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SPACES OF WHITNEY MAPS

A L E J A N D R O ILLANES

Let I be a continuum. Let 2X (respectively, C(X)) be the hy-
perspace of nonempty closed subsets (respectively, subcontinua) of X,
endowed with the Hausdorff metric. F o r ^ = c[x) or 2X, let W(3t)
denote the space of Whitney maps for 3£ with the "sup metric" and
pointwise product. In this paper we prove that if there exists a home-
omorphism φ: W(C(X)) -+ W(C(Y)) (or φ: W(lx) -> W(2Y))
which preserved products and "strict order", then X is homeomorphic
to Y. We also prove that there exists an embedding ψ\ W(C(X)) —•
W(lx) such that ψ(u) is an extension of u for each u e W(C(X)).

Introduction. A continuum is a nondegenerate compact, connected
metric space. All the spaces considered here are continua. If X is a
continuum, 2X (respectively, C{X)) is the hyperspace of nonempty
closed subsets (respectively, subcontinua) of X, endowed with the
Hausdorff metric H. Let βf be a nonempty closed subset of 2X. A
Whitney map for & is a continuous function u: M? —> [0,1] such that
(a) u(A) = 0 if and only if A is a single point set; (b) u(A) = 1
if and only if A = X\ and (c) if A,B e & and A c B φ A, then
u(A) < u{B). Let W{&) denote the space of Whitney maps for ^ .
We identify X with {{x}: x e X} c C{X),2X. Given u,w G W{&\
we say that u is strictly smaller than w (w < w) if M(^4) < w(A) for
each i G / - ( I U {X}) and u is smaller or equal than w (u < w)
if κ(4) < ιy(^) for each A eJT. We consider W ^ ) with the "sup
metric", the pointwise product and the orders defined above.

In this paper we prove that: (a) W(βf) is a topologically complete
space. This answers a question asked by S. B. Nadler, Jr. [2, question
14.71.4]; (b) There is a natural way to embed 2X in W{C{X)) and
in W(2X); (c) If * = C(X) and S? = C(Y) or MT = 2X and 9 = 2Y

and there exists a homeomorphism φ: W{β?) —> W/(«̂ ?) which is a
semigroup isomorphism and preserves strict order (in the sense that
u < w if and only if </>(w) < φ(w)), then X is homeomorphic to Y
(this answers, partially, question 14.71.1 formulated by S. B. Nadler,
Jr. in [2]). In [3], L. E. Ward, Jr., showed that Whitney maps for &
can be extended to Whitney maps for 2X. Using his constructions, we
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prove: (d) There exists an embedding φ: W{βT) -* W{lx) such that
φ(u) is an extension of u for every u e W(βf).

1. W(βf) is topologically complete. Let β? be a nonempty closed
subset of 2X. Let ^ p F ) = {/: %T -+ [0,1]|/ is continuous}. We
consider gf(^) with the sup metric S defined by S(f,g) =
max{\f(A) - g(A)\: A e &}. Then (&(%'),S) is a complete metric
space. Let Wo(^) = {/ e &(Jt): A,B E / and ^ c f i implies that
f(A) < f(B)9 f{A) = 0 for every A G J^ΠX and /(X) = 1 if X e JT}.
It is easy to see that Wo(^) is a closed subset of W(J^) and, conse-
quently, (W0(^),S) is a complete metric space. If A G 2X and ε > 0,
let N(ε,A) = {x e X: dx(x,a) < e for some α e ,4}, where dx is the
metric of X. Let N be the set of positive integers.

1.1. PROPOSITION. (W(^),S) is topologically complete.

Proof. By [4, Theorem 24.12] it is enough to prove that W(βf) is
a Gδ subset of Wo(^). For each n e N, let Fn = {f e W0(jr): there
exist ^ , i e / such that /(Λ) = f(B), A c B and B £ N(\/n,A)}.
We will show that Fn is closed in WQ{%*). Take a sequence (fm)m in i^
which converges to / e Wo(^). For each m G N, let ^ , 5 m G / b e
such that ^ m c 5 m , /m(Λm) = fm(Bm) andBm <£ N(l/n,Am). Choose
points pme Bm- N(l/n,Am). Then there exist A,B e^, p e X and
a strictly increasing sequence {mk)k in N such that Amk —> ^, 5 W A -> 5
and pmk -> p. Then / (^) = / ( £ ) , A c B, p e B and p £ N(l/n,A).
So f e Fn. Hence Fn is closed.

