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Abstract

This paper is devoted to the study of hyperbolic systems of linear partial differential equations
perturbed by a Brownian motion. The existence and uniqueness of solutions are proved by an
energy method. The specific features of this class of stochastic partial differential equations are
highlighted and the comparison with standard existence results for SPDEs is discussed. The
small perturbations problem is studied and a large deviation principle is stated. A pathwise
approximation result, similar to the stochastic differential equations case, is established, with
an application to a support theorem.
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1. Introduction

In this paper we are interested in the following class of stochastic partial differential
equations:

E) du(t) = ;[ai(t, X, D)u(t) o dw;(t) + fi(t) o dw;(t)] + b(t, x, D)u(t)dt + g(t)dt,

u(0) = uy € (H (R,

where H*(IR?) is a Sobolev space (s € R, d,d’ > 1), ai(t, x, D), b(t, x, D) are smooth families
of d’ X d’-matrices of first order pseudodifferential operators (PDO), w;(t), ¢t € I are standard
Wiener processes, f;, g are continuous, possibly random, functions from / = [0,T],T > 0
to (H*(R%))?), and o corresponds to the Fisk-Stratonovich integral or differential. Equation
(E) is to be viewed as a random perturbation of a (deterministic) linear symmetric system
(a=0,f =0, cf. Friedrichs[19], Lax[42]). These systems occur often in applications, for
example, the wave equation in non-homogeneous media (and more generally any second
order linear hyperbolic equation) can be represented by such a system. The Maxwell equa-
tions form a symmetric hyperbolic system. The Dirac equation for a relativistic particle of
spin 1/2 (whose wave function is a 4-dimensional vector) is also a linear symmetric system.

Hyperbolic partial differential equations (PDE) and systems form an important class in the
theory of PDE, and there is already a substantial literature on hyperbolic stochastic partial
differential equations (SPDEs), see, e.g., [72], [27], [12], [16], [46], [34], [21], [4], [45], [7].
These works address various models including the stochastic wave and related equations
with space-time white noise, non linear models related to conservation laws and hyperbolic
systems with additive random perturbation (with assumptions on the diffusion coefficient
that exclude the case of the system (FE)).

Particular forms of Eq. (E) have been considered by Ogawa [56], and Funaki [20] who
used a method of characteristics to construct the solutions. Later, Kunita [40] made use of
this method and the theory of stochastic flows to obtain solutions to nonlinear first order
partial differential equations in the scalar case. However, it is well known that, in the deter-
ministic case, the method of characteristics no longer applies if « is not scalar (and for more
than one space variable). Instead, energy or semigroup methods are used to solve linear
symmetric systems, see, e.g., Cordes [13], Hormander [29], Taylor [66]. In the first part of
this paper we use an energy method, based on a priori estimates, to solve systems like (E).
We also discuss the relation to standard existence results for stochastic partial differential
equations (SPDEjs).

The second part deals with the small random perturbations of the deterministic system
(Ey) : du(t) = b(t, x, D)u(t)dt, u(0) = uy. More precisely, if we consider the solution u€(-)
to:

n
(Se): du(t) = Ve Z ai(t, x, Dyu(t) o dwi(t) + b(t, x, Dyu“(t)dt, u(0) = uo,
i=1
then it is easily shown that 4 converges in probability (in some Hilbert space) to the solution
u of (E;) as € — 0. The objective is to obtain information on how the stochastic solution
is close to the deterministic one as the perturbation becomes very small. In the case of sto-
chastic differential equations (SDEs), the deviation probabilities of the stochastic solutions
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from the deterministic ones, converge to 0 with an exponential rate (Freidlin-Wentzell esti-
mates for SDEs), i.e., we have a large deviation principle for the small random perturbation
of ordinary differential equations. In the case of SPDEs, we face two problems: the dimen-
sion is infinite and the coefficients are unbounded. In the literature, these problems have
been addressed for various SPDEs, see, e.g., [15], [59], [9], [62] and the references therein.
In our case, it turns out that the Freidlin-Wentzell estimates hold, but with the loss of two
derivatives: u€ is an H*-valued process, the large deviation principle is valid in the topology
of C°(I, H*~?) associated with the norm sup;, [v(#)]s-2.

The third part of this paper is concerned with the approximation of the stochastic system
(E) by deterministic systems depending on a random parameter. In the case of finite dimen-
sional stochastic equations, this is sometimes called the Wong-Zakai or Stroock-Varadhan
approximation [73], [67]. Such approximations have received some attention in the case
of SDEs for they allow the transfer of some properties of ordinary differential equations
to the stochastic case (e.g., the construction of the stochastic flows of diffeomorphisms for
SDE:s, the initial approach to the stochastic calculus of variations, or the approximation of
the solutions), see e.g., Malliavin [47], Ikeda-Watanabe [30] and the references given there.
The case of SPDEs has also been considered for several models, see, e.g., Gyongy [24],
Brzezniak-Flandoli [8], Hairer and Pardoux [28], Yastrzhembskiy [74] and Roth [65]; the
later reference considered stochastic hyperbolic equations similar to (E) in the scalar case. In
this part, the convergence of the deterministic systems associated to (E) to the stochastic one
is shown and this is applied to an infinite-dimensional extension of the Stroock-Varadhan
support theorem and to the construction of the random evolution semigroup of Eq. (E).

The last part of the paper deals with the regularity of the law of the solutions to Eq. (E)
using the Malliavin calculus techniques.

In this paper we restrict ourselves to finite dimensional Wiener processes in order to
highlight the specific features of hyperbolic systems, in particular the necessity to use Fisk-
Stratonovich integral and the fact that the techniques used in parabolic SPDEs are not suit-
able in this case.

Finally, as we consider a class of SPDEs that involves pseudodifferential operators (PDO),
let us mention some of the few works so far published which use these operators in proba-
bilistic models. Among the references, we quote Kotelenez [35], Kallianpur and Xiong [33]
and Tindel [68] who considered SPDEs with pseudodifferential operators with an assump-
tion on the order (m > d) and a space-time white noise; Jacob, Potrykus and Wu studied
in [31] the solution of a stochastic Burger equation driven by a space time white noise and
using a PDO; and in [44], Liu and Zhang started a study of stochastic pseudodifferential
operators with a Calderén-type uniqueness theorem as an application to SPDE:s.

