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REPRESENTATIONS OF CONVEX
NON-DENTABLE SETS

SPIROS A. ARGYROS AND IRENE DELIYANNI

It is proved that every closed convex non-R.N.P. set in a Banach
space contains a non-dentable subset with a martingale coordinatiza-
tion. Thus we answer affirmatively a question posed by H. Rosen-
thai and A. Wessel. The proof depends on the concept of the Con-
vex Finite-Dimensional Schauder Decomposition (C.F.D.S.D.) intro-
duced and investigated in the present paper. Certain partial positive
results are also given related to the following fundamental problem:
Every closed convex set either is R.N.P. or it contains a closed subset
with a ^/-representation.

Introduction. Sets with the Radon-Nikodym Property (R.N.P.) can
be considered as that class of closed convex sets which enlarges the
class of weakly compact sets and which still keeps most of the nice
properties of the latter class. There exists an extensive literature on the
study of sets with the R.N.P. the reader should consult [Bo] and [D-
U]. Recently the Analytic R.N.P., the complex analogue of the R.N.P.,
has been studied by several authors (see [G-L-M], [G-M-S]). One of
the most important problems in the theory of sets with the R.N.P. is
that of the equivalence of the R.N.P. and the Krein-Milman Property
(K.M.P.). In the past years several partial results have been obtained.
Among them the most remarkable is W. Schachermayer's discovery
that R.N.P. is equivalent to K.M.P. on strongly regular sets. Further-
more H. Rosenthal proved that every strongly regular non-R.N.P. set
contains a closed convex subset on which the norm and weak topolo-
gies coincide. After all it became clear that a further study of the prob-
lem needs a further understanding of the structure of non-dentable
sets, which is, of course, of independent interest.

The purpose of the present paper is to give certain representa-
tions for the elements of non-dentable closed convex subsets of Ba-
nach spaces. For this purpose we localize the concept of the Finite-
Dimensional Schauder Decomposition (F.D.S.D.) by defining the Con-
vex Finite-Dimensional Schauder Decomposition (C.F.D.S.D.). This
allows us to express uniquely the elements of certain convex sets as
norm-converging series in a similar way as is done in spaces with a
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F.D.S.D. We also show that for convex sets failing the R.N.P. and be-
longing to certain classes we can find subsets of them with a "complete
structure" which is described as a ^^/-representation.

The paper is organized into five sections each one containing the
following:

In §0 we recall the definitions and some properties of δ-approximate
bushes and regular J-bushes.

Section 1 is devoted to the definition of ^-approximate bushes
(Xa)aej* defining a C.F.D.S.D. and to the study of the properties that
this notion induces on the set K = cδ(xa)aej^ , where {xa)ae& *s the
averaged back bush corresponding to (xa)ae^ The most important
is that each element of K has a unique expansion as

n=0|α|=n

where (ya)aess? a r e the nodes of (xa)ae^f

Aa di u ? ^o ~ ' a ~~ 7 v β '

βesa

As we show, this expansion is equivalent to the notion of a martingale
coordinatization introduced by H. Rosenthal and A. Wessel in [R-W].

The next two sections are mainly devoted to the proof of the fol-
lowing result:

THEOREM A. If L is a closed convex non-R.N.P. subset of a Banach
space X then it contains a δ-approximate bush (xa)ae^ defining a
C.F.D.S.D. Hence it contains a closed convex subset K = cδ(xa)ae^
such that each x in K is expressed uniquely as

n=0\a\=n

The proof of this theorem is divided in two parts. The first, given
in §2 (Theorem 2.3), contains the case of closed convex sets L failing
the Point of Continuity Property (P.C.P.) and the second, given in
§3 (Theorem 3.7), concerns non-R.N.P. sets with the P.C.P. In Theo-
rem 3.7 we also prove that the chosen set K satisfies the additional
property that the norm and weak topologies on it coincide.

Further in §2 we prove two more results concerning sets which fail
the P.C.P., Theorem 2.7 and Theorem 2.13, which we use in §4 to
establish ^^/-representations in certain convex sets.
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Section 4 contains results concerning ^/-representations. We de-
fine &af to be the closed convex subset of M[0, 1] consisting of all
probability atomless measures. A closed convex set K in a Banach
space X has a ^/-representation if there exists an aίfine, continu-
ous, onto injection T: ^a/ —• K. It is an easy observation that if
K has a ^/-representation then it has no extreme points, hence it
fails the K.M.P. The problem whether every non-R.N.P. set contains a
closed convex subset with a ^/-representation was posed to the first
author by Professor Rosenthal. The main result of §4 gives a partial
positive answer to this problem. More precisely we show:

THEOREM B. Let L be a closed convex non-R.N.P. subset of a Ba-
nach space X such that one of the following conditions is satisfied:

(i) The R.N.P. is not equivalent to the P.C.P. on the subsets of L,
(ii) X has an unconditional basis,

(iii) L is a subset of the positive cone of Lι [0, 1].

Then there exists a closed convex subset K of L with a &af-represen-
tation.

As we mentioned before Theorem B implies that the R.N.P. is
equivalent to the K.M.P. on L, if L satisfies (i), (ii) or (iii). This
is already known from earlier works of Schachermayer [S2], Rosen-
thai [R], Rosenthal and Wessel [R-W] and Caselles [C]. As a corollary
of Theorem B we get that every non-R.N.P. w*-closed convex subset
of a dual Banach space X contains a separable subset with a ^ / -
representation.

O Approximate bushes. In this section we recall the definition of
a ^-approximate bush and the corresponding averaged back (regular)
bush.

0.1. NOTATION. We denote by N^ the set of all finite sequences
of natural numbers of the form (0, aγ, a2, . . . , an). For a e N^
we denote by \a\ the length of a and for convenience we set |(0)| = 0
and |(05 au . . . , an)\ = n. For a e N^, n e N, n < \a\ we
denote by a\n the restriction of a on the set {0, . . . , n} and for
a, β e NW we define by a < β iff |α| < \β\ and β\ \a\ = a which
clearly defines a partial order on N^ .

A finitely branching tree, denoted by sf , is a subset of N^ such
that for every α E i and n e N with n < \a\, a\n e si and for
every n e N the set s/n — {a e sf: \a\ = n} is finite. If si is a
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finitely branching tree and a G si we denote by

Sa = {β:a<β, |jj| = |α| + l}.

0.2. DEFINITION, (i) A bounded subset (xQ)aerf °f a Banach space
X is said to be a ^-approximate bush with <5 > 0 iff si is a finitely
branching tree, for all a G J / , β e Sa , | | x α - ^ | | > 5 and there exists

{λβ:βe Sa} with λ, > 0, Σβesa h = 1 a n d ll̂ α - Σ/?Gsα

 λβxβ\\ <

ίβ|α) where Σ^=o ε« < ί
(ii) A set (xa)ae^ > a s before, is said to be a 5-bush iff for a e stf ,

β e Sa, \\xa - xβ\\ > δ and for all α e stf, xα = Σβes λβxβ f o r

some {λ^ : β eSa}, λβ>0, Σβesa > λβ = !
Γ/ẑ  averaged back bush corresponding to an approximate δ-bush.

Let ( x α ) α € j / , be an approximate <5-bush. For all a e si , m > |α|

we define x^ = Σ\β\=m^f>xβ t 0 ^ e a c o n v e x combination defined

inductively as follows: For m = \a\ + 1, x™ = Σβes ^βxβ where

{λβ\ β e Sa} is the set which appeared in the definition of the δ-

approximate bush. Suppose that for some n the set {λ^: \β\ = n}

has been defined; we define λ^ = λ^λγ where \γ\ = n + 19 γ G Sβ
and λγ is the coefficient appearing in the definition of the approximate
bush.

The following properties are easily established:

(i) For all aes/ the sequence {x™}m>\a\ is norm Cauchy.
(ii) If xa = limw_>oo x™ then for a esf , β e Sa, \\xa - xβ\\ > f

and
Xa =

(iii) Every xa belongs to c6{xa)ae^

0.3. NOTATION. If {xa)aesf is a ^-approximate bush we set y$ =
XQ and for a € sf , yβ = Xβ —xa for all β G Sa . The vectors (y α ) α € J /
are called the nodes of the approximate bush.

