V*, we have that
Ext(A)° € VP UUgeg Iy, - spe - A

2. For the group of type G,, (F, N SL-A)U(F"NSL™"-A) can
exceed V. If A € V" lies in the alcove which contains the special vertex
v_, in its closure, then F’ N SL™' - A contains four weights outside V.
Two of those weights belong to Ext(A)% If A € V” lies in the alcove
which contains v in its closure, then F, N SL - A contains four weights
outside V'*. Again, two of those weights belong to Ext(A)°. This shows the
added complexity of the alcove geometry of G, over that of 4, and B,
for the study of extensions.

2.3. The first proposition below gives grounds for believing that
sgx - A € Ext(A), for B € S. See 2.4 as well.

Let A be a generic weight. M, , is the socle of H'™)(w - A) and
[H'®)(w - N): M, ,]=1.See[7] and [2].
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LEMMA. H°(X) has exactly N + 1 socle levels < M 1..x has socle level
(w)+ 1in HY(XN) forallw € W.

Proof. The number of socle levels of H°(\) equals the socle level of
its top factor M oy A That gives the right to left implication. Now suppose
that M Jug A is at the /( wy) + 1 socle level. To show that M, , is at the
I(w) + 1- “socle level, it suffices to show that the level of M N exceeds
that of M, .,, whenever l(sﬁ w) = [l(w) + 1.

M,  (resp. M, ) is the top factor of H'C*")(wuw - A) (resp.
H'C0) (wysg - w - }\)§ [7]. There is the part of the loop from [7]:

H'0) (wow - A) — Hl(wosg'w)(wosﬁw . }\) - - > H(A).

Let ¢ be the (non-zero) composite of those mappings and let ¢ be the
composite of the mappings between H'C0%")(wsew - X) and HO(X).
Since ¢ # 0, M, ., and M, , are both factors of Im(¢), where M BEN
the top factor of Im(¢g). That completes the proof.

PrOPOSITION 1. If H°(A) has exactly N + 1 socle levels, then

Proof. Since M, .\ =M 1, A has multiplicity one in H°(\), we need
only show that spy - }\ S Ext()\) By the lemma, M s\ has socle level 2 in
0
HE(X).

PROPOSITION 2. sgy - A € Ext(A) <  the non-zero mapping :
HY~Y(wysg - N) = H°(N) has only the two factors M, and M, . in its
image.

Proof. The implication from right to left is evident. For the other
implication, since M, _, is the top factor of H Nl wysg - N), it is the top
factor of Im . By the hypothesis, M, ., is a factor of Soc*( H°(X)), and
so a factor of Soc*(Im(y)).

ExampLE. For groups of type A, and B,, the image of { has just the
two factors M, and MSB*, »» by a computation in [7]; hence, szq - A €
Ext(A). Taking Example 1 of 2.2 into account, in order to settle the
extension picture for 4, and B,, one need only find V" N Ext(A).

24. Let A be a weight in V" satisfying the condition 8(4 — 1) <
(a",N) <p—8(h—1), for all « € R*. Let C, be the alcove in V"
which has v_, in its closure. For 8 € §, we show that sz. - A € Ext(X)
when A € C, .
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Let
v = n Hoz.n“p’
aES
vo= (N Hy(, 1, and
a€S
[
v _Hﬂ,(nﬂ‘l)pm n Ha,na_p’
ae
aF

for some fixed 8 € S.

LEMMA. If A € C, , thensgy - A € V.

Proof. We may assume that v_, = —p. In that case, v = (p — 1)p =
NyesH,y o Sgx-A=55- A, and 0 < (y",A + p) <p, for each y € R™.
Since sg(@) € R* when @ € S and a # B, we have that (a”,55- N + p)
= (sg(@)”, A + p) lies between 0 and p. (B, s5- A + p) = (s55(B)", A +
p) = —(B”, A + p) lies between —p and 0.

PrROPOSITION 1. If A € C,, then Ext(A\) N'SL - A C {554 A|B €
S}.

