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HARMONIC GAUSS MAPS

GARY R. JENSEN AND MARCO RiIGOLI

A construction is given whereby a Riemannian manifold induces a
Riemannian metric on the total space of a large class of fibre bundles
over it. Using this metric on the appropriate bundles, necessary and
sufficient conditions are given for the Gauss map and the spherical
Gauss map to be harmonic. A weak maximum principle is applied
to the Gauss map of an isometric immersion into Euclidean space in
order to prove a sufficient condition for when such an immersion with
parallel mean curvature vector must be minimal.

1. Introduction. For a Riemannian manifold M™ and an isometric
immersion f: M — R”, Ruh-Vilms [13] proved that the Gauss map
of f is harmonic if and only if f has parallel mean curvature vector.
Here the Gauss map assigns to a point p € M the m-dimensional
subspace of R" obtained from the parallel translation of f.T,M to
the origin. It thus takes values in the Grassmannian G,,(n), endowed
with an O(n)-invariant Riemannian metric.

In this paper we generalize the Ruh-Vilms theorem to isometric
immersions f: M — N, where N” is a Riemannian manifold. There
are two natural ways in which a Gauss map can be defined. The first,
which we call simply the Gauss map, y,: M — G (TN), sends a point
P € M to the tangent m-plane f.7,M in the Grassmann bundle of
tangent m-planes of N. The second, which we call the spherical Gauss
map, vy: T. Mi- — TNy, maps a unit normal vector of M to itself as a
unit tangent vector of N.

The notion of harmonicity of these Gauss maps requires some Rie-
mannian metric on the, generally non-trivial, fibre bundles G,,(TN),
TM;', and TN;. In §2 we present a natural construction of a Riemann-
ian metric on the total space of a large class of fibre bundles over a
Riemannian manifold. As an immediate application of this construc-
tion we analyse the geometry of this metric on the tangent bundle,
where the Sasaki metric is obtained. To illustrate our formalism we
give a global version of Raychauduri’s equation on the tangent bundle
level.

Using the metrics constructed by this method, we are then able
to prove a generalized Ruh-Vilms theorem for the Gauss map 7, in
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Theorem 3.2 of §3; and for the spherical Gauss map v in Theorem 4.1
of §4. Our results in §3 extend earlier results obtained by M. Obata
in [11], for the case when N has constant curvature, and by C. M.
Wood in [15], where he introduces the notion of vertically harmonic
section. In §4 we also extend some of our previous work and take the
opportunity to correct an error in [12].

In §5 we apply L. Karp’s weak maximum principle in [8] to the
geometry of the Gauss map. In Theorem 5.1 we give an estimate on
the size of the image of a harmonic map in terms of its tension field,
while in Theorem 5.2 we extend a result of Y. L. Xin in [16] which
gives a sufficient condition for an isometric immersion f: M — R”
with parallel mean curvature to be minimal.

Part of the technique used in §4 to analyse the spherical Gauss map
has been used by A. Sanini in [14] in a different context.

2. A metric construction. Let N be a Riemannian manifold of di-
mension n. We describe here a natural construction of a Riemannian
metric on the total space of fibre bundles E — N associated to a large
class of principal K-bundles over N.

Let n: P — N be a principal K-bundle, where K is a closed subgroup
of a Lie group G such that the dimension of G/K is n. Let @ be a
Cartan connection on P (cf. Kobayashi [9]). We assume that the Lie
algebra g of G decomposes as

g=t+V

where ¢ is the Lie algebra of K and V is an Ad(K)-invariant comple-
mentary subspace which possesses an Ad(K)-invariant inner product
(, ). Then the g-valued 1-form @ on P decomposes as

O=w+0,

where w is k-valued and 6 is V-valued. If {E,}} is an orthonormal
basis of V', we can write

0=> 6E,.

Let F be a Riemannian manifold on which K acts as isometries.
Each element 4 € ¢ induces a vector field on F whose value at x € F
we denote

d
Ax = 7 . (exptA)x.

Then for any x € F, wx is a Ty F-valued 1-form on P.
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Let 7: P xx¢ F — N denote the fibre bundle associated to P with
standard fibre F (see Kobayashi-Nomizu [10]). For brevity we write
FN = P x; F, and we let

o:PxF —FN
(e,x) — ex

denote the projection. Thus ex is the equivalence class of (e, x) under
the action of K on P x F given by a(e, x) = (ea™!, ax), for all a € K.

If {¢b}~} is a local orthonormal coframe field defined on an open
subset U C F, then for any x € U, ¢® o (wx) is a 1-form on P and
depends smoothly on x. We obtain a symmetric bilinear form 4 on
P x U by

h=(6,0)+) (9" + 9" o (wx))%

As h does not depend on the choice of orthonormal coframe {p?}, it
is well-defined on all of P x F.