0.4. REMARKS. An easy computation shows the following identity.
For every convex combination Σ\β\=m^βxβ w e

\β\=m n=0\a\=n

where μa = λa for |α| = m and if \a\<m9 μa = Σγes
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0.5. DEFINITION. Let (xa)aej* be a bush of elements of a Banach

space X. The bush function of (xa)aβ^ is a family (λa)ae^ such that

λa > 0, Σβesa

 λβ = * a n d *<* = Σ^esα ^* j i
If (Xa)aetf is a ^-approximate bush we define the bush-function of

it to be that of the averaged back bush (x

REMARK 0.6. Let (ya)aerf be the nodes of the ^-approximate bush
and (ya)aes* t h e nodes of the corresponding regular bush

9 then for any family (μa)aesf of real numbers such that μo =
1 > βa ^ 0, μa = Σβes ^β ( a normalized conditionally determined
family, following [R-W]) we have

n n=Q\β\=n

whenever either series converges.
This follows by Remark 0.4 and the fact

/ ^ βaXa "~ / ^ βaXa

1. The convex finite dimensional Schauder decomposition
(C.F.D.S.D ).

1.1. DEFINITION. A 5-approximate bush {xa)aesf defines a
C.F.D.S.D. if the following conditions are satisfied:

(i) The nodes (ya)aej* a r e linearly independent.
(ii) There exists k > 0 such that for n < m, Σ|α|=/w ̂ aXa an

absolutely convex combination we have

\β\=*

<k / ^ λaxa

\a\=m

where

H = Σ λ«'
\a\=m,β<a

1.2. REMARK. We note that for n < m the map

Γm, n / J AaΛa * y ^ μβΛβ

\a\=m \β\=n

where μβ is as before, is well-defined and linear. Indeed by using the
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alternative expression of Σ| t t |=m ^a*a we get that

(1) MM ,« Σ Σ
k=O\γ\=k

which clearly is well-defined and linear because of the linear indepen-

dence of the vectors {ya)aej* It *s a ^ s o obvious that for m\ > m-χ > n

P — P n P
mι ,n — Γm2, n υ Γmι, m2

Hence we will use the notation Pn for any Pm,n •

1.3. PROPOSITION. Let (xa)ae^f ^ e a <>-approximate bush defining
a C.F.D.S.D. and (xa)ae^ the averaged back bush. Then for every
x G cδ(xa)ae^ w e have that x has a unique expression:

n=0 \a\=n

where (ya)ae^ a r e the nodes of (xa)ae^f and ^o = 1» 0 < λ^ < 1,

ha = ΣβeSa λβ

Proof. We note first that if x G cδ(xa)Qe^ a n ^ x ^ a s a n expression
of the above form then it is unique.

Indeed, if
oo oo

V ^ ^~^ (x) V^ V̂^ }(x\
/ / r*ΌL y OL — x • ***Ci y Oί

and there exists αo G J / with
choose ε > 0 such that

μ{a\ suppose \ao\ =

(*)
n=0\a\=n

Choose me N such that
m

n=0|α|=Λ
> ε.

ε

n=0 \a\=n n=0 \a\=n

where k > 0 is the constant for the C.F.D.S.D. Then applying PHo we
get

{x)

n=0|α|=n π=0 |α|=Λ

which contradicts (*), proving our claim.

< k y- = ε
k
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Thereafter it suffices to show that every x e cδ(xa)aes* has at least
one such representation.

Indeed xa is by definition equal to Σ^Lo Σ\β\=k VβVβ > where for
β > a, μβ = Ua<γ<β λy > w i t h (*<*)<*€& t h e b u s h function of {xa)aej* ,
and μβ = 1, for β < a, and μy? = 0, for β incomparable to a. Now
by Remark 0.6 we get that xa has a representation of the desired form,
and this is extended to the elements of co(;cα)α €J/ .

We define

Pn:

by the rule

w=0 |α|=A: / Λ=0 |α|=i

and we claim that \\Pn(x) - Pn{y)\\ < k\\x - y\\
We observe that l im m ^ o o i >

m (x) = x and if n < m,

Pn(x). Hence

and
||Pπ(x) - Pn{y)\\ =

and finally we get

\\Pn(x) - Pn(y)\\ < k\\x - y\\.

Therefore we can extend Pn on the set co(x α ) α 6 J /. Clearly for
x G cό(xa)aejtf w e have Pn(Pm(x)) = PΛ(Λ:) for all m e N, n < m
and easily we get a representation for any x .

1.4. REMARK, (i) Our goal is to show that every closed convex
bounded non-dentable subset of a Banach space X contains a δ-
approximate bush defining a C.F.D.S.D. Bourgain has shown that ev-
ery non-R.N.P. Banach space contains a subspace with a F.D.S.D.
failing the R.N.P. [B]. Our result can be considered as a localization
of Bourgain's Theorem. We will distinguish two cases. The first is of
sets without the P.C.P. and the second is of non-dentable sets with the
P.C.P.

(ii) Proposition 1.3 and Remark 0.6 imply that if (xa)aerf i s a δ~
approximate bush which defines a C.F.D.S.D. then the averaged back
bush {xa)aejtf is a martingale coordinatization for its closed convex
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hull. We recall that a bush (xa)aes/ is a martingale coordinatization
([R-W]) if each x in the closed convex hull of {xa)ae^ has a unique
representation of the form Σ ^ o Σ i α μ w ^ V α where (ya)ae^ are
the nodes of the bush. A restatement of our result is that every non-
R.N.P. set in a Banach space X contains a J-bush (xa)aes^ which is
a martingale coordinatization. This answers affirmatively a question
posed in the final Remark of [R-W].

Next we give a criterion for the existence of ^-approximate bushes
defining a C.F.D.S.D.

1.5. LEMMA. Let (xa)aesf be a δ-approximate bush such that

(i) (χa)aestf a r e linearly independent
(ii) For all n e N there exists a subset Fn of Bx* (1 -εn)-norming

the absolutely convex hull of {xa: \a\ = n} and there exists δn such
that

H(l-δn-en)-ι<oo
n=0

and setting

δn = inf < / λaxa

\a\=n \a\=n

we have

\\f{x«-Xβ)\\<δn

forall feFn, aestfn, βeSa.
(iii) For all a e srfΆy f e Fn the set {f(xa - Xβ): β G Sa} is a

singleton.
Then {xa)ae^ defines a C.F.D.S.D.

Proof. We claim that for n G TV and any linear combination

Σiαi=A2+i λcχXa we have

±n I / v ΛαXα
<(\-en-δn)

-1
/ j

Indeed, notice that

= Σ Σ λ« I χβ
\β\=n \aeSβ
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and choose f e Fn (1 - εw)-norming the vector Pn(Σ,\a\=n+i λaXa)
Then we have

Σ ; r >

So the claim is proved. We set K =
easily verify that for n < m

PnlYλx
\|α|=m

and the proof is complete.

~ εn - δn)~ι and we

/ ^ ^α ^o:

The next lemma is crucial for the construction of approximate
bushes defining a C.F.D.S.D. In particular it will ensure the condi-
tion (iii) of the previous lemma.

1.6. LEMMA. Let K be a convex closed bounded subset of a Banach
space X, f\9 ... , fn elements of X* and ε a real number with 0 <
ε < 1.

Then there exist a finite dimensional subspace Y of X and a δ > 0
such that for every XQE K there exists a set of reals (^(xo))/Li su°h
that for every x e K with \f(x - XQ)\ < δ for all i = 1, . . . , n there
exists z eYnK with

- ε)x + εz) =^ + fi(x0).

Proof. We can suppose that OeK and f\, ... , fn restricted on K
are linearly independent. We set

/ : K - Rn
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defined by

It is clear that f[K] has interior in Rn .

Select a finite dimensional subspace Y of X such that f[Y n K]

contains a set of the form Π/LilA > £/] with α/ < /̂

Set J = ε m i n { ^ ^ 1 < / < n} and for Xo e K define

Suppose that x e K and it satisfies

\fi(x - xo)\ <δ for / = 1, . . . , n.

