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A GEOMETRIC BOUND FOR MAXIMAL FUNCTIONS
ASSOCIATED TO CONVEX BODIES

DETLEF MULLER

For a convex symmetric body B in R" let M denote the centered
maximal operator

Maf(x) = sup o [ 170x+ )] dy

for f € LL.(R"). We associate with B two linear invariants o(B)
and Q(B), and show that for p > 1 the norm of the operator Mj
on L?(R") is bounded by a constant which may depend on p, o(B)
and Q(B), but not explicitly on the dimension n. In particular, if B,
denotes the unit ball in R” with respect to the /?-norm, we can prove
that Mp, has a bound on L?(R") which is independent of 7, provided
that 1 < g < oo.

The behaviour of maximal functions associated to convex bodies
has been studied by various authors during recent years. When B
is the Euclidean ball, i.e. B = B,, Stein [9] has shown that M}y is
bounded on L?(R") uniformly in # for every p > 1, and Bourgain [2,
3, 4] and Carbery [6] have shown that the analogue of this holds for
any convex body B, provided p > 3/2. Moreover, by a result of Stein
and Stromberg [11] it is known that the L? operator norm ||Mp||p, of
Mp grows at most linearly in the dimension » for any p > 1.

Since the general estimates for convex bodies in [2] do not imply
that | M3p||,, has a bound independent of n, if p < 3/2, it is well
possible that for p < 3/2 one can only hope for estimates of | Mp||y,»
which depend on additional geometric invariants associated with the
body B. In this article, we shall show that one can in fact prove an
estimate of this kind:

We associate with B the following two linear invariants a(B) and
Q(B): There exists a regular linear transformation S of R”, which
is unique modulo orthogonal transformations, and a unique constant
L(B) such that Vol, S(B) =1 and

| ixoRdx =Ly
S(B)

for all unit vectors £ € R”. Let 1/0(B) be the minimum of all (n — 1)-
dimensional volumes of all sections of S(B) by hyperplanes, and Q(B)
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the maximum of the (n — 1)-dimensional volumes of all orthogonal
projections of S(B) onto hyperplanes (we note that o(B) ~ L(B)).
Then, for p > 1, the operator norm || M3p||,, can be estimated by a
constant depending only on p, o(B) and Q(B).

This criterion suffices for example to prove the uniform bounded-
ness in n of the maximal function Mp , where B, denotes the unit
ball with respect to the /9-norm on R”, 1 < g < oo. This extends a
result of Bourgain [4] who proved it for ¢ € 2N by making use of
an “extra” decay of the Fourier transform of yxp,, x5, denoting the
characteristic function of B,;. However, this extra decay depends on
some “smoothness” of B, for ¢ € 2N, which can easily be destroyed
by cutting off a small piece of B,, along an affine hyperplane, whereas
our result is invariant under such operations.

Moreover, since one can show that Q(B,) = /7, this might indicate
that the norm of the “cubic” maximal operator Mp_ associated with
the unit cube of L? is possibly growing with the dimension, if p < 3/2,
and our results give some hints how one might try to prove this.

I would like to express my gratitude to the Mathematical Sciences
Research Institute in Berkeley for the warm hospitality during my stay
there by which this paper was completed, and especially to E. M. Stein
for hints concerning multipliers of Laplace-transform type.

2. The main theorem. Let B be a convex symmetric body in R”.
Arguing as in [2], we see that there exist a linear transformation S €
GL(R") and a constant L(B) > 0 such that

(1) Vol,S(B) =1 and l(x,&)|? dx = L(B)?
S(B)
for all unit vectors £ € S"~! = {£ e R": [¢|> = 10, [&;]> = 1}. Tt s easy
to see that L(B) is determined uniquely by (1), and that S is unique
up to multiplication by an orthogonal transformation from the left.
For & € S"~!, we define similarly as in [2]
(2) o) :=gg(u) :=Vol,_,({x €S(B): {x,{) =u}), uck
Moreover, let 7. denote the orthogonal projection of R” onto the hy-
perplane perpendicular to . Then the constants
(3) 1/a(B) := max{p:(0) : £ € S"7'},
Q(B) := max{Vol,_(m:(S(B)): £ € "~}
are obviously linear invariants for B, i.e. a(U(B))=o(B) and Q(U(B))
= Q(B) for all U € GL(R").
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Since also || Mp||pp is a linear invariant for B, we therefore may and
shall assume in the sequel (except for §3) that S(B) = B. Then, by
[2], Lemma 1, there exist two universal constants 0 < a, A < oo, such
that

(4) o(u) < Ap(0)e~2 Ol 3 eR.