PROPOSITION 1. There exists a unique Riemannian metric ds%,, on
FN such that 6*ds%,, = h.

Proof. The assertion of the proposition is equivalent to the following
easily verified properties of 4.
(i) A is invariant under the action of K on P x F;
(ii) A is horizontal, meaning that 4(u, v) = 0 whenever one of the
vectors  or v is tangent to a fibre of o,
(iii) A(v,v) = 0 if and only if v is tangent to a fibre of a. o

REMARKs. (1) This construction of dsZ,, depends on the choice of
K-invariant inner product on V. The first term of 4 can be multiplied
by any positive constant ¢, but that is the same as replacing ( , ) by
L, ).

(2) If K possesses a bi-invariant Riemannian metric, then 4 + |w|?
is a K-invariant Riemannian metric on P x F with respect to which
o is a Riemannian submersion with totally geodesic fibres.

At present we are interested in two special cases:

1. F is a vector space with an inner product and K acts by a linear
representation into the orthogonal group of this space.

2. F is a homogeneous space K/K.
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Case 1. Let F = R® with the standard inner product, and let p: K —
O(s) be a representation. Then
peo = (w}), 1<ab<s

is an o(s)-valued matrix of 1-forms on P.
If (x?) denotes the standard coordinates on R®, then {dx?} is an
orthonormal coframe on R® and 4 is the sum of the squares of

64, dx®+xbwi,
where 1 < 4 < nand 1 < a,b <s. The structure equations for ds}N
can be obtained by differentiating these forms on P x F. In fact, if

e:UC N — Pisanysectionof 7: P — N,letu: 11U c FN — PxF
be the section of 6: P x F — FN defined by

u(@x) = (e(p). e(p)~'2x),
where p = 7(ex) and y = e(p)~'ex € F is defined by e(p)y = ex.
Then ds3, = u*h and
(2.1) wod, (dx“ + bewg)
is a local orthonormal coframe for ds,,.

Case 2. The assumption now is that K acts transitively on F. Fix
a point xy € F as origin, and let K, denote the isotropy subgroup of
K at xp. If

i:P—-PxF
e — (e, xp)
denotes the injection, then the composition
cgoi:P—FN
e — exy

is surjective. Indeed, it is a principal Ky-bundle.
As the metric on F is K-invariant, there is a decomposition

E=?0+W

where £ is the Lie algebra of Ky and W is an Ad(Kj)-invariant com-
plementary subspace possessing an Ad(Ky)-invariant inner product
(, ) which defines the Riemannian metric on F. The ¢-valued 1-form
w then decomposes into

w = Wy + Wy,
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where w is ¢p-valued, and w; is W-valued. One easily verifies that
i*h=(0,0) + (v, w,).
If {F,} is an orthonormal basis of W so that
w; = wF,,

then i*h is the sum of the squares of {64, w?}. As in the previous case,
the structure equations for ds}N can be obtained by differentiating
these forms in P and using the structure equations of @. In fact,
if u: U c FN — P is any local section of 0 o i: P — FN, then
ds%, = u*i*h, from which it follows that

uwod, wo
is a local orthonormal coframe field for dsZ,, in U.

To see the effectiveness of the above construction, consider the well
known case [17] of the tangent bundle n: TN — N. According to
Case 1, where now s = n, an orthonormal coframe for ds%N is given
by (2.1), where the functions x4, and the entire setting, are described
in more detail in §4. In this case ds?,, coincides with the Sasaki metric
of the tangent bundle and basic results of its geometry can be easily
deduced in the above formalism. For instance, a symplectic Hermitian
structure on TN is given by defining, as a local basis for the type (1,0)
forms, the forms o4 given by

where 74 and "*4 are defined in (4.3) below.
The Levi-Civita connection forms relative to the orthornormal

coframe {4, n"*4} are immediately determined (see (4.5)), and using
them and the structure equations on N we obtain

(2.2) d(%ﬂAaﬁ=Q
(2.3) do? = —wj Aa® +ixBQ4,

where Qf = R4 -,0€ A6P are the (pull-backs of the) curvature forms
of N. Thus, from (2.3), the Hermitian metric defined by the unitary
coframe o is symplectic, while from (2.3) the complex structure is
integrable if and only if NV is flat. Local exactness of the Kaehler form
given by (2.2) is in fact immediate once we remark that the Kaehler
form itself is the negative of the differential of

p= x4,
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which uniquely determines the Levi-Civita connection of N. Actually,
u is the Pfaffian form dual to the geodesic spray F in the sense of [1],

(2.4) F = x1F,,

for {F4, F,, 4} the frame field dual to {n4, n"+4}. The relevance of F
is that the geodesics in N are exactly the projection of integral curves
of Fin TN.