For each n e N, let C/Λ = W0{βf) - Fn. Clearly, f]{Un: neN} =
{/ G ^ o ( ^ ) : A (Z B φ A implies that /(Λ) < f(B)}. Since ^ is
compact and / - ( I u {^}) is open in β?9 then there exists a se-
quence (^1)Λ of compact subsets of %* such that U { ^ : ̂  G N} =
/ - ( I U {X}). Define Vn = {/ G H^o(^): 0 < /(^) < 1 for every
A G J%}. Then KΛ is open in W0(JT) and, since ( f | { ^ : n G N}) Π

« e N}) = ί F ( ^ ) , we have that W{&) is a Gj subspace of
Hence W/(^) is topologically complete.

2. Embedding 2 X in W{β^). Throughout this section we suppose
that %? is a closed subset of 2* such that every point in X is a limit of
nondegenerate elements of X , that is, X is contained in the closure of
%? — X in2*. In this case, we show that 2X can be naturally embedded
in W{^).

Throughout this section, u will denote a fixed Whitney map for 2X.
For A G 2X

9 we define uA: 2X -* [0,1] by: uA(B) = u{A u B)u(B).
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2.1. THEOREM. uA has the following properties:
(a) uA is a Whitney map for 2X for each Ae2x.
(b) If A, Be2xandAφ B, then uA\%T φ κ s μr.
(c) The function φ\2x -> W(%f) given by φ(A) = uΛ\^ is an em-

bedding.

Proof, (b) Take A,B e 2X such that A Φ B. Suppose that uA\2? =
UB\&. Take x e X. Let (Cn)n be a sequence of elements of & - X
such that Cn -> {x}. Then A\jCn-+A\J{x} and BuCn-> Bu {x}.
Since i^ίCi) = uB(Cn), we have that u(A U Crt) = κ(2? U Cn). Hence
w(^ u {x}) = u(B u {x}) for all xeX.

If Λ n B φ 0, taking x G ^ f l j 8 , w e have that w(^) = u(B). Since
A Φ B, v/e can choose, for example y e B - A, then w(̂ 4 U {y}) =
w(5 U {>>}) = u(B) = u(A). So u(A U {y}) = u(A). This is a contra-
diction, so A n B = 0. Choose points a e A and b e B; then W(Λ()
= κ(Λ U {Λ}) = u{B U {Λ}) > u(B) = M(5 U {Z?}) = u(A U {*}) >
u(A). This contradiction completes the proof of (b).

(c) It follows from the fact that H(A,B) < δ implies that
H(A U C,B U C) < δ for every C e 2X.

3. W{%?) determines X. Throughout this section we will suppose
that X = C(X) and 9 = C{Y) or X = 2X and S? = 2Y. We say
that W{^) is equivalent to fF(^) if there exists a homeomorphism
φ: W{β^) —• M^(^) which is a semigroup isomorphism and preserves
strict order (that is, u < w if and only if φ(ύ) < φ(w)). In [1, Question
14.71.1], S. B. Nadler, Jr., asked the following question: If W{C{X))
(resp., W{2X)) is homeomorphic, or both homeomorphic and alge-
braically isomoφhic, to W(C(Y)) (resp., W(2Y)), then must X and
Y be homeomorphic? The aim of this section is to prove the following
partial answer to Nadler's question:

3.1. THEOREM. The following assertions are equivalent:

(a) W(jr) is equivalent to W{&).
(b) There exists a homeomorphism F: βf —• 9 which preserves in-

clusion (i.e. AcB if and only ifF(A) c F(B)).
(c) X is homeomorphic to Y.

Proof Proofs of (b) => (a) and (b) o (c) are immediate (see page
473 in [2]). To prove (a) => (c) it is necessary to introduce some
terminology.
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We make ̂ = / - ( I U {X}) and ̂ = f - ( 7 u {Y}). lfAeX[,
u,w e W{%f) and u < w, we say that A is the contact between u and
w if ^ is the only element of %\ in which u and w agree. We denote
by (^[0,1],/)) the metric space of continuous functions of [0,1] in
[0,1] with the "sup metric" D.

