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STABILITY OF NON-SINGULAR GROUP ORBITS

CLARK D. HorRTON

Let G be a compact Lie group of isometries acting on a riemann-
ian manifold A . In recent years, there has been a great deal of
interest in minimal submanifolds that arise as orbits of such an ac-
tion. In this paper, we formulate necessary and sufficient conditions
for the stability of minimal codimension two principal orbits. These
conditions are expressed in terms of the eigenvalues of a G-invariant
vector field on the orbit, the eigenvalues of the laplacian of the orbit,
and the eigenvalues of the hessian of the volume function. Next we
use a poincaré inequality along with the orthogonality relations on
the group G to find conditions for the stability of exceptional orbits.
These conditions are used to find new examples of stable minimal sub-
manifolds in the generalized lens-spaces and the quaternionic space
forms.

1. Introduction. Let M be a riemannian manifold with a compact
Lie group of isometries G acting on the left. W. Y. Hsiang and H. B.
Lawson [HL] have discovered a very simple condition for an orbit of
G to be a minimal submanifold. They showed that an orbit is minimal
if its first variation is zero under equivariant deformations. It then
follows that a principal orbit P is minimal if the volume function
U: M — R is critical on P, where 7(p) is defined to be the volume
of the orbit through p. Also, an orbit is minimal if all of the orbits
in a surrounding tubular neighborhood are of a higher type. A natural
question to ask is when are these minimal orbits stable or unstable.

In this direction, J. Brothers [Br1] has produced a second variation
formula that is applicable to the case of a minimal principal orbit.
From this formula, it follows that a necessary condition for the stabil-
ity of a principal orbit is that 7 have positive semi-definite hessian.
His sufficient conditions for stability involve bounds on the lengths of
certain G-invariant vector fields on the orbit. However, if the normal
distribution to the orbit is involutive, then a positive definite hessian
is sufficient for stability. Although these conditions have led to many
new examples of stable principal orbits, they are not sharp in general.
Through the use of Brothers’ second variation formula, we show that
the Jacobi operator can be decomposed into a sum of two commut-
ing self-adjoint operators. This is used to find precise conditions for
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the stability of dimension one and codimension two minimal princi-
pal orbits. These conditions are expressed in terms of the eigenvalues
of the hessian matrix of the volume function, the eigenvalues of the
laplacian on the orbit, and the length and eigenvalues of a G-invariant
vector field. Precise conditions are then given for the stability of equi-
variant minimal embeddings of codimension two spheres. In order to
treat the situation of minimal exceptional orbits, the canonical form
of a tubular neighborhood is studied. A variation of the exceptional
orbit is then lifted to the principal orbit where Brothers’ second varia-
tion formula is applied. Special properties of the lift along with some
elementary facts from group representation theory are used to find
conditions for stability. These results are then used to find new exam-
ples of stable minimal submanifolds in the generalized Lens-spaces
and in the quaternionic space forms. It also follows that, RP" is
stable in RP™ for m < n.

Finally, I would like to thank John Brothers for his many helpful
discussions and suggestions during the preparation of this work.

2. Preliminaries. Throughout this paper G will denote a compact
connected Lie group of isometries of some riemannian manifold un-
less otherwise stated. The action of G is always assumed to be effec-
tive. If x is a point in the manifold on which G acts, then the orbit
through x is denoted by G(x) and the isotropy group is denoted by
G, . We may put an equivalence relation on the set of group orbits
by declaring two orbits to be equivalent if their isotropy groups are
conjugate. An equivalence class of orbits is called an orbit type. 1If
Gx and G, are isotropy groups with (Gx) and (G,) denoting their
equivalence classes, we may put a partial ordering on them by saying
that (Gx) > (Gy) if and only if G, is conjugate to a subgroup of
G, . There exists a unique orbit type (Gxo) , called the principal orbit
type with the property that (Gx ) > (Gx) for all x € M. An orbit
that belongs to the principal orbit type is said to be a principal orbit.
The union of the set of principal orbits is an open dense subset of
the manifold on which G acts [B]. An orbit with isotropy group Gy
is said to be exceptional if some conjugate of the isotropy group of a
principal orbit has finite index in Gy .

Let H be a closed subgroup of G with a linear action on a vectot
space V. We may define an action of H on G x V by h(g,v) =
(gh~!, hv). The orbit of the point (g, v) is denoted by [g, v]. The
orbit space is denoted by G xyx V' and is called a fibered product. Let
G act on a riemannian manifold M, and let x € M with isotropy
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group G, . Then the orbit of G through x has a tubular neighborhood
equivariantly diffeomorphic to the fibered product G xg_V where V
is the space of vectors normal to the orbit at x and the action of G,
is the action on 7, M [B]. If the orbit is principal, then the action of
G, on the normal space is trivial so that a principal orbit P has a
trivial normal bundle [B]. A group orbit is said to be isolated if it has
a tubular neighborhood in which every other orbit is of a higher type.