2. Hyperbolic stochastic partial differential systems

2.1. Notations. Let d,d’ > 1. We denote by S™ the set of symbols a(x,¢) of order
mon RY, ie. a e C*(RY x RY) and for all a,B € IN“ there is a constant C(a, B) such that
|D§D§a(x, &) < Cla, B)(1+]€)"1, where we have used the notation: for a = (a1, - - - ,ay) €

N, Jo| = ¥, @jand D* = D" --- Dy, where DY = (=) d}’ with i = V=1 and §; = 9,
for x = (xy,--+ , xg).

For a € S§™, a(x,D) will denote the associated pseudodifferential operator defined by
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a(x, Dyu(x) = f a(x, &)i(&)e™4dé for u € C3°(]Rd). OPS™ will designate the set of such
operators and a*(x, D) is the adjoint of a(x, D). We denote by (:, -), the scalar product on the
Sobolev space H® := H*(RY), s € R. We use the same notation for the scalar product on
(H*)?. In the following, we shall consider matrices of pseudodifferential operators a(x, D),
which means that a(x, D) = (a'/(x, D), i, j = 1, ...,d") with a”/(x, D) € OPS™ for some m. We
still denote by OPS™ the set of such matrices of operators.

Throughout this paper, we fix 7 > 0 and we assume that we are given a one-dimensional
Brownian motion w(¢),t € I := [0,T] defined on a filtered probability space (2, F, F;, P)
with F; = o(w(1),7 < 1). Fort,t € R, we sett A ' = inf(z,1"). In the sequel, we deal with
(H*)"-valued process. For p > 0, M3(I, (H*)") will designate the set of adapted (H*)"-
valued processes (1), 1 € I such that |lull, := (E sup,.y [u(t)[)!/? < +co. M3 will generally
be endowed with the norm ||| .

The quadratic variation of two processes M, N will be denoted by (M, N),, the time vari-
able subscript will be either ¢ or 7, while the inner product in H® will be denoted by (u, w);,
in which case the subscript will always be the letter s, the order of the Sobolev space; the
notation (u, w), without subscript, refers to the inner product in L2((RHT).

2.2. Remarks on the infinite dimensional stochastic calculus. As we are dealing with
infinite dimensional processes, the following remarks concern the stochastic calculus con-
cepts that will be used in this paper. The Fisk-Stratonovich integral used in the hyperbolic
SPDE (E) is defined by:

T T 1 (T
f u(t) o dw(r) = f u(Hdw(t) + = f d{u,w),.
0 0 2o

where (u,w), is the quadratic cross variation of the processes u(-), w(-). This integral is
usually defined when the integrand u(?) is a semimartingale; we also note that, in our case,
u(-), w(-) are in different spaces.

In the following H is a separable Hilbert space and (Q, F, F;, P) is a filtered probability
space.

e Martingales and semimartingales in Hilbert spaces ([49], [48], [15], [22]): An H-
valued process M(?) is an F;-martingale if V¢, ¢ > 0, with ¢ < #: (1)M(¢) is an F;-measurable
random variable, (2)E(||M(?)]]) < +oo and (3)E(M(?)|Fr) = M(t’). The last condition is
equivalent to E((M(t), hyy |Fy) = (M(t'), hyy ,Vh € H. In this case ||[M(¢)|]* is a real sub-
martingale and therefore E||M(¢)|[> < E||M(T)||, for all ¢ in [0, T]. We also have the follow-
ing inequalities:

@.1) E(sup [M()[I") < ()7 sup BIM(@)|I, Vp > 1
tel pP— 1 tel

2.2) Pr(sup |M()|| = ) < AP supE||M®|?, Vp>1
tel tel

The space M?(H) of square integrable martingales equipped with the norm:

IM®)l| 1y = (E(sup [M@]H)'

tel
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is a Banach space. M(¥) is said to be a local martingale if there exists an increasing sequence
of stopping times o, with lim o, = +co such that for every n, M(t A 0,) is a martingale.
An H-valued process X(¢) is a semimartingale if X(r) = M(¢) + V(¢) where M(¢) is a local
martingale and V() is a process which has a finite variation a.e. in every bounded interval.

e The quadratic variation and the cross variation tensor of a martingale ([49], [48],
[15]): For a martingale M(f) € M?(H) there exists a unique H® H-valued process, {M(t)),
called the quadratic variation of M(¢) such that M(#)® M(t)—(M(t)) is a martingale; as usual
® denotes the tensor product of Hilbert spaces or elements of Hilbert spaces. In the same
way for two square integrable martingales M (f), M»(t) with values in two Hilbert spaces
H\, H;, there exists a unique H; ® H,-valued process, {M,(t), M»(t))), called the quadratic
cross variation of M, (t), M,(t) such that M| (1)@ M,(t) — {M(¢), M»(t))) is a martingale.

If e; and f; are orthonormal bases (ONB) of Hi, H,, then, with M(f) = Y2, M, i(t)e; and
M, (1) = Z;’-‘;l M, j(t)f;, we have:

[ee]

2.3) (M (1), Moy = )~ (M0, Mo (D)) e £,

i,j=1

and <<M 1.i(1), M>, j(t)» is the usual cross variation of the real martingales M, ;, M, ;. Let us
note that these notions can be defined in another way, for more general processes X, ¥ with
values in the Hilbert spaces H;, H, by:

D/(X,Y) = Z(X(O—n,kﬂ AD) = X(Onp AD)BX (Tnjrt A1) = Y(Tnp AT))
k>1

«X’ Y»l = hm D?(X’ Y)a

if the limit in probability of D} exists. Here, o, is family of stopping times such that
sup;(Tpi+1 — Oni) — 0 as n — oo, so that we have a subdivision of the interval [0, 7], see
[48], [49].

e Ito integral and It6 formula in Hilbert spaces ([15], [22]). The It6 integral f Y(0)dX(1)
can be defined in a general setting, where X(¢) is a J-valued process, Y(¢) is a L(J, K)-
valued process, J, K are separable Banach spaces, L(J, K) is the space of linear operators
(not necessarily bounded) from J into K, with the corresponding properties, in particular the
Itd6 formula, see Métivier-Pellaumail [49]. Since we deal with the special case where Y(¢)
belongs to a Hilbert space and X(¢) is a real Brownian motion, we restrict ourselves to the
case of stochastic integral with respect to a Q-Wiener process.