For each t e [0,1], we define ht: [0,1] -> [0,1] by:

ht(s)

(5/4)5

(3/4)5 + (ί/4)

(5/4)5 - (ί/4)

(3/4)5+ (1/4) i f ί e [ ( ί + l ) / 2 , l ] .

Then ht has the following immediate properties:
ί W ΊΛ r— O^XC\ 1 1M l fl* ς^ g> L^? *• J

(2) /z,(5) > 5 for each 5 e [0,1] and A,(5) = 5 if and only if 5 e
{0,t, 1}.

(3) D(hu hr)<\t-r\ for every t,re [0,1]. Then the function t -> ht

from [0, 1] in (^[0,1],/)) is continuous.
(4) ht is a strictly increasing homeomorphism from [0,1] onto [0,1].
We shall prove a sequence of results which will lead us to the proof

of (a) => (b). We suppose that φ: W{β?) —• W{&) is an equivalence
between W{β^) and W(&).

(A) If A e %{ and u e W(βίT\ then there exists w e W{β?) such
that u < w and A is the contact between u and w.

To prove (A), take a Whitney map U: 2χ —• [0,1] which extends w
(see §4 in this paper). Consider U\: ^ —> [0,1] defined by Mi(J?) =
C/(Λ U£)Ϊ7CE). Then (see 2.1 (a)), ux e W{&). Let t = κ(Λ); then
0 < t < 1. Define w = ht o Λ/ΪTΓ. For E e^,

w(E) = ht(y/U(E\jA)U(E)) > ̂ /U(EUA)U(E) > u(E).

Thus w > w. Suppose that E e %\ is such that w(E) = M(J?). Then
l/(£ U i4)t/(jg) = (C/(£))2 and y/U(EuA)U{E) = ί. It follows that
Λ c £ and y/U(E)U(E) = ί = 17(Λ). Hence ^ = £ .

(B) If u, w e W{β^) and u <w, then φ(u) < φ(w).
Choose a sequence of increasing homeomorphisms (gn)n of [0,1]

on itself such that gn > Id (Id = identity of [0,1]), D(gn, Id) -> 0 and
gn(t) = t if and only if t = 0 or t = 1. Define wn = gno w. Clearly,

), u < w < wn and wn —• w. Then < (̂M) < φ(wn) and
, Hence 0(w) < φ(w).
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(C) Let A e %{ and u, w e W(β?) be such that u < w and A is the
contact between u and w. Then there exists a unique ΰ G ^ i such that
B is the contact between φ(u) and φ{w).

By (B), φ(u) < φ(w). Since u <fiw,we have that φ(u) <ft φ(w). Then
there exists B e&\ such that φ(u)(B) = φ(w)(B). Take E e &\ such
that φ(u)(E) = φ(w)(E). By (A), there exists v G W{&) such that
φ(w) < v and E is the contact between φ(w) and i;. Thus φ{u) < v
and φ{u){E) = υ{E). So u < w < φ~ι{v) and u rf φ~{(v)- τ h i s
implies that there exists D e %\ such that u(D) = ^ ( v X D ) . Then
M(D) = w(D). SoD = A. Hence M(^) = φ~x{v){A).

Using (A) again, we have that there exists v\ G W{&) such that
(/)(?/;) < v\ and 5 is the contact between φ(w) and v\. Proceeding
as before, u(A) = i ^ " 1 ^ ! ) ^ ) . Then w2 < φ~ι(υ v{) and w2(^l) =
φ-χ(v V\)(A). So w2 5ίi φ~ι(v vι). Thus there exists C e&\ such that
(/)(w2)(C) = v(C)υx(C). lϊCφE, then 0(w)(C) < φ(w)(C) < v{C)
and 0 < φ{u){C) < vx[C). This implies that φ(u2)(C) < v{C)vx(C).
This contradiction proves that C = E. Similarly, C — B. Hence B is
the contact between φ(u) and φ(w).

