PACIFIC JOURNAL OF MATHEMATICS
Vol. 136, No. 1, 1989

THE NONCOMMUTATIVE TOPOLOGY
OF ONE-DIMENSIONAL SPACES

TERRY A. LORING

If X and Y are compact topological spaces, the unital star-homo-
morphisms from C(X) to C(Y) satisfy certain homotopy properties
when X is an absolute neighborhood retract. We show that two of
these properties still hold when C(Y') is replaced by a “noncommuta-
tive space”, i.e. an arbitrary unital C*-algebra, but only under the ad-
ditional assumption that X is one-dimensional. Specifically, we show
that C(X) is semiprojective and that two unital star-homomorphisms
from C(X) to a C*-algebra 4 are homotopic whenever they are close.

Introduction. In topological shape theory, a space P with bad lo-
cal properties is realized as an inverse limit of absolute neighborhood
retracts (ANR’s). The reason for using ANR’s is that continuous func-
tions to ANR’s have two nice homotopy properties. Let X be a com-
pact ANR. Two continuous functions from a space Y to X are homo-
topic whenever they are close in an appropriate sense [5, 1.5.3]. This
rigidity result is used to show that a function from an inverse limit of
spaces to X can be deformed to factor through one of those spaces [5,
1.3.2]. From this follows the fact, essential to shape theory, that two
inverse systems of ANR’s which both have limit P are equivalent in
an appropriate way. Therefore, one may define the shape of P as the
equivalence class of these systems, and use a representative system to
study the global properties of P.

The Gelfand transformation translates the above into homotopy
results about either two homomorphisms from C(X) to 4 or a ho-
momorphism from C(X) to an inductive limit lim 4,, where 4 and
A, are commutative unital C*-algebras. Our main results, Theorems
A and B below, show that these homotopy results still hold when X
is one-dimensional and the commutivity assumption on 4 and 4, is
dropped. The requirement that X be one-dimensional is necessary for
Theorem A to hold in general. In [4], it was shown that Theorem A
fails for the two-torus.

The question of whether Theorem B holds for the two-torus is equiv-
alent to the following open problem. Roughly, it asks whether close
commuting unitary pairs can be connected.
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Question. Does there exist ¢ > 0 such that, for any C*-algebra 4
and unitaries Uy, U;, Vj, V; € 4 satisfying

UgVo=VoUy, U Vi=ViUy, |[Up=Uil<e |Vo-Vil<e,

there exist continuous unitary paths U;, V; in A from U, to U; and
Vo to V; satisfying

U[V[:-’ I/tUt for alltG[O,l]

Unless otherwise stated, all C*-algebras shall be unital, and all ho-
momorphisms shall be unital star-homomorphisms.

THEOREM A. Let X be a one-dimensional finite CW-complex, B =
l_ixl}B,, an inductive limit of a sequence of C*-algebras with not neces-
sarily injective connecting maps, and ¢ : C(X) — B a homomorphism.
Then there exists N and a homomorphism 9: C(X) — By such that
the diagram
By

l
B

v/
C(X) p

commutes up to homotopy.

THEOREM B. Let X be a one-dimensional finite CW-complex. There
existse >0and fi,..., fr € C(X) such that whenever ¢, y: C(X) — B
are two homomorphisms, from C(X) to a C*-algebra B, such that

le(fi) —w(fil <e, i=1,..., k,

then ¢ and y are homotopic.

Effros and Kaminker [2] introduced the notion of a semiprojective
C*-algebra. A semiprojective C*-algebra retains, in the noncommu-
tative setting, enough of the properties of the algebra of continuous
functions on an ANR to be used in a workable shape theory for C*-
algebras. Theorem A implies that, for X one-dimensional, C(X) is
semiprojective. In fact, the homotopy lifting property in Theorem A,
when restricted to injective inductive limits li_x)nB,,, is equivalent to
semiprojectivity ([2, 3.2]).

Semiprojectivity is a noncommutative analog of being homotopi-
cally dominated by an ANR. Blackadar [1] introduced a property for
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C*-algebras which is a noncommutative analog of a space being an
ANR. He called this property semiprojectivity, but since both this
and Effros and Kaminker’s semiprojectivity are useful, we will call
a C*-algebra with Blackadar’s property a noncommutative ANR. It
is unknown whether C(X) is a noncommutative ANR for X one-
dimensional.