Let H, U be two separable Hilbert spaces, Q € L(U) a linear bounded operator of U which
is self-adjoint, non-negative and of finite trace. A Q-Wiener process is an U-valued process
W(t) such that: ()W(0) =0, (2)forall0 <t < ... <t, < T, W(ty), W(tr)-W(t1), ..., W(t,) -
W(t,—1) are independent random variables (rv’s), (3)W(¢) — W(¢') is a Gaussian random
variable with the covariance operator (t — t')Q and (4)the paths of W are continuous P-a.e.
If ¢; is an ONB diagonalizing Q with eigenvalues A;, then W(¢) can be written as:

(2.4) W = > AP Wioe;

i>1
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where W;(r) are independent real Brownian motions. Now, let Uy be the subspace 0'*(U)
of U; then the stochastic integral fOT O(1)dW(1) can be defined for all L(Uy, H)-valued pre-

dictable processes @(7) that are Hilbert-Schmidt for all T and such that fOT [|O(D)||gsdT <
+00,

In this case, if ¢(7) is an adapted H-valued process and X(¢) is the H-valued process defined
by:

X(®) =X(0) + ft o(T)ds + f[ O()dW-,
0 0

with X(0) an Fy-measurable rv, then the It6 formula has the following form ([15], [22]):

(2.5) F(, X(1) =F(0, X(0)) + f DF (1, F(X(1))).®(7)dW(1)
0

' OF
+f[a—(T,X(T))+DF(T,F(X(T)))-¢(T)
0 T

. %tr(Dsz, X(0)(D()Q2)(D(s)Q"2) 1dr,

(we use the notation DF(x).V for the image of a vector V by the differential map DF(x)).
Other forms of the It6 formula may be found in more general settings in [49], [48].

e Fisk-Stratonovich integral in Hilbert spaces: In the real case, the Fisk-Stratonovich
integral with respect to a semimartingale X(#) is defined by:

T T 1 T
(2.6) f Y(t) 0 dX(f) = f Y(O)dX(t) + = f d(X,Y),,
0 0 2 0

where Y(7) is also a semimartingale. In the last formula X(#), Y(¢) are also assumed to be
continuous. See, e.g., [30], [61]. These conditions can be relaxed; for a detailed study we
refer to Meyer ([50], Chap. VI, p. 109). In the Hilbert space case, this concept seems not
to have received much attention (to the best knowledge of the author); however, the same
formula (2.6) is valid with the previous definition of the cross variation (see [2], [71] for
some further results).

In our case, for a semimartingale u(f) = ;5 u;(t)e; € H, where the u;(¢) are real semimartin-
gales, and a real Brownian motion w(f), we note that:

wwhy = (wywy, e
i>1
and by expansion in the ONB (e;), the calculus rules in this specific Hilbert space setting can
also be deduced from their real counterpart. For instance, if du(f) = o(u(t)) o dw(t) where
o : H — H is a differentiable map, then:

du(t) = o(u(t))dw(t) + %D(r(u(z‘)) - o (u(t))dt

e Application of the Ité formula: Let us consider a special case of the equation (E):
du(t) = au(t) o dw(t), where u(f) is an adapted (H*)?-valued process, a is a first order
symmetric operator in (H*)* (denoted by H) and w(¢) is a real Brownian motion. This
equation is then written in the It6 form as:
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du(t) = au(t)dw(r) + %azu(t)dt

Now we shall apply the previous 1t6 formula to F(u()) = |u(t)|% = (u(t), u(t)),. For the
differentials of F', we have:

DF(v).h = (v, h), + (h,v), and D*F(v).h.k = (k, h), + (h, k),

In our case, the Q-Wiener process is just a one-dimensional Brownian motion, U = Uy = R,
QO = Id and O(7) is the linear operator from R to H defined by ®(7).a = aau(t) € H,a € R
and ®(1)* = O(7), so that:

(a) The second order term involving D*F in (2.5) is:

D2F(u(t)).au.au = 2 {au(t), au(t)), = 2 {a"au(t), u(t)),

(b) For the first order derivative term DF(t, F(X(7))).¢(t), we have ¢(t) = 1/2(a*u(t)) and:
1
DF(z, FX()9(7) = 5 (u(0). a’u() +(@u(@).(@))

= % (@ +a®u(), u(r))

s

(c) The term involving dw(t) is:
DF (u(7)).au(t) = (u(7), au(1)), + {au(r), u(1)), = {(a + a")u(r), u(r)), .
This yields:

WP =lu(O)P + fo (@ + aue), u(n)y, du(®)
1 ' 2 %2 1 ! N
+ 5]0‘ <(a +a )M(T),M(T)>s dr + Efo 2{a*au(t), u(t)), dr
()2 + f (@ + a (@), u(r)y, du(®)
0

+ % f (@ (@ +a)+ (@ + a)a)u(r), u(r)), dr
0

So that, with A = a + a*, L = a*(a* + a) + (a* + a)a, we have:
Q1 WP =OF + | Auo.uw), dute) + 5 [ o ucey,de
0 0

REmaARrk. It is convenient to derive formulas like (2.7) by using the symbolic stochastic
and differential calculus rules, and since this will be repeatedly used throughout the paper,
let us apply these rules in this simple but typical situation: If X(#) = Ax(r) + Mx(¢) and
Y(t) = Ay(t)+ My(t) are two continuous semimartingales where A and M denote respectively
the finite variation and martingale parts, then the cross variation d (Mx, My), is formally
denoted by dX(f) - dY(¢) and we have a set of symbolic calculus rules including (we omit
here the time parameter):
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1

eYodX=YdX + EdX-dY,

e Xo(dY -dZ)y=(XodY)-dZ=Xo(dY-dZ),

o(XY)odZ =Xo(YodZ),

e dAx -dAy =dAx-dY =0, dw-dw=dt, dX-dY-dZ =0.
See [30], pp.99-100. Besides these identities, the usual differential calculus rules can be
applied when using the Fisk-Stratonovich differentials (as remarked before, in the present
setting with Hilbert space valued processes and finite dimensional Brownian motion, these
results are valid under the same conditions of finite dimension processes, via an expansion
in an ONB). In our example, we apply this to |u(t)|§ = (u(t), u(t)),:
(2.8) dlu()l} = (au(r), (1)) o dux(z) + (u(z), au(t)) o dux(r)

={(a + a)u(t), u(t)), o dw(),

and with A = a + a*:
(2.9) (Au(t), u(t)),; o dw(t) = (Au(t), u(t)); dw(t) + %d(Au(t), u(t)y, - dw(r).