Consider on TN the quadratic form

(2.5) G=n'ent.

A simple check shows that G is globally defined. Using equations (4.5)
and (2.4), we compute the Lie derivative

(2.6) LyG= ”n+A ® ’7”+A + xCxDRéDBﬂA ® ”B‘

Let now { = {4e, be any (local) vector field on N, where {e,} is
the frame field dual to {#4}. Define the quadratic form 4° by setting

(2.7) A% =507 ® 65,

where {4p are the coefficients of the covariant differential of {. If we
consider { as a (local) section of the tangent bundle, then from (4.3),
(2.5) and (2.7) we have

(2.8) G = A5
Computing the Lie derivative of 4% with respect to { we obtain

(2.9) LA = {Cclupc + Ccplca+ Caclcp}o”? @ 65,

where {4pc are the coefficients of the covariant differential of A4¢.
Suppose now that { is a geodesic vector field (i.e., integral curves of {
are geodesics), so that {*LrG = L;{*G, and hence from (2.8)

{*LpG= Ly A"

We are now able to interpret at the level of the manifold N the
meaning of the trace of the pull back of equation (2.6). Indeed, from
(2.6), (2.9) and (4.3) for the geodesic vector field { we obtain

CCLBREg = (CCuuc + Cuclea

Thus,

D2
(2.10) {(D) = -Ric({,{) ~ — ~tr V2 —trS?,
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where {(D) = {Cyuc, D = {aa, S = {3(Cup+{p4a) —648D/n}08 Qe ,,
and V = %(CAB —{p4)08 ® e, thatis, D, S, V are respectively the di-
vergence, the shear, and the vorticity of the vector field {. Equation
(2.10) can be interpreted as a Riemannian version of Raychauduri’s
equation considered in Lorentzian geometry in the study of singulari-
ties of geodesics [2] and, in a sense, equation (2.6) globalizes the local
information contained in (2.10). For a different treatment we refer to

[3].
3. The Gauss map. Let N” be a Riemannian manifold. Denote its
O(n)-bundle of orthonormal frames by

O(N)— N

on which live the canonical form and Levi-Civita connection, respec-

tively,

6=064), w=(wf), of=-wi

Throughout this section we use the index conventions
where m is a fixed integer, 1 < m < n. The structure equations are
d6t = —wf A6B, dof = -winof§+Q4,

and the curvature forms Q4 are given by

A A _pC A pD

Qf = 3Rpcp0° A OP,
where the functions R4, satisfy the usual symmetry relations of the
Riemann curvature tensor. N has constant sectional curvature c if
and only if
Ricp = ¢(6808p — 81dpc)-
Let

n: Gu(TN) - N
denote the Grassmann bundle over N of m-dimensional tangent sub-
spaces to N. It is a fibre bundle over N associated to O(N) with
standard fibre the Grassmann manifold

Gm(n) = O(n)/O(m) x O(n — m)

on which O(n) acts on the left by multiplication.

Let ¢,..., &, denote the standard basis of R”, and for the origin of
G, (n) we choose the subspace of R” spanned by ¢, ..., &,, which we
denote

o=[ée,...,&m]
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Using the construction of Case (ii) in §2, we now have
K =0(n), Ky=0(m)xO(n—-m),

and the decomposition of w is w = wy + w, where

on = @, 0 o = 0 w;,
0710 oyt 7' ey 0
The O(n)-invariant metric on G,(n) is unique up to constant positive
factor. If we let
u: O(N) = Gu(TN)

be defined by u(p;e;,...,es) = (p;le1,...,em)), then the metric dsi
on Gn(TN), which we denote ds?, is characterized by

(3.1) prds? =3 (042 + 12 (wF)?,

where ¢ is any positive constant.
If U € G,(TN) is an open subset containing o and

3.2) u: U— O(N)
is any local section, then
(3.3) {p4 = u*04, 9% = tu* w?}

is an orthonormal coframe from ds? on U. From the structure equa-
tions of O(N) we find that the pull-back by u* of the forms

t2
vh = wh+ SRS 001,
t

¢§i = 2R?ABGA = —(/’fi’

05 = Gap®; + 0;j05

(3.4)

gives the Levi-Civita connection forms of ds? with respect to this or-
thonormal coframe field.
Consider now an isometric immersion

f:M—>N

of an m-dimensional Riemannian manifold M, ds?. Ife: 0 Cc M —
O(N) is a local Darboux frame field along f, then e*0* = 0 and

(3.5) e*wf = hiie*d’

where h;"j = h;',- are the components of the second fundamental tensor
IT of f. Its mean curvature is H = H%e, where

H® = h{i/m,
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and we set
Iy = (ILH) = Zh ne*(676).

