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MOBIUS-INVARIANT HILBERT SPACES IN POLYDISCS

H. TURGAY KAPTANOOLU

We define the Dirichlet space 31 on the unit polydisc U" of
C" . 2 is a semi-Hilbert space of of holomorphic functions, contains
the holomorphic polynomials densely, is invariant under compositions
with the biholomorphic automorphisms of U" , and its semi-norm is
preserved under such compositions. We show that 2 is unique with
these properties. We also prove 3ί is unique if we assume that the
semi-norm of a function in 3f composed with an automorphism is
only equivalent in the metric sense to the semi-norm of the original
function. Members of a subclass of 3f given by a norm can be writ-
ten as potentials of «55>2-functions on the «-torus T" . We prove that
the functions in this subclass satisfy strong-type inequalities and have
tangential limits almost everywhere on dVn . We also make capaci-
tory estimates on the size of the exceptional sets on f)Vn .

1. Introduction. Mόbius-invariant spaces. Let U be the open unit
disc in C and T be the unit circle bounding it. The open unit polydisc
Vn and the torus Tn in Cn are the cartesian products of n unit discs
and n unit circles, respectively. Ίn is the distinguished boundary of
Uw and forms only a small part of the topological boundary dVn of
Un . We denote by Jΐ the group of all biholomorphic automorphisms
of Vn (the Mδbius group). The subgroup of linear automorphisms in
Jf is denoted by %. The space of holomorphic functions with do-
main Un will be called ^(ϋn) and will carry the topology of uniform
convergence on compact subsets of Vn.

A semi-inner product on a complex vector space β? is a sesquilin-
ear functional on β(? x %? with all the properties of an inner prod-
uct except that it is possible to have {(a, a)) = 0 when a Φ 0.
IWI = \/((α> a)) *s t h e associated semi-norm. We assume ((• , •)) is
not identically zero.

DEFINITION 1.1. βf is called a Hubert space of holomorphic func-
tions on Vn if

(i) X is a linear subspace of β?{Vn),
(ii) the semi-inner product ((• , •)) of β? is complete,

(iii) βf contains all (holomorphic) polynomials,
(iv) polynomials are dense in βf in the topology of the semi-norm
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338 H. T. KAPTANOGLU

A space X of functions on Uw is ^-invariant if / o ψ e %?
whenever / e % ? and Ψ G / . An ^-invariant Hubert space %? of
holomorphic functions on \Jn will be called an Jtf-space for brevity.
%-invariance and %-space have similar definitions.

N, Z+ , Z, R denote the set of nonnegative integers, positive in-
tegers, integers, and real numbers, respectively. A multi-index a =
(a\, . . . ,an) is a point in Nn . Σa indicates a summation with a
running over all the points in Nn , and Σaei is a summation where we
consider only those a in the index set I with all positive components.
Let also Dj = d/dzj and Dj = d/dzj. The following abbreviated
notations will be used:

\a\

= α i !

The Dirichlet space:
with

(i i) II/I&

Equivalently, 1

= Σ<
a

2>{Vn) :

\\f&

••• + ,

•anl,

is the

-L

Za = Zj ' Z

Da = D"ι -1

) is the class of f(z) = Σa

*n\fa

class

\D\ -
n

OO

ι2 V^ V^
\ — / / Oί\" ΌLn

^=0 |α|=fc

of those /G^(U W )

"Dnf\
2dμn < cx),

with

< °°

where μn is the Lebesgue maesure on Vn normalized so that jUΛ(U
π) =

1. The semi-norm || \\& is obtained from the semi-inner product

*«= / (Dι . Dnf)(Dι. Dng)dμn.

Main results. In this work, we first prove ίvw theorems which show
that the Dirichlet space is unique among «^f-spaces that have certain
properties.

THEOREM A. Let βf be an ^ -space and suppose that

(1.2) 11/11 = H/oΨII (/e-r, Ψe.

Then

where C = \\zι •••zn\\2. Thus β? is
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Note that the assumption on the semi-norm is equivalent to
((/ ° Ψ> g ° Ψ)) = ((/, g)), and the conclusion implies that
«/, g)) = C((f9 s ) )^, for all f9ge* and Ψ G / .

For the second theorem, we need a strengthening of condition (ii)
of Definition 1.1. To derive it, we write the Taylor series expansion at
0 of an / G βf by seperating the higher and lower dimensional terms.
For example, when n = 2, using (z, w) for (z\, z2) and (k> /) for
(a\, oίj), we write

k=\ 1=1 k,l=l

Since we assume conditions (iii) and (iv) of Definition 1.1, we can
define a norm on %? by

OO OO OO

= ι/ooi2+ΣiΛoi2n^ιι?+Σι/o/i2ιι^ιι?+ Σ
A:=l /=1 k,l=l

where || || is still the semi-norm of %? c 3Γ{Un) and || ||i denotes
the semi-norm of a similar ^ c ^ ( U ) . We already know (see [1])
that || ||i is equvalent to || | | ^ in U. Since our proof of Theorem B
is by induction on the dimension of the polydisc, the above definition
of HI HI makes sense. Now we make the alternate assumption

(ii)' β? is complete in the norm ||| | | | .