So we have to calculate cross variation d (Au(t), u(t)), - dw(t); we use the above mentioned
stochastic rules to get:
(2.10) d(Au(t), u(t)), - dw(t) =((Aau(t), u(t)), o dw(t)) - dw(r)
+ ((Au(t), au(t)), o dw(t)) - dw(t)
=({(Aa + a*A)u(t), u(t)), o dut)) - dw(r)
= (Lu(t), u(t)); dw(1)) - dw(r)
= (Lu(t), u(t)), dt

and by replacing (2.9) and (2.10) in (2.8) we get (2.7).

From this calculus we may expect that the existence of solutions of systems like (£) will be
related to assumptions about the boundedness of the operators A, L; this is possible in the
case of symmetric hyperbolic systems (as in the deterministic case). We also note that this
is possible only when (E) is written in the Stratonovich form, see the remark (c¢) in § 2.4.

2.3. Existence and uniqueness of a solution. We consider stochastic equations of the
type:
ou(t, x) dw(t) dw(r)
(&): di dt

o = a,(x, D)u(t, x) o + by(x, D)u(t, x) + f(t,x) o
(0, ) = uo(-).

where uy € (H*)?, f,g € CO(1, (H*)") for some s, w(f),t € I is a one-dimensional Brow-
nian motion and a,, b;,t € I are (matrices of) pseudo-differential operators satisfying the
following conditions:

(1) a;(x, D), b;(x, D) form a bounded family in OPS! (see below).

(ii) The C*(R?*?)-valued maps: t ai’j , bj’j are continuous (C*(R??) is equipped with
the usual topology of the semi-norms max, g« [0” f|, p = (p1, ..., px) € INK & > 0).

+ g(t, x)
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Throughout this paper, the space variable x may not be shown and we shall write v(¢,-) =
u(t) € (H) forv=u, f,g, etc.

Bounded family of symbols and operators: We shall need some results about the action
of pseudodifferential operators on Sobolev spaces and their boundedness:

e A family of operators p,(x, D) is said to be bounded in H* if: sup,.; |p;(x, D)|; < C, where
I[Pl = supy,=; [[Pull is the norm of the operator P acting on some vector space.

e A family of symbols p,(x,&) € S™ that satisfy |DgD§p,(x, | < Cla, B + €)1 is
bounded if the constants C; are bounded w.r.t the parameter ¢. In other words:

(2.11) W>Q3Q>0:mﬁm=f%mme?fm@fxbﬂw*WMUSQ
a+|< X

Let us recall the important result about the action of pseudodifferntial operators on the
Sobolev spaces H* (Hormander, Kumano-Go, see [37] (Lemma 2.1), [38], p.124): for all
s > 0 there exist Cy, [; > 0 such that for p(x, &) € S™ we have:

(2.12) Vi€ H : |lpCx, Dyull < Comlpul)™ lullssom

which means that p(x, D) maps H**" onto H*. The constants Cj,, [; are independent of the
operators p and therefore, if p,(x,&) € S™ is a bounded family in S then by (2.11) and
(2.12) we will have ||p,(x, D)ulls < C:|lull|ssm for all z € 1.

In particular, for m = 0 and a bounded family p,(x, &) € S°, we have ||p,(x, D)ul|; < Cillulls
for all ¢ € I, which means that the family of operators p,(x, D) is bounded in OPS":

(2.13) sup |p;(x, D)l < C

tel

The equation (&) is to be viewed as

(Es): u(t) =ug + f a-(x, D)u(t) o dw, +f b.(x, D)u(t)dr
0 0

+fﬂnww+fmmn
0 0

where odw(?) is the Fisk-Stratonovich differential. With

1
91(7) = g(0) + 5 (faw),

(Es) can be written in the Ito form as:

t

(&) u) =u0+faT(x,D)u(T)dwT+fbT(x,D)u(T)dT+ff(T)dwT
0 0 0

+% f a(x, D)(a.(x, D)u(t) + f(1))dt + f g1(1)dr.
0 0

The integrals involve the processes a.(x, D)u(t) in the Stratonovich form (&s) and
a-(x, D)a-(x, D)u(t) in the Itd form; the later integrals belong to (H*2)? when u(t) € (H*)?,
the integrals above and the equations (&), (€s) are to be considered in (H*~2)?, but it will
be seen that the solution will be actually an (H*)? -valued process.

Notation. In the sequel we will set:
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A(x,D) = a/(x,D)+ a;(x,D),
B/(x,D) = b/(x,D)+b;(x,D),
L(x,D) = A/x,D)a/x,D)+ a;(x,D)A,(x,D)

and we will often denote the matrices of PDOs a,(x, D), b,(x, D), A,(x, D), etc. by a(¢), b(¢),
A(t), or a;, by, Ay, etc. We have the following existence and uniqueness result:

Theorem 2.1. Let a,(x, D), b,(x, D) be two families of matrices of pseudodifferential op-
erators which satisfy (1)-(i1). We assume that sup, E|f (t)l‘sL L1osup, E |g1(1,‘)|§1 are bounded, with
g1(1) = g(0) + (f.w), and
(iii) A,(x, D), B,(x, D) are bounded families in OPS°
(iv) L,(x, D) is a bounded family in opPs’

Then (£) has a unique solution u € My(I, H*) and (u(t)),t € I is a strong Markov process.
Moreover, the solution u(t), viewed as an H* -valued process (s < s), has a modifica-
tion which is almost-surely y-Holder continuous with respect to the norm | - |s_,, for all

v €]0, 1/4[.