The Gauss map of f is deﬁned to be
V7 M — Gu(TN)

Observe that 7oy, = f and that uoe = y, for any Darboux frame
field e along f. These compositions are illustrated by the following
commuting diagram

O(N)
e/ bu
M % G,(TIN)
N =
N

Using (3.1) and a local Darboux frame e along f, we find

yrdsi =Y (02 +12) (e*wd)?,
which, when combined with (3.5) and the Gauss equations gives
(3.6) y}afs,2 = ds? + t*(mlly — Ricy + Ric(f)),

where Ric,, is the Ricci tensor of ds? and we have defined a symmetric
(0,2) tensor on M, given with respect to any Darboux frame field e,
by

Ric(f) = e*(R}, 676%).

From (3.6) one immediately deduces the following result of C. M.
Wood [15].

THEOREM 3.1. Any three of the following properties imply the fourth:
(1) yr is conformal;

(2) f is Einsteinian (i.e., Ric(f) is a scalar multiple of ds?);

(3) f is pseudo-umbilical (i.e., 1y is a multiple of ds?);

(4) M, ds? is Einstein (i.e., Ricy is a multiple of ds?).

REMARK. If N has constant sectional curvature ¢, then Ric(f) =
c(m— 1)ds?, i.e., any isometric immersion into N is Einsteinian.
We define a 1-form on M with values in the normal bundle 7M+
by
Rict (f) = R e. ® e*6'.
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We define a section T of TM+ @ TM+*® f~!TN by
T=Tie, 26" e,
where

(3.7) Tg' = hiRj .

Contracting T we obtain a vector field along f,

Tr T = T™e,.

REMARK. If N has constant sectional curvature ¢, then
Rict(f) =0,
(3.8) T =mcH ® 0* ®e,,
Tr T = mcH.

The tensor fields Ric'(f) and T give the obstruction to a general-
ization of the Ruh-Vilms Theorem.

THEOREM 3.2. Let f: M — N be an isometric immersion with
Gauss map yr: M — G (TN). Then y is harmonic if and only if

?TrT =mH and Rict(f)=mVH

Proof. Let u be a local section (3.2). Then e = u oy, is a local
Darboux frame field along f. If {E4, E,;} denotes the local frame
field dual to the orthonormal coframe field (3.3), then

(3.9) dy; = (e*604)E4 + t(e*w?)Eq;,
and the tension field of y, is

©(yy) = PR MEEr + (mHP + * R h%)Ep + thi E.;,

where h;’jk are the components of the covariant derivative of II. Effec-
tively, all these calculations can be made on O(N) using (3.4).

From the Codazzi equations of f we have
(3.10) Tk = hik; — Rij
Thus, letting H? = h§;/m denote the components of the covariant
derivative of H, we find that

(3.11)  1(ys) = *RS4hSE s+ mH®E, + tmH{E,; — IR E,,;.
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We see then that for 7(y/), the:

coefficient of E 4 is the coefficient of e, in — > Tr T;
coefficient of E, is the coefficient of e, in mH,
coefficient of E,; is the coefficient of e, ® e*6’ in
t(mVH — Rict(f)).

The theorem now follows immediately. o

COROLLARY. Suppose that N is a space of constant sectional curva-
turec. If 1 —t2c # 0, then Vs is harmonic if and only if f is minimal.
If ¢ > 0and ift = 1/\/c, then y; is harmonic if and only if f has
parallel mean curvature vector.

Proof. In this case the tension field of y is
1(y7) = (1 — t2c)mH®E, + tmH{'E,;,

from which the corollary follows immediately. 0

REMARKS. (1) If N is Euclidean space, then G,,,(TN) = N x Gy,(n),
and ds? is the product metric (gy,t2gg), where g; is a fixed O(n)-
invariant metric on Gp(n). Then y; = (f,7), where y: M — Gn(n)
is the Gauss map of Ruh-Vilms. As in this case t(y;) = (7(f), 7(?)),
our theorem generalizes that of Ruh and Vilms. The factor 7(f) in
7(ys) explains the apparent discrepancy between our result and that
of Ruh-Vilms. From (3.11) it follows that in this case 7(y) = 0 if and
only if f has parallel mean curvature vector.