A similar condition was assumed in [1], whereas [4] assumes (ii).

THEOREM B. Let β^ be an Jί-space in the sense modified by (ii)'
and assume that there is a positive constant δ < 1 such that

(1.3) δ\\f\\ < ||/oψ|| < I||/|| ( / E / , ΨG/).

Then there exists positive constants Kγ and K2 such that

Ki\\fU<\\f\\<K2\\f\\B We*)-

Thus &(Vn) is unique again.

The proofs of these theorems will be presented in §2.
Next, we consider a subspace of the Dirichlet space, one that is

defined by a genuine norm similar to ||| - | | | . This space is not */#-
invariant any more, but the stronger conditions on it allow us to prove
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that it has tangential limits as we approach ΘVn. In fact, tangential
limits exist for a wider class of functions which are potentials of cer-
tain functions in Jΐf2(Ύn). The precise definitions and theorems are
stated in §3. Theorems C and D at the end of that section are the
major results in this direction.

In earlier work, Arazy and Fisher [1] proved, under slightly different
hypotheses, the analogs of Theorem A and Theorem B in U. Zhu [5]
found the equivalent of Theorem A for the unit ball in C" when
n > 2. Nagel, Rudin and Shapiro [3] obtained the unit-disc versions
of Theorems C and D.

After the submission of the manuscript, we were informed by a ref-
eree that in the preprint Invariant Hubert Spaces of Analytic Functions
on Bounded Symmetric Domains by J. Arazy and S. D. Fisher, results
analogous to Theorems A and B were established for all irreducible
bounded symmetric domains.

NOTATION. λn is the Lebesgue measure on Ίn both normalized to
have mass 1; i.e., it is the Haar measure on the compact abelian group
Ίn . If p e [1, oo), its conjugate is q = p/(p - 1). The &*- and ip-
spaces will have their usual meaning. Zj will usually be an element
of U and ζj of T. Apart from the usual big & notation, we will use
u ~ v to mean both u = &(v) and υ = @{μ), and u « υ to mean
u/υ has a finite positive limit.

The Poisson integral of an feJ?ι(Ίn) is

/ηpM XX 1 Z iC i\
JΎ 7=1 ' * j ]

and its Cauchy integral is

C[f](z) = / /(C) JJ — ί _ dλn(ζ) (Z E V") ,
Jv = i 1 - zjQj

where the products are called the Poisson kernel P(z, ζ) and the
Cauchy kernel C(z9 ζ) for UΛ , respectively. These transforms have
the following invariance properties: If / e J?ι(λn), Ψ G J?, and
U e %, then

P[f o ψ] = P[f] o ψ and C[f oί/] = C[f] o U.

The automorphisms of Vn for n > 2 are generated by the following
three subgroups: rotations in each variable separately

) = ( e i θ ι z l 9 . . . ,eiθnZn),
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Mόbius transformations in each variable separately

ΦW(Z)= (φ )

and the coordinate permutations. Here θ e [-π, π]n and w e Un are
fixed, Mόbius transformations are in the form

(1.4) φw{z) = ^ίJL

and the coordinate permutations are nothing but the n\ members of
the symmetric group S?n on n objects. Thus an arbitrary Ψ E /
can be written in the form

Ψ(z) = (ew* φWι ( z σ ( 1 ) ) , . . . , ewn φWn (zσ{n)j) ,

for some w eVn and θ e [-π, π]n , and σ E ^ . ^ is generated
by σ € y« and the rotations RQ . Each Mδbius transformation Φ^
is an involution (its inverse is itself) exchanging 0 and w. Jt acts
transitively on U" : if a, & € U77, then Φ^ o Φα e ^# moves a to b
(and & to α) . Finally, ^ * denotes the component of the identity in
</# i.e., «/#* is ^ without the action of S?n .

2. Uniqueness of the Dirichlet space. We start by showing that
&(Vn) has all the properties of a Hubert space in the sense of Defini-
tion 1.1. Clearly the polynomials are in £?(Un) and | |z α | | 2 = a\ an

for all a e Nn . A quick look at (1.1) shows that the polynomials are
dense in 3f{J}n) with respect to || | | ^ . Again from (1.1), identify-
ing g by {ga}, we see that ^ ( U M ) is a weighted ^2-space, hence
every Cauchy sequence {/)} in 3f(Jΰn) converges in || ||^r to some
/ G &(Un) represented by {fa} for a e 7L\. To show that / is
holomorphic, let fm(z) = Σ%Lχ Y!\a\=k f<*zOL and pick e > 0. For any
0 < r < 1 and positive integers m> I > n,

m m

k=l+l \a\=k \a\=k

ί ( Σ Σ'ι/«ι2f(Σ Σ''2 |T) (
k=l+l \a\=k J V ^=/+l \a\=k

l/2 / w \l/2

( Σ ^ )
/c=/+l

The first factor is less than ε when / and m are large enough because
/ € ^(Vn), and the second factor is bounded as / , m -* oc. Hence



342 H. T. KAPTANOGLU

f(z) = Σ'a f<*zCL * s uniformly convergent on compact subsets of Uw ,
and this proves / e ^ ( U w ) . Note that we need not know fa if
a G NW\Z+ . These coefficients of / can be taken arbitrarily as long
as / remains holomorphic.