Proof. By the Theorem of 2.2, it suffices to show that /;, N SL - A =
{A} (a one element orbit) and that

SL-ANTysp4 - A= {sﬁ*-}\}.

The first of the two equalities is evident. To get the second equality, we
have that 1,554 - A © SL™' - (sg4 - A), by Lemma 1 of 2.1, since sgy - A
€ V" C F. Since SL - A N SL™" - (554 - A) = {A, 55+ - A} and since { A}
is a one element orbit, we have SL - A N 1}, - 554 - A = {554 - A

PROPOSITION 2. If A€ C,, then Soc*(H°(M))/Soc'(H°(N)) =

BesMSﬂH\'

@

Proof. Since each M, has multiplicity one in H°()\), Proposition 1

implies that
Soc?(H°(N))/Soc! (HO(N)) = @ M, .,
Bes,

for some subset S, of S. For each § € S, consider a non-zero intertwining
@ H'(N) — H°(spy - M[1]. Since M, is a composition factor and M, .\
is not a composition factor of Ker ¢, M, s Ker g, has zero second socle
level, ie., NgcsKergg = M, = Soc'(H°(M)). By [6], for instance, we
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conclude that

Soc/(H°(N)) = N (p,}lsocf'l(HO(sB* . }\)), for j > 1.
Bes

By that equality for j =2, we only need to show that M, ., is a
composition factor of ﬂBGSq),}‘(M%*,A), for each « € S, in order to
complete the proof. Since M, ., is a composition factor of H O%(N\) of
multiplicity one, M, is a composition factor of the intersection if and
only if itis a composmon factor of each term (p,,l(M ) If B = a, that is
so. If B # a, then M, , is not a composition factor of H° (spx * A), since

NED N S PR ¥ hence M, ., is a composition factor of Ker ;.

3. The lower wall restriction on extensions.

3.1. Let A, be the alcove which contains a p-regular weight x. Let y
be a positive root. The following results are based on [6].

DEFINITION. Suppose that the affine hyperplane H_ ,  contains a face
fof A,. fisa lower faceif (v", x + p) > np.

Let [f]=W,- f be the orbit of f under W,. Let # be the set of
W, -orbits of faces # has Card(S) + 1 elements. Followmg the terminol-
ogy of [8], let

L(x)={[f1€F|[f] nA,isalower face of 4, }.

Call two alcoves adjacent if they share a face.
Suppose that p-regular weights x and A are not in adjacent alcoves.

PROPOSITION. If x € Ext(A) and x < A, then L(\) C L(x).

Proof. Suppose that H_ ,, contains a lower face f of 4,. Take the
non-zero intertwine ¢ from H°(\) to H O(Sy* - A) [1]. The proposition of
[6, §2] and the annihilation property of the translation functor (cited in [6,
§2]) imply that if M, is a composition factor of Ker g, then [ f] € £ (x).
It only remains to show that M, is a composition factor of Ker¢. Since
A, and A are not adjacent, M # M, . Since M, is a composition
factor of Socz(H 0()\)) and since (p(SOCz(H O()\))) is contained in
Soc'(H(s,x - X)) = M, __,, M, must be a composition factor of Ker .

The proposition, together w1th the Theorem of 2.2, gives the following
estimate for Ext(A)°.
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Ext(A)? is contained in the union of the 1 w,-orbits of the sets

(i) {sps-AIBE S},

(ii) {x €SL-AUSL™'-A|4, and 4, are adjacent},
(iii) {(x € FPNnSL- AN Z(x) c£(N)},

(iv) {x€F,_nSL-\Z()c2(x)].

3.2. A conjectural bound for Ext(\)°. Let d(A, x) count the number of
hyperplanes dividing x from A, where a hyperplane is counted +1 if x is
on the positive side (i.e., x is on the positive side of H, ,,, vy € R™, if
(v”,x + p) > np), and is counted -1 if x is on the negative side [8]. With
the work in [3] on Lusztig’s conjective in mind, we add a conjectural
restriction for x to be an element of Ext(A)°, namely, when x € Ext())°,
d(A, x)is odd.

