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ON SIEVED ORTHOGONAL POLYNOMIALS X:
GENERAL BLOCKS OF RECURRENCE RELATIONS

JAIRO A. CHARRIS, MOURAD E. H. ISMAIL, AND SERGIO MONSALVE

Orthogonal polynomials defined by general blocks of recurrence
relations are examined. The connection with polynomial mappings is
established, and applications are given to sieved orthogonal polynomi-
als. This work extends earlier work on symmetric sieved polynomials
to the case when the polynomials are not necessarily symmetric.

1. Introduction. We study in this paper systems {p,(x)} of orthog-
onal polynomials defined by general blocks of recurrence relations of
the type

(1.1) (x = bBMVDpic (%) = Putes1 (%) + a0 Dpic—1 (%) 5
(% = Bt (%) = Drieaja1 (%) + @ P jo1 (%) 5

k-1 k-1
(x = B D (ns k-1 (%) = Plas 1y (%) + a5 Py 1y—a(x),
0<j<k-1, n>0, and satisfying initial conditions

(1.2) p-1(x)=0, po(x)=1.

We shall assume a$’ >0, j=0,1,...,k—1, n>0 and also that
k > 2. Observe that the p,’s do not depend on a(()o) , S0 we make
the convenient choice a((,o) = 1. Clearly {p,(x)} is a system of monic
orthogonal polynomials.

The case of bf,j) =0, n>0, 0<j<k-1, has been treated in
a previous paper [9] by Charris and Ismail, where they also assumed
that the determinants

x -1 0 0 0 0
—a? x -1 0 - 0 O

(L.3) A2, k-)=| 0 -4 x -1 -~ 0 o0},
0 0 0 0 a¥V x
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are independent of n, thatis A,(2,k—1) =Ag(2,k-1), n > 0.
These two assumptions were motivated by the desire of the authors
of [9] to provide a unified approach to symmetric sieved orthogonal
polynomials.

Here we remove those two assumptions. Having done this, now
(1.1) covers, of course, all monic three-term recurrence relations defin-
ing orthogonal polynomials. However, the separation in blocks is again
naturally motivated by general sieved orthogonal polynomials and, as
we shall see, also arises naturally when considering systems of polyno-
mials obtained via polynomial mappings. In both cases A,(2, k — 1)
(with x changed to x — b,(,l) , X — bﬁ,z) T bf,k_l) in descending
order along the main diagonal) is independent of n. This is clearly
the case for sieved polynomials of the first kind where aﬁ,’ ) = 1/4,
b,(,l) = b,(,j) =0,n>0,2<j< k-1, butitis not so clear for
polynomials obtained by means of polynomial mappings. In fact to
prove that the modified determinant A,(2, kK — 1) is independent of
n in the case of polynomials obtained via a polynomial mapping, we
needed to apply results where A,(2, k — 1) may depend on n. This
is done in §4.

This paper not only represents a further contribution to the under-
standing of general sieved orthogonal polynomials and systems deter-
mined by polynomial mappings, but it also covers more general sys-
tems which are not determined by polynomial mappings. As a matter
of fact, orthogonal polynomials defined through blocks of recurrence
relations, which are not necessarily sieved orthogonal polynomials and
do not originate—a priori—in conjunction with polynomial mappings,
have continued to appear in the literature, mainly in connection with
problems in physics and chemistry (see, for example, [6], [10], [20],
[21]).

The paper is organized as follows. Section 2 contains basic relation-
ships and preliminaries while §3 describes the link polynomials which
tie together the different blocks. Section 3 also exhibits the fundamen-
tal recurrence relationships satisfied by the link polynomials. These
fundamental recurrence relations will enable us to express the polyno-
mials under consideration in terms of the link polynomials. Section 4
studies the connection with polynomial mappings, and §5 deals with
sieved polynomials.

The evaluation of the Stieltjes transform of the orthogonality mea-
sures of the polynomials {p,(x)} and their associated families are
included in §3. Recall that if {p,(x)} is a system of monic polyno-
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mials which are orthogonal with respect to a unique measure x4 with
total mass 1, then the Stieltjes transform of u is

(1.4) X(x) = /+°° ‘)’C“(’) x€C—R,

and the literature on the moment problem (see [4], [11], [19]) ensures
that

1
Pf,)l( )

(1.5) X(x)= n_m o (x)

xeC-R,

where {p,(,l)(x)} is the system of associated polynomials of order 1 of
{pn(x)} (see §2 for the definition of {p{"(x)}). Hence, if {p,(x)} is
given a priori by a recurrence relation such as (1.1), and it is known
in advance that they are orthogonal with respect to a unique measure
4 with total mass 1, then u can be determined from X(x), as given
by (1.5), via the Perron-Stieltjes inversion formula ([7], [5], [14]),

+00 +oo

(1.6) fdu= hm 2—— {X(x ie) - X(x+ie)}f(x)dx,

which holds for any bounded and continuous numerical function f
on R provided that the support of du is contained in a half line.
The existence of a unique measure ux as above can be guaranteed
from properties of the coefficients a(’ ) in (1.1). This is the case, for
example, if there is a constant M > 0 such that

(1.7) 0<a) <M, 0<j<k-1,n>0.

In what follows, we will assume that conditions such as (1.7) are given
which guarantee the uniqueness of u. This is expressed by saying that
the Hamburger moment problem for {p,(x)} is determined.
The notation
1, n=0,

(1.8) (a)"z{a(a+l)(a+2)"'(a+n"1)’ nzl,

for shifted factorials will be used throughout. If a #0, -1, -2, ...,

then the shifted factorial is
_T(a+n)
(1.9) (@)n = W >

where I' stands for the Gamma Function ([18]). The series

’ b = nbn n
(1.10) ZFI("C Ix)=nz=0(‘(’z)ing X", x| <1,
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is the hypergeometric series. We recall the binomial formula ([18])
(1.11) (1—x)—a=21v1("’11 x), x| <1,

and the Euler integral representation ([18])

1
(1.12) /tb‘l(l—t)c'b_l(l—xt)‘“dt
0
_TB)(c-b) . (a, b
-rg A ().

which holds for |x| < 1, when Re(c) > Re(b) > 0. Since the right-
hand side of (1.12) is meaningful as long as » >0 and ¢ and c-b
are not integers < 0, we can define

(1.13) /0 Wieet  xy401 - -2 s

_T(c+1DI'(-B+1) A, c+1 )
T T T(-B+c+2) '\ -B+4c+2

whenever ¢ > —1, |x| < 1 and B is not an integer > 1. The integral
in (1.13) is called a Hadamard integral and will be used in §5. Details
about the theory of Hadamard singular integrals can be found in [4],
[8], [17].

2. Basic results. The results in this section and the next section
follow closely those of §§2, 3 in [9], so our treatment will be rather
sketchy.