The homotopy lifting property, stated in Theorem A for C(X),
defines a class of C*-algebras lying between the semiprojective C*-
algebras and the noncommutative ANR’s. There is a nice characteri-
zation, in the finitely presented case, that a C*-algebra will belong to
this class if and only if it is defined by relations that are stable in the
sense of the conclusions of Lemma 4.3, excluding (iii) and (v), (cf.
notation 3.3). While a shape theory based on this class of C*-algebras
could be developed, it is not clear, at least at present, what advantages
it would have over the two existing shape theories.

It may not be clear why Theorem B is related to the rigidity property
for maps to ANR’s. This property is related to the concept of #-
closeness, which we now consider. Let X and Y be compact spaces
and let ¢, ¢: C(X) — C(Y) be defined by functions A, h,: ¥ — X.
If % is a finite open cover, then A; and A, are said to be Z-close if,
for each y € Y, there exists U € Z such that h;(y) € U fori = 1,2.
Given ¢ > 0, f1,..., fy € C(X), there is a finite open cover % such
that A, and A, Z-close implies that

loi(fi) —e2(fi)ll <&, i=1,... .k

A converse also holds. If X is a compact ANR, then it is a theo-
rem ([5, 1.3.2]) that there is a finite open cover % such that func-
tions to X which are Z-close are homotopic. Theorem B is precisely
this statement, in the noncommutative setting, restricted to the one-
dimensional case.

The remaining sections are organized as follows. Detailed, elemen-
tary proofs of our main results are given in §2 for the simplest non-
trivial case, i.e., the circle. These are intended to illustrate our gen-
eral techniques involving generators and relations. A connected, one-
dimensional space is homotopic to a bouquet of circles S! v --- v 51,
§3 describes the C*-algebra C(S!v---vS!) in terms of generators and
relations, and through a series of reductions shows that Theorems A
and B follow from a lemma on the stability of these relations. The
proof of this lemma, which contains the real work of this paper, is the
content of §4.
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2. A very special case. The key to proving Theorems A and B is
Lemma 4.3. For X = S!, Lemma 4.3 is vacuous. We shall prove
Theorems A and B in this special case using some easy facts about the
polar decomposition. There is nothing new or difficult in this section,
but it serves to illustrate our approach for the more general case of
X=S8lv...vSL

If X is an element of a C*-algebra A4, and if

IX*X-1||<1 and |XX*-1]<1,

then define P(X) = X(X*X)~!/2. The following properties of P(X)
are obvious:

(2.1) P(X) is a unitary in 4,
(2.2) P isnatural. Le., if p: A — B then P(¢(X)) = o(P(X)).
(2.3) f X*X =XX*=1then P(X)=X

Defining a homomorphism ¢: C(S') — B is equivalent to specify-
ing a unitary U € B as the image of e2**, where e2"X is the generating
unitary of C(S!). If B = lim B, then lifting ¢ is equivalent to lifting
U to a unitary V € By. By (2.1)-(2.3) it suffices to lift U to X € By
with || X*X — 1|| and || XX* — 1|| small. More generally, we shall be in-
terested in finding approximate lifts of operators satisfying relations
to operators approximately satisfying those relations.

LEMMA 2.1. Suppose Ty,...,T, are elements of B = lim By, and
D1, ..., Dy are star-polynomials such that
pi(Ty,...,T,) =0, i=1,...,k

Leto,: B, — B and 6, ,: B, — B, denote the canonical maps defined
by the connecting homomorphisms. For all ¢ > O there exists N and
S1,..., Sy € By such that

lon(S:) — Ti|l < e, i=1,...,r

and
Ipi(Si,....S)|l<e, i=1,....k
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ceey

the equality
lon(X)ll = lim_ (o ()l

for X € B,,. ]

We now prove Theorem A for X the circle. Suppose ¢: C(S!) — B
and B = l_igaB,, with 6,: B, — B the canonical maps. Let U =

¢(e?"*). By Lemma 2.1, there exist N and X € By such that
IX*X -1 <1, [XX*—1f<I

and
lyiyve—1 <1, |lyyf-1l<1, 0<t<1,

where y; = toy(X) + (1 - ¢)U.