Let M be a riemannian manifold with compact submanifold N
of dimension n without boundary. Let #” denote the Hausdorff
n-measure on M induced by the riemannian metric and let W be a
smooth vector field in a neighborhood of N. Denote the flow of W
by ¢;. For k =1, 2 the kth variation of the area of N with respect
to the deformation vector field W is defined by

(k) a*
SIW) = S #"($uN)io.
We say that N is minimal if 6()(W) =0 for all vector fields W and
stable if s (W) >0 for all vector fields W .

If f e C>®(M), has a critical point at x € M, then one defines the
hessian H of f at x to be the symmetric bilinear function on 7, M
such that H(v,w) = V o W(f)(x) where ¥V and W are smooth
extensions of v, w € TyM to a neighborhood of x. Suppose we
have a group action on a riemannian manifold M whose orbits are
principal with dimension d. We define a real valued function 7 on
M where 7(p) = #4(P) where P is the principal orbit through
p € M. P is minimal if and only if # is critical at p € P [HL]. If
A1 is the first eigenvalue of the laplacian A on M and f € C®(M)
with [, f =0, then we have the Poincaré inequality

a /M s > /M e

3. Principal orbits. Let P be a principal orbit arising from the ac-
tion of a group G. We may choose a normal, G-invariant, orthonor-
mal, frame field W), ..., W, on P where n is the codimension of
P in the manifold on which G acts. Every normal vector field W
on P can be written W = ! | A'W; where A': P — R for each i.
If we take the projections of the vectors [W;, W] on P we get G-
invariant vector fields W), for i,k=1,...,n on P. Ifthe W;; =0
for i, k=1, ..., n then we say that the normal distribution to P is
involutive. (See [Brl].)
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Brothers [Brl] has derived the following formula for the second
variation of minimal P:

n
SO W) = / pTIW 4y (AP =Y (Wi, A'd Ak — Ak d 4,
p i=1 i<j

We observe that Brothers’ formula can be rewritten in a way that is
more illuminating. Notice that

/ 4|2 = / (A, dAy = / AIAA
P P P

so that we can write

n
[ taanp= [ 434
P P

where
Al
A= :
An
and
A
~ A O
A=
0
A
The third term in Brothers’ formula can be written as
/ A'SA
P
where
0 W W3 ... Wi
Wi 0 =Wy ... =Wy
S=| Wiz W 0 ... —W,
Wln I/V2n I/V3n cee 0

Finally, since 7 has a critical point on the orbit P, we can thus write

the first term as
/ AHA
P

where H isthe n by n matrix with constant entries H;; =0~ W, W;i.
Thus

sPw) = /PA“’JA‘
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where J =S+ H + Z~is the well-known Jacobi operator. The ma-
trices J, S, H, and A may be regarded as linear operators on the
space @7, C®(P). Clearly HA = AH since H is constant and A is
diagonal with equal entries.

LEMMA 3.1. Let M be a compact riemannian manifold without
boundary and X a smooth vector field on M such that div X = 0.
Then X is a skew-symmetric operator on functions.

Proof. Assume that M is orientable with volume form w. Let
f,8 € C®(M). If Ly denotes the Lie derivative by X we then
have

Lx(fgw)=(fXg+gXflw+ (fgdiv X)w
which follows by Leibniz’s rule and the identity Lyw = (div X)w
[P]. We then get

[ (rxg+exfw= / Ly(fw).
M M

We now use the identity Lyw = (d o1y +1x od)w, where 1yw is the
(n — 1)-form defined by (1xyw)(vi, ..., Vp—1) = 0(X, V1, ..., Uy_1)
[W], and Stokes’ theorem to write the last integral as

/ (doix +1x od)(fgw) = / do1x(fgw) =O.
M M

Hence [, fXg=-] w 8X . If M is not orientable then we pass to
an oriented double cover. o

LEMMA 3.2. Let G be a compact Lie group equipped with a bi-
invariant metric and let H be a closed subgroup of G. Furthermore,
suppose that G/H has a metric such that the canonical projection
n: G — G/H is a riemannian submersion. Then any G-invariant
vector field X on G/H is Killing.