The system of equations (1.1) can be written in matrix form as

[ Paket | [ =)D ]
Dnk+2 aﬁ,l)p,,k
2.1) Al P ]2 0 ,
Pnk+k—1 0
| Dnk—-1 | Dnk+k i

where A is the k x k matrix
(2.2) o

1 0 0 0 0 0 0 a
x=b -1 0 0 0 0 0 0
-a® x-p? -1 0 0 0 0 0
4=1 0 -a® x-b® -1 ... 0 0 0 0
0 0 0 0 —a%D  x _pk-2 -1 0
0 0 0 0o - 0 =% x_p%Y o |
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We will also write

0, j<i-2,
(2.3) An(i, j) =41, j=i-2,
x—bt(li—l)’ ]=l_1a
and
(2.4) ‘
x-by V-1 0 0 -~ 0 0
—a x -l -1 o -~ 0 0
0 gt x_pith 1 ... 0 0
An(i, J) = . : : S .
0 0 0 0 --- —a¥ x-bYy

for n>0and j>i>1.
We now solve (2.1) for p,i.; in terms of p,. and ppe,i by
Cramer’s rule and obtain the recursion
(2.5) An(2, k= Dpuicyj = B2, J — DPpicsk
+aya - a)Bn(j + 2, k= Dpu,
n>0,j=1,..., k- 1.

Furthermore,

(2.6) aAn(2, k = Dppic—y
= [(x = 5)A(2, k= 1) = alVAn(3, k = 1)IPuk — Prkcsk»
n>0.
In particular (we assume p_j(x)=0, j=1,2,...),

(2.7) pe(x) = (x=bM)Ao(2, k—1)—alAg(3, k—1) = Ag(1, k—1).

For i = 1,2,..., k-1, the associated polynomials of order i,
{pﬁ,')(x)}, of {pn(x)} are defined recursively by
Ny, (D) )] (1) ,,(9)
(2.8) (X = br )Pie_s1j = pnlk—i+j+1 + a4 Ppg_ivj-1>
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P ) =0, p{(x)=1.

Writing (2.8) in matrix form and solving for p,(llz_i 4

p((:l)Jrl) _; and pfl’lz ; gives, exactly as in [9], the following results
(2.9) An(2, k= 1)p{)_ i, =An(2, j = DD, s

nk i+j
+al’ - a¥A G +2, k—1)pY)

in terms of

nk—i?

and
(2.10) aAn(2, k- 1)p%) |
p((;lz)+1k 4 [(x — b )A 2,k-1)
—aVA, 3, k_l)]pnk ; forn>1.

Let Zn(i + 1,k — 1) be the matrix whose determinant is (2.4) with
Jj=k—1 (sothat Det(A,(i+1,k-1)) =A,(i+1,k—1)). Then
the relationship

- p(()) - - 0 -
(2.11) AoGi+1, k=1 = |=|: [,
(1)
P;(c%,-_z <0>
1 1
LDp_j1d LPp—

the initial condition p(’)(x) =1 and Cramer’s rule give

(2.12) P =Mo(i+1,j+i-1), j=0,1,....k-i
In particular we find

(2.13) M (x) = Ap(2, k - 1).

The associated polynomials of higher order {p lk+’ (x)}, 1 >0,
i=0,1,2,...,k—1, are defined by
i)\ (ki) _(lk+D) () (Tk+i)
(2‘14) (x bnj—i-l)pnk zl+j(x) _pnk—il+j+l(x) +an]+lpnk ll+] l(x)’
p(lk“)(x) =0, 0k+’)(x) =1, j=0,1,...,k—1.

Thus,

(lk
(2.15) Api(2, k- I)Pnk+fl,
Ik
:An+1(2 Jj- l)p(n-;j;)k i
lk+i
+ a’(1_21 aﬁl]_,.[ n+l(] +2, k- Lp r(zkjil) >
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j=0,1,..., k-1, n>1,and
2.16) a2, k= 1)pEHD
= =P+ (= B YA (2, k= 1)
=~ a2 B3, k= Do),
n>1. Also,
(2.17) Py =i +1,j+i-1), 0<j<k-i

3. The link polynomials. Denote with {P,(,l )(x)} the system of poly-
nomials defined for / > 0 by
(3.1) [(x =b)Aw(2, k= DAy_2(2, k= 1)
- an+1An+l(33 k- I)An-l-l-—l(z’ k- 1)

—a® A2, k= DA -1 (2, k= 2)1P(x)

n+l

=An+1 1(2,k— ) n+1(x)

+a$£21afl-zl—l - “iﬁlll Apt(2, k= 1)PY (%), nz0,
and the initial conditions
(3.2) POx)=0, PPx) =1
We adopt the convention
(3.3) A1(2,k-2):=0, A_;(2,k-1):=1.

In (2.5) replace n— 1 by n and take j =k — 1 to find

(3.4) Ap_1(2, k= D)Ppr—1 = An-1(2, k = 2)Ppi

2 k-
+a$t)lar(1)1" 51 1)P(n Dk > n>1.

This, together with (2.6) and (3.3), shows that if P,(x) = pp(x),
n >0, then {P,(x)} satisfies (3.1) and (3.2) with / = 0. Hence,
(3.5) Pu(x)=PP(x), n>0.

The polynomials {P,(x)} are called the link polynomials of the
blocks (1.1) defining {p,(x)}.
Let

3.6) WP (x), P4D(x))

U !
Ve, PV

=A(2,k=1) , >
P“h( ), PYD(x)
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be the Casorati determinants of {P,gl) (x)}. Then
w((B(x), PV ) = A2, k= 1)

and

3.7) wE ), P (x)

n
0 (1 k-1
=Apy1-1(2, k= 1) H“ﬁ'ﬁl“ﬁ'ﬁl-l ' "a§'+1—)1 J n2l

j=1
Since W(P,El)(x), P,El_“Lll)(x)) is not identically zero, {P,El)(x)} and
{P,EI_'"II)(x)} are linearly independent solutions of (3.1).
Let {Qn(x)} be a system of polynomials satisfying (3.1) for n > 1.
Then

(3.8) On(x) = APV (x) + BP"D(x),  n>o0,
where
(3.9) Ag=Qo(x), B=Qi(x)— Qo(x)P(x).

This follows from {P,gl) (x)}, {P,Slfll)(x)} being a basis of solutions of
(3.1).