This theorem extends easily to the case of symmetrizable systems: instead of conditions
(iii) and (iv), we may suppose that there exist smooth families of (d’ X d’)-matrices of pseu-
dodifferential operators R} , R,2 € OPS? such that the principal symbols Rg(r, x,&),i=1,2are
positive definite matrices for |£] > 1, and (iii), (iv) are to be replaced by:

(iii) R!a, + aR}, R?b, + b;R? form bounded families in OPS".

(iv) (R'a, + a’'Ra; + a’(R!a, + a’R)) is a bounded family in OPS°.

The rest of this section is devoted to the proof of Theorem 2.1, which is inspired from
the corresponding proof for deterministic symmetric systems. We mention that similar a
priori estimates were used by Mohammed and Sango [52] to obtain existence results for
an hyperbolic PDE with additive random term defined by a finite dimensional Brownian
motion, and in [25], Grecksch and Tudor used a parabolic regularization method to solve
first order stochastic equations similar to (E) in the scalar case.

2.3.1 Energy estimates. Let u € M>(I,(H*)?), f,g € C°(, (H*)?) be such that

u(t) =ug + fo ' au(x, Dyu(r) o du + fo ' be(r, Dyu(r)de
+ f ' £(7) 0 dw: + g(7)d7).
Then by the Itd formula (§2.;) we get:
(2.14) (D) =luol; + L l(<A(T)u(T), u())s + 2Re (f (1), u(1)) )dw(t)
+ fo B, u(t)), dr + % fo Louo), u(t)), dr

+Re fo KA@U(D), f(D)), +2 (D). g1 (1)),
+{a@u(), f@), + @), f@) )

This formula can be obtained in the same way as for the case treated in §2.2 formula (2.7)
where b, f, g are = 0, which explains the main terms A, L.
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Using the boundedness of the family a,, b, and Schwarz’s and martingale inequalities, it
follows from (2.14) that

E sup (@) <Ca(Eluol* + Ef f Au@)IE + 1f @R u@Pdr
0

o<t

. fo (B> + IO + gy (P lu@)dr

+ fo Af @R + Pl @R, u@) + | @)lHdr)

If we set ¢*(1) = E sup,, [u(0)|*, the last inequality yields

¢ (1) <C3{Eluol* + fo [67(7) + ¢(OEIfFOIE )
+ (ElgIH'?) + E|f(0}1dT)

T f
<C{Eluol* + f (Elf(lL,, + Elgi(@[Hdr + f ¢*(7)d)
0 0

which implies by the Gronwall lemma the following estimate:

T
(2.15) E sup [u(9)l; < C(Eluol; + f (Elf @54 + Elgi(DI)d7).
0<T 0
Remark 2.2. We can show that E sup,_; lu()|} is bounded for p > 1 in a similar way:
using the moment inequality for martingales:

(2.16) E sup | My’ < K,E (M),

o<t

we have for all 1 < p < oo and for the following term, obtained when estimating
E supg., |M(T)|3p via the formula (2.14) which expands |u(7)|*:

Esup( | (A@u(r),u()), dw(1)* < K,E( f (A@u(r), u(t))}) dr
0

o<t 0

t
<K,T"'E f C; (u(m), u())” dr
0

!

<K, T 'C? f E sup (u(8), u(0))>" dr,
0 6<t

where we have used Holder’s inequality. The other terms found by expanding E sup,. [u(6)[}

are treated in the same way as for p = 2, so that by setting ¢*(f) = E SUpPy<; lu(6)|?” we get an

estimate of the type:

(2.17) ®*(t) < Elugl”” + C, + C, f H*(1)dt + C3 f P(t)dt
0 0

which implies the boundedness of E sup,_ l(6)?” by the Gronwall lemma (In the following,
by the Gronwall lemma we mean also its extension, cf. Bihari [6]; however, the use of this
extension will not be necessary in general. In the previous case for instance, we can just
note that fot o(ndr<1+T fol ¢*(t)dt and use the standard Gronwall lemma.)
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2.3.2 Construction of the solution.
(a) Preliminaries. Let y € Cg"(IRd) be a test function with y > 0,y(-x) = y(x) and
f x(x)dx =1. Given € > 0, let J. be the Friedrichs mollifier defined by

J)(x) = f Xe(x = yu(y)dy forve L with ye(x) = é/\,/(x/ €).

We recall the following properties:
e J. maps continuously H* into H* := (- H’, equipped with the projective topology, in
particular we have (see [69], Proposition 4.1, p.114):

(2.18) Ve >0, 3Cex > 0: [evlsar < Cerlls

e Friedrichs lemma on commutators: The commutators [J¢, p;(x, D)] remain in a bounded
set of pseudodifferential operators of order m — 1 if the p,(x, D),t € I belong to a family of
bounded pseudodifferential operators of order m; see [69] Theorem 4.1. p. 116 and Remark
4.1. p. 118, see also [13] p. 79 and p.204 for similar results.

The family of operators a,(x, D)J., b;(x, D)J¢ is bounded as a family of L((H $)?): indeed as
by the assumption (i), a,(x, D) is a bounded family in OPS', we have by (2.12) and (2.18):

la;(x, D)Jeuls < CylJeutlse1 < CoColuls, Vt €1

|Jea (x, D)uls < Cela(x, D)uls—1 < CoCeluls, Vt €1

We have the same bounds for b,(x, D)J., J-b:(x, D). Hence a,(x, D)J. and b,(x, D)J are
continuous (bounded) in L((H*)?) and for € fixed their norm is uniformly bounded in z.
Now let us consider the equation:

(&) u(t) =up + f a-(x, D)Ju(r) o dw, + f b (x, D)Ju(t)dr
0 0

+ f (f(r) o dw; + g(1)d7).
0

The equation (&) can be viewed as an SDE in a Hilbert space: du(t) = a.(H)u(t)dw(t) +
be(Hu(t)dt + f(H)dw(t) + g(t)dt with w(r) a Brownian motion and as a.(?), b¢(f) are bounded
operators; the local Lipshitz property holds for the coefficients, and (&) has a unique solu-
tion (see e.g. Métivier-Pellaumail [49] § 6.10 p.74, Métivier [48]).