Proof. Because n: G — G/H is a submersion, we may lift X to
a left-invariant vector field X on G which is normal to the fibers of
n. Since the metric on G is bi-invariant, the flow ¢; of X is an
isometry for each ¢. Since the submersion is riemannian, it follows
that the flow ¢; of X is an isometry for each ¢. O

PRrROPOSITION 3.3. Let P be a principal orbit with a metric for which
the vector fields Wy, ,i,k=1,...,n areKilling, andlet J, H, S,
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and A _be as above. Then
(a) AS = SA,
(b) A*=A,
© 5 =5, i
(d) A(S+H)=(S+ H)A,
(e) H*=H.

Proof. (a) follows from the fact that the laplacian commutes with
Killing vector fields. For (b) and (c) we make use of the fact that the
adjoint of a matrix of operators is obtained by replacing each entry
by its adjoint and then transposing, along with the facts that A is a
self-adjoint operator on C*°(P) and each W), is a skew-symmetric
operator on C*(P) (Lemma 3.1). (d) is implied by (a) and the remark
preceding Lemma 3.1. Finally (e) is true since H is a constant times
the restriction to the normal bundle of P of the hessian matrix of the
function 7. O

The proposition implies that the operator J is the sum of two com-
muting self-adjoint operators A and S+ H. The eigenvalues of A
are clearly the same as the eigenvalues of A. Since the eigenspaces
of A are finite dimensional and S + H commutes with A, we see
that there exists a basis of @ ; C(P) for which both operators
are diagonal. Let ¢y, ¢2,... be a basis for the set of common
eigenvectors for A and H + S, and suppose that AqSk = Ax¢Pr and
(H + S)pr = prdr, where 0 < 49 < 41 < ---. Then the eigenval-
ues for J are {A; + pr: kK =0,...}. Thus we see that in order for
5},2)(W) = [p A'J A to be non-negative for all W , it must be true that
J has non-negative eigenvalues. Therefore we have

THEOREM 3.4. Let P be a minimal principal orbit for which the
Wiy, i,k =1,...,n are Killing. Then P is stable if and only if
A+ pr >0 forall k.

REMARKS. The requirement that the W, be Killing vector fields
seems to be a bit restrictive. However, Lemma 3.2 gives a general
condition for which a G-invariant vector field on an orbit is Killing.
The standard metrics on the rank one symmetric spaces satisfy this
condition, so that the requirement is not a problem in most of the
interesting situations. Also because the hessian is symmetric, we may
assume that it is in diagonal form with eigenvalues i, ..., ly.

Suppose P is a one-dimensional orbit. Such an orbit is diffeomor-
phic to S!. Hence the laplacian is —d?/d6?%. Let L be the length of
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the orbit. Then the kth eigenspace of A is
I, ={asin(2zk /L) + bcos(2nk/L): a, b € R}

and the kth eigenvalue is (2nk/L)?, k =0, 1, .... Each W;; may
be written as A4;;d/d0 where A;; is a scalar and W}; is clearly Killing
for all i and j. Applying Theorem 3.4 we have

COROLLARY 3.5. Let P be a one-dimensional minimal principal
orbit. Then P is stable if

. [ 4n2k?

where Ry is the smallest eigenvalue of the 2n x 2n matrix (Kpq),
p,q=1,...,n, with

2nk
(O _ 0 —=7Apq
Kpp—<0 Np>’ qu—<%f4pq 0 ’ pEa

ExaMPLE 3.6. Consider the Lie group U(2) whose Lie algebra is
spanned by the matrices

i 0y (00 1 (0 -1
=(o0) 20 7). =70 %)

500

which form an orthonormal basis with respect to the inner product
given by (4, B) = tr(AB"). Extend this to a bi-invariant metric on
U(2). Define a left action of S! on U(2) by p: S! x U(2) — U(2)

with . .

i0 _(€7zn ezn

plet, A)= ( 43 Z )

where 4 € U(2). Each of the orbits is a right coset of the one pa-
rameter subgroup given by ¢ — exp tD;. Each orbit is minimal with
constant length 27 hence the hessian of the length function of the
orbit zero. The frame W), W,, W;j for each of the orbits is given
by the restriction of the left-invariant vector fields represented by D, ,
I, and J respectively. A simple computation gives Wi, = W3 =0,
and Wp3 = —D;. In this case R; = —k. Hence, by Corollary 3.5 we
have stability if (k> —k) > 0 for all k. This is clearly the case, so we
conclude that the orbits are stable geodesics.
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If P is a principal orbit of codimension two, then the operator J

can be written
A0 K1 —W12>
J= + .
(0 A) (le M2
Now assume that the G-inygﬁant vector field W, is Killing. We write
Wiy = ||Wh2||W1, where Wi, is a unit vector field on P and ||,

is constant. Let 0 < A; < 4, < --- be the eigenvalues of A on P and
write C®(P) @ C>®(P) = @z, Ex where

Ek={($;):A¢,-=Ak¢,-, i=1,2}

with dim E; < oo. Since A/Wl;_ = /I/I\/IZA we see that /I/I\/lz has a finite
number of eigenvalues on Ej . Let o, be the largest eigenvalue of
-W2 on E;.