LEMMA 2.1. Jf is generated by S?n, rotations Rω{z) = {eiωzχ, z 2 ,
. . . , zn) with ω G [—π, π], and Mόbius transformations of the form
Φt{z)= {φt{z{)9zl9... ,zn) with 0 < ί < 1.

PROPOSITION 2.2. &(Un) is Jtf-invariant

Proof. The integral form of the Dirichlet semi-norm uses the mea-
sure μn which is invariant under rotations and permutations. Thus
&(Un) is ^"-invariant. To prove invariance under Mόbius transfor-
mations, in view of Lemma 2.1, it suffices to consider

w = Φ Γ ( z ) = \[Zrlx >Z2> - > Zn

Then Df(foΦr) = (Dγf)dwι/dzι and

\DfD2 .Dn{fo Φr)\2 = \D?D2 Dnf\
2 •

|

since dw\ldz\ = (r2 — 1)/(1 — r z i ) 2 , where J%Φr is the real Jacobian
of Φ r . Therefore

\\foφr\\%= ί \DfD2---Dn(foφr)(z)\2dμn(z)
JlJn

= / \DΊ>D2--Dnf(w)\dμ,,(w) = | |/ | | | . D

Note that when n > 2, ^ ( U w ) does not put any conditions on
the infinitely many power series coefficients of / , those with at least
one αy• = 0, i.e., those in NΠ\Z+. Thus if each term in the Taylor
expansion of some / e ^(Vn) depends on fewer than n variables,
then | | / | | ^ = 0 and / E 3 . The Dirichlet space can also be thought
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of as a quotient space of holomorphic functions satisfying (1.1) where
the functions whose Taylor series differ by terms depending on at most
n - 1 variables are identified. Trivially any holomorphic function /
of fewer than n variables or any constant / has \\f\\& = 0 and is
in 2ϊ(Un). For comparison, when n = 1, only constants (a one-
dimensional subspace) have zero Dirichlet semi-norm.

We can define a modified Dirichlet space @r(\Jn) similar to £f(Όn)
by considering a norm instead of a semi-norm. This requires some
control on all the power series coefficients of / e J%*(Un). For sim-
plicity let's look at the case n — 2. With notation as before, let

oo oo oo
+ Σ^iAoi2 + Σ ι̂/o/i2+ Σ

k=\ 1=1 kj=\

ί

f\Dιf(z,0)\2dμι(z)

\D2f(0,w)\2dμi(w)

\DiD2f(z,w)\2dμ2(z,w).
2

This norm is ^-invariant, but not ̂ -invariant; in fact, none of its
first three terms is preserved under compositions with Φ r .

Proof of Theorem A. First, ((zα, z?)) = 0 if a Φ β. To see this,
assume, without loss of generality, a\ Φ β\. Let ω be an irrational
multiple of π and consider the rotation Rω(z) = [eιωzχ, z 2 , . . . , zn).
By the ^-invariance of ((•,)),

{{za,

zβ

nή)

and the desired orthogonality result follows.
Put Ca = ((za, za)). Note that Cα is defined only for a e Nn . If

)S is another multi-index and β = σ(a) for some σ e S^n, then by
the ^-invariance of ((•,)) again, Ca = Cβ .

Now let 0 < r/ < 1, Ψ = (0Γ i, . . . , φrj , and consider /(z) =

Π ^ i ί 1 ~ Πzj) e & τ h e n s i n c e z a i s orthogonal to z<* for α ̂  β ,
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N 7 = l

= i y

7=1 7=1

U 1,0,..
7=1

On the other hand,

7=1 α,.=0 7=1

now the density of the polynomials and the axioms of a Hubert space
imply

«/oψ, /oψ» =

V=l

Putting x7 = rj and using the ^#-invariance of the semi-norm gives

(2.1) C(o,...,o)+ ( Σ x7)c(i,o,...,θ)+ ( Σ ^/^/)C(i, l j 0 o)
/>7=1

The constant terms (C(o,... ,o)) cancel, and if we set the coefficients
of X\, X1X2 ? 9 and X1X2 * * -Xn o n either side equal to each other,
we obtain, respectively,

,o,... ,0)

,..., 1) = C(i,..., i) - 2nC{{,..., 1,o)