(D) Let u,v,w,z,G fF(^) and Ae^bt such that M < v, ty < z
and 4̂ is the contact between u and v and it; and z. Then the contact
between φ(u) and φ(v) is the contact between φ(w) and </>(z).

Since uw(A) = vz(A), we have that φ(uw) < φ(vz) and φ(uw) <ft
φ{vz). Then there exists B e &\ such that φ{uw){B) = φ(υz)(B). This
implies that φ(u)(B) = φ(υ)(B) and φ(w)(B) = φ(z)(B). Hence B is
the contact between φ(u) and 0(v) and 0(w) and φ(z).

We define i 7 : %\ -* ^Ί in the following way: For 4̂ G ̂ ί , we take
u,w e W{^) such that u < w and 4̂ is the contact between w and
i/;. We define -F(̂ 4) as the element of &\ which is the contact between
φ(ύ) and φ(w). Then, by (D), F is well defined. Clearly, we can define
F~ι: &\ —> %f\ in a similar way. Hence F is bijective.

(E) F is continuous.

Take a sequence (An)n of %\ which converges to an element A from
^ί . Let Bn = F(An) and B = F(A). Since ^ is compact, (5Λ)Λ has a
subsequence which converges to a Z) in ^ . Without loss of generality
we may suppose that Bn —> Zλ We will prove that D — B.

Fix u G W(2*). By 2.1(c), wΛ -> w .̂ So
ίΛ = M(>4Λ) and t = u{A). Then htn —>• A/. So Aίπ o v

Define tyΛ = (Aίπ o yfΰjn)\^, w = (hto y/uX)\^ a n d ux =u\&. As we
showed in (A), ux < wn, ux < w,An is the contact between ux and wn

and A is the contact between u\ and tϋ. So Bn is the contact between
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φ(u\) and φ(wn) and B is the contact between φ(u\) and φ(w). Since
Bn —> Z), φ(u\)(Bn) = φ(wn)(Bn) and 0(wπ) —• 0(w), we have that
φ(u\){D) = φ(w)(D). If De&\, since 5 is the contact between φ(u{)
and φ(w),v/e have that D — B. Then we must show that D e&\.

Suppose that D e XU {X}. Let sn = φ(ux){Bn) = φ(wn)(Bn) and
ϋ Λ = AJΛ O ̂ (Wrt) G W{&). Since £ „ —• 2), t h e n sΛ —• 0 or ^ —• 1. So

K -* ^o (λo = Λi). Thus ΛJπ o φ(wn) -> /*0 ° <£(w) Since φ{ux)(Bn) =
^ = M * * ) = hSn(φ(wn)(Bn)), we have that 0(wO tf ΛSπ o 0(it;π). Then
U\ <ft Φ~ι(hSn o φ(wn))9 so there exists CnE%\ such that

«i(CΛ) > c / ) " 1 ^ o φ{wn))(Cn) > wn{Cn) > uγ{Cn).

Thus Cn = 4̂̂  and φ~ι(hSn o φ(wn))(An) — U\(An). And since

Φ~x{hSn °Φ(Wn)) —> Φ~ι(ho°Φiw))> w e have that

But ^(MJ) < 0(w) < ΛQ O 0(?I;) implies that Wi < φ~ι(ho o φ(w)). This
contradiction proves that fl^IU {X} and completes the proof of
(E).

(F) If u,w e W{βT), then v = max{u,w} e W{β?) and φ(υ) =
max{φ(u),φ{w)}.

(G) Let u,w € W ( ^ ) anάAe^x be such that M(4) = ιw(^). Then
0(«)(FM)) - φ(w)(F(A)).

By (A), there exists υ G W{β^) such that max{u,u>} < υ and ^ is
the contact between max{«,w} and v. Then u,w < v and 4̂ is the
contact between u and υ and w and υ. So F(yί) is the contact between
φ(u) and φ(v) and (/>(«;) and φ(υ) where in particular, φ(u)(F(A)) =
φ(υ){F{A)) = φ(w){F(A)).

(H) Let Λ, B e %\ be such that 5 75 Λ. Then there exists u e H 7 ^ )
such that u(A) < u(B).