THEOREM 3.7. Let P be a minimal, codimension two, principal orbit
Sfor which W), is a Killing vector field. Then P is stable if and only if

(A + 1) (A + 12) PN O) .
O

Iwial? < in (

Proof. Consider the eigenvalue problem

(nwlfﬁ% —”W;li”%) (ﬁi) - (?Z;) ’ (f;i) € Ey.
W
e have e (ﬁ) X
and

772 _(ae—
Wiad1 = (uszu ) b2

Applying f/'V\l » to both sides and combining we get

=2, _ (a—=u)(a—u)
Wb =" #

and

_p2g, = la—m)e—m)

2= T e
Hence we see that (o — u;)(a— u2)/||Wiz2||? is an eigenvalue of —:\lez
on Ep. If welet 0 < g < --- < e be the eigenvalues of —W3
on E;, then we may write (o — u1)(a — u3)/||Wi2||* = & for some r
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and hence a? — (u; + Mo)a + U1z — ||Whz)|*e, = 0. By the quadratic
formula

2a = (1 + 1) £ 1/ (11 + 12)? — Az — | Wizl ey).

It is a necessary condition for stability that u;, u, > 0. If we take
the plus sign in the quadratic formula along with the condition that
U1, 4y > 0 then o > 0. Consider the case with the minus sign. By
Theorem 3.4, in order to have stability we must have

20 + (i + 2) =\ (1 + 12)? — Mtz — | Whal|2er) 2 0,
which implies that
A2+ Ae(ur + 12) + pao > [WhalPer.

If & = 0 this condition is clearly satisfied, so suppose & > 0. Then
we have

A+ Ak +
”I/VIZHZ < ( k ,ulzzf k /"2).

Conversely, suppose that for some k the operator —/VI7122| g, hasan
eigenvalue ¢, such that

Ak + Ax +
||VV12||2 > ( k /'le:( k :uZ).
r
Let ¢ € C*(P) be such that Ap = A,p and —Whe = ||Wia|*e0
with [, ¢? = 1. Observe that for any W = A'W; + A’W, with
W € E; we have

/P (JW, W) = /P (i + 1) (A = 24" Wis 42 + (g + pa) (A7)

Let A! = (A + 1)/?¢ and

&r|| Wiall*
Ak + 1o
Then (4')? = (A + u2)9? and

2
Wia||? e Wall2\
( ) k 23 lk+,u2 0 k 251 ik‘l‘,uz

(A + w2) 2 Wine + (g + wa) " (Winp)? — 241 Wip 42

&r|| W12 I?
= 2 (4 4+ py - P2l
( ki Ak + U2

1/2
A= (Ak - ) 0 — (e + 1)~ 2 W50,

1/2
) U + 12) P20 Wisp + 20Who.
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By Lemma 3.1 W), is a skew-symmetric operator, so it follows that
[ 207 == [ oo = [ eWialPe? = el Wal?

and [, 9Wi,0 = 0. Therefore, [p(A1)? =Ax+p, [p(A%)? = Ap+p1,
and -2 [, A'W,A4% = =2||W)s|%, so

/P (TW, Wy = 200 + 1)y + 12) — 2| Wiz %er < 0.

Hence P is unstable. O

ExAMPLE. Consider the case where the orbits of G are isometric
to constant curvature spheres. In the case where the dimension of the
orbit is even, W, = 0 since even dimensional spheres do not admit
non-vanishing vector fields. This implies that a minimal codimension
two orbit is stable if and only if u;, u, > 0.

Now consider the case where G is the unitary group U(n) and
the codimension two minimal orbit P is equivariantly isometric to
S§2n=1 ¢ C" embedded in the standard way. The flow of an invariant
Killing vector field X on S$%"!  n > 1, must commute with the
action of U(n), and hence must be the restriction to $2"~! of the
action of S! on C” by scalar multiplication. The trajectories of X
are geodesics of length 27 .

The kth eigenspace of the laplacian on S2"~! consists of the restric-
tions to §2"~1 of homogeneous harmonic polynomials of degree k in
Z1s.eus Zns 21, .- 5 Zn. Simultaneous eigenfunctions of X2 and A
are restrictions to S2”~! of linear combinations of the same degree
ain zy,..., z, and same degree B in Z;,...,Z, with a+ 8 =k.
Clearly the largest eigenvalue of —X?2 on the kth eigenspace of A is
k?. The kth eigenvalue of A on S?"~! is J;, = k(k +2n —2). By
Theorem 3.7 P is stable if and only if

¢ ([k2 +k(2n =2) + ullk* + k(2n —2) + #2])
f .