Remark 2.3. The solution to (£) will be constructed as the limit of the solutions u, of the
SDEs (&) in the Hilbert space H®. The solution u(¢) verifies (&) in the 1t6 and Stratonovich
forms and it has a modification which is a.e. Holder continuous w.r.t the norm of H*; this
property is proved by the same argument that will be used for u (see the §(c.4) in the proof
of Theorem 2.1).

Notation. We set:
A (1) = a)(x,D)Jc + Jea; (x, D) and L(t) = A(t)a,(x, D)J¢ + Jea; (x, D)A(2).

Lemma 2.1. Under the conditions of Theorem 2.1, the operators A(t), L(t) form a
bounded family of operators in OPS®, that is: for all s > 0 these operators are continuous in
(H)? and their norms are uniformly bounded in t and € : |A()|; < Cs4 and |[L(t)ls < Cy
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Jfor some constants Cg 4, Cy .
Proof. For A, we write:
A1) = Je(a; + ay) + [ag, Je] = At)J e + [as, Je]

By assumption (conditions (iii), (iv) of Theorem 2.1), A(¢), L(¢) are bounded families of
operators: |A(H)l; < Csa, IL(H)l; < C, and the fact that a* is a bounded family in OPS'
implies by the Friedrichs lemma that [a;, J¢] is a bounded family in OPS; this implies that
it is bounded in L((H*)?) for all s > 0 by the above mentioned results about the action of
pseudodiffeerential operators on Sobolev spaces, see the bounds (2.12) and (2.13). As for
the family L.(f) we write:

Lc(1) = J(ADa; + a;AD) + [A(Day, Je] = LT + [A(Day, J]

and we use the same argument: L(7) is a bounded family in OPS® by the assumption (iv) and
A(t)a, is a bounded family in OPS' (A(1), a(r) being bounded families in OPS? and OPS'
respectively). |

Using this lemma we can prove as in §2.3.1 (estimate (2.15)) the following estimates:

T
(2.19) E sup |ul; < C(Eluolt + f [E|f(D)IL,, + Elg(r)[11dr),
0

<t

the constant being independent of e.
(b) The construction. Let uy € (H*)?, f,g € C°(I, (H***)*) and u, be the solution to (&£,)
with the above data. Let ve = u — u. Then

dve e =a(t, x, D)Jcve o (f) o dw(t) + b(t, x, D)Jeve o (t)dt
+ fee (1) 0 dw(t) + ge e (D)d1,
with
Jee(t) = a(t, x, D)(Je = Je)ue(l), gee(t) = b(t, x, D)(Je = Je)ue(r).

In order to simplify the proof, we assume that » = 0 and then g = 0; in the proof below,
these purely deterministic terms will give rise to terms that are similar to those which appear
in the deterministic hyperbolic systems and have no interaction with the stochastic terms.

Lemma 2.2. There exists k(e,€’) > 0 with k(e,e’) — 0 as €, — 0 such that for all
ve H,

(2.20) |(Je = Je)vls < k(e, €)lvls41
Proof. Observe that (J, — J.)0)(&) = ($(e€) — $(€'€))d(£), which implies that

[t (e8) — X (€9
|(Je - Je’)U|S < ::]IB' (1 + |§|2)1/2

Then the lemma follows from the fact that (e, €') := supgcgs [{(€£) = (€'é)I/(1+]é 12 -0
ase, e — 0. ]

V] 541
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Lemma 2.3. (u.) is a Cauchy family in My(I, (H*)), namely:
E sup |u(r) — usf(t)lgt —0ase e — 0.
tel
Proof. We have
dlve,e’(t)lg = <Ae(l)ve,e'(t), Ve,e’ (t)>5 © dw(t) + 2Re <fe,e/(t)v Ue,e’(t»s © dw(t)
We write [ve o (#)|? in the It6 form, and using martingale and Schwarz’s inequalities we get:

!
E sup |vE,E'(9)|? < CEf {Alve,e'(T)l4 + |fe,e’(7)|2lve,e'(7—)|2
0

o<t
+ Lee (O + e (O fee D, + fee D)
+ e (MP(Ue = Jo)ax(x, D) eue(T) + f(O,,
+ |fee (D).
We have |fe o (D)5 < Cl(Je = Je)ue(t)|s+1 < k(e, €)ue(?)|s2 by Lemma 2.2, therefore

r
E suplo.o (@) <CE f (o (O + ke, € PPl
0

0<t
+ ke, €) e OPIFDL,, + ke, €) luc(, .

Hence, by setting ¢ (1) = E sup,., |ve«(0)* and using the boundedness of E sup,; |ue(t);
we get

&)< C f (@ (D) + k(. €)bee (7) + (e, €))dr.
0

from which we deduce (by the Gronwall lemma) that E sup,; |ue(f) — ue (t)|‘sL —0ase € —
0. m|

Lemma 2.4. Let u be the limit of (ue) as € — 0. Then u satisfies the equation (£).

Proof. Let

() =u(t) - u(0) - f ' (e, DYu(r)d() — f ' fordu)
0 0

- %aT(x, D)a.(x, D)u(t)dt — f gi(r)dr.
0

We want to show that F () = 0 a.e. Since u, is a solution to (&), we have:
!
F(1) =u(t) — u(t) - f ar(x, D)(u(7) = Jeu(r))dw(T)
0

- % f a-(x, D)(a.(x, D)u(t) — Jear(x, D)Jeu(7))dr.
0

it follows form the boundedness of the family (a,(x, D)) in OPS! and martingale inequalities
that
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EIF()_, <C(Elu(t) — uc(t)l* , + f Elu(t) — Jau(r)>_ dr
0

+ f Elu(t) — u(t)|*dr.
0

Then we get E|F(1)]> , = 0 by letting € — 0 in the last inequality. o

(c) End of the proof of theorem 2.1:
(c.1) Letug € (H), f € COU, (H**")?) and u§ € (H**2)*, f€ € COU, (H***)") be such that

Juf — uoly and Esup|f<(t) - f()l},; — O,

tel

as € = 0. Let u© be the solution of (&) with the data ug, /€. Then u — u satisfies:
(2.21) d(We(t) — u (1)) = a,(x, D)W (t) — u (1)) o dw(t) + (f<() — € (1)) o dux(t).