Moreover, there is a universal constant a; > 0, such that with L =
L(B)

(5) a;r' <L-g:(0)<a;, &eS".
This implies in particular g(B) ~ L(B).

THEOREM 1. Let p > 1. Then for all f € LP(R")
(6) IMpfllp < C(p,a(B), Q(B)|I flps

where the constant C = C(p,a,Q) ! is independent of n and grows with
o and Q.

Note that, for p > 3/2, C can even be chosen to be independent of
o and Q by [3] or [6].
Let us fix some notation. We denote by m the multiplier

(7) m(&) = 18(¢) = . xB(x)e™2MEX) dx

associated to yp. If w € L*°(R") is any multiplier, we define the
corresponding multiplier operator T, as

(8) Tu(f) =5 (w]),

& ~! denoting the inverse Fourier transform.
For p € R with p > 1/2 let us define the pth fractional derivative
(€-V)”m of m as in [6] by

m(r¢)

r=1

o €vrme- (%)

_ /(__27”.<x’é))pK(x)e—Zni(x,@ dx’

where K = yp. Then, by the results of [6], expecially Theorem 2 and
Proposition (ii), our Theorem 1 will be an immediate consequence of

'Here and in the sequel constants will frequently be denoted by C, with the understanding
that they may be different from statement to statement.
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ProrosiTION 1. Let 1/2 < p < 1. Then for all f € LP(R")
1 Te.vypmSlo < Cplp, o (B), QB)I Sl

if 1 < p < oo, where the constant C, is again independent of n.

This proposition is closely related to the question raised in [6],
whether it is possible to find a bound for 7 ¢.y),, which is independent
of n.

The proof of Proposition 1 will be based on analytic interpolation.
We define a family of operators 7, = T, , a € C, by

(10) ma(&) = (L+ D' U m@rO)l=1, £ #0.

Here, =% denotes the ath fractional Riesz derivative with base point
2, that is

) I = e

(—a

-1 )/Z(S—r)'a“f(s)ds, Rea < 0,

if e C>(10,2)).

It is well known that /% can be extended analytically to the whole
complex plane, and that I=% = (d/dr)k is the usual kth derivative
for k = 0,1,.... Note that I=* and (d/dr)* as defined in (9) do not
agree. However, we shall show later that the difference of these two is
unimportant for our problem. We also define 7} = T},: by

(12) me(E) = (L +1E)*ma(©),  &>0.

The proof of Proposition 1 will essentially be contained in the Lem-
mas 2 and 4 to follow, which deal with the two endpoint cases for the
interpolation. Lemmas 1 and 3 are more of a technical nature.

LEMMA 1. Let 0 < Rea < 1, k €N. Then for u > 1

u —a Lai
s =2nis gg _ e: (1 -
/0 (1 +s/u)ke S i (1-a)

< Celm/Dlmaly~Rea

The proof of Lemma 1 is an easy consequence of Cauchy’s integral
theorem and follows by changing the path of integration from the
interval [0, ] to —i[0, u], connecting those two paths by quarter circles
of radii v and ¢, ¢ — 0. We shall omit the technical details.
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LEMMA 2. Fix N>0and0< e < 1/2. Then
() ||Malleo < Cn(a(B),Q(B))e?™mel 0 < Rea < N,
(ii) [|mE|le < Cn(a(B), Q(B))e?™Imal, —_¢ < Rea < N.