IW2])? = in

k> k2

Define A = min{u;, uy}. Then the right-hand side of the above for-
mula is at least

2 _ 2
- (k +k(2n 2)+/1> |
k>0 k

Because the function f(x) = (x% 4+ (2n — 1)x + A)/x achieves its
absolute minimum over [0, co) at x = VA, we see that P is stable
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if ||W12]l € 2VA +2n —2. Next define 4 = L(u; + pp). Then
[k2 4+ (2n = 2)k + u J[k% + (2n — 2)k + ]
k2
_ (K +(2n=2)k + p)? — (1 — p2)
= 3 .
If we let k = 1, then we see that P is unstable if

1
”I’VIZH2 (2n—1 +ﬂ) - Z(ﬂ] - ﬂ)z.

We note that according to Brothers’ results [Br2], P is unstable if
W2l > (20— 1 + p)*.

REMARKS. In the case where the integral curves of W), are circles
of length L, the eigenvalues of —W2 must be of the form 2znk/L
for some integer k.

Brothers’ condition for stability [Brl] requires that the hessian of
the volume function have no non-negative eigenvalues along with the
condition ||W,]|? < 2n/L for codimension two principal orbits. In
order to compare this result with ours, we make use of the fact 1, > g,
for all k [B1]. Observe that

A A
e+ p)ic + 1) o, (Ot PG b)) _ o)y Pab
Oy Oy Ok

By the above remark, we see that g, > 2z/L for all k, so we conclude
that

o, 2 tThitiat

Hence, our theorem gives stability for larger ||W#,].

(A + 1) (Ae + p2) 27 Py
g

4. Exceptional orbits. Let £ be an exceptional orbit with isotropy
group Gx E has a tubular neighborhood N which is equivariantly
d1ffeomorph1c to G X6, V' where V' is a real vector with dimen-
sion equal to the cod1mens1on of E in N. There exists a subgroup
Hy C Gxo with a finite index in Gxo such that Hy, is conjugate to the
isotropy group of every principal orbit. H, is normal in G, and is
precisely the non-effective part of Gx on V' [B].

Consider the space N = G/Hx0 x V' and the map =: N — N de-
fined by n(gHx, , v) =[g, v] where [g, v] is the equivalence class of
(&, v) under the action of Hy givenby h(g, v) = (gh~!, hv). This
map is well defined because #V =V and hence [gh, v] =[g, v] for
he Hy . It also follows easily that 7 is equivariant.
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Observe that 7~ '{[g, v]} = {(gVHx,, ¥~ 'v): y € Gy }. This ob-
servation combined with the fact that Hy acts trivially on V' im-
plies that 7=1{x} has the same cardinality as Gy [Hy, forall xe N.
Gxo / on is a finite group since Hxﬂ is normal in Gxo . We define a right
action of G /Hx, on N by (gHx,, v)g'Hy, = (8¢'Hx,, (g')"'v) for
(8Hx,, v) € N and g’on € Gx,/Hx, . The action of this group is tran-
sitive on the fibers of 7 and the cardinality of each fiber is the same
as Gy, /on. Hence Gy /Hx, acts freely and discontinuously, which
implies that 7 is a covering map whose group of deck transformations
is Gy, /Hy, -

Equip N with the metric such that 7 is a local isometry. There is
an action of G on N given by g(g'Hx, , v) = (§8 Hx,, v). All of the
orbits of N are principal and the orbit P = {(gHx,, 0): g € G} isan
m-fold covering of E under the map 7, where m = card(Gx0 /on)

ExampLE. Consider the Mobius strip M = S! xz R, where Z, =
{1, —1} acts on R by multiplication. The action of S! on M is
given by F: 8! x M — M with F(e'®, [e!?, r]) = [e/@t), r]. The
center circle has length 7 and is given by E = {[¢!?, 0]: 0 < § < 2z},
and it is an exceptional orbit with G, = Z, for all x. All of the other
orbits have length 27 and are principal with isotropy group given by
{1}. In this case N =S! x R which is a cylinder that is the oriented
double cover of M .

Suppose that W is a smooth vector field defined on the orbit E
and normal to E. Let W be the lift of W to P=n"!(E) in N.

LEmMMA 4.1. m6P (W) = 6P (W).