For example, it is readily seen that {pff,f) (x)} satisfies the recurrence
relation (3.1) for » > 1, and a calculation based on (3.8) and (3.9)
gives

A1 (2,k=2) 0+
AL, k-t

which holds for /, n > 0. Observe that p,;(x) = pff,’() (x) = P,SO)(x)
P,,(x)'. On the other hand, if i = 1,2,...,k—1 and Qy(x)
D Dk_i(x), then {Qn(x)} satisfies (3.1), with [+ 1 in the place of
l, for n > 1. A calculation based on (2.15), (2.16), (2.17) and (3.9)

then gives

(3.10) p%(x) = P(x) + a2, k- 1)

©) Arp1(2, k—1)
1A (2, k= 1)

(k+1) (tk+i) _ (k+1), (Tk+i) 1 p(I+2)
X[y 3 Pely = Prsy Proi WP

(3.11) p{h ) =Ai+1, k- 1DPD(x) +a

for n > 0, and it is easily verified that
Ik+1 lk+i Ik lk+i Ik Ik+i
(3.12) WY, pHy = % VpMHD — plkplken
_ al(z)mal(k—l)plgl_kzﬂ)

=a...a* V2, i-2).
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Thus we have established the explicit representation
Ik . I
(3.13) P () = A+ 1, k= 1P (x)
+a%al a2, i-2)

A2, k-1) (1+2)
X A2, k=) Dt )

which holds for n >0, />0, i=1,2,...,k—1. When i=1 we
have

(3.14) P () =82, k=P D(x),  n>0,
and when A,(2, kK — 1) is independent of n,
(3.15) ) = PO(x) +a9A_,(2, k- 2)PH D (x),
(3.16) P (X) = 42, k= )P (x),
(3.17) ple )= A+ 1, k= )PID(x)
+aa? a O, i- P,
n>0,i=2,3,...,k-1.
Let
(1+1)( )
(3.18) PO(x)= lim ==L~ xeC-R.

The Stieltjes transform of the measure of orthogonality of {p(lk +’)(x)}
is
(lk+i+1)

D, (x)

(3.19) ((x) = lim 2———~
l n—oo n1k+l)(x)

1>0,i=0,1,2,...,k-1. From (3.10), (3.13), and (3.3), we
obtain the following formulae

(320) XO,O(x) = AO(Z’ k- I)P(O)(x) > i,1=0,

R xeC-R,

(3.21) Xo,i(x)
AI 1(2 k—l)Al(Z k—l)P(l (x)
T A2, k—1)+aPA(2, k- 1A (2, k-2)PO(x)’
>0,




246  JAIRO A. CHARRIS, MOURAD E. H. ISMAIL, AND SERGIO MONSALVE
and

(3.22) X (x)==2RL 120, i=1,2,..., k-1,

where
N; =AN2,k-DANGE+2,k-1)
© al* . g% VAL (2, ke~ 1DA2, i~ 1)PUHD(x)

+ al+1

and
D =MNQ2,k-1DA(i+1,k-1)
+a®@a - a DAL (2, k- DA(2, i - 2)PUHD(x),

for />0,i=1,2,...,k—1. When A,(2, k — 1) is independent
of n, the above relationships simplify to

(3.23) Xo,0(x) = Ao(2, k — 1)PO(x),

A2, k — 1)PD(x)

O) , [>0,i=0,
1+a;"A1(2, k—2)PD(x)

(324) X (x) =

and
(3.25) X; i(x)
A(i+2, k=1)+aa™ .. a* DA 2, i - 1)PHD (x)
A(i+1,k=1)+a0a? - a VA2, i - 2)PE+D(x)
1>0,i=1,2,..., k-1

REMARK 3.1. When A,(2, k — 1) is independent of n, (3.1) be-
comes

(3.26) [(x — b0,/ Ana(2, k= 1) —al) A (3, k= 1)
— a0 An1-1(2, k= 2)1P (x)

_ pl 0) (1 (k=1) (D)
= rsll(x)"'aﬁz-})-laflll-—l"'an+l—1Pn—l(x)’ n21,

and (3.2) continues to hold.

4. Connection with polynomial mappings. Let {g,(x)} be a system
of polynomials such that gyg(x) = 1 and for every n, g,(x) has
degree n and positive leading coefficient. In addition, assume that the
polynomial set {g,(x)} is orthonormal with respect to a probability
measure u whose support is contained in [—s, 5], 0 < s < +o00. Let
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T(x) be a polynomial of degree k > 2 with simple zeros such that
T(x) > s whenever T'(x) = 0. We say that T(x) is a polynomial
mapping for {g,(x)}. Choose W(x) = k~!T'(x), and let {p,(x)} be
the system of monic orthogonal polynomials obtained from {g,(x)}
via the polynomial mapping 7'(x) (with W(x) as above) in the sense
of Geronimo and Van Assche [12]. Assume {p,(x)} is given by (1.1)
and (1.2). It follows from (2.3) of [12] that

(4.1) Puk(X) = ¢ "Vangn(T(x)), 120,

where c is the leading coefficient of 7'(x) and
T 4© . al,
(4.2) (O H n>0.
4" j=0

More explicitly, let 7(x) and W (x) be as above, and assume that
a system of polynomials {Q,(x)} is given by

(4.3)  (x = Cp)Qn(x) = 4nQn41(X) + BnQn_1(x), n>0,
Q-1(x)=0, Qo(x)=1.

Let {g.(x)} be the corresponding system of orthonormal polynomials;
i.e.,

cfrn(X)=M n>0,

m b ey

where
S
An= [ Qi(x)du(x).
-
If T(x)=cT(x) with T(x) monic, then
(4.4)  (T(x) - c1Cp)pak(x)
= pnk+k(-x) + c—zAn—anp(n—l)k(x) > nx1,
pox)=1,  pe(x)=T(x)-c"'Cp,
so that
(4.5) Prk(x) =c"A4g- - An_10n(T(x)), n>0.

We also say that {p,(x)} is obtained from {Q,(x)} via the polyno-
mial mapping 7(x). Our next result gives a sufficient condition for
A, (2, k- 1) to be independent of n.
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THEOREM 4.1. Let {p,(x)}, as in (1.1) and (1.2), be obtained
from {Qn(x)}, given by (4.3), via the polynomial mapping T(x).
Then A,(2, k — 1) must be independent of n.

Proof. Let T(x) = c¢T(x) and T(x) monic. Then (4.4) and (4.5)
hold, and from (3.1) with 1 =0 and (3.5) we obtain
[(x = b)An(2, k = 1)A_1(2, k= 1)
—aVA(3, k= 1DA,_1(2, k1)
—aVA, 2, k—=1)A,_1(2, k=2)
—An_1(2, k= 1)(T(x) — ¢ Co) ok
=82, k= DaPa, - a7V

—An-1(2, k= 1)c™2 4y Bplp(n—1k » n21

Since the left-hand side is either 0 or a polynomial of degree at least
nk , whereas the right-hand side has degree nk — 1 at the most, both
sides must vanish. Thus,

An2, k—1)=Ap1(2, k—1)=Ag(2, k- 1),

af,o)aﬁll_)l ---af,k__ll) =c¢"24,_1B,, n>1.