The desired z will exist provided that

M) <
εαz < yl/ + fi(x0) - (1 - ε)y (x) < ebi

eat < Ai + efi(xo) + (1 - ε)(fi(xo) - //

eα/ < εUι

 2 ' - εy (xo) +

but the last relation follows from the fact

The proof is complete.

1.7. DEFINITION. Let (xa)ae^ be a δ-approximate bush defining a
C.F.D.S.D. Then for each α G J / we define the coordinate functional
fa: cδ(xa)ae^ -> i? by the rule

n=0\β\=n

1.8. REMARK. Since the projections (Pn)neκ are norm continuous
we get that each fa is also norm continuous.

1.9. LEMMA. The coordinate functional (fa)aestf are weakly con-

tinuous on cδ(xa)aesf

Proof. Suppose that some fa is not weakly continuous. Then there
exists x and a net {Xi)iei weakly convergent to x such that (fa(Xi))iei
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does not converge to f(x). Hence there exists a subnet {xt )jej and
e > 0 such that either

fa(x) + ε < fa{Xij) or fa(x)-e>fQ(xij).

Assume that the first holds. Then for any convex combination

s=\

we have that

fa(x) + e<fQ(y).

But from Mazur's Theorem we have that there exists a sequence of
convex combinations norm convergent to x. This is a contradiction
proving the result.

2. The C.F.D.S.D. for convex sets without the P.C.P. This section
is devoted to the proof of the existence of approximate bushes defin-
ing a C.F.D.S.D. into any convex set without the Point of Continuity
Property.

We begin by recalling the definition of the P.C.P.

2.1. DEFINITION. A subset K of a Banach space X has the Point
of Continuity Property (P.C.P.) iff for every L subset of K and ε > 0
there exists a relatively weakly open subset W of L with W Φ 0 and

ε.

2.2. LEMMA. Let K be a convex bounded closed separable set with-
out the P.C.P. Then there exist a subset D of K consisting of linearly
independent vectors and δ > 0 such that every weakly relatively open
subset W of D has diam[W] > δ.

Proof. We first notice that Baire's Theorem ensures the existence
of an uncountable subset D\ of K consisting of linearly independent
vectors. Also there exists a subset E of K and δ\ > 0 such that every
weakly relatively open subset W of E has diam[ίF] > <5i. Further,
due to the countable tightness of the weak topology, we may assume
that E is of the form E = {xs: s e N^} where xs is a weak limit
of the set {xt: t € Ss} and ||JC5 - jcf || > δx for all s e NW , t e Ss.
Next using transfinite induction, we choose an uncountable subset Dι
of D\ such that the elements of D2 are linearly independent over the
linear span of E.
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Since K is separable there exists a subset Dr

2 of Dι such that
D'2 = {ys: s e N^} where ys φ yt for s Φ t and ys is the norm
limit of y(S9n).

Consider the set

It is easy to check that L consists of linearly independent vectors

and every relatively weakly open subset W of L contains some zs,
z{s,n) s u c h Λat

\\zs-z{S9n)\\>-± = δ.

This completes the proof of the lemma.

We are ready now to give the statement and the proof of the main
result of this section.

2.3. THEOREM. Let K be a separable closed convex set contained
in Bx and failing the P. C. P. Then for some δ' the set K contains a
δ'-approximate bush (wa)ae^ which defines a C.F.D.S.D.

Proof. Fix a set D c K and a δ > 0 satisfying the conclusion of
Lemma 1.

Fix also two sequences of positive reals {sn}neN, {Pn}neN with
ε * < 5 > 1 ~ r^oό < Pn<\ for all n, and

Π(l-2βB)>0, Π ^ 2
n=0 n=\

Inductively we shall construct the following: A finitely branching
tree si. Two families of vectors (xa)aerf a n d (za)aesf both con-
tained in K. A bush function (λa)aes/ . A sequence {Fn}ne^ of
finite subsets of Bx*. A sequence {μn}^L\ of positive reals having
the following properties:

For all n e N and for all aes/

(i) xaeD.
(ii) If \a\ = n then || Σβesa

 λβxβ ~ XΛ < τo ^ .
(iii) For all jff e ^ α , ||xα - xβ\\ > f .
(iv) The vectors {Xα}|α|=« are linearly independent over the linear

span of
{xβ:\β\<n}u{zβ:\β\<n}.
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(v) m a x M f[y) > (1 - *n)\\y\\ holds for all

ye({xa:\a\ = n}u{zβ:\β\<n}).

(vi) Set

41

an := inf <

\a\=n

|ία | = 1, j ; e

a=n

By (i) an is strictly positive. The real μn+\ is chosen so that

0 < 1 - μn+{ < m i n { ^ 2 ^ , 1 - pn+ι} .

Furthermore for all aesf with \a\ = n any f e Fn has constant
value on the set

+ (1 - μ«+i)*/? - ^α : β e 5α}

and if we denote this value by A[ then | ^ £ | <an-εn.
We first take this construction for granted and use it to obtain the

family (wQ)ae^ This is done in the following way.
Set UQ = Xo and for a e si with \a\ = n and β £ Sa set

Uβ=

k=l

Let now wa = Σβ<a Uβ for all a e sf . We claim that (w
has the desired properties

(a) First of all we observe that each wa is a convex combination
of xa and {zp : β <a} and as such it belongs in K.

(b) Now we prove that {wa)ae^ is a |-aρproximate bush with
bush function (λa)aesί? .

For aesf with lαl = n w e have

- w
βes

βeS

22 -(i-μn+i

2δ δ

2n+ι.50 2"+ι 100 2« 50'
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The last inequality is a consequence of property (ii), the inequality
which occurs in property (vi) and the fact that xa , Zβ e K c Bx .

Furthermore for β e Sa we get

- xa\\ - (1 -

16 8'

We conclude that (wa)aes/ is indeed a |-approximate bush.
(c) To see that (wa)aej^ defines a C.F.D.S.D. we check that it sat-

isfies the conditions of Lemma 1.5.
Indeed, it follows by (iv) that the (wa)ae^ are linearly indepen-

dent.
By (v) the set Fn (1 - ε^-norms the linear span of {ma : |α| = n} .

By (vi) for / e Fn, |α| = n, β e Sa, f(wβ - tϋα) = Π L ^ ^
does not depend on β and

μk\Aζ\ < Yl μkanεn

ye(zβ:\β\<n)

< εn inf *

a=n

So the hypotheses of Lemma 1.5. are fulfilled and the proof is
complete.

We return to show that the initial construction is possible. We
proceed by induction on the level of the tree si .

Oth level. Choose 0 Φ x0 e D and f0 e Bx* such that fo

(l-βo)W-
Set F0 = {f0}.
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n+ 1st level. Suppose that the tree A has been constructed up to
the nth level and that xa e D, zQ e K, λa e R, a E srf , |α| < n,
Fk c Bx*, k < n, βk E R+, k < n have been chosen to satisfy

(i)-(vi).
Choose μn+\ to satisfy

where an is as in (vi).
We first apply Lemma 1.6. to find a δn+\ > 0, a finite-dimensional

space Yn+\ and numbers Aζ, \a\ = n, f E Fn such that for any
α G i with |α| = n and any x e AT with |/(x - xa)\ < δn+\ for all
/ G f n , there exists a z e Γw+i ΠÂ  with

f(μn+ιx + (1 - ^ + i ) ^ ) = Aζ + /(xα) for all / e F Λ .

Then

For eachα E si with |α| = Λ consider the set

Da = ίx e D : ||xα -

where

^ ( ^ α , Fn, ί π + 1 ) = {* E X: |/(x - x*)\ < δn+x for all / e Fπ}.

By our choice of Z> and (J, xa is a weak limit point of Da . So we

can find neN, x ( α , i), . . . ,X(a,na) tDa and A ( α > 1 ) ? . . . , A(α>Πβ) Ei?

with Σ^=i ̂ α,i = 1 s u c h that

-50'

Since D consists of linearly independent vectors and since the space

Z w + 1 = {{xβ : |jϊ| < n} U {z^ : |jj| < n} U rΛ + 1>

is finite-dimensional, X(a,i)> ι' = 1 > > ^α > c a n t>e taken to be lin-
early independent over Zn+\.