Proof. Extend W to a neighborhood of E and lift to W . Let E,
be the image of E under the flow of W and P, be the image of P
under the flow ¢; determined by W . If we take ¢ small enough and
use the fact ¢, = mod,, we see that P, is a cover of E; with covering
map 7|p . If welet A(¢) be the volume of E; and A(¢) be the volume

of P;, then ,;f(t) = mA(t) since P; is an m-fold cover of E;. Thus
A"(0) = mA"(0). O

COROLLARY 4.2. [f for every normal vector field W on E we have
61(,2)( W) > 0, then E is stable. By the above arguments we see that
we have reduced the problem of the stability of an exceptional orbit to
the stability of a principal orbit under a restricted class of vector fields,
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namely the ones that are lifts. We will exploit special properties of the
components of the lift of a vector field, along with the second variation
Sformula for principal orbits, to find sufficient conditions for stability.

Let Gy, be the isotropy group of an exceptional orbit E and let
Hy, be the conjugate of some isotropy group of a principal orbit such
that H, C Gy . Consider the linear action of the isotropy group on
the normal space Vy to E at xo. This gives a linear representation
of Gx0 on on and the kernel of this representation is Hy . For an
arbitrary point x € E, the representation of G, on V; is clearly
equivalent to the representation of G on V; . Hence we may speak
of the representation of an isotropy group of E without reference to
a point.

PROPOSITION 4.3. Let G(y) be an orbit in N. Then n~'{G(y)}
consists of ny disjoint orbits where n, = card(Gx /Gy). If P is one
of these orbits then n|p: P — G(y) is an my-fold covering map where
my, = card(Gy/Hy,) .

Proof. Without loss of generality we may assume that y = [e, v].
For g € G, we have [e, v] = g[e, v] = [g, v]. Hence there must
be a g’ € Gy, such that gg’ = e and (¢')"'v = v. Consequently,
Gy C Gy, and g'v = v for g’ € G),. Consider the action of Gy
on V and let (Gxo)v be the isotropy of v. For g € (Gxo)v we have

= gle,v] = [g,v] =[e, gv] = [e,v] = y. So (Gx)v C Gy
and as was seen above, G, fixes v. We conclude that G) = (Gx )y -
Let {vy, - -, v,} be the orbit of v under the action of Gy, where
r = card(Gy, /Gy). Let Cp, ..., C; denote the left cosets of Gy in Gy,
and observe that 7~ {y} = 7~ {[e, v]} = {(¢ " 'Hx, , gv): g € Gx } =
i-{(g7'Hy ,v;): g € C;}. The sets {(g~'Hx ,v,): g€ Ci}, i =

1,...,r lie on distinct orbits which means that there are r = n,
orbits in 7~ '{G(y)}. The principal orbit P = {(gH, , v;): g € G} is
then a cover of the orbit G(). O

REMARK. This proposition may be illustrated by considering the
previous example of the Mobius strip. The inverse image under © of
the exceptional orbit (center circle) of the Mdbius strip is a circle that
is a two-fold cover and the inverse image under 7 of any principal
orbit is two disjoint circles each of which is a one-fold cover.

We have assumed that N = G X6, V' where Gy is the isotropy

group of an exceptional orbit E. It follows that all orbits in N are
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principal or exceptional. We now define a volume function v on N
that is related to the volume function # on N. Define v: N — R by
v(x) = myZ"(G(x)), where #Z" is the Hausdorff r-measure induced
by the metric and r is the dimension of a principal orbit. We have

LEMMA 44. D=vorm.

Proof. ¥(z) is the volume of the principal orbit P through z € N.
By Proposition 4.3 P is an my,)-fold cover of the orbit z(P). Since
m is a local isometry, we see that the volume of P must be g,
times the volume of G(n(z)). m]

It is now clear that if v is critical on the orbit E, then 7 has a
critical point on P. Hence the hessian of 7 is defined.

We now develop some of the properties of the components of the
lift of a vector field. Suppose that {W;, ..., W,} is an orthonormal
G-invariant frame field for the normal bundle of P and zn(p) = x with
pE€P and x € E. Then {n.Wi(p), ..., m.W,(p)} is an orthonormal
frame field for the normal space V' at x. We denote by {T;;}, i, j =
1, ..., n,the matrices of the linear representation of G, with respect
to the basis {m.W;(p), ..., . Wy(p)}.

LEMMA 4.5. Let W be a normal vector field on E with lift W =
Sy AWy to P andlet n(p') = n(p) = x. Then

A(p") =Y " Tij(g)4 (p)
J
with p' =gp, g€ Gy and xX€E.

Proof. Since Gy acts transitively on n~'{x}, there exists g € Gy

such that p’ = gp and W(p') = &Wi(p), k =1,..., n. By defi-
nition A'(p’) = (W(p'), Wi(p')). The result then L follows by applying
the facts that n is an equivariant isometry and W is a lift. O

LEMMA 4.6. Let E be an isolated exceptional orbit with isotropy
group Gy, . Then Gy does not fix any vector normal to E at x.