REMARK 4.1. The preceding results also imply

(4.6) T(x)=(x—b)A(2, k= 1) —alVAg(3, k — 1) =1y,

(4.7) Cp=Co+c(aPAn1(2, k -2)
+a8n(3, k—1) - a{"M(3, k= 1)), n>1,

and

(4.8) a) +a =af),  n>1

REMARK 4.2. We shall see in §5 that the condition on A,(2, k—1)
being independent of n is not sufficient for {p,(x)} to be obtained by
means of a polynomial mapping. Assume, however, that (1.7) holds
and that

(4.9) An(x) 1= aDA,_1(2, k=2)+a"A(3, k—1)—alAg(3, k1)

is independent of x (which implies that (4.8) holds). Let 0 < s < +o00
be such that the inverse image of [-M, M] under Ag(l, k—1) is



BLOCK ORTHOGONAL POLYNOMIALS 249

contained in [-s, 5], and choose ¢ such that cAy(l, k—1) > M at
all points where Ag(1, k—1)=0. Let

(4.10) T(x)=cAp(l, k—1).
Since Ag(1, k — 1) = pi(x), Ag(1, k — 1) must have real and simple
zeros. Let {Q,(x)} be defined by

(4.11) (X — C)Qn(X) = Qpy1 +aVa) . a¥* V0, 1 (x),
n>1,

Q(x)=1, Qi(x)=x
where Cy =0, C, =cA,(x), n>1. Then
(4.12) Pni(x) = 7" Qu(T (X)), n>0,

and T(x) is a polynomial mapping for {Qn(x)}. Hence {pn(x)} can
be obtained via a polynomial mapping.

5. Sieved orthogonal polynomials. Let {p,(x)} be given by
(5.1) (= bV Dpies j(X) = Pk js1 (%) + @ P jmr (%), n21,
p-1(x)=0,  pox)=1,
with
(52) =0, 1<j<k-1; af!=-, 2<j<k-1;

n>0.

1
49

Then {pﬁ,i) (x)},i=0,1,2,..., iscalled a system of sieved orthog-
onal polynomials. When k > 2, {p,(x)} is called a system of sieved
orthogonal polynomials of the first kind, and {pf,l)(x)} a system of
the second kind. Curiously, because of historical reasons (see [2])
{pV(x)} is not the system of sieved polynomials of the second kind
of the system {p,(x)}. Instead, the system of sieved polynomials of
the second kind of {p,(x)} is the system of polynomials {q,(,l)(x)}
with {g,(x)} determined by

(5.3) (0 =B ans (%) = uiaj1 (%) + 8P iy ;1 (%),

n>0, 0<j<k-1,
where
(54 @) =a), @'=a), al=7, 2<j<k-1,

n>0,

NP

PO =p0 pV=0, 1<j<k-1, n>0.
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When k = 2, the above definition 1s applicable provided that we
choose Zz(o) 1/4 instead of a ~(° = a0 in (5.4).

If {pn(x)} is a system of s1eved polynomials of the ﬁrst kind, then
A2, k=1)=U,_1(x), Au(2, k=2) =A,(3, k—1) = Up_»(x), and
their monic link polynomials {P,(x)} satisfy
(5.5 [(x = b Te1(x) = (@ + ) Uy (x)1Pa(x)

= Ppa(x) + 4 *aa) P,y (x),  n21,

P(x)=1,  Pi(x)=(x =5 )Te1(x) - a5 Ui (%),
where {IAJ,z x)} (see [18]) is the system of monic Chebyshev poly-
nomials of the second kind: U_l(x) =0, Uo(x) =1; xU,,(x) =
Un+1 + 7 U,,_l(x) , n > 0. This follows from (3.26). Relatlon (5.5)
can also be written in the form
(5.6)  2'7K[Tie(x) = b U1 (x) + (1 - 2(a” + a)))1Pa(x)

= Pui(x) +47%aPa) Py (x),  n2>1,

Po(x) = 1,
Pi(x) = 217 K[ Ty (x) = BOUp_y (%) + (1 = 285 Up _o(x)],

where U, (x) = 2"Uy(x) = sin(n + 1)8/sin@, if x = cos@, and
To(x) = 1, Tu(x) = 2((Un(x) — Up-2(x)), n > 0, are Chebyshev
polynomials of the second and first kinds, respectively. It follows that
if
5.7 a’=14; b¥=0, a9 +al) =1, nxo0,

(x

in which case {p,(x)} is called a system of sieved random walk poly-
nomials of the first kind (see [7], [9]), then

(53) Pa(%) = Po(x) = 555 On(Ti(0)
where {Q,, (x)} is the system of orthogonal polynomials determined
by
(5.9)  x0u(x) = Ops1(x) + 44372, 0,1 (x), 120,

0-1(x) =0, Qo(x)=1.
In other words, {Qn(x)} is the system of monic polynomials of the
system {Q,(x)} given by
(5.10) XQn(x) = AnQn41(xX) + BnQp-1(x),

Q-1(x)=0, Qo(x)=1
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with A, = 24, B, =24, n > 1, 4yg = 1, By = 0. Relation
(5.8), which can also be written

(5.11) pr() = 2821 0, (T3 (1),

means that {p,(x)} is obtained from {Q,(x)} (or {Qn(x)}) via the
polynomial mapping 7T(x) = Ty(x). Since 4, + B, =1, n > 0,
{Qn(x)} is a system of random walk polynomials ([7], [9]). The con-
verse is a consequence of the following theorem.

THEOREM 5.1. Let {p,(x)} be a system of sieved polynomials of
the first kind, and assume that {p,(x)} is obtained from the system of
orthogonal polynomials {Q,(x)},

(5.12) (x — Gu)Qn(x) = AnQn+1(X) + BnQp-1(x), 120,
Q-1(x):=0, Qi(x):=1,

by means of the polynomial mapping T(x). If k > 2, then

(5.13) b =07, a9 +al) =4a’, n>o0,

and Qn(x) = Ry(x — Cy), where {R,(x)} is a system of symmetric

polynomials.

Proof. Assume {p,(x)} is obtained from (5.12) by means of the
polynomial mapping 7'(x) = ¢T(x), with 7T(x) a monic polynomial
of degree k. It follows at once that

(5.14)  pu(x) =c"dg - Ay On(T(x)),  n>1;5po(x)=1,
so that
(5.15) (T(x) — ™ Cn)pui(x)
= Dk (X) + ¢ 2 An_1BuP(n_1yk(X) » n>1,
po(x):=1, p(x)=T(x)-c"'Cp.
Thus,
(5.16) T(x)—c™1Co = Tie(x) = B Up_y (x) + 111 = 2a{" 10k _(x)
and
(5.17)  T(x)=c7'Cy = Ti(x) + 41 — (8 + a2 (x)
~bP01(x), n>1l
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Therefore,
(5.18) ¢ 1(Cn— Co) =[ay’ — (@i + ai)Tj_(x)
+ @By = b Ue-1(x),  n>1,
so that
(5.19) b=, a0 +al) =4dl’, Ci=Cy, n>0.