Set now Sα = {(α, 1), . . . , (α, /iα)}.
For |α| = n, β e Sa choose zβ e Yn+\ Π K so that

f{μn+\Xβ + (1 - μn+\)zβ) = Λf

a+ f(xa)

for all / e f t .
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Finally choose Fn+X c Bx* (l-επ +i)-norming the space ({xa'. \a\ <
n+l}υ{zβ:\β\<n+l}).

This completes the inductive construction and the proof of the the-
orem.

It is known that the P.C.P. and the R.N.P. are not equivalent in
general [B-R]. The second part of the present section is devoted to the
investigation of the C.F.D.S.D. for non-dentable sets satisfying the
additional property that the P.C.P. and the R.N.P. are equivalent on
their subsets.

We recall first some definitions and known results.

2.4. DEFINITION [G-G-M-S]. Let λ be the Lebesgue measure on
the interval [0, 1]. A bounded linear operator T: Lι(λ) —• X is said
to be strongly regular if for all measurable subsets A of [0, 1] with
λ(A) > 0 and every a > 0 there exists a weakly open subset W of

>0, Jfdλ=l9

such that diam T[W] < ε .
Next we state without proof a deep theorem. Its proof follows from

the proof of Rosenthal [R] to Schachermayer's Theorem [S2]. For
more information related to this we refer to [A-P]. We notice that a
modification of the main result of §3 also gives a proof of this result.

2.5. THEOREM. Suppose that K is a convex non-dentable subset of
a B-space X such that the R.N.P. is equivalent to the P.C.P. on its
subsets. Then a bounded linear K-valued operator T: Lι(λ) —• X is
representable if and only if it is strongly regular. (Recall that T is
K-valued if it maps the densities of Lι(λ) into K.)

Finally we will make use of the following result from [A-P] which
is an "unconditional" version of the classical Mazur's Theorem.

2.6. LEMMA. Let K be a bounded subset of the positive cone of
Lι(λ) and f a weak limit point of K. Then for every ε > 0 there
exist a finite subset F ofK, F — {f\, . . . , fd} and positive reals
{α/}f=1, with X)f=1 αz = 1 such that

< ε

for all choices of signs σ, = ± 1 , / = 1, ... , d.
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We pass now to the statement and the proof of the second theorem
of this section.

2.7. THEOREM. Let K be a closed convex non-dentable subset of a
B-space X and suppose that the P. C.P. and the R.N.P. are equivalent on
its subsets. Then there exists a δ-approximate bush (wa)aej^ defining
a C.F.D.S.D. such that for all a e sf

(*) σβλβ(wβ~w<*)

for all choices of signs σβ = ±l, Σ™=0 ηn < °o where {λβ)βe^ is the
bush function.

2.8. REMARK. The additional property ensured by this theorem is
that of the unconditional approximation of the elements (wa)a€J/ by
convex combinations of their successors. The role of this property
will be discussed in §4. Here we can simply say that this property
guarantees that the operator from Lι (λ) induced by the averaged back
bush is a Dunford-Pettis operator.

Proof of the Theorem. We construct the approximate bush (wa)ae^
following the same procedure as in the proof of Theorem 2.3. More
precisely we produce an approximate bush (jcα)αeJ/ and their "correc-
tions" (z α ) α G J / then the nodes (ua)ae^ of the desired bush (w
are defined by the rule

- Xa))

where |α| = n, β e Sa and (μn)neN are as in Theorem 2.3. Now

Σ σβχβuβ Σ - Xn

-Xa)

βesa

'2M 100"

Hence to get the desired result it is enough to construct (xa)ae^ s u c h
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σβ{xβ-xa) 2M 100'

Suppose now that K is a subset of Bx and consider a bounded linear
nonrepresentable Λ:-valued operator T: Lι(λ) -> Λf. Clearly | |Γ| | <
1. By Theorem 2.5. Γ is non-strongly regular; hence there exists a
subset A of [0, 1] with λ(^) > 0 and δ > 0 such that diam T[W] >
δ for all weakly open subsets of FA . As in Lemma 2.2 there exists an
infinite subset of T[FA] consisting of linearly independent vectors.

Inductively we construct a §-approximate bush (xa)ae^ such that
the inductive assumptions of Theorem 2.3 are fulfilled; further for
each a, xa = Tga for some ga e FA and

2H.100 '

Suppose that (xa)\a\<n> (za)\a\<n have been constructed. Choose
Yn 5 δn > 0, F π subset of Bx* as in Theorem 2.3 and for α e srf
with |α| = n we select a net (/})ie/ subset of F^ weakly convergent
to gα with

for all x* G Fn . Notice that the choice of (J})iei is possible because
of the property of FA. From Lemma 2.6 there exists a finite subset
{fβ .βe Sa} of (/•),-€/ and {^ : β e 5Ω}, ^ > 0, Σ ^ = 1 such
that

δ
: 2n+2 100'

Next we choose a subset {hβ : \β\ = n + 1} of i7^ such that
\β\ = n + 1} are linearly independent over the space generated by

{x« : M < n} U {zα : |α| < «} U {Γ/^ : \β\ = /i + 1} U Yn.

Finally we define

gβ = ln+lfβ + (1 -ln+\)hβ

where 0 < /w+i < 1 are appropriately chosen so that

\\x*{Tgβ-Tga)\\<δn
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for |α| = n, β eSa and x* e Fn and

δ
Σ ff^(^ - 8a) 2*+* 100*

We set Xβ = Tgβ and continue the construction in the same manner
as in the proof of Theorem 2.3.

This completes the proof of the theorem.

We pass now to the third part of this section. Here we deal with
convex non-P.C.P. sets in Banach spaces with an unconditional ba-
sis and we will construct J-approximate bushes defining a C.F.D.S.D.
and with the additional property that the nodes are well behaved with
respect to the basis. Our construction is similar to a related construc-
tion given in [R-W], First we introduce, for later use, a total order on
a finitely branching tree.

2.9. DEFINITION. Let J / be a finitely branching tree. We denote
by -< the following total order on sf , a < β iff either |α| < \β\ or
|α| = \β\ and a is smaller than β in the lexicographic order.

2.10. DEFINITION, (a) Let X be a Banach space with an uncondi-
tional basis (£fc)fcLi. A ^-approximate bush (xa)a&* i s said to be
unconditional if the nodes (ya)aG& a r e linearly independent and for
each a G sf there exists a finite subset Ma of N such that the sets
(M*)α€J/ a r e pairwise disjoint and if β e Sa, yβ is supported by the
set (ek)keM a n d yo is supported by {e^keM where Λ/_i is a finite
set disjoint from each Ma .

(b) A δ-approximate bush {xa)aes/ is said to be almost uncondi-
tional if there exists an unconditional ^-approximate bush (w(

such that

H Vα - Wα|| < η\a\ and J ^ ηk < oo.

Here (ya)aetf a n ^ (ua)aes* denote the nodes of the bushes (xa)aex?
and (wa)aeJtf respectively.

2.11. REMARK, (a) Suppose that (xa)ae^f is an unconditional δ-
approximate bush; then we easily verify that it defines a C.F.D.S.D.
Furthermore if x e cδ(Xa)ae^

oo

* = Σ Σ A
n=0\a\=n
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then for all αGJ/ the series
oo

Σ Σ *?y>
n=\a\\β\=n,a<β

also converges in the norm; therefore if λ^ Φ 0 the element

Σ
n=\a\+l \β\=n,a<β

belongs to co(xa)ae^ .
(b) Suppose that (xa)aetf *s a n almost unconditional J-approxi-

mate bush defining a C.F.D.S.D. and (wa)aej^ the corresponding un-
conditional bush. Then if (μa)ae^ * s a family of reals such that, for
all n, Σ|αμ/i l/tal = 1, then the series

oo

Σ Σ w*
n=0\a\=n

converges in norm if and only if

oo

n=0\a\=n

converges in norm.
Therefore if K = cδ(xa)ae^ a n c * L = cδ(wa)ae^ ^ e correspon-

dence for x G K,

oo

Λ=0 |α|=Λ

to
ooφw = Σ Σ ̂ ^

/i=0|α|=/ι

defines a one-to-one and onto affine map.
2.12. REMARK. The previous observations show that for every

almost unconditional (J-approximate bush {xa)aerf defining a
C.F.D.S.D., if x G cδ(xa)aestf > t h e n f°Γ every a e £f with λi^ ^
0 the element xa also belongs to cδ(xa)ae^ . In [R-W] a 5-bush
(•̂ α)αGJ/ w i t h t h ί s Property is said to be a sίroftg martingale coordina-
tization.
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2.13. THEOREM. Let X be a Banach space with an unconditional
basis (ek)™^ - Then every closed convex subset K of X failing the
P.C.P. contains an almost unconditional δ-approximate bush defining
a C.F.D.S.D.