(2) In C. M. Wood’s [15] concept of vertical variation of y,, we
have for the vertical component of dy the second term of (3.9), and
for the vertical tension, 7V (y r), the last two terms of (3.11).

(3) M. Obata’s [11] Gauss map, which is defined for the case when N
has constant sectional curvature ¢ # 0, is our Gauss map y, composed
with a natural projection O(N) — G,,1(n + 1) which exists in the
constant curvature case.

4. The spherical Gauss map. To the notation and index conventions
of §3 we add the conventions 1 < g, 7 < 2n. Let Dar(f) — M denote
the O(m) x O(g)-bundle of Darboux frames along f, where ¢ = n—m.

Taking the standard left action of O(m) x O(q) on R? = {0} x R? =
R™ x RY, we obtain the normal bundle of f as an associated vector
bundle

Dar(f) x R? & TM~* = Dar(f) Xg(q) R? 5 M.
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The unit normal bundle of f is the hypersurface
TM{ = {(p,v) € TM*: |v| = 1} = Dar(f) x¢(g) S?*

of TM*L.
For the tangent bundle TN of N we define projections

O(N) xR* 3 TN = O(N) xomy R* B3 N,
and the unit tangent bundle of N is the hypersurface in TN
TNy ={(p,v) € TN: |[v| = 1} = O(N) Xxom S"~ .
The spherical Gauss map of f is
ve: TMit — TN,

defined by v/(p,v) = (f(p),v). It is the restriction to TM;- Cc TM*
of the normal map
v:TM+ - TN

defined by v(p,v) = (f(p),v). It is easier to work with v and then
restrict the results to TMj', rather than work directly with v £

Lete: U C N — O(N) be a local orthonormal frame field for which
eo f: U — Dar(f) is a local Darboux frame field along f on some
neighborhood U ¢ f~'U. We define local sections

up: a7 U — Dar(f) xR? and u,: n;'U — O(N) x R”
of o, and o, respectively, by

ui(p,v) = (e(f(p)).e(f(p))"'v),
uz(p,v) = (e(p).e(p)~'v),

where we interpret a basis e of an r-dimensional vector space V as an
isomorphism e: R” — V. It is easily checked that

(fxiq)oul =upov,

where f x i;: Dar(f) x R? — O(N) x R" is the inclusion map. The
following diagram commutes.

Dar(f) xR? ‘X O(N) x R

L] Tl o) 02 “ Uz
(4.1) ™t LA TN
m |l m

M EN N
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From (3.5) we have on Dar(f)
fr02=0, frof=hsf6,

where here Af; = h$; are functions on Dar(f). In what follows we will

not write f* as the context will indicate when 64 and w{ have been
restricted to Dar(f).

From the construction of Case 1 in §2, we obtain a Riemannian
metric ds?,,, on TM* characterized by

otdshy. =) _(94)?,
where
(4.2) p'=0', ¢*=dx"+xPws.
Similarly the metric ds%, on TN is characterized by

ordsiy =Y (02 +>_ (1),

where
(4.3) =64, n"t1=dx?+xBwi.
Thus

{uip?} and {u3n’}
are local orthonormal coframes for ds%,,. and ds%,, respectively.

On Dar(f) x RY the following 1-forms ¢# satisfy ¢4 = —¢% and
do? = —pf A 5.

. . 1 o« o
0 =)= 3% “Rj0",

(44) 9F = %xﬂ *R397 = 9.,
9§ = Wz,
where

dwj + 0 Ao} = % 1R 0' Ao’

is the curvature of the normal bundle TM. It follows that u}¢# are
the Levi-Civita connection forms of ds%,,. with respect to the coframe
(4.2).
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In the same way u}7?, are the Levi-Civita connection forms of dsZ,,
with respect to the coframe (4.3), where

1 E,,D
nh=wi- szRgAB(de +xfw}d),

4.5 1
(43) gt = ‘z‘xCRfc‘BDHD =~
i = @f.

If we apply (f x ig)* to n° and n? we obtain on Dar(f) x R?
n'=¢',n*=0,

(4.6) "t = xPol = —xﬁhg.w,

nte = dx* + xFwf = ¢
Thus, from the commutativity of (4.1) we obtain

vdshy = dshy. + Y _(xPwh)?,
and if we write
v*usn® = Bujed,

then
Bi=¢!, B¥=0, B =-xPnf, Br*=0,

(4'7) Bi_O B2=0 B"i=0 Bnta = §2
a ™ B a T g T U8

To compute the tension field of » we need to compute ( f x ig)*n?.
These are (omitting (f x ig)*):

1 1 a
M= 0+ 5% (Rj;; — *Ri)o? +5x°xP b R0,

o o o 1 : 1
n = (hjk + 5 Xl X :ea,-) o — 3% Ry, ;07

~.