Proof. Suppose there were a vector vy such that Gy, vo = Vg . Then
we would have a one parameter family of exceptional orbits of the
same type as E in the tubular neighborhood G Xg_V given by
{G(le, tv]): — 1 <t < 1}. But this contradicts the fact that E is
isolated. m}
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COROLLARY 4.7. Let E be an isolated exceptional orbit and W =
i A'W; be the lift of some vector field W . Then [, A' =0 forall i.

Proof. Let x € E and recall that 7~ '{x} can be canonically iden-
tified with the set Gy/Hy. Fix p € z~'{x}. Then we have

dYooa'= > A'zgp).
' {x} 8€G /H,
However, by Lemma 4.5 we have 4'(¢p) = 3_; T;;(§)4’ (p) . Observe
that the sum of the linear transformations of the representation of
a finite group must be zero unless there is a vector fixed by all the
transformations of the representation. Hence by Lemma 4.5 we see
that 30 -1,y 4’ = 0. But

/Af=/ Z Aldx. ]
P E 5
T (x)

Let E be a minimal exceptional orbit in N covered by the prin-
cipal orbit P in N. We say that the normal distribution to E is
involutive if there exist orthonormal vector fields V;, ..., V,, defined
on a neighborhood U of x € E in N where n is the codimension of
E in N, such that the projection on E of [V;, V] is zero forall i, j
for every x. See [Brl]. Note that since a tubular neighborhood of P
is locally isometric to a tubular neighborhood of E , it follows that the
normal distribution to FE is involutive if and only if the normal distri-
bution to P is involutive. Because P is locally isometric to E, we can
define n. Wy, ..., n.W, locally on E. Since v has a crltlcal point
on E, the hess1an of v on E satisfies H(n.W;, n.W;) = H(W;, Wj)
where H is the hessian of U on P. Since the hessian of a func-
tion at a critical point p € N is a map of T,,(N ) x T, (N ), we can
conclude that for v, w € Tp(N) the hessian H of 7 on P satis-
fies H(v, w) = H(n,v, m,w). In particular, it follows that H and
H have the same eigenvalues which are constant because H is G-
invariant.

THEOREM 4.8. Let E be an isolated exceptional orbit with the nor-
mal distribution to E involutive. If
M = —V(X)Ay

for k =1,...,n, where A, is the first eigenvalue of A on P, and
the u; are the eigenvalues of H with x € E, then E is minimal and
stable.
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Proof. E is stable if P is stable under all lifts W . Because the
normal distribution to E is involutive, we conclude that the W, =
(Wi, W] for i,k =1,...,n all vanish on P. Then by the second
variation formula for principal orbits we have

SO W) = /P z; ﬁuiuf)z + (||

where W = P, A'W; and uy, ..., u, are the eigenvalues of the
hessian H on P and hence the eigenvalues of H on E. But [pA =
0 (Corollary 4.7) so we may apply the Poincaré inequality and use the
fact that V(p) = v(x) to infer that E is stable if u; > —v(x)4; for
i=1, . O

ReMARK. Compare this with the case of a principal orbit where
stability implies u; > 0 for all i.

LEMMA 4.9. Let G be a finite group with an irreducible orthogonal
representation on an n-dimensional real inner product space V . Let
{U(g): g € G} be the matrices of this representation and M:V — V
a symmetric endomorphism. Then

Y U N(g)MU(g) = (%trM) I

geG

where I is the identity transformation on V .

Proof. This follows from the basic Schurs’ lemma in representation
theory [BD]. o

THEOREM 4.10. Let E be an isolated exceptional orbit. Suppose
that the normal distribution to E is involutive and the representation
of the isotropy group on the normal space is irreducible. If tr H > 0,
then E is stable.

Proof. Let W be a normal vector field on E with lift W = I AW,
to P. Consider any x € E, and let H, C G, be the isotropy groug
of some principal orbit. Let p € z~1{x} with Ap =p forall h € H,.

Then
o S H A= S S H A (gp) A (2p).

a {x} i,J 2€G /H, i,j
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By Lemma 4.5 we infer that the right-hand side is the same as

YA p)A(p) > S Tu(@)H;;Ti(3).
r,k

8eG /H i,]

Applying Lemma 4.9, we see that this last sum is

. (Z(Ak(pw) trH,

k
But
/ZH,,A Al = / Z ZA Al dx.
From this computation we see that 5 ( )y>0if trH >0. O

5. Examples. Consider the standard m-sphere

m
S™" = {(xo, R Zx,f: 1}.
k=0

For n < m we have the standard inclusion S” — S where S§” =
{(x0, ..., %n,0,...,0): ¥F_ox¢ = 1}. Consider a tubular neigh-
borhood of S$” in S™ given by

N={(X0, ..., %m) €ES™: (X0, ..., Xp) # O}

Suppose G acts on S such that the orbits in N are all principal of
the form

n
P; = {(xo, s Xn ULy e Umen)t D X =1 ~||ﬁ||2}
k=0

where @ = (uy, ..., um—p) satisfies ||if|| < 1. Each P; is diffeomor-
phic to $” and Py is the standard S” in S™.