Proof. Choose a sequence {ηn)^L^\ of positive reals such that
Σ ^ l - i Άn < oo. Inductively we shall construct:

A finitely branching tree si a family of intervals {[1, r__i]} U
{[/nβ, ΐaVϊaestf of N such that r_\ <ma for all a G si and if a •< β
then ma < ra < ntβ; two approximate bushes {wa)aesι?, (va)aes/
sharing a common bush function and such that (wa)aes/ is contained
in K and defines a C.F.D.S.D. while the nodes (wα)α € J/ of (wa)aej/
and the nodes {da)ae^ of (vα)α G J/ satisfy the following:

(i) 111/0 - ^oll < */-i and for α G J / , β eSa, \\Uβ -dβ\\ < η\a\.

(ii) do G (£/)£:} and ϊor a essf , β eSa, dβ e {βj)rjLm .

(iii) For a^si the vectors {d^ : β eSa} are linearly independent.

It is obvious that the approximate bush (wa)ae^ will satisfy the
desired properties.

For the construction we repeat the procedure of the construction in
the proof of Theorem 2.3 with the following modifications.

Let D be as in the proof of Theorem 2.3. Denote by Pr: X —> X
the projection on (£/)y=1. After choosing XQ = yo G K n D chose

r_χeN such that \\y0 - Prι(yo)\\ < ^r and set d0 = Pr^iyo)
Suppose now that for some a G si with |α| = n we have con-

structed the set

and that we have chosen (xγ)γeJ^ , (zγ)γe^ > Fk> βk> k < n, as in
the proof of Theorem 2.3. Suppose in addition that we have chosen
properly the integers {mγ 9 rγ}γ£t^ . We wish to define the set Sα, to
choose the integers {mα, rα} and to select Xβ and dβ for all β G Sα.

Let mα = max{r7 : γ G J^4} + 1 and instead of the set Dα in the
proof of Theorem 2.3 consider the set

and choose (Xβ)βes a s i n that point, but contained in D'α and having
the additional property of being linearly independent over Pm -\(X).
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For β e Sa we set yβ = Xβ - xa and find ra > ma such that

and the vectors

are linearly independent. Set

Then \\yβ - dβ\\ < \ and if everything else is as in the original con-
struction and μΛ +i is chosen to be close enough to 1 then ||M^ — dp\ <

In-
This completes the inductive construction and the proof of the the-

orem.

3. The C.F.D.S.D. for non-dentable sets with the P.C.P. In this sec-
tion we shall show that every closed convex bounded non-dentable set
with the P.C.P. in a Banach space X contains a ^-approximate bush
{*<*)<*&/ defining a C.F.D.S.D. Furthermore we shall show that the ap-
proximate bush can be chosen so that the norm and weak topologies
coincide on the set cδ(xa)ae^

We start with some known results necessary for the proof of the
main theorem of this section.

3.1. NOTATION. Let K be a closed convex bounded subset of a
Banach^pace X. We denote by K the w* ^losure of K in X** and
by Ext K the set of the extreme points of K. A slice of the set K is
a set of the form

T(K, f,ε) = {xeK: f(x) > sup f\K - ε}

where / e X* and ε > 0. The slices will be denoted by the letters

If G is a subset of X and x e X we denote by d(x, G) the
distance of x from G and if G\, Gι are subsets of X we denote
by d(G\, Gι) the minimum distance of the elements of G\ from the
elements of G2.

If G is a subset of X we denote by diam(G) the diameter of G
and if f e X* we denote by osc(f\G) the oscillation of / restricted
on G. In the sequel K always denotes a non-empty closed, convex,
bounded subset of X.

The first lemma is due to Bourgain [B]. A proof of this can be found
in [R] or [SI].
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3.2. LEMMA. Assume that K is non-dentable. Let G be a finite
dimensional subspace, of X** and ε > 0. For any slices S\, . . . , Sn

of K, there exist Tk c Sk, k = 1, . . . , n, slices of K and a finite
subset F of Bx* such that

k=\

for all geG, (yk)»k=1 e (Tk)»=ι and

3.3. LEMMA. Suppose that S is a slice of K and e eS n
Then for every finite subset F of X* and ε > 0 there exists a slice T
contained in S such that e e f and osc(/|Γ) <ε for all f eF.

(For a proof we refer to Lemma 2.1 of [SI].)

3.4. LEMMA. Assume that K is 2δ-non-dentable\ S is a slice of
K and ε > 0. Then there are slices (Si)n

i=x with 5/ c S and (λ;)?=1,
h >°> Σ"=iλi= 1 such that

diam ε a n d d SJ'

for any j = 1, . . . , n.

(For a proof see Lemma 2.9 of [S2].)

3.5. LEMMA. Let Sx, . . . , Sn be slices of a 2δ-non-dentable set K
and G a finite dimensional subspace of X. Then there exist Ti c S/,
ι = l , . . . , / i , slices of K such that for {Xi)n

i=x e {Ti)n

i=x and (Λ;)?=1

n

inf g + V^ λ/j
g e G i-l

Proof Choose ex e *SiΠExt^ with rf(^ , G) > f ([R] Lemma 2.7).

Set Gi = (G\J{e\}) and applying the same lemma find e2 G 5 2 n E x t ^

with d(e2, G\) > | . Continuing in this manner we get a finite set

{e\, ... , en} c E x t ^ with e/ G 5/ such that rf(e^, Gk_x) > f where

Gk_ι = (Gu{eι,...,ek_ι}) f o r A: = 2 , . . . , Λ .

It is clear that

inf < :geG,
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Choose now a finite F subset of Bx* such that

for any geG, (A/)f=1 e i ? n .
From Lemma 3.3 we find slices 7} c 5, so that e, € 7} and

osc(/|7f) < | for all f € F and / = 1 , . . . , n. It is easy to check
now that for (x,-)^ € (7/)?=1 and (A<)7=1 € Λ"

ι=l

•jr for all
4

The proof is complete.

The next result is due to Schachermayer ([S2] Lemma 2.8) see also
([R] Th. 2.2).

3.6. LEMMA. Let K be non-dentαble and G a finite dimensional
subspace of X. Then for any slices S\, ... ,Sn of K and ε > 0 there
exist Ti c Si, i = 1, . . . , n, slices of K such that for all g eG and

d (g, > idiam (g9

We pass now to give the statement and the proof of the main theo-
rem of this section.

3.7. THEOREM. Let K be a closed convex δ-non-dentable subset
of the ball of a separable Banach space X. If K satisfies the Point
of Continuity Property there exists a δ\-approximate bush (wa)ae^
defining a C.F.D.S.D. and such that on the set W = cδ(wa)aeJ^ the
norm and weak topologies coincide.

3.8. REMARK. The part of the proof related to the C.F.D.S.D.
strongly depends on Bourgain's proof of the well-known result that
every Banach space with the P.C.P. failing the R.N.P. contains a sub-
space with a Finite-Dimensional Schauder Decomposition which fails
the R.N.P. [B].