. 1 .
M = 9+ X X R R g9 = 5 X7 R0,

2%
(4.8) 1 .
g = 3X*Ripip" = g4,
. 1
iy = 95+ 3% “Rjy0%,
M = h ok = —mpil,
i = 95

Using the formula for the covariant derivative of dv
(4.9) VBG = dBj - B3y} + Bin? = Bize”,
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we obtain the functions B9,. If we let {F,} denote the orthonormal
frame field in TN dual to {n?}, then the tension field of v is

T(V) = BZAFU'

Combining these calculations, together with the Codazzi equations
(3.10), we finally obtain: at x = x%e, € TM7,
t(v) = x*x#hl RE, F; + (mH* + xPx"hf R}, ))Fa

(4.10) )
— x®(mH — R;;)Fnyi — XP by Frso.

Consider now the hypersurfaces i;: TM{- — TM* and i;: TN; —
TN. Let g: TM+ — R, g,(v) = |v|?, and let &,: Dar(f) x R? — R,
g1(e,x) = |x|>. Then g ooy = & and TM{* = {g = 1}. Now
dg, = 2x%dx® = 2x“¢p“ and o, o u; = identity together imply that
dg) = uio;dg, = ujdg = 2x“ujp®. If we define a unit vector field V
in terms of the gradient of g; by

V = §grad(g)) = (x® ou))E,,

where {E} is the local orthonormal frame field dual to {#}¢4} in
TM*, then V o i, is the unit normal vector of TM;".
In the same way, if

W = (x" ous)Fy4,

then W o i, is the unit normal vector of TN;.
In general, for a composition of maps between Riemannian mani-
folds,

(L.g) % (M. h) % (N k),
the tension satisfies (cf. [4])
(¢ o y) = do(t(y)) + Trg Vdo(dy, dy).
Thus, as v o i} = i ovy, we have
t(voi))=n-Ddv(H)+1(v)oiy =Vdv(V,V),

where H is the mean curvature vector of the hypersurface TM;- C
TM+, and thus is a multiple of ¥ o i;. From (4.6), one finds that
dv(V oi}) is a multiple of Wov, and consequently, dv(H) is a multiple
of W o v, which means that dv(H) is normal to TN; in TN.

In the same way,

t(iyovy) = at(vr) + TI'dS;MlL Vdiz(de, dl/f),
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the first term of which is tangent to 7V, and the second term of which
is normal to TN;.
As BS 5 = 0 for all a, B and o, a direct calculation shows that
Vdv(V,V) = 0. Combining these observations we obtain
i2.7(vy) = tangential component of 7(i; o vy)
= tangential component of 7(v o iy)
= tangential component of 7(v) o i,
=t(v)oi; —(t(v)oi;, Wolyovs)Woijouy.
Hence, at x € TM{*, (and leaving the i, tacit)

(4.11) 1(vy) = 1(v) + x*XPhEhf X F oy,
where 7(v) ié given in (4.10).
DEFINITION. For any x € TM*, a symmetric bilinear form II, is
defined on T, M by
II, = (x,II) = x*h;6'6/,

where p = m;(x). Notice that if x, y € T,M*, then I, = all, +
blly, forany a,b € R.

LEMMA. The following are equivalent.

(4.12a) xexPhghlx? = x*hgh!,

for every x = x%e, € TM;
(4.12b) (I, 10,)) = A(p)*(x, »)

for every x,y € T,M{‘, for every p € M, where A > 0 is a function
on M, p = ny(x), and (Il,11,) denotes the inner product on S2T;M
given by

(IIX,IIy) = a,-jb,-j,

where a;j = x*h{; and b;j = y°hy.

Proof. (4.12a) implies (4.12b): In the notation of (4.12b), (4.12a)
says
(4.13) (ILy, I )x? = (I, A7),

where h? = (hl’.’j). Multiplying both sides by y” and summing on y gives
(4.12b) in the case when (x, y) = 0. As it suffices to verify (4.12b) for
the cases x = y and x L y, it remains to show that (IL, II;) = A(p)?
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for any x € T,,Mll. For this it suffices to show that whenever x, y €
T,Mit and (x, y) =0, then

(4.14) (IIx, IIx) = (IIy, IIy).
Let a, b € R be such that a? + b2 = 1. Then
X=ax+by, y=-bx+ay

are orthonormal in T, M+ and, as (4.12b) holds for x, y and for %, 7,
we have

0 = (I, 1) = —ab((I, IL,) — (I, II,,)).