Hence (5.18) holds, and if R,(x) = Qn(x+Cp), n >0, then {R,(x)}
is a system of symmetric orthogonal polynomials and Q,(x) =
.Rn (x - CO) . D

COROLLARY 5.1. Assume the polynomial mapping of Theorem 5.1
is T(x) = cTyp(x), ¢ > 251, and that {p,(x)} is obtained from the
system {Qn(x)} by means of the mapping T(x). If k > 2, then
{pPn(x)} is a system of sieved random walk polynomials of the first
kind. If, in addition, ¢ = 251, then Q,(x) is a system of random
walk polynomials.

Proof. From (5.15),
Ti(x) = ™' Co = Te(x) = by Ug—1(x) + §(1 — 2a5") U (x).
It follows that Cy = b(()o) =0 and a((,l) = }. Also, from (5.17),
Ti(x) = ™' Co = T(x) = 0 Uy (%) + 311 = 2(a” +a;))],

so that bﬁ,o) =C,=0 and aﬁ,o) + aﬁ,l) = % , n > 1. On the other hand,
if ¢ =2k-1,

(5.20) T (x)@n(Tk(x)) = AnQn+1(Tk(x))
+ BnQn_1(Tk(x)), n>1.

Also,
(5.21)  Ti(x)Qu(Ti(x)) = 2a" Q1 (Ti(x))
+2a0Q, (Te(x)), n>1,
with
2n(k—2)

(522) Q(TLl=) =15 QTN = oy Pak(),

n>1,
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as follows from (5.10) and (5.11). Hence, from (5.20) and (5.22),
On(x) = Qy(x), and then A4, = 2a(1), B, = 2a$,0), n > 1. Thus,
A+ B, =1, n > 1, and, since 49 = Zaf)l) = 1, it follows that
{Qn(x)} is as random walk polynomial system.

Theorem 5.1 and Corollary 5.1 generalize results in [9] from the
case of symmetric polynomials to general polynomials which are not
necessarily symmetric.

REMARK 5.1. The system {p,(x)} of sieved Pollaczek polynomials
of the first kind (see [8]) has the recurrence coefficients

(0) n (1 _ n+ 22 ) _ l

OB &= govarn ™ “dmrarn) % "
2<j<k-1, n>0,

b£0)=ﬁi_’l_n, bV)=0, 1<j<k-1, n>0.

It follows from Theorem 5.1 that if £ > 2 and a # 0, it cannot be
obtained from any system of orthogonal polynomials via a polynomial
mapping. On the other hand, if a =b =0, then {p,(x)} is a system
of sieved random walk polynomials, namely, the sieved ultraspherical
polynomials of the first kind of Al-Salam, Allaway and Askey [2], and

(624 pul) = G O(TL®), 120,
where
n+ 24

(525) xQn(x) = 555 Onn(x )+2(n+,1)Qn (0, n21,

Qo(x)=1, Qi(x)=
This follows from (5.11). It is readily seen that

(5.26) On(x) = (2/1) L Cu(x,2), n=>0,

where (see [18])
(5.27) 2(n+A)Ch(x,A) =+ 1)Cri1(x, )
+(n+21-1)Cy_q(x, 4), n>0,
C_1(x,4)=0, Cyx,4)=1
is the system of ultraspherical polynomials. Thus,

(5.28) Pnk(X) = 57— Cn(Ti(x), 4),  n2>0.

2nk (A)
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We also observe that if under the remaining assumptions of the
sieved ultraspherical polynomials of the first kind, i.e.,

o) _ n () _ n+ 24 >
329 @' =g M Tamene  "Eh
I
2<j<k-1, n>0,

we change ao from 1/2 to a/2, a # 1, then, if kK > 2, {p(x)}

cannot be obtained from any system of orthogonal polynomials by

means of polynomial mappings (because aﬁ, )+ anl) 1/2 # a/2 =
0 ) . However, it eas1ly follows that

(5.30)  puk(x) = 57 [Ca(Ti(x), 4)

+2M1—mkaXK*)UH ), )

+24(1 — a)CP (Ti(x), M1,
n>0,

2nk( )

or equivalently,

(3:31)  puk(x) = S laCau(Ti(x) 5 4)

2nk( )
+24(1 = @)xUp_ (x)CN | (Ti (%), M1,
n>1,

where {C(i (x,A)} denotes the system of ith-associated polynomi-
als of {C,(x, A)}. Note that if k = 2, (5.30) shows that {p,;(x)}
originates via a polynomial mapping.

REMARK 5.2. Let {p,x(x)} be given by (5.1) and (5.2), and as-
sume that {p,,(x)} is obtained from the system (5.12) by means of
a polynomial mapping 7'(x). It follows from the proof of Theorem
3.1 that if k > 2 then b,(,o) = b((,o), n>0,ie., b,(,o) is independent
of n. The general (non-symmetric) sieved Pollaczek polynomials do
not satisfy this condition (as b # 0). Hence, they cannot be obtained
via polynomial mappings, even if kK = 2. However, the symmetric
sieved Pollaczek polynomials (b =0 in (5.23)) can be obtained via a
polynomial mapping when k = 2. In fact,

(532)  pal) = g BT). 120,
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where P,(x) = Py(x,4,a,a), n> 0, is the system of the Pollaczek
polynomials

(5.33) 2[(n+ A+ a)x + alPy(x)
=n+ 1P (xX)+(n+24—1)P,_1(x), n>0,

p-1(x)=0, P(x)=1
Thus, Theorem 5.1 cannot be extended to the case k = 2.