The fact that the norm and the weak topologies coincide on W im-
plies, as Rosenthal has proved in [R], that there is no extreme point
in W. The existence of a non-dentable subset of K without extreme
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points has been proved by Schachermayer [S2]. Our proof is in the
spirit of RosenthaΓs proof of Schachermayer's Theorem. The pres-
ence of the C.F.D.S.D. simplifies some arguments in the proof. The
whole theorem can be considered as a unification of Bourgain's and
Schachermayer's Theorems.

Proof of the Theorem. Fix an increasing sequence (Xn)%Lι of finite-
dimensional subspaces of X such that X = \JneN Xn - Fix also
(£«)£Li > (Pn)%Lι sequences of positive reals with εn < \ , 1 - 5*7100 -
pn < 1 and

n=l n=\

Inductively we construct the following: A finitely branching tree
si , a family (Ta)ae^ of slices of K, two families of vectors of K,
(χa)aerf a n d (za)aesf > & sequence (Fn)%LQ of finite subsets of Bx*,
a sequence (rw)^L0 °^ finite dimensional subspaces of X and a se-
quence (μn)%Lι of positive reals satisfying the following properties:

(i) xa e Ta and Tβ cTa for all a e si , β G Sa.
(ϋ) λ0 = 1, λa > 0 and ^ ^ G t S ^ = 1 for all a e

(iii) If |α| = n then

diam Σ hτβ <
κβεsa

2»+ι 100
and

dlxa, ΣλβTβ] < 2n+ι

\ βts« )

(iv) \xa -xβ\>\ for all α € s/ , βeSa.
(v) {xa : \a\ <n}u{za : |α| < n + 1} c Yn Γ

(vi)

max/

holds for all y €

(vii) For n e Λ

an = inf -

is strictly positive.

+ X ; ία Xα > (1 - βπ) y + Σ taXa

w_i and reals (ta)\a\=n

+
|α|=Λ

| ί α | =

O=/I
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(viii) For n G N, μn will be chosen so that

( A 1

Pn<μn<l and 1 - μn+ϊ < min j " 2

 n , ^ >

and for any aesf , |α| = Λ and f e Fn there exists a real v4̂  with

I-4a I <an εn such that

for all β eSa.
(ix)

holds for all (ia)|a|=« , t<*>09 Σ\a\=n ** = ι

We divide the rest of the proof into three stages. In the first, using
the previous, we define the approximate bush (wa)aej^ . The second
is devoted to the inductive construction and in the third we will show
that the norm and weak topologies coincide on cδ(wa)\a\=n

Stage 1. The approximate busch (wa)aeJ^ . First we notice that con-
ditions (i), (ii), (iii) and (iv) imply that {xa)aes/ is a ^-approximate
bush with bush function {λa)ae^

We set now

and for all n G N, α G sf , |α| = n and β G Sa

UP = ( Π ^ I (Vn
Finally set

We claim that {wa)ae^ is a f-approximate bush defining a
C.F.D.S.D.

In fact the proof is identical with that of the same statement in the
proof of Theorem 2.3 so we proceed to Stage 2.

Stage 2. We show now how the inductive construction can be carried
out. We proceed by induction:
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The O-th level. Choose a slice RQ of K And fo £ Bx* such that
fo(x) > (1 - eo)\\x\\ for all x e Ro.

Next choose a slice RQ contained in RQ with

a0 = inf ||x|| > 0.
xeR0

Let μi be such that

Pι<μι<l and 1 - μx < min | ^ ^ , - J .

According to Lemma 1.6 there exists a finite dimensional subspace
YQ of X and 0 < JQ SO that for any x e K there exists a real Aζ
such that if y e K and |./O(Λ; - y ) | < <5o t h e r e exists zoeY^ΠK with

/o(μi;μ + (l-μι)z) = A% + /o(x).

An easy computation shows that \A%\ < αo εo
Finally, from Lemma 3.3, we choose a slice 7Q with Γo c R'o and

osc(/|Γ0) < <Jo. We set Fo = {/0}.

n + 1st level. Assume that we have already built the tree up to
the n th level and that we have chosen the slices {Tγ : γ < ή) and the
sets {xγ: \γ\ < n), {zγ: |y| < n), the subspaces {Y^ :k <n) and the
subsets {JFfc : k < n} of Bx* and the numbers {μ^ : k < n + 1} so
that conditions (i) to (ix) are satisfied. There exists a subspace Y^ of
X, and a ί n > 0 satisfying the conclusion of Lemma 1.6. for the set
of functionals Fn and ε = μn+\. It is easy to check that for y e K
and / eFn the number Aζ satisfies the inequality \Aζ\<an en.

For each a with |α| = n we may choose (Lemma 3.4) slices

( α j ! ) , . . . , R(a9ka)
 o f κ a n d positive reals A(α> 1 } , . . . , Λ(α>fcj with

v « a, Λ = 1 such that

α for i = 1, . . . , ka,

we set 5 β = {(α, 1), . . . , (α,
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Choose xa e ΣβeS λβRβ and za e Ύ'n, A^, f e F so that the
conclusion of Lemma 1.6 is satisfied for £ = 1 - μn .

By Lemma 3.2 we choose a finite subset Fn+\ of Bx> and R'β c
Rβ> \β\ = n+\, slices of K such that

max f\y+ Σ

c R, € F« =holds for all (yβ)m=n+ι e
(Yl U {xa : |α| = n}).

Next using Lemma 3.5 we find slices R'L c R'β, \β\ = n + 1, such
that

an+1 :=inf«

is strictly positive.
Choose μn+2 real with pn+2 < βn+2 < 1

Choose now R™ cR"β, \β\ = n+\ slices of K with
<Jw+i for all feFn+\ (Lemma 3.3).

Finally using Lemma 3.6 we choose Tβ c R'jj, \β\ = n + I, slices
of K such that

\β\=n+\

for all (tβ)\βμn+ι, tβ > 0, Σ3|/r|=Λ+i ^ = ! •
This completes the construction at the {n + 1)-level and the proof

of Stage 2.

Stage 3. The norm and weak topologies on W = cδ(wa)ae^ coin-
cide.

We recall that (wa)aes/ is a |-approximate bush defining a
C.F.D.S.D.; hence each element x of W has a unique representa-
tion of the form Σί^oΣ|α |=fc^^ M α * ^ e w ^ u s e ? ^ 0 Γ c o n v e n i e n c e >
the following notation:

n oo

M» = Y[μk, M = [J μk , θn = Mn-M.
k=ι k=ι
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Also we set μo = MQ = 1.
Notice that

(1) 0<θn<
k>n

therefore Σ7=\θn < o c .
Fix an element x of W with representation

oo

and ε > 0. Then

; 7 va a

k=0\a\=k

oo

Σ
OO

k=0 \a\=k

where va = za - xa\ . The left side of the above equality converges
I|Q| — 1

in the norm of X also the second series of the right side converges
absolutely. Now writing

oo oo oo

«]y«+Σ ^ Σ λ«x)y«
k=0 \a\=k k=0\a\=k k=0 \a\=k

and using (1) we get that Σ^LoΣiαμΛ^Vα converges in the norm
of X.

Recall that {ya)aesf denote the nodes of (xa)ae^f
Choose NQ such that for all n > NQ

\k=0 \a\=k

Since

/ ^
fc=0|α|=w

we get that for n > max(iVo, \)

diamί Σλίx)Ta ) <2ε.
\\a\=n

(Condition (ix).)
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Choose iVi such that

(2)

and

(3)

diam 2ε

1 ε
< T.

2Nt 4'

Notice also that (1) and (3) imply that

(4) Σ ** < ?•
k>N{

We recall that the coefficient functionals (fa)aes/ a r e weakly con-
tinuous on W hence the following set

n=0\a\=n

defines a weak neighborhood of x into the set W

Claim. W{x) cB(x, 7β).
Choose ye W(x); then

Σ (λ«x) - ̂ })M« = Σ M» Σ (
n=0 \a\=n «=0 |α|=«

We first treat the second series of the right side.

(A)
n=\ \a\=n

n=l |α|=«

|α|=/ι

Ma(l-μn) \ < 2ε.
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We estimate now the norm of the first series of the right side.

n=0 \a\=n

n=0 \a\=n n=0 \a\=n

Since Σn>N θn < 1/2*' < e/4 we get

(Bi)
n=0 \a\=n

\a\=n

We finally estimate

Λ = 0 \a\=n

and since Λf < 1 it is sufficient to estimate only the norm of the
vector.