Proof. Assume Rea > —¢, and let k = [Re o] be the integer part of
Rea. Then it follows easily by partial integration from (10) that

(13) mad) = éﬁi—}f—i}_’—a)(l vie (&) meo,
B e () m

By (1), with ¢ = gy, we have

(14) m@) = [ e ) du,

hence

(15) (%)] M2 = (~2miel)’ [ el (u) du.

By partial integration this implies

(16) (55) mO&l,_, = 5(-2mile)y™ [ ey ) d

(2) and (15) imply for0< j < N

J
\(g;) m(rE))-s
< Cup(0) /e < Cuo(BY V.

Moreover, since (/) (u) = ju/~'p(u) + u/¢'(u), and since ¢’(u) has
constant sign for u > 0 resp. u <0, (16) and (4) yield

d J

(5) meol.
Together, we obtain
d\’
(d_‘) ré)lr~

at least for j > 1. However, for j =0, (15) and (16) easily imply
Im()] < C(1+9(0))/(1+1¢]) < C-Q(B)/(1 + [£]).

<Cuit [ wp(0)e O du
0

< Cyp(0)~U=DjEP-1 < Cya(B) g1

< Cn(a(B))IEV/(1+ &),
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So, together we get

(&) meo,-,

This implies, for j =0,...,k,

44

< Cx(o(B), QB g O

(4t (i)’ m(r)l,s

7| Ima|

(17)

where we made use of the well known asymptotics [8, p. 79]
(18) [T(x + iy)| ~ e~ /2N [p|x=1/2) .\21  as |y| — oo.

So, it remains to estimate the integral term in (13), which, up to
the sign, is given by

(L+Ep'-—

IO = f s (2mile) ! [ Fent o) du,

where
2 .
F(1) = / (s — 1)k=ag=2nits gg.
1

The estimate of J(&) requires more technique, but is essentially based
again on (4), so that the rest of the proof of the lemma could be
skipped for a first reading. We set

G(u) =/ t*t1F(6)dt, ueR.
0

Then
[ Pt du
=72 [ Pl gl du
=™ [ G e
and hence
(19) [T < Calel2(1+ ey Ree

X

1 o0 ,
s [ S /e dul.
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Now

u .
(20) / thtle=2nits 4y
0
l' k+1 )
— (5;) (_1)k+l(k + 1)!S—(k+2)(e—2mus _ 1)

k
+3 (k * 1) (=1)/ j(=2mi)k~

j=o 7
x S—(j+1)uk+1—je—2m‘us} .
Let
2 . .
(21) Gj(u) — uk+1‘j/ (S _ 1)k—as—(j+1)e—2mus dS,
1
J=0,...,k+1,
and
, 2 k—a o —(k+2) b sk
Q1) GraW) = Grna = [ (5= 15 s = [ o,
and define for j =0,...,k+2
1+ 1-Rea 1 00 ,
@) 5= e [ s,

By (20), G is a linear combination of the G, and so it remains only
to show that all functions J; have an estimate of the desired type.
For j=0,...,k+1,

u
. — yo—Jjp—2miu S
Gjlu) = ue /o (1+s/u)/*!

k—a .
e—2ms dS,

so Lemma 1 implies for |u| > 1
(23) Gj(u) = + ie(ﬂ/z)(a—k)ir‘(k_ +1-— a)ua—je—zm‘u
+ O(e /DN mal |y k=j),

Moreover, if |u| < 1, then

) e—2niu uk+l—a )
Gj(u) = o/ e—27uu

k+1—-a| 2/

u d e—2m‘s
_ k+l—a %
b ot ds}’
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which easily implies

Iulk+1—j
! . —————
(23) G < Cvpry g MIST
(23) and (23)' imply
(1 + |€|)1_Rea

(24) Q< -C e

l .
) {WkwLIT—aﬂ/o W' (/) du+ el/Dlmel

oo ea—j uk_j !
X/1 [uR J+m}¢(u/lf|)du}-

However, if j < k + 1, then

(25) / o' (u/|]) du < 20(0)E],

/0 Wk =T ! (uf|E]) dul <

and similarly one shows by (4) that

/; uRe“‘j(o’(u/lﬂ)du — _I‘fIHRea_j /l/m uRea—j(ol(u) du

1
< g1 HRee) {lﬂj—Re%’(l/lfl) +|Rea - jl¢(0) /l/lél ukee=I=lduy
+|Rea—j|/oo uRee=J g(u) du}
1