REMARK 5.3. It is usually assumed that a(()l) = 1/2 for sieved poly-
nomials of the first kind (perhaps for historical reasons, because this
was indeed the case for the sieved ultra-spherical and random walk
polynomials in [2], [7]). Here we drop this assumption, and some
interesting results will come about. For example, the sieved ultra-
spherical polynomials of the first kind in [2] (i.e., af,’ ) given by (5.29)
with a(()l) = 1/2 and A > 0) are orthogonal with respect to an abso-

lutely continuous measure whose support is [-1, 1]. However, if aol)
is changed to a/2 where a = ‘(Tl)_+’ and A > 3/2, the absolutely
continuous part of the orthogonality measure of the resulting polyno-
mials {p,,(x)} still has [—1, 1] as its support, but now the measure
carries masses at the end points +1 when k is even. To see this,

observe that, from (5.31),

Pa(1) = 2,,k()[acn< B +22(1-a)k G (1, D], n>1.
But

(2/1),, (1) 1 (24)n
Ca(l, ) = , qﬁguxy_ﬂ:j{ ] —1], n>0,

as follows from (5 27). Hence
n! 22k —a(A(k = 1)+ 1) (2A)n  2Ak(1 — @)
p”()_zwu)[ 271 n T 2a—1 ]’
n>1,

then

o n! 24k(a—1)
pnk(l)“ 2”k(l)n ' 2)’_1 )

Let u denote the orthogonality measure of {p,(x)}. The measure u

is compactly supported and its absolutely continuous part has support
[-1, 1]. Furthermore,

+00
/ ()P (%) dU(X) = Anbns M, 020,

—00

e 2k
and, if o= 57,

n>1.
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where
_1 _ @ (@Qhn-nt
o (2

It follows that

P2 (1) _ nl(A+k) [2,1k(1 —a)]z s
Mn  @Mpa | 22-1 | ="

and, since a # 1, that

pal)  [22k(1-)])® T24)
Aen 2A—1 o

, n>1.

Since A > 3/2, 302 p2.(1)/A, converges. Moreover, it follows
from (2.5) that

Uk—l(x)pnk+j(-x) = 2k=J Uj- 100D nic+x(X)

J”+2’1Uk_,-_1(x), 1<j<k-1.

+27 )

Thus
1/—,1,{,”] Vn+,1+1 /(+1)k n+Ad \fan

from which we deduce (using the inequality (a + b)? < 2(a? + b?))
that

2
—~ pnk+j(l) <+

o, j=1,2,... k-1
k=0 lnk+j

Hence }°;7, p2(1)/An < +00, and from [4, p. 13], we conclude that
4 has a mass at x = 1 and, thus, also at x = —1. We observe
that if k£ > 2, this conclusion cannot be obtained from the theory of
polynomial mappings as presented in [12].

REMARK 5.4. Under the circumstances above it can be shown that

(5.34) W19 = 41 = 3575

when k =2 (see [10]).
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We finally give an example of how our procedure can be advan-
tageous over other treatments of sieved orthogonal polynomials. To
this purpose we shall consider an example of sieved orthogonal poly-
nomials recently dealt with by Al-Salam and Ismail [1]: the sieved
associated Pollaczek polynomials. Contrary to ours, their treatment
is historical, and the polynomials are obtained from the associated
g-Pollaczek polynomials (see [3]) by the same limit process as in [8],
[13]. Then, the limit process is used to establish generating functions
for the polynomials, a very delicate matter, and the asymptotic be-
havior and the Stieltjes transform of the orthogonality measure are
determined via Darboux’s method ([15], Chap. VIII). We follow a
more direct approach.

We recall that the system of associated Pollaczek polynomials
{Rn(x)} is determined (see [16]) by the recurrence relations

(5.35) 2[(A+n+a+c)x+ bIR,(x)
=nm+c+ DR, 1 (X)+(n+c+2A-1)R,_1(x),
n>0, R_i(x)=0, Rox)=1.

The notation R,(x) = P,(x;A,a, b, c) is also used. We observe
that if P,(x;A,a,b) = P,(x;A,a,b,0) and c=1,2,..., then
{Py(x;A,a,b,c)} is the system of cth-associated polynomials of
{Puy(x;A,a,b)}. The latter system is simply called the system of
Pollaczek polynomials.

If A>0 and a,c >0, {R,(x)} is a system of orthogonal polyno-
mials (other cases of orthogonality are possible). Let

(5.36) R(x,t) =Y Ru(x)"*.
n=0
By showing from the recurrence relation (5.35) that
OR(x,t) 2((@a+A)x—At+b) _ 1
(3-37) at 2 —2xt+1 Rix, 1) = 12— 2xt+1
and
(5.38) R(x,0)=1, c¢=0; R(x,0)=0, ¢>0,

it follows that
(5.39) R(x,t)=c(l1- )41 —-ar)?

t
x/ w=1(1 = Bu)=4-1(1 — a)~B~' du,
0

c>0,
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and

(5.40) R(x,t)=(1- 041 —at)B, c=0,

where

(541) a=ax)=x+Vx2-1, B=Bx)=x-Vx2-1

and

ax+b ax+b

(5.42) A——/1+2?:—F, B_—A—Za_ﬂ.

From (5.39) and (5.40), and observing that Rﬁ,l)(x) is R,(x) with

¢ + 1 instead of c, it can be deduced (via Darboux’s method, for

example) that the Stieltjes transform of the orthogonality measure u
of {R,(x)}:

o R0 e duo)
(5.43) R(x)=nll*nolo R (%) =/_Oo T’ xe€C-R,

is

(544) R(X) = ﬁ/ l—l(l — ﬂZu)—A—l(l _ u)'-B—l du, =0
0
and
(5.45) R(x) = ctl foﬂ uc(1 — B2u)=4-1(1 — u)=8-14u
foﬂuc_l(1 — B2u)~4-1(1 — u)~B-1du
c>0.

We observe that the integrals in (5.44) and (5.45) are Hadamard in-
tegrals. As as matter of fact
1]
(5.46) / we(1 — z0)~A=1(1 — )21 du
0

_TI(c+ 1)I'(-B) <A+1, c+1
TT(-B+c+ D'\ —B+c+1

lz| <1, ¢> -1,

and the integral makes sense as long as B is not an integer > 0 (and
not only when Re(B) < 0). This was discussed in §1.

The branch v/x2—1 of the square root of x2 — 1 in (5.41) is so
chosen that vx2 -1~ Xx as x — co.
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Relation (5.44) can be obtained from (5.45) by taking

(5.47) c/o l_lu"‘l (1 - —ﬁ—u) - (1-—u)y B ldu=1

when ¢ =0.
We begin by considering the system {g,(x)} determined by

(5.48)  (x=bI) s (X) = ks jo1(X) A dpps o1 (x),  n >0,
0<j<k—-1,q9_1(x)=0, gqo(x)=1.

We assume k > 2 and

2A+c¢ n+c

4 ©_ _ n+ (1 _ >

(5.49) " a 4n+i+a+c)’ = Am+itato)’ nz0
O___ b 0_g1<i<k- >

(5:50) by =, b =0,1<j<k-1, n20

and

(5.51) a;”:%, n>0, 2<j<k-1.

Thus, the system p,(x) = ¢{"(x), n > 0, will be the system of

sieved associated Pollaczek polynomlals of the second kind. Clearly
{p{"(x)}, their system of associated polynomials of order r, is the sys-
tem of monic polynomials of the orthogonal polynomials {Qﬁ,’l’r) (x)}
in[1], for 0<r<k.