Recall that

=0 |α|=/ι

V

and

n=0 \a\=n \a\=Nι

By the definition of W{x) and by (2) for ha, ga

we get
Ta, \a\ = Nx

|α|=ΛΓ,

|α|=ΛΓ,

V λM? - V λ{x)h
|β|=AΓ, |o|=JV,

3ε.
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In particular

(B2)

n=0 \a\=n

From (Bi) and (B2) we get

oo

\a\=n

<5ε(B)

(A) and (B) imply that
\\x-y\\<7e.

This completes the proof of the theorem.

4. ^/-representation for certain convex sets.

4.1. DEFINITION. We denote by &>af the set of all probability
atomless (diffuse) measures on [0,1] . A closed convex set K in a
Banach space X has a ^/-representation if there exists T:
K affine, one to one, onto and continuous.

4.2. REMARK. &af is a norm-closed convex subset of M[0, 1]
without extreme points. Hence if K has a ^^/-representation then
Ext[iq = 0 .

The problem of whether or not, every closed convex K failing
R.N.P. contains a closed subset L with a ^/-representation was
brought to the attention of the authors by Professor Rosenthal. Our
goal is to establish ^/-representations for certain classes of non-
dentable sets.

4.3. REMARK. If S is an uncountable compact metric space we
denote by &*a/(S) the probability atomless measures on S. It is
known that for any such S the space M(S) is lattice isometric to the
space

where Lι(μξ) is lattice isometric to Lι[0, 1].
Hence ^da/(S) is isometric to the densities of the space
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Furthermore if we denote by D(βξ) the densities of Lι(μξ) then
is affinely isometric to the set

CO U
lξ<2ω

From all the above we get that for every uncountable set S,
&h/(S) is affinely isometric to &af and if (μγ)γer is a family of
mutually singular probability atomless measures on S then

is affinely isometric to &>a/ if and only if |Γ| = 2ω.

4.4. NOTATIONS-REMARKS. Let si be a finitely branching tree. We
denote by S the set of all infinite branches corresponding to si . That
is,

S = {seNN :VneN, s\nesf}.

We topologize S by defining a basis of open sets

Va = {s e S : s\ \a\ = a} for all aessf.

Each Va is a clopen set and S with this topology is a compact metric
space.

Suppose next that {xa)aetf is a bounded £ -approximate bush,
(λa)aerf > λaφ0 the corresponding bush function and K = cδ(xa)aerf
We define a probability measure λ on 5 by the rule

β<a

So λ is strictly positive atomless.
Further we define

T(χva)=λ(Va).Za

and there exists a unique extension of T to a linear bounded J^-valued
operator T: LX(S, λ) -* X .

Finally setting φn: S -* X to be the function defined by the rule

Pnfa) =*a iff\a\ = n, seVa

then the sequence (φn)neN defines a martingale corresponding to the
operator T.
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Consider now a ^-approximate bush (xa)aes* defining a C.F.D.S.D.

and let K = cδ(xa)ae^
We have already proved (Prop. 1.3.) that each x in K has a unique

representation of the form

x = Σ Σ Λ
n=0 \a\=n

where λ^ = 1 and for all α G sf , λix ) = Σ ^ λ/?°
Therefore for every x eK there exists a unique probability measure

μx on S defined by the rule μx(Va) = Λi*).
We set

The set Λf# is a convex norm-closed subset of M(S) and the map

such that T*(μx) = x is an affine and norm continuous function.

4.5. DEFINITION. Let (xa)ae^ ^e a (5-approximate bush defining
a C.F.D.S.D. and K, MK as before. The approximate bush (xa)aetf
is said to be adequate if for every μ G MK , D(μ) is also a subset of
MK.

4.6. REMARK. In [R-W] the notion of the strong martingale coor-
dinatization is considered. This is formally weaker than our adequate
bush notion, but it turns out that they are equivalent. Indeed, using
our terminology the strong martingale coordinatization means that for
all μ G Mκ and a G sf such that μ(Va) Φ 0 the measure

also belongs to Mκ. But we easily verify that D(μ) = co(μa)ae^
hence the strong martingale coordinatization implies that the approx-
imate bush is adequate.

4.7. LEMMA. If (xa)ae& ^ a δ-approximate adequate bush defin-

ing a C.F.D.S.D. then

(i) Every μ G MK is atomless.
(ii) There exists a family (μγ)γer ofpairwise singular elements of

Mκ such that

= cδ [JD(μγ)
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Proof, (i) To see that each measure in Mκ is atomless we notice
that if δs is an atom for such a measure μ then δs also belongs to
Mκ. But then

«=0

and the series diverges, a contradiction.
(ii) Using Zorn's lemma we choose a maximal family of pairwise

singular measures {μγ : y e Γ } of elements of MK . Clearly the set
cδ{{jyeTD{μy)) is a subset of MK . If μ belongs to the difference
of the two sets then μ = lv\ + (1 - l)v2 where v\ 9 v2 Ξ M+(S),
&Ί G cόflJyeΓ^Oty)) and ^ is singular to each μγ. To see that
2̂ ^ MK we notice that the series

converges in norm since

1 - /

and the corresponding series with coefficients
(y\(ya))a£s/ converge in norm. This contradiction completes the
proof.

4.8. PROPOSITION. Let X be a Banach space and let (xa)aetf be a
δ-approximate bush defining a C.F.D.S.D. Then in each of the following
cases the bush is adequate.

(i) On the set K = cδ(xa)ae^ norm and weak topologies coincide.
(ii) The space X has an unconditional basis and (xa)ae^ is almost

unconditional.
(iii) The set {xa)ae^ is a subset of the positive cone of Lι [0, 1].

Proof, (i) Let μ be an element of MK and for a e $/ with μ(Va) φ
0 we set

μa =

Then for all n we have
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Consider X as a subspace of Y* with Y separable and let K be the
w*-closure of K in Γ*. For each a, |α| = Λ , consider the sequence

(^)m=i w h e r e

\β\=m

and let Λf c iV be an infinite set such that for all a with \a\ = n the
sequence (x™)mGMW*-converges to some wa in K. Then clearly we
have that

T*{μ)= Σμ(Va).wa.
\a\=n

Since Γ*(μ) is a point of continuity it follows that the same property
holds for each wa and hence each wa belongs to K ([L-L-T] and
[R]). Now we easily check that μa = μw and hence μa £ MK .

a

Therefore the approximate bush (xa)ae^ ^s a strong martingale
coordinatization which as we mentioned before implies that (xa)aes/
is adequate.

(ii) If K = cδ(xa)ae^ and μ e Mκ, a e srf with μ(Va) φ 0
Remark 2.12 implies that μa e Mk and hence (xa)ae^ ^ adequate.

(iii) Again we set K = cδ(xa)ae^ a n ( i w e denote by K the w*-
closure of K in (Lι[0, 1])**. Choose μ e MK and for fixed n write

Consider the sequence (x™)™=n , where

There exists a subnet (XaJ)jeJ of {x™)m=n s u c h t h a t f o r a 1 1 α

|α| = n, (xα

 7 ) 7 G / iί;*-converges to some wa e K. Each wα belongs
to the positive cone of (Lι[Q, 1])** and

|α|=«

so μ(Va) tί;α < T*(μ), where " < " denotes the order in the lattice
(L^O, 1])**. Since Z^fO, 1] is a solid Banach lattice, μ(Va) . wa e
Lι[0, 1] and we conclude that wa e K Γ) Lι[0, I] = K. It is clear
now that μw = μa .
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4.9. LEMMA. Suppose that (xa)aej* ^ a n adequate bush, K =
and MK is non-separable. Then Mκ is isometric to &aί .