MOBIUS-INVARIANT HILBERT SPACES 345

These imply C(O,...,o) = 0, C(i,o,...,o) = 0, . . . , C ( 1 , . . . ( i ) 0 ) = 0 .
After the elimination of the terms that are zero, (2.1) simplifies to

-'ar - χy-χnC{\,...Λ)

(
and this implies

Thus the norm of a monomial of fewer than n variables is zero.
Since the polynomials are dense in β?, the same result is true for any
/ G %? whose Taylor expansion consists of monomials depending on
fewer than n variables. But Cμ9mmm9i) Φ 0, because otherwise, since
the polynomials are dense in %?, ((• , •)) would be identically zero
contrary to hypothesis. Then renaming C(if... ,i) = C completes the
proof. D

Proof of Theorem B. We will only show how the two-variable case
is obtained from the one-variable case. This then can be adapted to
prove by induction the case for arbitrary Vn . Unless explicitly stated,
subscripted C 's will denote positive constants that are independent
of any parameters.

Step 1. We begin by introducing two other semi-inner products on
X. For f,geJT,let

[f,g]= f ((foRθ9 goRθ))dλ2(θ)
Jτ2

and

</,*> = m((/oφ, * o φ » ,

where m is an invariant mean (see [2]) on the abelian subgroup

of J " . To actually make yy abelian, in this proof we change our
definition of a Mobius transformation so that φw(z) is the negative
of what is given in (1.4). The earlier definition was adopted to make
φw an involution, since it simplified calculations involving φ~x. The
required boundedness condition for the existence of this nonunique



346 H. T. KAPTANOGLU

mean is furnished by (1.3). Rotations and JV, along with J?2 > suffice
to generate ^ # , by Lemma 2.1.

Now [ , •] is rotation-invariant

(2.2) [/, g] = [foRθ,goRθ] {θ e [-π, πf),

and ( , •) is yΓ-invariant

(2.3) (f, g) = (f oΦ,goΦ) (Φe/).

Moreover, (1.3) implies

(2.4) δ2\\f\\2 < [ / , / ] < ^ll/ll2 (/ € X),

and

(2.5) <Ϊ2||/H2 < ( / , / ) < ^ll/ll2 (/

and combining these two, we further obtain

(2.6) δ*[f, f]<(f,f)< φlf, f] (

(2.4) and (2.5) show that the semi-norms associated to [ , •] and ( , •)
are both equivalent to || | | .

As in the proof of Theorem A, the rotation-invariance of [ , •] gives
the orthogonality condition

(2.7) [z V > , z V>] = 0 (fa ,h)*(k2, h)),

which leads to

Therefore, to prove the theorem, it suffices to show that

Kιkl<[zkwι,zkw']<K2kl ((k,l)€N2)

or, equivalently,

K3kl<(zkw',zkwι)<K4kl ((k,l)eN2)

for some positive constants K\, K2, KT, , and ΛΓ4. Clearly K2 >
and K4 > K3.

p 2. Claim:

(2.8) (zk
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Suppose it is zero for some (N, M) then [zNwM, zNwM] = 0 also.
Then for 0 <s, t < 1, if we use (2.3), (2.6) and power series expan-
sion

0={zNwM,zNwM)

= Iί Z~S\N(w-t\M (z-s \N(w~
~\\l-sz) \l-wt) ' \ l - )sz) \l-wt)

l-szj \\-wt) ' \l-szj \l-wt)

[ OO OO OO CX) η

ΣC™(s)zkΣCΊM(t)wl, ΣckN{s)zkΣc'lM{t)wl

k=0 1=0 k=0 1=0 J

oo
k,l=O

A tedious computation shows that the coefficients ckN(s) Φ 0 for any
k, N, and s as given above; the same is obviously true for dlM{t).
Thus [zkwι, zkwι] = 0. This means that every element in %? has
zero norm and contradicts our basic assumption that ((• , •)) is not
identically zero. Hence the claim is proved.

The one-variable result can be stated as

(2.9) Cxk< (zk ,zk)1<C2k (keΐi).

It is a consequence of condition (ii)/ of Definition 1.1 and of (2.8)
that the subspace of %? consisting of functions whose Taylor series
expansion at 0 depend only on z is closed. Then (2.9) implies that,
for fixed M G N ,

(2.10) C3 k < (zkwM, zkwM) <C4k (keN),

and we have a similar equation when the power of z is held constant.
Of course, the constants C3 and C4 are different for different M. It
is our aim to find their explicit dependence on M. If we had only
finitely many M, we could pick C3 and C4 independently of M and
the proof would be over. In the sequel, whenever we have only finitely
many n or M, we will use this fact without further reference.