Let D be a finite group which acts freely on S on the right and
commutes with the action of G. It follows that G acts on S™/D
and the canonical map n: S — S™/D is equivariant. Furthermore,
suppose 7(P;) is an exceptional orbit for # = O and a prinicpal
orbit # # 0. Let xg € E = n(P;). Since E is exceptional, it has
a tubular neighborhood N equivariantly diffeomorphic to G xXg V.
We suppose that Gxo/ Hy, is isomorphic to D and that the actio(;l of
Gx,/Hx, on n~1(N) is identical to the action of D. E is clearly a
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minimal submanifold since it is isolated. We now have:
ProOPOSITION 5.1. E is stable minimal submanifold of S™ /D .

Proof. Clearly, each principal orbit P; intersects the (7 —n)-sphere
of radius 1 given by

{(X0, ooy Xnal> ULy oees Umen): X+ |ul> =1, x; =+ = X4y = 0}

at the points (+(1 — ||u||*)'/?,0,...,0,u;, ..., Um—p). Further-
more, this (m—n)-sphere is perpendicular to the orbits. By the Frobe-
nius integrability condition, we see that the normal distribution to E
is involutive. The first eigenvalue of A on S” is n. Let us now
compute the hessian of the volume function at the principal orbit
P; =S". Note that P is located at the intersection of exactly m —n
mutually orthogonal isometric copies of S"*!. Let 6 be the angle
between a radius of S$”*! and a radius drawn to its north pole. Then
v(0) = w,sin” 8 where w, is the volume of the unit n-sphere. It
easily follows that the hessian has eigenvalue 0 along the orbit P and
eigenvalue —nw, for any direction normal to the orbit. Hence E is
stable by Theorem 4.8. o

COROLLARY 5.2. The standard inclusion of RP" in RP™ is stable
for n<m.

Proof. In Proposition 5.1let G = SO(rn+1) and D = Z,. SO(n+1)
acts by matrix multiplication on the first (n+1) coordinates of a point
in S™ considered as a column vector. The action of D identifies
a point with its anitpodal point. Clearly the action of SO(n + 1)
commutes with the action D, $™/D ~ RP™, and E = RP". m]

REMARK. Actually, RP" is area minimizing in RP™[F].
Next consider S2"~1 respresented by the set

m
{(zl,...,zm): lek|2= 1;(21,...,zm)€C’”}.
k=1

Let U(n) act on $2"~! by matrix multiplication on the first # entries
considered as a column vector. Let (g;, ..., g») have positive integér
coordinates such that (p, q;) =1 for i =1, ..., m. The lens space
L(p;qi,...,qm) is S ! modulo the action of D = Z, given by
Nzi, ..., zm) = (z1e®allp | z,e2ma,l/py [ =0,...,p—1.1f
g1 = ¢ = -+ = gy, then the action of Z, on $?™~! commutes with
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the action of U(n). We also see that n(S%*~1) is L(p; qy, ..., qn)
which is an exceptional orbit in L(p; q;, ..., gm). Hence by Propo-
sition 5.1 we have

COROLLARY 5.3. Suppose that (p,q;) =1 for i=1,..., m and
Q1 =q =-=4qy with n <m. Then L(p;q1,...,4qn) is a stable
minimal submanifold of L(p; q1, ..., qm)-

Finally, consider S*"~! represented by the set
m
{(ql, s @m)t Yo llalP =15 (@, - s dm) GH’"}-
k=1

There is a natural action of G = Sp(n) on S*”~! by matrix multi-
plication on the first n coordinates considered as a column vector.

Let D be a finite subgroup of the unit quaternions and define a right
action of D on S*" ! by (q1,....,9m) 9= (019, ..., dmq), 4 €D.
We denote S4"~1/D by SF(D, m) and is known as the quaternionic
space-form defined by the action of D on S*"~!. The action of
Sp(n) commutes with the action of D and #(S4*~!) = SF(D, n) is
an exceptional orbit in SF(D, m) for n < m. Hence by Proposition
5.1 we have

COROLLARY 5.4. SF(D, n) is a stable minimal submanifold of
SF(D,m) for n<m.
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