< Cy(a, Q)|§’1+Rea—j(1 + |é|j~Rea);

hence
*® Rea—j ./ CN(03 Q)|§II+Rea’ J < k,
@0 | ipunea < { Cy(@, 0l =K+l

Of course | [*° uk=/¢'(u/|&|) du| is even dominated by (26). (24), (25)
and (26) imply, for |&| > 1,

(27) ;)] < Cn(a, Qe ™1 4 g7 Re),  j=0,....k+1.
Moreover, since obviously |Gy,»| < CN/ |k +1 — al, we have
! —1-Rea
QN 1) < Ol e [ o wieh
< Cy(g)emltmeljg|=Ree, g > 1.
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The last two estimates imply the desired uniform estimates of m, (&)
and m (&) for [¢| > 1.
There remains the case |£| < 1, which is easy: By partial integration

_ (arRpt frd )
J(&) = Tkt2-a) { (ﬁ) m(s¢)|s—»

_ /12(s _p)kti-a <%>k+2 m(s&) dS}

which, together with (15) and (2), implies

|7()] < Cn(a, Q)emI meljgfel
this settles the case |¢| < 1. ]

LEMMA 3. For each unit vector n € S"~! define a distribution p, =
0xB/0y = (n-V)xp. Then u, is even a bounded measure, and

”ﬂn”M(Rn) = 2Vol,_(ny(B)).

Proof. Let ¢ € C§°(R") with ||¢||c = 1. After rotating coordinates,
we may assume that 5 is the nth coordinate vector. Writing R” =
R"~! x R with coordinates (x, «), we then have

¢ / / ¢
O)=— [ —=-— —(x,u)dudx,
(:url ¢) B an n”(B) BX 6u( )

where B, is the interval B, = {u € R: (x, u) € B}, with endpoints say
a(x) < b(x), unless B, = <. So

< 2Vol,_(n,(B));

(it 9)] = / [o(bx) ~ plae1dx

n

hence ||yllar < 2 Vol,_i(my(B)). Moreover, choosing ¢ to be linear on
each section By such that ¢(b(x)) =1 and ¢(a(x)) = —1 immediately
also gives ||uyllar > 2 Vol,_;(n,(B)). O

LEMMA 4. Let 0 < e < 1/2. Then
(28) NIT%,ifllp < Ce(p,a(B), Q(B)™ W\ fll,,  f € LP(R"),

for every 1 < p < o0.

Proof. Let a = —¢ + iv. Since

/2(S = DTN+ gD m(sE) ds,
1

m&

(x(é) = —F(—a)
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it clearly suffices to prove that the multiplier operator corresponding
to (1 + |&])I~¢~om(s&) satisfies (28) uniformly for 1 <s < 2.

Consider the multiplier M, (&) = (1 + |¢|)~*. This multiplier is of
Laplace-transform type in the sense of [8, Ch. II, §4], since one easily
checks that

1+ = /1/ a(te " dt, A >0, where
0

_ 1 w ,—t til/—-s
a(l)—m[t e +/Os e ds].

Since ||allc < Ce™/2)I"l| the general theory of heat-diffusion semi-
groups [8] implies for 1 < p < oo

(29) 1 Tae, fllo < Coe™2Mifllp, — f € LPRY),

where C, is a constant depending only on p.

Since (1 + [E])!7¢7*m(s€) = (1 + &))" (1 + |£])m(s&), and since
I Tonisyllo = 1 Tmllpp < |Bl = 1 for all p, (29) reduces the proof of
(28) finally to estimating the multiplier operator corresponding to

(30) mo(&) = —2x|¢|m(Z).