Fix w e W(2X). Since B <£ A, there exists n G N such that
(w(y4))"u;(Λ) < (iϋ(y4u5))"tϋ(5). Define wi: 2^ -> [0,1] by Wi(£) =
(ιu(Λ U Eψw(E) and let w = w, |X.

(I) If A, B G Z\ and 5 c ^ , then F(5) c F(y4).
Suppose that F(B) <£ F(A). Let w G W(^) such that w(F(A)) <

w(F(B)). Put M = φ~ι(w). Choose n > 2 such that φKβ) > u(A).
Let r = w(F(A)), s = w(F(B)) and q = ψw{F(B)). Then 0 < s <
^ < 1. So there exists an increasing homeomorphism σ: [0,1] —*• [0,1]
such that σ(t) = t if t G [0,r]; σ(ί) > ί if ί G (r, 1); σ(l) = 1 and
σ{s) = ^. Then σow e Wφ) and (σow)(F(A)) = r = w(F(A)). Let
υ = φ~ι(σow). By analogy to property (G) for φ~ι and F~ι, we have
that υ(A) = φ~ι(w)(A) = u(A).
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Notice that (σ o w)n G W{&) and (σ o w)n(F{B)) = (σ(s))n = qn =
w(F(B)). Then ^ ( ( σ ° ™)n(B)) = φ~ι(w)(B) (bY t h e analogy to
property (G) for (/r1 and F " 1 ) . Thus i;(5) = i/u(B) > u(A) = v(A).
Hence v(B) > v(A). This contradiction proves (I).

We define / : X —• Y in the following way: Given x G X, take
a sequence (An)n of elements of %{ such that A\ D A2 D -- and

π : Λ G N}. Then F ( ^ 0 D F(Λ2) D •••• Thus 5 =
G N} is closed and nonempty. Since 5 c F(A\) G ^ Ί ,

we have that B φY. If B φ Y, then ^ G ̂ . Let ̂  = F~ι(B) e %[.
By (I) applied to F'\ An -> A. So A = {x} eJ?{. This contradiction
proves that B is as a set of a single point y. We define /(x) = y.

(J) / is well defined.
Let (An)n and (#«)« be sequences in %\ such that A\ D A2 D

•••; 5i D 5 2 D •• and {x} = f | ( Λ : n G N} = f|{^/ι: Λ ^ N}.
Put C Λ = Λ u ί Λ G ^ - I Then {x} = f]{Cn: n e N}. Thus
0 / Γ\{F(An): n G N}? f | { ^ ( ^ ) : n G N} c f|{^(C«): tf G N}
by the paragraph above, the last set is a singleton. Hence
C\{F(An): neN} = Γ[{F(Bn): n e N}. This proves (J).

Similarly, we can define f~ι: Y —> X, then f~ι is well defined and
/ is bijective.

(K) / is continuous.
Notice that if A G %{, then x G A if and only if /(x) G F(i4).

Suppose that / is not continuous in a point x G X. Let ε > 0 and
let (xn)n be a sequence in X such that xΛ -» x; dγ(f(x),f(xn)) > ε
for every n G N and ε < diameter of X. Since Y is compact, we may
suppose that f{xn) —• y with y e Y. For n G N, make yΛ = /(xΛ)
and choose 5 Λ G C(7) such that j ; Λ G 5 Λ and ε/4 < diameter of
Bn < e/2. We may suppose also that Bn -> B with B e C(Y). Then
5 G C ( 7 ) i l f i andyGtf. Let An = F~l(Bn) and A = F~ι(B). Then
An-+ A and .*„ = Z " 1 ^ ) e i 7 " 1 ^ ) = Λ- So x G ̂  and /(x) G 5.
Thus /(x), y G 5, diameter of 5 < ε/2 and /(x^) —> y. This is a
contradiction with the choice of {xn)n.

This completes the proof of Theorem 3.1.

3.2. COROLLARY. The following assertions are equivalent.
(a) W(C(X)) is equivalent to W(C(Y)).
(b) W(lx) is equivalent to W{2Y).