Step 3 (upper bound). Let M e N be fixed and k, j e N. Put

""' = (zkwM, zJ'wM), βkM = {zkwM, zkwM),

bkM = [zkwM,zkwM].
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By (2.3), a^ = {φk

sw
M, φ{wM) for any ί G [ 0 , l ) . Differentiate

both sides of this equality with respect to s and set s = 0. Then take
k = j +1 and add the resulting expressions from j = 0 to j = N > 1
and finally divide both sides by N + 1. The result is

(2]]\ βN+\,M 2SNM aN+2,M
1 ] N+l ~~N{N+l) N '

where SNM = ^βoM + Σk=\ βkM In particular, a%f2 M is real Now

using (2.3) and (2.5), and letting s2 = j ^ , we obtain

ΦsWM) > [φsw
M, φsw

M]

k=0

δ4

+ ί)2e
k=o v " ' ' ' y" ' k=o

which implies

SNM<

Using (2.10) twice on the right side gives

(2.12) SNM<C5MN2.

It is this inequality and its pair (2.15) below that allow us to pass from
one variable to several variables.

As a special case, when M = 0, we get 5Vo = 0 for all JV > 1.
Symmetric nature of the calculation shows also SON = 0 for all N >
1. It follows that
(2.13)

(zN

9z
N) = 0 and βON = (wN,wN) = O (NeZ+).

The inequality

M) < {{ZN + ZN+2)WM, (ZN + ZN+2)WM)

is a direct consequence of (2.6) and (2.7). Using this, after some
routine calculation, (2.11) can be written as

ΊβN+2,M /« _sS\ (β^M ,
N(N + 2) { \ N< (

N+l - N(N+\) N(N + 2) { \ N N +
2 J
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which is equivalent to 2γN+ι tM < (1 - S8)(γNM + ΪN+2,M) if we let

_βNM 1C5M
YNM - -# jς-.

A result in [1] shows YN+I,M < \?NM\ f ° r positive N. Then using
(2.8), we get

N δ

Multiplying both sides by M, we conclude

<C6M.

< (βNM < (c6 + ̂ JNM = K4NM,

which holds for JV > 1 and M > 0, and for M > 1 and iV > 0, by
the symmetry of the computation.

Step 4 (lower bound). If we combine the result of Step 1 with (2.6),
we also get

(2-14) ^

We use (2.6), (2.7), (2.3), (2.14), and take s2 = -fa to calculate

δ*s2biM <δ*[(l+sz)wM, (l+sz)wM]

= δ4((l+sφs)wM, (l+sφs)wM)

wM wM ]f 1 \ 2 ^
\ ) s kM

where m will be determined shortly. After approximating the second
sum by an integral, we have

( N \ 1 mN K

Because of (2.10), M in the last term can be replaced with C%b\M -
Now choose m so large that K2δ-4(m + l)e~m < J 8 / 3 . Using (2.10)
once again and some simplification yields

N

(2.15) J 2 b k M \
k=0
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which is the reverse inequality for (2.12). Combining (2.15) with
(2.11), we obtain

(2.16) 3C9M<
Ίπrr+{-1Γ) {-NTT)

Now let
N

)

and consider

bNM > S4βNM = δ4(φ?wM, φf

k=\

\2A calculation in [1] shows that \cN+χjN(s)\2 > 1/2 for all 5 G [ 0 , 1)
and N > 1. Thus there is a constant C\o such that

(2.17) βN+\,M

Now (2.16) and (2.17) together imply

for N > 1 and M > 0, and for M > 1 and N > 0.

5. The only term we have not yet accounted for is /?oo = (1,1) .
Since it represents a one-dimensional subspace of %?, we now know
%? = Sf(ϋ2). To complete the proof, we will also show β00 = boo = O.
To obtain a contradiction, suppose boo = [1 > 1] ^ 0 Let / e ^ , Φ
be a Mόbius transformation, and denote the power series coefficients
of / and / o φ by fa and f'kl, respectively. Because of (2.13)

( OO x

6oo|/(O,O)|2+ Σ \fki\2hι)
kj=\ Jand

We have
oo

> — V^
2 k,l=l
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Hence
oo

| 2£oo|/(O,O)|2+ Σ \fki\2hι = U, f\>δ*[fΌΦ
kj=\

= δ*(boo\f(Φ(o,o))\2+ Σ \fl,\2bkl)
V k,l=\ J

°))i2 + τ2 Σ ι/*/i2*w)'

from which we obtain

ι - δ κ )
2 ' A:,/

The left hand side of this equation is finite since it is equivalent to
ll/ll2. Since Φ(0, 0) can be any point in U 2 , it follows that every
element of β?, i.e., of i^(U 2 ) , is bounded. But a Dirichlet space
contains unbounded elements. In U, this is seen most easily by the
Area Theorem; in U 2 , we take an unbounded function depending only
on one variable. Therefore Z?oo — 0 and we are done. α

COROLLARY 2.3. Theorem B is true even if "(1.3) holds only for Ψ e
^ * . Theorem A is true even if (1.2) holds only for Ψ e ^ * .