Let V = P(X), W, = P(y;). Property (2.1) shows that sending
e?™iX 1o V (respectively W;) defines a homomorphism @: C(S!) — By
(respectively ¢,: C(S') — B). Property (2.2) shows that oy (V) = W},
hence oy 0@ = ¢y, and (2.3) shows W = U, hence ¢¢ = 9. Therefore
@ is a lift of ¢ up to homotopy.

For X = S!, Theorem B is true with ¢ = 2 and f = 2" This is
because, given ¢g, ¢;: C(S') — A, the path of unitaries

P(tgo(*™) + (1~ )1 (7))

defines a path of homomorphisms from ¢ to ¢; whenever ||¢; (e¥mix)—
p2(e* )| < 2.

3. The proofs. Our plan of attack is first to show that it suffices to
prove Theorems A and B in the case X = S! v---Vv S1, a bouquet
of circles. We will describe the algebra C(S! v ---v S!) in terms of
generators and relations. Lemma 4.3 describes a construction which
perturbs operators which almost satisfy these relations so that they
satisfy them exactly. With this construction we prove our results for
X=S8'v...vSL

Every one-dimensional finite CW-complex is homotopy-equivalent
to the disjoint union of a finite number of finite bouquets of circles.
The reduction to the case X = S'v---vS! therefore follows from the
next two propositions.
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PROPOSITION 3.1. If Theorem A (respectively B) holds for X, and if
Y is homotopically dominated by X, then Theorem A (respectively B)
holds for Y.

Proof. For Theorem A, the proof is exactly as for [2, 3.4].

Suppose a: C(X) —» C(Y), p: C(Y) - C(X) and ao f ~ 1. Sup-
pose also that the conclusion of Theorem B holds for ¢ > 0 and
fi,-- . [r €C(X). If 91, p,: C(Y) — B satisfy the condition

loi(a(fi) — p2(a(fi)ll <&, i=1,....k

then ¢ o a ~ ¢, o o hence

@1~ @ioaof ~@yoaof ~ ¢,

which shows that the conclusions of Theorem B also hold for ¢ and

a(fi), ..., a(fi) € C(Y).

PrOPOSITION 3.2. If Theorem A (respectively B) holds for X, and X,
then Theorem A (respectively B) holds for their disjoint union X, U X,.

Proof. For Theorem A, the proof of this proposition is similar to
that of [2, 3.6] and is omitted.

We identify C(X;)®C(X,) with C(X,UX,) and C(X;) with C(X;)®
0 or 0® C(X;). Choose ¢ > 0, f},...,f € C(X;) such that the
conclusion of Theorem B holds for &;, {f}...., f;.}. Without loss of
generality, assume that ¢) = &, = ¢, n; = n, = n and || fji | <1. We
shall show that Theorem B holds for X; U X, with ¢, and

{190,001} U{f/li=1,2,j=1,...,n}

where &g is chosen below.

Lemma 1.8 of [3] implies that there exists 6 > O such that, given
two pairs of orthogonal projections {E;, E,}, {F, F,} in a C*-algebra
A, if |E; — Fi|| < d, i = 1,2, then there exists a unitary U € A4 such
that

|U - 1|| < min{e/3, 1}
and
UE;U* = F;, i=1,2
We let &g = min{J, ¢/3}.
Assume that
p.v: C(X)eC(X2)— B
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are given, and let p; = ¢(100), p, = 900 1), ¢4 = y(1 & 0),
¢ = w (0@ 1). Assume further that

lo(fH-wfll<eo, i=1,2j=1,...,n,

lpi—aill <&, i=12
Because ¢y < d, there exists a unitary U € B with
|U - 1|| < min{e/3,1}
and
Uq;U* = p;, i=1,2.

Since ||U — 1]| < 1, y is homotopic to Ady oy. Therefore, it suffices
to show that the (unital) homomorphisms

¢lcx,), Adv o¥lcx,): C(X;) — piBp;

are homotopic for i =1, 2.