4. Embedding W{^) in W(2X). In this section we suppose that %T
is an arbitrary closed nonempty subset of 2X. In [3]. L. E. Ward, Jr.,
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proved that any Whitney map for %* can be extended to a Whitney
map for 2X. His proof is based in Nachbin's order-theoretic ver-
sion of Tietze's Theorem for "normally ordered" spaces [1]. Here we
prove, with explicit formulas, this version of Tietze's Theorem for
the particular case of hyperspaces (it states that every map in WQ(^)
can be extended to a map in WQ(2X)). Then, using the construc-
tions of L. E. Ward, Jr., we prove that there exists an embedding
φ: W{β^) —> W(2X) such that φ(w) is an extension of w for every
w e W(JT).

Notice that every map w e W(β?) can be extended, in a natural
way, to a map w0 £ W(^uXu{X}) and the correspondence w —> w0

is continuous. So, we also suppose that X U {X} c X .
Given T > 0, we denote by A([0, T]) the metric space of bounded

real-valued functions defined in [0, T] with the "sup metric".

4.1. LEMMA. Let T > 0 and let f: [0,T]-+Rbe a strictly increas-
ing function such that /(0) = 0 and f is continuous at 0. Then we can
choose a strictly increasing continuous function g: [0, T] —> R such that
g(Q) = 0, g(t) > f(t) for each t e [0, T] and the correspondence f -+ g
from A([0, T]) in A([0, T]) is continuous.

Proof For n>2, let yn = f(T/(n - 1)). Let yλ = 2f(T). Then, for
every « G N a n d ί € [0, T/n]9 f(t) < yn+x < yn. Define g: [0, T] -> R
by:

(n(t/T) - l)(/i + \){yn - yn+ι) + Vn if ί € [Γ/(/i + 1), Γ//i],

4.2. THEOREM. ΓΛ r̂̂  αwί5 an embedding φ: W{%")
an extension ofw for each w e

Proof. For each w G ^ o ( ^ ) (^o(^) is defined in §1), we define
/ : [0, oo) -* R by /(0) = 0 and, for t > 0,

/(ί) = s\xp{w(A)-w(B): A,BeJT and Ac N(t,B)}.

(A) / is an increasing function and / is continuous at 0.
Clearly, / is an increasing function. Suppose that / is not contin-

uous at 0. Then ε = inf{/(ί): / > 0} > 0. So f(ί/n) > ε/2 for every
n e N. Thus there exist sequences (An)n and (Bn)n in βf such that
w(An) - w{Bn) > e/2 and An c N(l/n,Bn). Let A,B e J^ and let
(fl/t)fc be a strictly increasing sequence in N such that AUk -+ A and
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BΆk -> B. Then ε/2 < w(A) - w(B)9 so w(B) < w(A). But AΆk c
N(l/(nk),Bnk) for all fc, implies that A c B. Thus tu(Λ) < w(B).
This contradiction proves (A).

Define T = 2(diameter of X) and fx: [0, T] -* R by: /i (ί) = /(*)+*.
(B) The correspondence w -+ fx from W0(J^) in ^4([0, Γ]) is con-

tinuous, f\ is strictly increasing and continuous in 0.

By Lemma 4.1, we can associated a continuous function g to fx

such that g(t) > /i(ί) for each ί G [0, Γ], #(0) = 0 and g is strictly
increasing. Then the correspondence w —• g from Wo(^) in ^4([0, Γ])
is continuous. We define υ: 2X —• R by: v(5) = inf{tί;(^) + g(ί):
i4 G ̂ ? 0 < K Γ a n d 5 c ^(ί ,^)} .

(C) v is continuous, ?; extends w,v G W )̂(2X) and the correspon-
dence w -• v is continuous.

Take ε > 0. Let δ > 0 be such that BUB2 G ̂  H{BUB2) < δ
and 5 51 G [0, Γ]; |^ - t\ < δ implies that \w(Bx) - w(B2)\ < ε/2 and
\g(s) - g{t)\ < ε/2. Let BUB2 G X be such that H(BUB2) < δ/2.
Take A{ e <%* and ί G (0, Γ] such that Bx c N{t,Ax) and v(l?i) <

we have that B2 c ΛΓ(ί + δ/29Aχ). Let J = min{T,t + δ/2}. Then
5 2 C N(s9A\) and |J - ί| < ^. Thus \g(s) - g(t)\ < ε/2 and

υ(B2) < w{Aλ) + g(s) < w(Aχ) + g{t) + ε/2 < v{Bx) + ε.