Proof. The proof of Theorem B uses coordinate permutations no-
where. Theorem A is a consequence of Theorem B. D

3. Boundary behavior. Dirichlet-type spaces. This section requires
some new notions that were studied in U in [3] and [4]. For each
S = (δ\, . . . , δn) with each 0 < δj < 1, we define the DirichleMype
spaces ^ ( U * ) to consist of those f(z) = Σ α f*zOί G ^ ( U * ) that
satisfy

This definition makes sense even if some δj = 0 if we interpret 0° =
1. In fact, if all the δj = 0, then &δ(Όn) = JT2(Un). The space
corresponding to δ\ = = δn = 1 consists of functions / with
Dx-Dnf e J^2(Un). When δλ = ••• = δn = 1/2, we have the
Dirichlet space. For n = 1, all Dirichlet-type spaces are contained in

but this is not true if n > 1.
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Some subclasses of U^(Un) have certain integral representations:
If F e Sf2{Ύn), for 0 < δj < 1 and z e Uπ , set

The product is the Cauchy kernel each of whose factors is raised to a
fractional power. Omitting j , each factor can be expanded as

(l-zζ)δ-ι=jΓ,baz
aζa

where
, _ Γ ( l - ί + α) _ 1

In particular bo — 1. Let cα be the (cq , . . . , an)th Fourier coefficient
of F i.e.,

Setting fa = ba-" ba ca, we get

n oo

j=\ α.=0

Now

Hence / e ^ ( U π ) i.e., any / given by (3.1) is in a Dirichlet-type
space.

But not all / e <®j(Uw) have integral representations as in (3.1),
because a Dirichlet-type space does not control all the power series
coefficients of its members. However, we can define a space J3$δ(Vn)
similar to 3r(Un) in which an integral representation is possible. Let's
concentrate on the case n = 2 again for simplicity. With obvious
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notation, / e ^ ( U 2 ) if and only if

(3.2) % i i
' k=l 1=1

k,l=l

Given f(z) = Σkl fkizkwl Ξ &δ{^2)> let cki — fkil^Φi if (k, I) £
N2 (recall that bo — 1), and let ĉ / = 0 otherwise. Then, using (3.2),

oo oo oo

Σ icfc/i2 = icooi2 + Σ i c t o i 2 + Σ ico^ι2 + Σ iC f cΊ2 ~ H ^ni, < °°
(k,i)ez2 k=i /=i Λ,/=I

Thus there is an F eS?2{Ί2) such that F{k,l) = ckl. Therefore

/(*) =
k,l=0 k,l=0

oo
Γ

kwι ζ\ζι

1F{ζ)dλ1{ζ)

F(ζ)dλ2(ζ)

Clearly F is not unique. In fact, ck\ can be defined arbitrarily for
(k91) φ N2 as long as we retain Σ,k /x€Z2 \ckι\

2 < oo.

Kernels and potentials. From now on, we will also use eιθj for
ζj eΊ, eiφj for η}• e T, and ηeiθj = ηζj for zj eV. The point
(1, . . . , \) eΎn corresponding to θ\ = = θn = 0 will act like the
origin in Rn . Now the Poisson kernel takes the more familiar form

n i _r2

and it is considered as a function of θ indexed by r. So the
norm of a Poisson integral will be obtained by an integration on the
0-variable and will still depend on r.

A kernel K is a nonnegative J?71 -function on Ύn which is even
and decreasing in each \θj\ when the other variables are kept fixed.
We will also have K{\, . . . , 1) = oo and normalize as \\K\\\ = 1.
A potential is the convolution of an Jϊ?p-function F on Ύn with a
kernel. Thus (3.1) defines f(z) e ^s(Vn) as a potential. The Poisson
integral is simply the convolution with the Poisson kernel.
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Let's define the Bessel kernels on the torus. For 0 < δj< 1, let

j=\ 7=1 j

7=1 V α , = l J

where each &? is a Bessel kernel on the unit circle. gj(O) = oo,

&j is a decreasing function of |ω| for ω Φ 0, gs(co) > 0, and

-ω) = gδ(co). Each & . G ^ ( T ) , SO G^ G ^ ( Γ 1 ) , and

as ω —> 0.
. ω

s i n y

Also g\{ω) = 1 - log|2sin(ω/2)|. Pr[gs] = Pr* gs is the harmonic
extension of gs to U. As r —• 1, it satisfies the following:

(3.3) ||PΓ * a | | , ~ (1 - r)*-ι'P (δp < 1),

vi/tf
(3.4)

- log y ^ (,5 = 1 , ^ = 1).

possesses these properties in each variable seperately.
On the unit circle, for 0 < δ < 1, the modified Bessel kernels are

l-eiω)s-1 and ^

On the torus, let G$(ζ) = Πy=i Sδ{θj) These functions are not
positive, so they are not properly kernels, but they are dominated
by the Bessel kernels: There are constants Q > 0 such that \G#\ <
CδG$ . If each δj is less than 1,

Pr[Gδ](θ) = f [ PrβtWj) = Π ( l - Zj)*rl,
7=1 7=1

with a logarithmic term if some δ^ = 1. For F G Jΐ?p(Tn), the map
that takes F to G#*F is one-to-one, and the Cauchy integral of Gs*F
is the same as its Poisson integral:
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Thus we have obtained the integral in (3.1). From now on, F and /
will always be related as in this equation, δj = 1 does not give rise to
a Cauchy-type integral; so we will not pay any attention to this case
any more.