For f = f/,

le(f) — Ady oy (f)
<o) =wNI+lw(f) = Up(HI +1Uw(f) - Up (U]
<o) —vwNI+2|U-1|| <& +2¢/3<e

By our original assumptions, this implies that ¢|c(x,) and Ady oy¥|c(x,)
are homotopic. O

We now consider the case X = S!'v---v S! (N copies). Since X
sits naturally as a closed subset of the N-torus, it is clear that C(X)
is generated by N commuting unitaries. It is not hard to discover the
relations satisfied by these unitaries.

NotAaTION 3.3. If V},..., Vy are unitaries in a C*-algebra, we let

gWVi,....Vy) = max (1 =V =Vl

PROPOSITION 3.4. The C*-algebra C(S'v---vS') is the universal C*-
algebra generated by N unitaries vy, ..., vy such that &(vy,...,vy) =
0. IfS'v---vSlisrealized as {1,..., N} x[0, 1]/ ~, where ~ identifies
all endpoints, then the canonical generators are

v"(k’t)={1 ifj#k
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Proof. Let D denote the universal C*-algebra generated by N uni-
taries subject to &(vy,...,vy) = 0. The relation

(1=v)(1 —vj)=(1-v;)(1-v;)
implies that D is commutative, and so must be a quotient of C(T%).

More precisely, D = C(Z) where Z C TV is the intersection of the
zero-sets of the functions

(z1,eoeszn) = (1=2z)(1-25), 2z €TCC,

for i # j. Le., Z is the set of points (zy,...,zx) € TN C CN where at
most one coordinate is not equal to 1. O

Our proofs of Theorems A and B for X = S!v--- v S§! require
that, for a sufficiently small ¢ > 0, there should exist a mapping
(Vi,...,Vn) = (V1,..., V) of N-tuples of unitaries as follows. When-
ever Vy,...,Vy are unitaries in 4 such that &(V;,...,Vy) < g, an
N-tuple (¥,,..., Vx) of unitaries in 4 should be defined so that the
following properties hold:

B.1) &(7,... Vx)=0.

(3.2) (Vi,...,Vy) = (V1,..., Vy) is natural.

(3.3) If&(V,,...,Vy) =0, there exist continuous paths V")
of unitaries from V; to ¥; with (", ..., V) = 0.

The main point of Lemma 4.3 is that such a mapping exists. Let us
now see how, for X = S!'v ... v S! Theorems A and B follow from
this. Fix an ¢ > 0 for which this mapping exists.

Suppose ¢, w: C(S!'v---vS!') — B. Choose n > 0 such that

(3.4) le(:) —w)ll<n, i=1,...,N,
implies that &(W g, ..., Wyy) < &, where

Wis = P(sp(v;) + (1 — s)y(vy)).

Here P(X) = X(X*X)~'/2 as in §2. Properties (3.1) and (3.2) imply
that v; — W, defines a continuous path of homomorphisms a:
C(S'v---vS8!) — B whenever (3.4) holds. Since W;; = ¢(v;) and
Wio = w(v;), property (3.3) implies ¢ ~ a; ~ ag ~ y. This proves
Theorem B in this case.

Suppose ¢: C(S'v --- v S!) — B is given, with B = lim B, and
On: B, — B the canonical maps. Applying Lemma 2.1 to ¢(v),...,
¢(vn) produces elements X, ..., Xy € By with ||(1-X;)(1-X;)| and
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llox (Xi) — ¢(v;)|| small. Consequently, if we define
Wi=P(X;), Us=P(sar(X;)+(1-s)p(vi)),

EWy, ..., Wy) and g(Ul,s,...,UN,s) can be assumed to be small
enough so that W; and U; are defined. These define homomor-
phisms

9:C(S'v---vSY— B, and o5:C(S'v---vS!)= B

Property (3.2) implies g, (W;) = U, | hence 6,9 = a;. But ag ~ ¢ by
property (3.3), so ¢ is a lift of ¢ up to homotopy, proving Theorem
A in this case.

4. Stability of the relations. This section is devoted to finding a nat-
ural method of perturbing unitaries V7, ..., Vy for which the relations

(4.1) (1-V)A-V)=0, i#]

almost hold into ones for which (4.1) holds exactly. The construction
proceeds iteratively, perturbing at each step only the first k unitaries
to force (4.1) to hold for i, j < k. In order to control the error in the
remaining relations, we keep track of the size of the perturbations. As
a result, Lemma 4.3 is stronger than the proofs of Theorems A and B
require.