Hence (4.14) must hold.
(4.12b) implies (4.12a): by (4.12b), for any x € TM*, the left side
of (4.13) becomes

(I, M) x? = A(p)*x7,
while the right side of (4.13) becomes
(I, 1L, ) = x*(IL,,, I, ) = x”A(p)>.

This completes the proof of the lemma. O

DEFINITION. An isometric immersion f: M — N for which (4.12a)
or (4.12b) holds is said to have conformal second fundamental tensor.

Observe that any hypersurface has conformal second fundamental
tensor.

Recall that T defined in (3.7) is a section of

Hom(TM+*, TM* ® f~!TN).

If x = x*e, € TM{-, then (Tx, x) = x*xPT4e, = (Tx, x)pr+(Tx, X)L
with respect to the orthogonal direct sum f~!TN = TM @ TM~.

THEOREM 4.1. Let f: M — N be an isometric immersion. Then
the spherical Gauss map v is harmonic if and only if

(a) (Tx, x)p = O for every x € TM, and

(b) mH = (Tx, x), for every x € TM, and

(c) Ric*(f) = mVH, and

(d) II is conformal.
In particular, if f is minimal, then vy is harmonic if and only if T = 0,
Rict (f) = 0, and 11 is conformal.
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Proof. At x € TM{*, the expansion of 7(v,) with respect to the or-
thonormal frame {F;, F,, F,.;, Frnio} has as coefficients, respectively:

of Fj, the coefficient of ¢; in — (Tx, x)r;

of F, the coefficient of e, in mH — (Tx, x);
of F,,; the coefficient of (e o £)*6’ in
(x,Ric*(f) — mVH); and

of Fj1o the number (Il I, )x* — (I, A%).

The proof of the theorem follows immediately. O

COROLLARY. Let f: M — N be an isometric immersion, and sup-
pose that N has constant sectional curvature c. If ¢ = 1, then vy is
harmonic if and only if f has parallel mean curvature vector and con-
Jformal second fundamental tensor. If ¢ # 1, then v is harmonic if and
only if f is minimal and has conformal second fundamental tensor.

Proof. As we remarked in §3, when N has constant curvature c,
then Ricl(f) =0,and T = mcH @ 0“ ® e,. Thus, for any x € TM;-,
(Tx, x) = mcH. Hence, for any x € TM ",

(1) (Tx, x)u =0,
(ii) mH — (Tx,x), =m(l —c)H,

(iii) Rict (f) — mVH = —mVH.

The corollary now follows easily from Theorem 4.1. DO

REMARKs. 1. There is nothing special about the value of ¢ = 1
(as long as it is positive). The metric on 7ML can be scaled as we
did with ds? on G,,(TN) in (3.1). Namely, in (4.2), replace ¢p* by
9> = t(dx* + xP w‘;), for some constant ¢ > 0, in order to obtain a
metric ds%ML(t). The Corollary will then hold when N has constant
positive curvature ¢ > 0, provided that we use the metric ds%jw(t)
with 12 = 1/c.

2. We take the opportunity here to correct an error in [12]. The
Theorem there should be changed to: Let f: M™ — R" be an iso-
metric immersion. Then its spherical Gauss map v: TM{+ — S"~! is
harmonic if and only if f has parallel mean curvature and conformal
second fundamental tensor. The error comes from equation (21) of
that paper where one term is missing. From the proof of the above
Corollary for the case ¢ = 0, and from the fact that TR} = R” x Sn-1
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(Riemannian direct product), our Theorem 4.1 generalizes the theo-
rem in [12].

5. A maximum principle applied to the tension field. We conclude
with an application of Karp’s weak maximum principle [8] to the
geometry of the Gauss map. A complete Riemannian manifold A is
said to have subquadratic exponential volume growth if there exists a
point xo € M such that if r(y) = dist(y, xp), for y € M, and if B,(xp)
is the geodesic ball of radius r centered at X, then

= 1
Yy = rlingo ) log(vol B,(xp)) < +o0.

This property is independent of the point x.

The following result is due to L. Karp [8]:

Let M be a complete Riemannian manifold with subquadratic ex-
ponential volume growth. If u is a real function on M such that
sup,s 4 < +oo then infy, Au < 0, where A is the Laplace-Beltrami
operator on M.

We apply Karp’s theorem as follows.