Let {P,(x)} denote the link polynomials of {g, (x} Then {p (x)}
can be represented in terms of the polynomials {P,, )(x)} and {P,E (x)}
via (3.15)-(3.17). Now, {P,El)(x)} satisfies

1 b
52
(5:32) g | e+ e e 1 U ™)
a (1)
Tt Araver1 e B
_ ik m+2A+c+1 n+c
Pn+1(x)+4 n+itat+c+1 n+it+a+c ” ‘(x)

n>1
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and the initial conditions
(5.53) P{Px)=1,

PG = g [Tu) + U ()

A+a+c+

c
+ ﬂ.+a+c+1Uk‘1(X) :

If
2%k(A+a+c+1

(554  Ran)= TEEEEE D0, a0,

then

(5.55) 2[(n+A+a+c+ DT(x) + bUg_1(x) + aUp_p(X)}Rn(x)
=(n+c+ DRy (X)+ (n+24+c+ DR,_1(x),
n>0,

and
(5.56) Ro(x) =1,
Ri(x) = ——[(A +a+c+ D)Tp(x)+bUr_1(x) + cUp_p(x)].
As in the case of the Pollaczek polynomials, it can be shown that
(5.57) Y Ru(x)e™*¢ =c(1 - gFey*=1(1 - oF )Pt
n=0
t
/ w11 = BRu)~4(1 — ok u)~B du

0
where a = a(x), f = B(x) and
2Tk(X) + bUk_l(X) + aUk_z(X)

(5.58) A=-1+2

BE — ok
ax+b
=-A+27 7
-B°
_l_zaTk(x) + bUk_1(x) + aUp_s(x)
Bk — ok
ax+b
=-i-20"p

We note that of(x) = a(Ty(x)), B*(x) = B(Ti(x)). From (5.57)
it can be deduced (via Darboux’s method, for example, in the same
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manner as it is done for the polynomials {R,(x)}), that
(5.59) R(x)= 15130 z (i’)‘ )
_ctly fo ut(1 — p%u)=4(1 —u)~8 du
f _luc 1(1 —BZku) A(1 —u)~ Bdu.

On the other hand,

@)y _ (¢ +2)n )
(5.60) P = 2tk(f+a+c+2), (%)-
Therefore,
P(Z)1 (x)

(5.61) PW(x)= lim 21"~

k(l+a+c+1)

1 R(x), xeC-R.

Now, it follows from (3.25) that the continued fraction X,(x) of
D0}, ie., of {gU*V(x)}, and thus of {Q%"(x)}, is, for 0 <
r<k-1,

262U, _a(x) + af Up(x) PO (x)
261U,y (x) + a0 Up_1 (x) PN (x)
=2A4/B

(5.62)  Xi(x)=

where

l—luc‘l(l - B%u)y=4(1 —u)Bdu

A=l o) |
+QA+c+ l)U,(x)ﬂk/ l_luc(l — B%Fu)y 11 —u)"Bdu
0
and

B =cU_,_;(x) /0 1—luc‘l(l — B%u)~ (1 — u)B du

+Q2A+c+ l)U,_l(x)Bk/ﬂu‘(l — B%*u)y=4(1 —u) B du.
0
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which, after using the identities
(5.63) 24+c+1) / ﬂuc(l - B%*u)=4(1 —u)Bdu
0
= (-4) / l—luc(l — BHu)y~ 411 —u)~B du
0
+ (—B)/ T]uc(l — k)41 —u)B-1du
0
= c/ 1—lu"“l(l — B%*u)=4(1 —u)~Bdu
0

_A(1 - /32")/0 et = g2u=A=1(1 -5 ay

and
(5.64) U = T8
becomes
(5.65) X(x)=2BC/E
where

C= c/ T]uc‘l(l — B u)=A(1 —u)"B du

0
+Aﬂ2k(l _ a2r+2)/0 l—luC(l _ ﬂZku)_A_l(l _ u)—B du

and

E= c/ 1_luc“l(l — B u)=A(1 —u) "B du
0

+AB(1 - azr)/(; l_luc(l — B*u)=4-1(1 —u)~B du

which is (3.5) of [1]. Observe that when ¢ = r = 0, we obtain (using

(5.47)) that

(5.66) Xo(x) =2 |B+ (B - a)ﬂZkA/O l_I(l — w411 —u)~B du

which is (3.39) of [8].
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As for the case r = k—1, we need to calculate the continued fraction
of {p,(,k‘”(x)} , or the same, of {q,(zk) (x)}. According to (3.24), this
is

21k Gy () PW(x)
1+ 225U, _(x)PM(x)’

A calculation as above readily gives

(5.67) Xi-1(x) =

(5.68) ;
ey gy e
Xk-l(x)=2B(}°+a+c+l)fo “g B*u)y=4(1 —u)~Bdu
where

D= c/ l—Iuc“(l — B%u)=4(1 —u)Bdu
0

+ AB%*(1 — a?-2) / ﬂu‘(l — B u)y=4=1(1 —u)~B du.
0

The above procedure can also be applied to the k-sieved associated
Pollaczek polynomials of the first kind P\**”(x) = P*(x; a, b, c),
k>2,n>0,r=20,1,2,...,k— 1. These are given by the
recurrence relation

(5.69) 2xPL7(x) = P4N(x) + PAD(x), kln+r,  n>0,

2[(m +a+ ¢+ A)x + bIP%HD (x)

r

= (m+c+2)PED (x)+mP&D (x), n+r=mk,
m>0,

and the initial conditions
(5.70) PEN(x)=0, P*(x)=1.

For simplicity we will assume that b is a real number and A >
0, a, c > 0, but other cases of orthogonality can be similarly han-
dled.

It is readily verified that the system of monic polynomials of
{Pr({l") (x)} is the associated system {p,(,') (x)} of order r of the or-
thogonal polynomial set {p,(x)} given by the blocks

(5.71) (X = B)Pnic4j () = Pk j1(%) + @ P j—1 (%)
for n>0, j=0,1,2,...,k—1, and the initial conditions

(5.72) p-1(x)=0, po(x)=1,
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where
0 _ —b .0 _ _
(573) b= ———=: bP=0, j=1,2,....k-1,
FON n+c a2 = n+c+ 2
" T 4n+a+c+Ad)’ " dn+a+c+i)
af,j)=%, i=2,3,....k=1,n>0.
The link polynomials of {p,(x)} satisfy
(5.74)
21 [T(x) + —— 2 Ve 5(0) + —— U 1| Pa()
n+i+a+c n+iA+a+c

n+c n+c+21-1
n+A+a+c—-1 n+il+a+c

= Pyy1(x) +2—2k P,_1(x),

n>0,
and the initial conditions
(5.75) P_(x)=0, Pyx)=1.
If we let
(676 o =T0EeEDp g a0,
then Q_;(x) =0, Qp(x)=1 and
(5.77) 2[(n+A+a+c)Ti(x)+ aUg_y(x) + bUr_1(x)]1Qn(x)
=(n+c+1)Qn1(x) +(n+c+ 22— 1)0p (%),
n>0.
Also
(5.78) (1) () = 225G+ 2+ pay n>0,

e
and, as before, we obtain

0, (%)
G780,

_cttge w1 - BR A (- 0D d
© gy et - a1 (1 - )t du
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for x €e C—- R, where a = a(x), f = B(x) are given by (5.41) and
A = A(x), B = B(x) by (5.42) or (5.58). Observe that a(T;(x)) =
ok (x), B(Ti(x)) = B*(x). Thus,