Since we will use the polar decomposition P(X) = X(X*X)~1/2, we
need the following estimate.

LEMMA 4.1. Suppose U, V € Z(#) and U is unitary and || U-V || <
C <1/12. Then |[U — P(V)|| < 7C.

Proof. The spectral mapping theorem and a little calculus show that
|h=1/2 — 1]] < A whenever 2 > 0 and ||z — 1]] < A < 1/4. Trivial
estimates show that

IU-PW)|<C+2)(V* V) 2=

and ||"*V — 1| < 3C, so the required estimate follows immediate-
ly. o

The next lemma shows that, once the first » unitaries have been
perturbed to satisfy (4.1), the first » + 1 can be perturbed slightly so
that (4.1) holds for i, j <n+ 1.

Recall, from notation 3.3, that &(V,..., V) measures the error in
(4.1) for unitaries V7,..., Vy.

LEMMA 4.2. Let n be a positive integer, § a real number 0 < 6 < 1/4,
and A a C*-algebra. Given an (n+ 1)-tuple (V1,...,Vy, U) of unitaries
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in A such that
() &(Vi,...,Vy) =0,
(i) &Vy,...,Vn, U) < 8/12V/2n,
there is a natural assignment of unitaries (V?,...,V?,U%) in A such
that
(iii) &(V7,..., VI, U% =0,
(iv) |U — U9| < 84V2n&(Vy,..., Vs, U)/4,
W) WVi=V2|<d/n, i=1,...,n,
(vi) if &(V1, ..., Vy, U) = 0 then there exist natural paths Vf", Ut
of unitaries from V;, U to V?, U% such that €V, ..., V3!, U%) =0,
(vil) if Vi=-=Vy=U=1thenV}' =-.. = V' = U% = L.

Proof. We shall use the notation and description of S'v---vS! given
in Proposition 3.4. Suppose (Vi,..., Vy, U) € #Z(A)"*! satisfy (i) and
(i1). By Proposition 3.4, sending v; to V; defines a homomorphism
p: C(S'v---vS!) = 4. We will abuse notation and identify p(g)
with g for any g € C(S!v--- v S!), and so v; with V.

Let f denote the function which takes the value 1 on the intervals
{l} x [26,1 — 26], the value 0 on the complement of the intervals
{l} x [4,1 — &], and is linear in between.

Define U’ and U’ by

U=f+V1-fUJ1-f, U°’=PU,
and define V? by
V(1) = { exp(2mi(t — 20)/(1 —49)) if =k and t€[24,1 - 24],
A 1 otherwise.

It is not yet evident that U’ is invertible. However, assuming this
to be true, it is clear that U%, V? are unitary and the construction is
natural. Also, (v) is obvious. Assuming (iv), it is easy to see that the
paths V,? , U satisfy (vi) and (vii). (For (vii), note that p(g) = g(/,0)1
when V) = -.- =V, = U = 1.) Therefore, to finish the proof, we must
show that U’ is invertible and prove (iii) and (iv).

Since (1 - V2)f = (1 —V?) and (1 - V?)\/1— f =0, we see that
(1-V2)U' = (1-V2)U™ = (1-V}). By approximating (U U")~!/2 by
polynomials in U™ U’, one finds that (1—-V?)U° = (1-V}). Therefore
(ii1) is true.

Our estimate of |U — U’|| will rest on the following. Suppose g €
C(S'v---vS!)satisfies || g|| < 1 and g(/,t) = 0if t ¢ [, 1 —]. Define

he(l, 1) = { (g, 1))/(e*™* —1) ifl=kandte[s1-5],

0 otherwise.
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Then ||A]| < 4v/2/6 and
g=Y (Vi — Dy
k

Therefore,

(4.2) U = Dgll < 3 IU = DV = Dl
k

<4V2ngWVy,..., Vy, U)/6,

and the same estimate holds for ||g(U — 1)||.
The equality

v-U=U-1)f
+HU-DVT-f-)-(1-f-DU-HWV1-f
implies the inequality
IV =T <IU - DAI+IU - DT =1
+ (V1= f=1)U-1)].
By (4.2), with g = f or g = /1 — f — 1, this implies
\U-U'| < 12V2n&(Vy,...,Va, U)/6.