Tangential limits. Define the tangential approach regions to the unit
circle:

(3.5) Aγ9C(φ) = { reiΘ : 1 - r > c sin t i l * j ,

ί-c sin^l J 1: I - r > cxp

AγyC(φ) has (polynomial) order of contact γ, and E7yC(<p) makes
exponential contact, with T. A function / defined in U has Aγ(Ey)-
limit L at eiφ if f(z) -> L as z —• eiφ within Aγ,c(EγiC) for every
c > 0. In [3], it was shown that Poisson integrals of the modified
Bessel potentials have ^-limits a.e. on T if δp < 1 for γ = jzgp ,
and Isy-limits a.e. on T if δp = 1 for γ = q — 1.

Let Q = Q(η, s) be the cube centered at η eΊn with sides s =
(s\, . . . ,sn), where each ^ has the same order as max{sj : 1 <
j < n } -> 0. Its volume is ΛΠ(Q) = sx j π . If F e S?p(Ύn), its
Hardy-Littlewood maximal function is

SUP (j-i^ / |/r dλn) \

Afi is of weak type (1, 1) and since MPF = (Afi |Fp) 1 / p , Mp is of
weak type (p, p). Thus there are Cp such that

A r t ( { M p F > 0 ) < ^ l | i 7 l l ? ( F 6 ^ ( P ) , ί€(0 ,oo) ) .

The proofs of the following assertions are similar to the proofs given
in [3] for n = 1 and will be omitted. Some of them are valid in more
general situations. The first result is obtained using the straightforward
inequality

/ \F\Gδdλn<(MxF)(U... , 1) / Gδdλn = (MιF)(l,... , 1),

which holds for any F e J ^ C F " ) , and whose proof is also in [3].

THEOREM 3.1. There is a Cp < oo such that for F e <&p(Ύn) and
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Convolution of two kernels is a kernel; so Theorem 3.1 holds with
Pr * G$ = Pr[G#] in place of G$, which has the desired properties
pV G»||i = HPrlli 11̂ 111 = 1 and \\Pr*Gδ\\q = ΠJ=1 ||/>0 & J , . The
Holder inequality gives M\F < MPF. In addition, \ζj - ηj\ can be
replaced by |0, - p 7 | , or even by |sin((0/ - φj)/2)\, since they are all
of the same order as ζ—> η. Lastly, we can put G^ in place of G$ on
the left side of the inequality since the latter dominates the former.
Hence Theorem 3.1 yields

THEOREM 3.2. If F e £?v(Jn), then, using z = reiθ, for all e iθ

(3.6) \f(z)\<Cp(MpF)(φ)\ϊ

7=1

sin
θj - ψj l/P

For given φ, any bound on the product on the right side gives a
bound on f(z). This leads us to the tangential approach regions to
Ίn. So fix an η e Ίn. As z -• ζ, all η -• 1 and because of
(3.3) and (3.4), \\Pr * Gδ\\q - ΠJ=i bj > w h e r e *7 = (1 ~ θ ) * ' ~ 1 / p 0 Γ

Z?7 = (log(l/(l -rj)))χlq depending on whether 7̂/7 < 1 or δjp = 1,
respectively. In other words, an approach region should be determined
by

θj-φ

7=1

sin < c.

So define BγyC{η) by

(3.7) BγiC(η) = BγyC

7=1

sin < c

Each of the factors in the above product is related to one of the re-
gions in (3.5). In particular, points in a cartesian product of one-
dimensional approach regions such as BγiiCι(φι) x ••• x Bγn,cn(φn),
where each By^c{ψj) is either Ay ,c(ψj) or Ey^c{ψj), satisfy the
criterion for being in BγjC(η). Hence an approach region can make
exponential contact with Ίn in one (complex) direction and polyno-
mial contact in another. For η e Ίn, the maximal functions associated
to these approach regions are defined as

(MGi9γ9Cf)(η) = sup{ \f(z)\ : z e Bγ,c(η)}.

A function / defined in Όn is said to have By-limit L at η e Ίn if
f(z) -+ L as z -> η within BγiC(η) for every c> 0.
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THEOREM 3.3. If F e 5fP(Ύn) and t e (0, oo), there is a C =
C(p, c) such that

where

(3.8) γj = ^—— ifδjp<\ and γj = q -

This follows from the weak-type- (p, p) estimate for Mp. The
weak-type estimate gives rise to a convergence theorem via classical
arguments. This is the content of part (i) of Theorem C. The case
p = 1 of part (ii) of that theorem also follows from Theorem 3.3.
Henceforth, p, δ, and γ will always be related by (3.8).