Proof. We have shown (Lemma 4.7) that Mκ has the form
cδ(\JγeΓD(μγ)) where (μγ)γer *s a family of pairwise singular proba-
bility measures on S. In order to show that MK is isometric to 3?af
it is enough to prove that |Γ| = 2ω . Since for each μ in M(S) Lι(μ)
is separable we will get the desired result provided that we show that
the norm density character of MK is 2ω . Hence we prove the next

Claim. The density character d(Mχ) of MK is 2ω.
Clearly d(Mκ) < 2ω . Therefore we need to show that d{Mκ) > 2ω

which follows if we prove that there exists a subset D of MK with
d(D) = 2ω.

We set 3! the dyadic tree i.e. the set of all finite sequences with
terms zero or one and first term zero.

Inductively we produce families (Γδ)se^ of uncountable subsets of
Γ and (Wδ)δegί of clopen subsets of S such that

(i) if δx<δl9 r , 2 c r v

(ϋ) If \δ\ > 0, diam{Γ*//,: γ e Γδ} < ± .

(iii) For δ e 2 and for all γ0 e Tδu{0}, yλ e Tδu{ι}

(μγo-μyι)(Wδ)> -.

We set Γo = Γ and we will show how we get Wo, and Γ ( o 0 ) ,

Γ(o,i).
We choose an uncountable family

of pairwise disjoint two-point subsets of Γ. For each j in J we
choose Wj clopen subset of S such that

(μγ° - μγi)(Wj) > ±
rj 'J Z

Since the set of the clopen subsets of S is countable there exists
an uncountable subset / of / and Wo such that Wj = WQ for all
j G / . Also since K is separable there exists an uncountable subset
Γ(O,o) of (γfijei and a subset Γ(0,i) of (γ])jei such that

] < 1 and diam[(Γ*(// 7 )) 7 E Γ ( o i ]<l .
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This completes the inductive construction for the first level. The
nth leveΓs construction follows from the same arguments and we leave
it to the reader.

Next we choose γ$ e Γδ for all δ e 31. Notice that condition (ii)
implies that if d is an infinite branch of 2 the sequence

(T*μγJneN

norm converges to some xd element of K. Further for all a e srf if

λad{n converges to λ£ . Hence the sequence

w* -converges to some μd and μd = μXd therefore μd e MK -
Now let do, d\ be infinite branches of 31 with do Φ d\. Set

ΛZQ = max{« : do\n = d\\n}. Without loss of the generality assume
that do(no + 1) = 0 and dx(n0 + 1) = 1. Then

K - βd){WdK) = [w - lim(μγdQin - μ^)} {Wdκ) > \.

Therefore | | ^ o - ^ J | > i .
This proves the claim and the proof of the lemma is complete.

4.10. DEFINITION, (i) A bounded J-bush (xa)aes* *s s aid t 0 ^ e

Dunford-Pettis (D-P) if the corresponding operator T: L1(S,λ)-+X
is a Dunford-Pettis operator i.e. it carries weakly compact sets into
norm compact sets.

(ii) A ^-approximate bush (xa)aej* *s s aid t o be (D-P) if the cor-
responding averaged bach bush (xa)aej* * s a D-P bush.

4.11. REMARK, (i) It is known [D-U] that an operator T is a
D-P operator if and only if the corresponding martingale is Cauchy in
Pettis norm. That is

lim sup / \x*φn -x*φm\dλ = 0.

As it is noticed in [A-P] if (xa)ae^ ^s a ^-approximate bush such
that for all a e sf
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for all σβ — ± 1 , then the operator T corresponding to the averaged

back bush (xa)ae^ *s a D-P operator.
(ii) Another class of D-P bushes is that of δ-approximate bushes

such that the norm and weak topologies on cδ(xa)aesf coincide. In
such a case it is rather easy to see that the corresponding operator is
a D-P operator.

4.12. THEOREM. If W is a convex closed non-R.N.P. subset of a
Banach space X then there exists {xa)ae^ δ-approximate Dunford-
Pettis bush contained in W and defining a C.F.D.S.D.

Proof. If W contains a non-dentable subset L with the P.C.P.
then there exists a ^-approximate bush (xa)aestf ^n L defining a
C.F.D.S.D. and such that the norm and weak topologies on co(Xα)α(Ej/
coincide (Theorem 3.7). As we mentioned in the previous remark this
implies that (xa)aesf is a D-P approximate bush.

If R.N.P. is equivalent to P.C.P. on the subsets of W, using Theo-
rem 2.7 and the first part of Remark 4.11 we get the desired bush.

4.13. COROLLARY. If W is a convex closed non R.N.P. subset of a
Banach space X with an unconditional basis and R.N.P. is equivalent
to P.C.P. on the subsets of W then W contains a δ-approximate bush
(χa)ae^ defining a C.F.D.S.D. and which is D-P and almost uncondi-
tional.

Proof. The proof is simply a combination of the inductive construc-
tions in the proofs of Theorem 2.7 and 2.13.

We also need the following result from [G-R]:

4.14. PROPOSITION. Let T: Lι(λ) —• X be a bounded linear D-
P operator. Then there exist δ > 0 and a δ-dyadic bush {ft)t^3f
contained in the densities of λ such that T[co(ft)tegr] is a relatively
norm-compact set.

We pass now to the statement and the proof of the main result of
this section.

4.15. THEOREM. Let W be a closed convex non-R.N.P. subset of a
Banach space X such that one of (i), (ii), (iii) is true:

(i) The R.N.P. is not equivalent to the P.C.P. on the subsets of W.
(ii) X has an unconditional basis.
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(iii) W is a subset of the positive cone of Lι(λ).

Then there exists a closed convex subset KofW with a &af-represen-
tation.

Proof. In each one of these three cases the set W contains an ad-
equate ^-approximate bush (xa)aejf (Proposition 4.8). Furthermore
we may assume that (xa)ae& * s a Dunford-Pettis bush (Theorem 4.12,
Corollary 4.13). We set K — cδ(xa)aeSf and we show that MK is
non-separable.

Indeed, let T: LX(S, λ) —• X be the corresponding D-P operator.
Consider Lι(S, λ) as a subset of M(S) and set L = cδ{ft)te& where
(ft)te& i s the dyadic bush of Proposition 4.14. Clearly L is a subset
of MK and since T[L] is a norm relatively compact set the w*-

*

closure of L in M(S), L™ , is also contained in MK . Since L is

a non-dentable set we get that ~V" is non-separable [R]. The desired

result follows now from Lemma 4.9 and the proof is complete.
4.16. REMARK. The fact that in each one of the three cases the set

W contains a convex closed subset without extreme points is already
known.

Indeed, the first case follows from RosenthaPs proof [R] for Scha-
chermayer's theorem [S2] on the equivalence of R.N.P. and K.M.P.
for strongly regular sets. Case (ii) is contained in [S2] and partially in
[R-W]. Case (iii) is due to Caselles [C].

4.17. REMARK. Certain results of the paper can be stated and
proved in a more general setting.

Indeed, everything related to Banach spaces with an unconditional
basis can be considered for Banach spaces with an unconditional
skipped-blocking decomposition [R-W].

Also instead of the positive cone of Lι (λ) we may consider Banach
lattices E such that E+ is a solid subset of E+* .

We conclude this section with the following result related to &>a/-
representation in convex w*-closed subset of dual Banach spaces.

4.18. COROLLARY. If L is a convex w*-closed non-R.N.P. subset
of a dual Banach space X* then it contains a separable convex closed
K that has a £Paf-representation.

Proof. Choose Lf a w*-comρact convex non-R.N.P. subset of L.
Then as Schachermayer proves [S2, Corollary 2.10] either U is w*
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strongly regular or it contains a closed convex subset K aίϊinely home-
omorphic to D(λ), the set of densities in Lι([0, 1], λ).

In the last case the desired result follows from Theorem 4.15(iii).
In the first case the result follows from case (i) of Theorem 4.15 and
the main result of [R]. Hence the proof is complete.

4.19. REMARK. Huff-Morris in [H-M] proved that the R.N.P. is
equivalent to the K.M.P. for dual Banach spaces. Schachermayer in
[S2, Corollary 2.11] proved the analogue of the statement of Corollary
4.18 for the equivalence of the R.N.P. and the K.M.P.

Acknowledgment. We wish to thank Dr. M. Petrakis for some valu-
able discussions during the preparation of the paper, especially for
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