Define measures u; by u; =0xp/0xj, j=1,...,n. Since

- &; .
mo(&) = Y ( ~izh ) (~2migm()),
’ ]Z; ( Iél) :

we have

(31) Tmof =) Rj(u;* f),

j=1
where R; denotes the jth Riesz transform. By a result of Stein [10]
(see also [7]), it is known that

1/2
(32) (Z leflz) SA4lflp, 1<p<oo,
j

»
where A, is independent of n. Using a simple duality argument, (31)
and (32) imply

1/2
(33) TSl < Ay (Z e flz) ,  l<p<os,
J

p
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where 1/p + 1/p' = 1. Let g(f)*(x) = X, |u; * f(x)[>. We want to
estimate the L?-operator norm of the sublinear operator g.
If p = 2, we obtain from (17)

(34) NNz = 1Tmef1l2 < lImollooll fll2 < Cla, DI Sz

For p = 0o, we observe that
(35) 18NN =I(Vas) # [X)] = sup g+ )]

where uy is defined as in Lemma 4. This in combination with Lem-
ma 4 implies

(36) 18Nl < sup | tyllacllSNoo = 2Q(B)||floo-

n
Interpolation between (34) and (36) yields
IgNllp < C,0, DI Sflp, 2<p <005
hence, by (33), also
(37) 1T Sl < C(p, 0, Q)| fllp,
at least for 2 < p < oo, but by passing to the adjoint operator T, , we
get (37) also for 1 < p < 2. This concludes the proof of Lemma 4. O

Proof of Proposition 1. Let p=1—¢ € ]1/2,1[. From Lemma 2 (ii)
and (13) it follows easily that the family {72} in an admissible family
(in the sense of [12, Ch. V]) on every strip —¢ < Rea < N, N > 0.
Thus, choosing N sufficiently large and interpolating the estimates in
Lemma 2 and Lemma 4 between Rea = —¢ and Rea = N, we obtain

(38) ITE_. fllp < Ce(p,a(B), Q(B)II flp
for any 1 < p < 2, hence, by duality, for any 1 < p < co. But,

39) mi_(&)=U"m(d)]|,_,
dm(s&)

1 2
= _f(—ajm(é)+ 1:(15/1 (s—1)"* s ds.
Moreover, (¢ - V)*m(&) is given by [5, p. 51]

(& V)em(&) = T——I&_) /loo(s — 1) im(sE)ds if —1<a<O.

By partial integration, we see that

€V = ey [ 6 - DT s
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forO<a<l1 A comparison with (39) shows that

(&-V)Pm(&) = mi_ (&) + F() (5)+%/200(s—1)"”dn:1(;é)d3

=mi (@)~ [, 6= D msg)ds.

Since [,°(s — 1)7?~!ds < oo, this together with (38) implies
1 Tewy fllp £ Colps 0, DN flp- O

3. Examples: The /9-unit balls. In the sequel, let 1 < g < oo be
fixed, and let
B, =B ={xeR":|x]|; <1}
be the unit ball with respect to the /9-norm |x|, = (3" |x;]9)!/9 (resp.
[X|oo = max |x;|, if g = 00).
Let x(n) = x4(n) denote the volume of BJ. A straight-forward
calculation, using induction on n, easily yields (g < co0)

w s B )

Choose m = my(n) > 0 so, that the body B, = mB, has volume 1.
(40) implies m ~ n'/9 up to a constant a, (see [4]). Of course, if
q = oo, we have kK (n) = 2", and m = 1/2. Let us determine the
constant L mentioned in (5):

Because of the symmetry properties of Eq, we have for any ¢ € 7!