Capacities. For E c Ίn , let T(Gδ ,p,E) be the set of all nonneg-
ative F e S?P(Ίn) such that (Gδ * F)(ζ) > 1 for all ζ e E. The
p-capacity of E is

ΣGδ(E) = inf{ \\F\\P :FeT(Gδ,p,E) }.

ΣG (E) = 0 implies λn(E) = 0. The functions Gδ * F are defined
Σoδ-almost everywhere. If F e T{Pr * Gs,p,E), then Σ/>(i?) <
ΣP\G (E). For η e Tn and fixed p > 1, let

Γ(η) = {zeUn: \zj - ηj\ < p{\ - \zj\), 1 < < n },

and set S{E) = Vn\\Jη^EΓ(η). Γ(η) is the cartesian product of n
sets each of which is asymptotic, as Zj —> f/7, to an angle-shaped ap-
proach region in U with vertex at r\j. For η e Ίn , the nontangential
maximal function is

For ^ c ϋ " , //(W7) is the set of η e Ύn for which W intersects

LEMMA 3.4. There exists a constant b = b(n) > 0 such that if F > 0
Pr[F](z) >b.

We will use this lemma with Gδ *F in place of F. It leads to the
following lower estimate for capacities.
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PROPOSITION 3.5. If F eJ?ι(Ίn) and 0 < t < oo, then {MGδ>γ>cf

> t} is contained in Jj (S({Nf > t})). Thus, there is a C = C(p, c)

such that ifte(0,oo) and F e 5fx{Ίn), we have

λn({MG§9γ9Cf>t})<CΣGi{{Nf>t}).

THEOREM 3.6. For 1 < p < oo, there is a constant Cp < oo such
that if F e £?P{Ίn) and F > 0, then

ΣGs({Gδ*F>t})d(tn)<Cp\\F\\$.
0

Combining Lemma 3.4, Proposition 3.5, and Theorem 3.6 with the
fact that G$ dominates G$ and that N(G$*F) = G$*NF, we obtain
the strong-type estimates in part (ii) of Theorem C.

THEOREM C. Let 1 < p < oo, F e -S^(TΠ), 0 < δj < I, define f
as in (3.1), pick y, as in (3.8), and for ζ e T", construct BγiC(ζ) as
in (3.7).

(i) Γ/ẑ  By-limit of f exists a.e. [λn] on Ύn

(ii) 77z£re ύfr̂  positive constants Cp such that

\\MGg,γ,cf\\p<Cp\\F\\p ( K p < o o ) ,

/ > ί } ) < = l , 0<ί<Oθ).

If C G 9UW\TW, then only one component of ζ, say the nth, has
\ζn\ = 1. Then the first n — \ factors in the product in (3.6) are
bounded as z —• ζ. So in this case, it suffices to apply the one-variable
result in the nth variable. The approach regions are restricted only
in the nth component as in (3.5), and {z\, . . . , zΛ_i) can approach
(Ci, . . . , C/i-i) Ξ <9U" in any manner whatsoever. Theorem C remains
valid except that in part (ii), we would use one-dimensional norm and
Lebesgue measure.

When p = 2 and all the δj = 1/2, this theorem takes care of
3f(Vn)9 but cannot deal with &(Un). Thus the functions in the mod-
ified Dirichlet space have tangential (-8(1,..., i)-) limits at almost every
boundary point of the unit poly disc. When n = 1, since <^2(U) in-
cludes all Dirichlet-type spaces, elements of ^ ( U ) have nontangential
limits a.e. on T.
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Now we will look at the size of the exceptional sets. From Lemma
3.4, part (ii) of Theorem C, and the first part of Proposition 3.5, we
obtain

LEMMA 3.7. If 1 < p < oo, then for some C = C(p, c)

Σpr(Jc

γ(S(E)))<CΣp*Gδ(E).

Hence for F e£?p(Ίn),

ΣPr({MGt9γ9Cf>t}) < CΣPr*Gi({Nf>t}).

THEOREM 3.8. If 1 < p < oo and F e S?p{Ίn), then

r
JO

and thus

This theorem is an analog of Theorem C in the language of capaci-
ties and proved similarly.

THEOREM Ό. Let I < p < oo, F e£?p{Ίn)f and f be as in (3.1).
(i) There is a set Ex c Ίn with ΣP*G (E\) = 0 such that the non-

r δ

tangential limit of f exists at every point of Ίn\E\.
(ii) There is a set E2 c Ύn with ΣPr(E2) = 0 such that the Brlimit

of f exists at every point of Ίn\E2.

This result is a consequence of the basic properties of capacities
and Theorem 3.10. For points on d\Jn\Ίn, the one-variable result
can again be used to reach a similar conclusion. Hence if p = 2 and
all the δj = 1/2, the points on dVn where the modified Dirichlet
space does not have nontangential limits have zero capacity in some
sense.
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