Let (¢ (1)* = E sup,, [u“(t) — u(e')()|}. The same calculations that give (2.17) applied
this time to (2.21) yields

2.22) (pee () <C fo ((Pee (M)’ + Gee (EIF(T) = [ DL PMdr

T
+ f Elf<(r) - f€ (@lidr + lu§ - u§ I*.
0

But the same energy inequality (2.15) applied to the equation satisfied by ¢ implies that
Esup,, Iue(t)l‘s‘ is bounded by a constant independent of €. Therefore ¢ (7") is bounded.
From this and (2.22), we deduce that

t T
(Pee(t)* <C fo {(@ee (D) + fo Elf<(r) - f @It 2ar

T
v [ E@ - ot g -
0

which implies that ¢ (T) — 0 as €, — 0. Hence u€ is a Cauchy family in M, (I, H®).
Finally, the fact that its limit u satisfies the equation du(t) = a(t, x, D) o dw(¢) can be proved
exactly as in Lemma 2.4.

This proves the existence of a solution to equation (£).

(c.2) The uniqueness follows from the energy estimate (2.15).

(c.3) The Markov property of the process u can be proved as usual (using the fact that w is
of independent increments) see, e.g., Da Prato-Zabczyk [15].

(c.4) To prove the continuity of the solution, we recall the Kolmogorov-Centsov theorem for
metric-space valued processes, see Kallenberg [32]: let (E, d) be a complete metric space,
and X(¢), 1 € I ¢ R? an E-valued process such that there exist C, a,8 > 0:

(2.23) E(d(X(0), X(£')* < Clt — 1" Vt,f €1,

then X(7) has a modification which is almost-surely y-Holder continuous for all y €]0, 8/a[
and this modification verifies (2.23). To simplify the proof we suppose that b = 0 and
f =g = 0; in this case, we have, for the solution u to Eq. (£):
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u(t) —u(t’) = f a(t)u(t)dw(t) + % f a(T)zu(T)dT

and we apply the previous criterion for @ = 4: the quantities E|u(z) — u(t’)l‘s‘_2 are controlled
by the sum of terms like:

T;; = E(If a(T)u(T)dw(T)IJ 2|f a(t) u(T)dT)IJ 2> Lj=0,..,4.

We use the Schwarz and moment martingale inequalities (2.16) to estimate these terms, for
instance:

E| f a(@u(r)dw()|}_, < KE( f la()u(0)l;_,dr)*

<mm@mm@h4fM)

gel
< K Co(t — 1),

where C, = E sup,, |a(0)u(6?)|A , < AE supy; |u(9)|A 1» which is bounded (Remark 2.2). For
the other terms we can show in the same way that 7;; < K|t — ¢k, with k > 2. The estimates
of the terms 7;; which include the quantities la(T)?u(t)|,—» will be done by E sup,, |u(9)|f§,
this explains the continuity w.r.t the norm |.|;_,. (2.23) is then verified witha = 4,8 =1,d =
1 and then y €]0, 1/4[. O

2.4. The case of differential operators and other remarks. (a) The case of hyperbolic
differential systems: In this section we consider the equation (£) where a and b are first
order differential operators:

a,(x, D) := Za/(t x) , bi(x,D) := Zﬁ(r x)
where @/(t, x), Bi(t, x) are symmetric d X d’-matrices; A(f) and the adjoint of a, are given by:

d .
l aal
a,u——Za(t x) u AlHu = — 2 %u
The same formulas hold for b, so that the condition (iii) of Theorem 2.1 is satisfied if the
first order partial derivatives of a/(t, x) and S'(t, x) are bounded. As for L(t) = A,a, + aiA,
we have:

- 9%k c')ak oa’
L(tu = ]Zl[ a ‘axk c')xk axl]u.

The condition (iv) is then satisfied if the o' and their 2d order derivatives are bounded.
(b) Scalar equations: In the rest of this paragraph we focus on the scalar case (' = 1,d = 1)
for simplicity, and we consider the equation (& ):

c du(t) = a(t, x, D)u(t, x) o dw(t) + b(t, x, D)u(t, x)dt + f(t, x) o dw(t) + g(t, x)dt,
N w0, = up(,

with
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a(t, x, Dyu = a'(t, x)0u/dx + a°(t, x)u, b(t, x, Dyu = b'(t, x)du/dx + b°(t, x)u.

Thus, according to Theorem 2.1, for each uy € H*, f € C°(I,H**"),g € C°(, H*), Eq.
(&s) has a unique solution. In the case of regular data ug, f, g, Ogawa [56] and Funaki [20]
gave an expression of the solutions to (£) in particular cases using a stochastic version of
the classical characteristic method. Kunita [39] made a systematic use of this method —
by exploiting the theory of stochastic flows— to study the solution of nonlinear first order
partial differential equations.

We suppose first that a° = b° = 0 and f = g = 0 and denote by ¢,(x) the flow associated to
the stochastic differential equation

dx(t) = a(t, x(t)) o dw(t) + b(x(t))dt.

Then if the initial condition is C!, Kunita [39] showed that the equation (&) has a unique
global solution u(¢, x) in a strong sense, namely:

1 ¢
u(t, x) = up(x) + f al(T, x)(0u/0x) o dw(t) + f b (1, x)(7, x)(Ou/dx)dr,
0 0

and furthermore, u(t, x) = u0(¢l‘1(x)). Funaki showed that the last expression gives a solution
in a weak sense (for a similar equation that (£s) with boundary conditions).

Proposition 2.4. Let uy € H*. Then u(t,-) = uo(gb,_l(x)) is the unique solution to (£), in
the case where f = g = 0and a® = b° = 0.