Hence v(B2) < v(Bx) + ε. Similarly it can be proved that v(Bx) <
v{B2) + ε. This proves the continuity of v.

If B G JT9 since B c N{B91) for all t G (0, T]9 then v(B) < w(B).
From definition of / it follows that v{B) > w{B). Hence υ(B) =
w(B). It is easy to prove that υ G WQ(2X) and that the correspondence
w —• v is continuous.

From now on, we copy Ward's proof giving explicit constructions
for some steps in order to be able to check that φ is continuous.

Let β be a denumerable basis for the topology of X. For each
finite sequence L = (Γ/, T2,...,Tk) of elements of /?, define G(L) =
{Ae2x:Ac Clx(Tx U U ^ ) } and

Then G(L)9 K{L) e 22* and X e K(L). Let ((Lrt,MΛ))Λ be an enu-
meration of {(L, M): L and M are finite sequences of elements of β
such that G{L) n #(M) = 0}.
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Given w G W{βtT\ take υ G W0(2x) as in (C). For each neN, let
rn = maxw\(G(Ln)Γ\J^) and Rn = minw\(K(Mn)nJ^).

Def ine^ : G(Ln)UJPuK{Mn) -^ R by:

ί min{rn,v(A)} ifAeG(Ln),

vn(A)=l max{Rn,v(A)} ifAeK(Mn),

[ w(A) if A e JT.

It is easy to prove that:
(D) vn is well defined, vn G W0(G(Ln)\J^UK(Mn)) and the corre-

spondence w —• vn is continuous.

Take un G W0(2x) an extension of vn as in (C) (then the correspon-
dence vn —> un is continuous).

Define u: 2X -> [0,1] by u = Σ(Un)/(2n). Then:
(E) u G W(2X), u extends w and the correspondence w —> u is

continuous.
Let ^ 5 G 2 J be such that A c B φ A. We will prove that u(A) <

u(B). For this, it is enough to show that there exists n e N such that
A G G(Ln), B G K{Mn) and rrt < i?«. Assume the last assertion is
false. Let K e N be such that B c N(2/K,A). For k > K, choose
finite sequences L = {T\,..., Ta) and M = (S\,...,S^) of β such that
ACT{U'"UTaC N(l/k,A)\ B c 5Ί U U ^ ; diameter of 7) < 1/fc;
diameter of Si < l/k and B nSi Φ 0 for all / G {1,...,^}. Then
A G (j(L), 5 G A'ίAf) and G(L) ΓΊ K(M) = 0. So there exists % e N
such that (L, Af) = {LSk,MSk).

Because we are assuming, rSk > RSk. So there exist Ak e G(LSk) n
SIT such that ίi ( ^ ) > w(Bk). Let ^ o ? ^ o ^ %? and ( ^ ) c , ( 5 f c ) c be
subsequences of {A^)^, (B^)^, respectively, such that A^ —> AQ and
2?£c —• 5Q. Then 4̂Q C 4̂, 5Q C 5 and ^(^4o) ^ ^(^o) This is a
contradiction since w is a Whitney map. This completes the proof of
u(A) < u(B).

Define φ: W(jT) -• ^ ( 2 ^ ) by 0(^) = u. Then 0 is continu-
ous. Define ψ: W(2X) -> W{&) by ψ{u) = w|X, then ψ o φ =
Identity of W( Γ) and 0 o (^|0( W(^))) = Identity of Im^. Hence
φ is an embedding.

4.3. COROLLARY. W(β?) is homeomorphic to a subspace ofW(2x)
which is a strong deformation retract ofW(2x).

Proof. Let φ and ψ be as above; then Im φ is homeomorphic with
W{%^) and Ivaφ is a retract of W(2X). Thus, since W{2X) is convex
([2, 14.71.3]), Inκ/> is a strong deformation retract of W(2X).
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Added in proof. The author has proved that W(C{X)) is homeo-
morphic to I2 for every continuum X. ("The space of Whitney levels"
preprint).
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