Thus U’ is invertible, and by Lemma 4.1, (v) holds. O
As previously remarked, Lemma 4.3 is stronger than is needed to
prove Theorems A and B. Conditions (iii), (v), and the naturality of

the paths V,E’) were added to allow a proof by induction. Condition
(iii) may, however, prove to be of interest.

LEMMA 4.3. For any ¢ > 0 and any integer N > 0, there exists 1> 0

such that, given an N-tuple of unitaries (V1,...,Vy) in a C*-algebra
A satisfying

i) &WVy,....Vn)<n, i i
there is a natural assignment of unitaries (V1,...,Vy) in A such that

(i) €(V1,..., Vn) =0,
(i) ||V — Vil < & for all k,

(iv) if &(Vi,...,VN) = O then there are natural, continuous paths
V") of unitaries from V. to V such that g(V",...,V{) =0,

V) ifVi=-=Vy=1then V' =...=V{ = 1.
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Proof. We shall proceed by induction on the number of unitaries.
Since &(U) = 0 for all unitaries U, the lemma is completely trivial
for N = 1.

Assume the lemma is true for N — 1 unitaries. Let ¢ > 0 be given,
and choose J > 0 so that

(4.3) < 1/4,

(4.4) d/m < ¢/2.
Choose ¢y > 0 so that

(4.5) 84V2(N — 1)gg/d < ¢/3,
(4.6) & <¢€/2,

(4.7) g0 < 0/36V2(N —1).

We now use the induction hypothesis, with ¢y and N — 1 in place of ¢
and N, to produce 7y > 0 for which (ii)-(v) can be fulfilled. Finally,
choose 7 > 0 so that

(4.8) n <o,
(4.9) n<d/36V2(N —1),
(4.10) 84V2(N — 1)n/d < /3.

Suppose that &(V1,...,Vx) < n. By (4.8) and the induction hy-
pothesis, there is a natural choice (V,..., ¥V y_;) of unitaries such
that
(4.11) EVi,....,VN_1)=0,

(4.12) IV = Vil < éo.

If&(Vy,...,Vy) =0, then by agumption there are natural paths of
unitaries V. ,, k < N, from V; to V;, suchthat &(V ..., Vy_1,) =
0. Later, we will need to know that

(4.13) EV1sree . Vo1 Va) = 0.

To prove this, assume 4 C % (#). Let p be the spectral projection of
Vy fortheset {z € C | |z| =1, z # 1}. If p = O then (4.13) is trivial, so
assume that p # 0. By writing p as the weak limit of positive operators
in A and using Proposition 3.4, it can be shown that p(1—V})p = 0 for
k < N. (Note that p corresponds to the characteristic function of the
set {N}x(0, 1).) Thus V} is in the C*-algebra pCx (1—p)%&(#)(1-p)
and is sent to 1 under the projection of this C*-algebra onto pC = C.
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Condition (v) in the induction hypothesis and naturality imply that
Vie=p+1=p)Vi,(1-D)
By our choice of p,
(1=VN)(1=Vi) = [p(1 = Vy)pll(1 - p)(1 =V )(1 - p)1=0
= (1 -V -Vn),
proving (4.13).
Returning to the general case of &(Vy,..., Vn) < 1, we have, for
any k< N,
(1= VM)A =Tl <1 =V =Vl + (1= VNV = Vil
<n+ 2||Vk _Vk” <n+ 280.
A similar estimate for the reverse product, together with (4.11), shows
Z(Vl,... ’—VN—lr Vn) < n+ 2¢.

Therefore, we may apply Lemma 4.2, by (4.7) and (4.9), and conclude

that there is a natural choice (¥, ..., Vy) = (Vo..... V. V) such

that

EWi,....Vn)=0, ||V~ — Vx| <84V2(N — 1)(n+ 2¢0)/,

Wi =Vl Wi =Vill+ 11V = Vil <o+ 6/m, k<N
Since ||V — Vn|| < &, by (4.5) and (4.10), and ||V}, — Vi|| <&, k< N,

by (4.4) and (4.6), we have proven (ii) and (iii).
If £(V1,...,Vy) =0 then the concatenation of the paths

t-VY¥, k<N

and the paths
t — Vk,t’ k < M
t—Vy
satisfy (iv) and (v). O
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