/(é x)dx=>)" /62 2dx—(2€2)/ x2dx = /ﬁx,%dx,

q

and so we may choose S(B;) to be Bq, and obtain for L = L(By)

m
L? = /V x2dx = 2/ x2(m9 — |x,|9) "= V/dxc, (n — 1) dxy
B 0

q

= 2m"+ 2 (n—l)B(3 n- 1+1>
7 q

where B denotes the Beta-function.
Since m"x,(n) = 1, this yields

L2 =2m 2’“"(”_1)3(3,”_1 +1) ~ A2
Kq(n) 9 49
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by Stirling’s formula, and so by (5)
(41) a;'4, < 0(BY) S a1 4,
at least for ¢ < co. However, for ¢ = oo clearly L? = 1/2, hence
o(BL) ~ (2V/3)"! -~

In order to estimate Q(Bj), we adapt an idea from [4]: Let 7 :
[0, co[— [0, 1] be a smooth function satisfying the conditions (g < o0)

(42) =1 on [0,m?],
(42) =0 on[m?+ 1,00,
(42)" -2<7<0,

and set K (x) = 7(3_|x;|7), x € R". Note that by (42) xz < K, and by

(42) (m?+1)14B, c (1 +c/n)§q =l~?q, hence |K||.: £ C. Moreover,
we have
0K

acl,

This is in fact true if B = Eq is any convex body and K any function
which is 1 on B, non-increasing with growing distance from B, and
such that 0K/9¢ is integrable: We may assume without restriction
that £ = ¢,. Then, adapting the notations from the proof of Lemma

l‘ for all £ € S771.

(43)  Vol,_i(n(By)) = 5

4,
a(x)
/Bx (z)lg(x t)l dt=/b(x) %If(x t)‘ dt+/~oo %If(x t)' dt
= K(x,b(x)) + K(x,a(x)) = 2;
hence
“ ag |, = 2Vol,_(n:(B)).

In order to estimate ||0 K/9¢&||11, observe that
OK/0& = g7 (3 1xj17) - 3 & sen(x))lxs1e 7,
J
and hence

|0K/O&|| L < Zq  sgn(x;)]x;|97!

csgn(x;)|x;|97 dx
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However, Khintchine’s inequality

1/2
Z Zsjaj <C(Z ) R a; €R,
J

==+1 | =1

implies
1/2
loK/0&|| L < Cq/ [Zézlx 2= ”} dx

1/2
co | prre]
e J

by Holder’s inequality, since Vol, (Eq) < C. Because of the symmetry
of B, this yields

1/2
10K /8¢ < C"q - { /: Ixnlz(q“‘)dx] ,

q

and hence, because of (4), (5), (41) and (43),

independently of n. So Theorem 1 implies

COROLLARY 1. Let 1 < q < oco. Then for all f € LP(R")

IMe; flp < Co,. ) fllpy, 1<p <00,
independently of n.

What can be said about the case g = co?
In this case, an easy geometric consideration shows that for any
& e 8" ! (see also [1], pp. 41, 45)

Vol,_; (ns(B ZVOIN ((F) - (&, n(F)),
where summation is over all faces F of the cube Eoo whose out-

ward normal n(F) satisfies ({,n(F)) > 0. So, if we choose { =
n=12(1,1,...,1), we get

Vol (n(Bo) Zgj



MAXIMAL FUNCTIONS 311

The same argument easily shows that Voln_l(n,,(goo)) < /n for any
n € S"!, and we get

(45) Q(By,) = Vn.

So, our criterion gives a bound for || Mp. ||, which grows with n.
Let us conclude with a direct consequence of our results, which

appears a bit surprising at the first glance (we do, however, not claim

originality for this result). Let Z(Eg ) denote the surface area of §g.

COROLLARY 2. If 1 < g < oo, then cy/n < E(§g) < Cq+/n, whereas
>(B%) = 2n.

Proof. By Cauchy’s surface formula [1, p. 48]

S(Br) = ;2—(;1——) [ Volui(me(By)) d
X(B7) ny . hKa(n) o
< 0By = 2 0By,

hence, by (40), (44), for ¢ < oo

X(B)) < Cqv/n.

Moreover, it is well known [1, p. 104] that the Euclidean ball has
minimal surface area among all convex bodies of given volume, and
Z(B}) = m"'Z(BY) = m"~!n - xy(n) = n/m ~ c - \/n by (40), where
m = my(n). So we also obtain

X(BI' > X(B}) ~ ¢ - v/n. O
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