Conjectural bound on Ext(\)°.

Ext(A)? is contained in the union of the orbits of the sets (i)—(iv) in
3.1, where (iil) and (iv) are restricted further by the requirement that
d(A, x) be odd.

For groups of rank 2, Ext(A)° equals the conjectured bound (A
generic). For groups of rank > 2, we have no information about whether
Ext(A)? equals the conjectured bound.

4. Further conjectures for m Ext(\)°.

4.1. Let Soc, = Soc?/Soc'. Let A be a p-regular weight in V¥ and let
Yo be the longest word in W,. Assume that A and y,-A are generic
weights.

DEFINITIONS.
mExt*(X)’ = {(x,n) € mExt(A)’|x € SL" - A},
mExt™(A)° = {(x,n) € mExt(A\)’|x € SL - A}.
m Ext ~(A)° coincides with X[Soc,( H°(M))].
Duality conjecture. y, - m Ext(A)® = m Ext(y, - A)°.
PROPOSITION. If the duality conjecture is valid, then

mExt(A)’ = X[Soc,(H°(A))] U y, - X[Socz(HO(y0 . }\))]
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Proof. We have
mExt(A)° = mExt™(A)° U mExt*(A)°
= mExt™(A)° U y, - mExt~(y, - A)° (using the hypothesis),
= X[Soc,(H°(M))] Uy, - X[Soc,(H (3, N))]-

We note that y, carries the bound for Ext(A)°, given in 3.1, into the
bound for Ext(y, - A)°. That follows from the formulas (i)—(iii) below. Let
v=N,esH,,, and v,; =NycsH,(, +1),- Let y, be the element of
W, corresponding to the element y of W,.

D yo- Iy -x= IWD+1 “ Yo - X; more precisely, yo - I, - x =1, ) °
Yo X-

(i) yo-(F_ NSL-A)=F"1nN SL™-A; - (FPNSLt-A) =
F,NnSL-A.

(ili) yo . SB* . A = I(y—wo(ﬂ))‘(’. s‘WO(B)f.: yO . >\.

() may be verified at y = y,. For (iii), we have oSz - A =5, (51 " Yo
A= sikwo(,g) Yo >\1 and I(y-wo(ﬁ))"'s—wo(ﬁ)* X = S:kwo.(ﬂ') * X for X € Vv,
Since y, - A € V°+t when A € V’, the formula is verified.

4.2. We give a conjectural formula for m Ext(A)° in terms of the
second and N'th socle levels of Ho(\).

We will say that the radical and socle series for H(A) coincide if
Soc/(HO(A)) = RadV "1 /(H°(A)) for j=1,...,N + 1. If M is a mod-
ule, let M" be the transposed dual module (see [6], for instance). If M is
a submodule of M, let M* = { fe M"|f(M,) = 0}.

PROPOSITION. If the duality conjecture for m Ext(\)° is valid and if the

radical and.socle series for H°(\) coincide, then
mExt(X)" = X[Soc,(H*(A))] UJ;t - X[Socy (HO(N))].
Proof. In general,
HO(N)" = H¥(w, - )
and
[Rad/( HO(A))] " = Soc/( HY(w, - A)).
By the second hypothesis,
Rad/( H°(\)) = SocV*1~/( H°(N)).

Hence,

Soc'( HM(w, - X)) = SocM(HO(N)) ™,
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and
Soc2( HM(w, - A)) = Soc™ Y(H°(\)) ™.
Taking quotients, we have
Soc, ( HM(wy - X)) = Soc¥ "1 (H°(A))" /Soc™(HO(A))*
= [Soc™(HO(N))/Soc¥ " H(HO(A))]" = Socy(H(N))".
Hence, by the proposition in 4.1, it will suffice to show that
o X[Soes(HO(3o - V)] = It - X[Soes ((w, - M),

since tr leaves semisimple modules unaltered. Since J,, - y, = 1, the last
equality is just the property of alcove transition.

REMARK. Let y; be the longest word in W,. On V¥, J' may be
computed by: J-' = y/.
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