THEOREM 5.1. Let M be a complete Riemannian manifold with sub-
quadratic volume growth and let N be a complete Riemannian man-
ifold with sectional curvatures bounded above by a constant K. Let
f: M — N be a smooth map such that f(M) C Br(yo), a geodesic
ball of radius R, 0 < R < +oo, inside the cut locus of a point yy € N.
Let ©(f) denote the tension field of f and suppose that

79 = sup |t(f)| < +o0.
M

Let e(f) denote the energy density of f. Then:
(1) IfK > 0 and R < n/2VK, then

R> % arctan(2vK infe(f)/1o).
(2) If K =0, then R > (2/1¢) infe(f).
(3) If K <0, then

R> argtanh(2v—K infe(f) /7).

1
v—-K
REMARKS. (i) In Cases (2) and (3), with N simply connected, the

Cartan-Hadamard theorem implies that Bg () is automatically inside
the cut locus of yy € N.
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(i) The theorem generalizes a result of Karp’s [8] proved under the
assumption that f is an isometry and that K < 0. It also generalizes
the main result proved in Jorge-Xavier [7], for, when f is an isom-
etry, it follows from the assumptions of their theorem that M has
subquadratic exponential volume growth.

Proof. (1) Let p(x) be the distance function from y, € N restricted
to the ball Br(yo). Being inside the cut locus of yg, p is smooth. On
Bgr(yo) consider the function ¢ = 1—cos(vK p), where we remark that
0 < p < R < n/2VK. By applying the Hessian comparison theorem
of Greene-Wu [6], we obtain

Hess ¢ > K cos(VK p)ds?;,
where ds}V is the metric on N. Furthermore, from the gradient we
obtain
Vo = VK sin(VKp)Vp.
Recall that if {e;} is an orthonormal frame field in M, then
A(g o f) = Hess p(df (e:), df (e1)) + dsk (2(f), Vo).
Therefore
A(g o f) = K cos(VKp)|VfI* - |(f/)IVK sin(VKp)
> 2K cos(VKR)e(f) — 1oVK sin(VKR)
> 2K cos(VKR) infe(f) - 1oVK sin(VKR).

Now apply Karp’s theorem to deduce
0 > infA(p o f) > 2VK cos(VKR) infe(f) - 79 sin(VKR),

that is,
R > % arctan (2—\/—131—;::\6,&) .
The proofs of (2) and (3) are similar. a

We apply Theorem 5.1 to the case when N is the Euclidean space
R”". As the Grassmann bundle of R” with any of the metrics (3.1) is
a Riemannian product R” x G,,(n), the Gauss map of f decomposes
into yr = (f, §s), where js: M — Gp(n) is the Gauss map considered
by Ruh-Vilms [13]. Thus J, is harmonic if and only if the isomet-
ric immersion f has parallel mean curvature vector. Furthermore,
equation (3.6) reduces to Obata’s equation [11]

(5.1 77dZ? = — Ricy +mlly,
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where dX? is the standard O(n)-invariant metric on G,,(n). Thus, we
calculate the energy density

(5.2) 2e(5y) = trypdz? = |2

THEOREM 5.2. Let M be a complete Riemannian manifold with sub-
quadratic exponential volume growth, and let f: M — R" be an isomet-
ric immersion with parallel mean curvature vector. Let $5: M — Gp(n)
be its Gauss map. If ,(M) C Bgr(yo) for some yo € Gu(n), and if
R < n/2VK, (where K = 1 if n — m = 1 and K = 2 otherwise), then f
is minimal.

The proof will be given at the end of this section.

REMARKS. (1) This theorem extends a result of Xin [16] which was
proved under the additional assumption that Ric,, > 0.

(2) By the hypotheses of the theorem the geodesic ball Br(yy) does
not contain any of the cut points of yg. It is, however, not trivial to
describe such geodesic balls in algebraic terms. The following result
is due to Fisher-Colbrie [5].

LEMMA. Let Br(vo) = {q € Gu(n): (g, yo) > cos™(R/\/m)}, where
(, ) is the inner product on unit length decomposable m-vectors of R".

Then Br(yo) C Br(yo).

From this lemma and Theorem 5.2 we obtain:

COROLLARY. Let M be a complete Riemannian manifold with sub-
quadratic exponential volume growth, and let f: M — R" be an iso-
metric immersion with parallel mean curvature. Suppose there exists
a decomposable m-vector yo such that (37(p), yo) > cos™(R/\/m), for
R < n/2VK, where K is as in the theorem. Then f is minimal.

Proof of Theorem 5.2. As 9, is harmonic, from Theorem 5.1 we
deduce that, for all 75 > 0,

70

infe(5y) < NI tan(VKR);

that is, infys e(7,) = 0. By (5.2) this means that inf), 1] = 0. On the
other hand, |H|?> < |II]?, and therefore inf |H|?> = 0. But H is parallel,
hence |H| is constant, and we thus have H identically zero on M. 0O
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