P (x) _pltato oM, (x)
Pa() c+1  n—oo Qn(x)

and therefore, if x € C — R, then

(5.80) PO(x) = lim

(5.81)
foﬂuc(l — ﬂZku)—A-l(l — u)—B—l du

2k).+a+c
fy l_luc—l(l — By)-4-1(1 — y)-B-1dy

PO(x) = B*

where as before

1
c/_'uc“l(l—ﬂZku)‘A‘l(l —uw)y B ldu=1, c=0.
0
Also,
(5.82)
2
PO(x) = lim Fuoy (%)
n—oo P(l)( )
_pehtatetl o lutt(1 - g1 - uy Pl du
c+1 f—]uc(l——BZku) A-1(] — y)~B-1dy

From (5.81) and (5.82) and from relations (4.23) and (3.25), we ob-
tain for the continued fraction X,(x) of {P,E’l")(x)} the following
evaluation

(5.83) Xo(x) = 5= Up—1(x)PO(x)

o1 _ p2k,\—A—1(1 _ ,,)\—B-1
-
Jo' lue=1(1 = B2uy=A=1(1 — u)~B-1du

which reduces to

(5.84) Xo(x) =2(l+a).3kUk—1(x)/Oﬂ(l—ﬁZku)‘A"l(l—u)"B"‘du



266 JAIRO A. CHARRIS, MOURAD E. H. ISMAIL, AND SERGIO MONSALVE

when ¢ =0, and
2k—2Uk—r—1 (x) + agO) U, _l(x)P(l)(x)
26=20, _,(x) + @V Uy_5(x) P (x)

A+ B
C+D

(5.85)  X(x)=2

=2

where

4= Uk—r-l(x)/l u(1 — p*u)y=4=1(1 —u)=8-1du,
0
C= Uk—r(-x)/1 uc+1(1 - BZku)-A—l(l - u)‘B—l du,
0
B =U,_i(x)p" /1 utl (1 = pZu)=4-1(1 —u) "B~ du,
0

1
D= U_z(x)ﬂk/ uc+1(l _ﬂZku)—A—l(l _ u)—B—l du
0
forc>0and r=1,2,...,k—-1.

Acknowledgments. The authors thank G. Rodriguez of the Uni-
versidad de los Andes, Bogota, for his help. The first author also
thanks Colciencias, Bogota, for partial travel support to attend the
First U.S.A.-U.S.S.R. Conference on Approximation Theory, Tampa,
Florida, March, 1990, where some of the results in this paper were
presented.

REFERENCES

[11] N. A. Al-Salam and M. E. H. Ismail, On sieved orthogonal polynomials VIII:
Sieved associated Pollaczek polynomials, J. Approximation Theory, (1991), to
appear.

[2] W. Al-Salam, W. R. Allaway and R. Askey, Sieved ultraspherical polynomials,
Trans. Amer. Math. Soc., 234 (1984), 39-55.

[31 R. Askey and M. E. H. Ismail, A generalization of ultraspherical polynomials, in
Studies in Pure Mathematics (P. Erdos, Ed.), Birkhiuser, Basel, 1983, 55-78.

[41 ——, Recurrence relations, continued fractions and orthogonal polynomials,
Mem. Amer. Math. Soc., 300 (1984), 110 pp.

[5] H. Bremerman, Distributions, Complex Variables and Fourier Transforms,
Addison-Wesley, Reading, Mass., 1965.

[6] J. A. Charris, C. P. Gomez and G. Rodriguez, Two systems of orthogonal poly-
nomials related to the Pollaczek polynomials, to appear, Rev. Col. de Mat.

[71 J. A. Charris and M. E. H. Ismail, On sieved orthogonal polynomials, I1. Sieved
random walk polynomials, Canad. J. Math., 38 (1986), 397-415.

[81 ——, Onsieved orthogonal polynomials, V: Sieved Pollaczek polynomials, SIAM
J. Math. Anal., 18 (1987), 1177-1218.



[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]

[20]

[21]

BLOCK ORTHOGONAL POLYNOMIALS 267

—, On sieved orthogonal polynomials, VII: Generalized polynomial mappings,
to appear, Trans. Amer. Math. Soc.

J. A. Charris and G. Rodriguez-Blanco, Or systems of orthogonal polynomials
with inner and end-point masses, Rev. Col. de Mat., 24 (1990), 153-177.

T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach,
New York, 1978.

J. Geronimo and W. Van Assche, Orthogonal polynomials on several intervals
via a polynomial mapping, Trans. Amer. Math. Soc., 308 (1986), 559-581.

M. E. H. Ismail, On sieved orthogonal polynomials, I. Symmetric Pollaczek ana-
logues, SIAM J. Math. Anal., 16 (1985), 89-111.

S. Lang, Real Analysis, Addison-Wesley, Reading, Mass., 1984.

F. W. J. Olver, Asymptotics and Special Functions, Academic Press, New York,
1974.

F. Pollaczek, Sur une famille de polynomes orthogonaux a quatre parametres,
C.R. Acad. Sci. Paris, 230 (1950), 2254-2256.

—, Sur une generalization des polynomes de Jacobi, Memor. Sci. Mathema-
tiques, 131 (1956), Gauthier-Villars, Paris.

E. D. Rainville, Special Functions, Macmillan, New York, 1974.

J. Shohat and J. D. Tamarkin, The Problem of Moments, Math. Surveys, Vol.
1, Amer. Math. Soc., Providence, R.I., 1963.

H. A. Slim, On co-recursive orthogonal polynomials and their applications to
potential scattering, J. Math. Anal. Appl., 136 (1988), 1-19.

J. C. Wheeler, Modified moments and continued fraction coefficients for the di-
atomic linear chain, J. Chem. Phys., 80 (1984), 472-476.

Received April 2, 1991 and in revised form August 8, 1991. Research partially sup-
ported by NSF grants DMS8814026, DMS8912423 and INT8803099.

J. CHARRIS
THE NATIONAL UNIVERSITY OF COLOMBIA
BoGota, CoLOMBIA

AND

M.E.H. IsMAIL
UNIVERSITY OF SOUTH FLORIDA
Tampa, FL 33620-5700