Proof. It suffices to approximate uy by a sequence u;; € C '(IR?) with |ugy — uols — 0 as
n — oo. Then the solution to the equation (&) with the initial data uy is given by u"(z, x) =
u3(¢t‘1(x)). Now using the energy estimates of (2.15), we get E sup,; [u"(¢) — u(t)|§ — 0, and
the proposition follows from the fact that E sup,; [u"(¢) — u0(¢;1(-))|f — 0 by Lebesgue’s
theorem. |

In the case where a® # 0, f # 0 (and still 5° = 0,9 = 0 for simplicity) the solution to (&s)
has the following expression:

(2.24) u(t, x) ={uo(¢; " (x))

+ fo F(r, ¢ () exp( f a'(r,¢,} () o dw(r)) o dw(z)}

!
xexp( [ 0710 0 duto,
0
where f X(7) oduw(t) denotes the backward Stratonovich integral, taken in H°~2. This expres-

sion follows from the same argument as in the above proof and the results of Kunita [39].

(¢c) Remark on the use of the Fisk-Stratonovich differential. We want to show that
the use of the Fisk-Stratonovich differential in Eq. (E) is essential for obtaining the ex-
istence result. Let us consider a similar equation in which we use the Itd differential:
du(t) = a(x, D)u(t)dw(t). Then we will have:

d (u(t), u(t))s = (u(®), (a(x, D) + a*(x, D)u(t)), dw(7)

+ % ((@(x. D) + a(x, DYyu(t). u(r))_dr,
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and we can not obtain an energy estimate as in § 2.3 because the operator a*(x, D)+a**(x, D)
is unbounded.

In the case of scalar equations solved with the method of stochastic characteristics, the Fisk-
Stratonovich notation is also essential for it allows the use of the same arguments as in the
deterministic case.

(d) Remark on the propagation speed. It is well known that the solution to deterministic
symmetric systems of the form du(t) = a,(x, D)u(t)dt, u(0) = up has a finite propagation
speed, i.e. there is a constant C > 0 such that if uy vanishes on {x : |x| > R} then u(r) will
vanish on {x : |x| > R + Ct}. In the stochastic case, things are different: some coeflicients are
white noises and thus 'unbounded’. Let us consider the simple equation:

du(t) = %(x, 1) o dw(t).

Its solution is u(t, x) = up(x + w(t)). But since sup,, |w(?)| = +oco a.e. when t > 0, we see that
we can not have a finite propagation speed or a finite domain of dependence ([66]) in this
case.

2.5. Comparison with other existence results for SPDEs. Hyperbolic SPDEs have
been studied through several models. To cite only few examples, the stochastic wave equa-
tion in a space-time white noise setting is one of the basic models, see Walsh [72]; see
also the interesting cases considered by Gaveau [21], Hajek [27]. Hyperbolic equations
or systems subject to additive noises are studied, e.g. in Chow [12], Dalang et al. [16],
Lototsky-Rosovsky [46]. Kim [34] considered a system of the form d,u+ ; A;(¢, x, u)0,,u =
>.i filwdw; where the A; are symmetric matrices and the f; are mappings that satisfy a Lip-
shitz condition on Sobolev spaces; this is a non linear model close to the one we study in
this paper, but the last mentioned condition excludes the cases where the f;(u) are first order
operators.

Ascanelli and Sii8 [5] studied a model of linear scalar hyperbolic SPDEs of the type:
Lu(t,x) = y(t,x) + o(t,x)F(t, x), to which one has to give a sense in the framework of
mild solution and stochastic integration with respect to martingale measures; and in [4],
Ascanelli, Coriasco and Sii} considered a scalar stochastic hyperbolic equation of the type
L(t, x, 0t, 0x)u(t, x) = y(t, x, u(t, x)) + o (t, x, u(t, x))Z(t, x) with a space-time noise Z.

Finally, a class of hyperbolic-parabolic equations driven by standard Brownian motions
received interest by many authors, e.g., in Lions, Perthame and Souganidis [43], Bauzet,
Vallet and Wittbold [7] and Gess and Souganidis [23] where the deterministic entropy so-
lution concepts are adapted to the stochastic case; in these cases, the equations are either
scalar or the factor of the Brownian motion is a Lipshitz function of u.

These models can be included in one of the two main approaches to SPDEs: the first one
considers SPDEs as stochastic evolution equations driven by Brownian motion in a Hilbert
space [15], [41], [57], [64]. The second one considers partial differential equations per-
turbed by a space-time white noise (cf., e.g., Walsh [72]). We refer to [16] for an account
and comparison of these approaches and to [36], [45], [58], [22] for further informations and
references. As we are in the Hilbert space framework, we briefly explain why the standard
existence results are not comparable to those of section 2.3. These results are essentially ob-
tained by two methods: the variational method (see Pardoux [57], Krylov-Roszovskii [41],
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Roszovskii [64]) and the semi-group method (see Da Prato-Zabczyk [15] and the references
given there), and they are mainly concerned with parabolic type SPDEs.

(a) The variational method. It is a generalization of the variational approach to PDEs; The
framework is the following: let V be a separable Banach space which is (continuously and
densely) imbedded in a Hilbert space H: V ¢ H = H' C V'’ and we denote by ||.|| and |.| the
norms in V and H respectively. Now consider some operators A € L(V,V’),B; € L(V,H),i =
1, ...,n and the equation:

(2.25) du(t) = Au(t)dt + Bu(H)dw'(t)

with u(0) = uo € H and wi(¢),t € 1,i = 1, ..., n are standards independent Brownian motions
defined on a probability space (Q, F, F;, P). The case of non linear equations is also treated
by this approach. The main assumption is the following coercivity condition: there exist
A,y > 0 such that for all v € V:

n
=244, 0}y y + Al <Al + ) 1BP.

i=1
Under this condition, the equation (2.25) has a unique solution in M>(, V), the set of adapted
V-valued processes u(t),t € [ with E fl lu(t)||> < oco. In order to apply this result to our
situation, we choose V = H*(RY),H = H*"'(RY%). For simplicity we choose s = 1, so
that V. = H',H = L>. Now, let us consider the equation du(t) = a(x, D)u(t) o dw(t) +
b(x, D)u(t)dt, u(0) = uy € H where a,b € OPS!. This equation can be written in the Itd
form:

1
(2.26) du(t) = (Ea(x, D)a(x, D) + b(x, D))u(t)dt + a(x, D)u(t)dw(t).
The coercivity condition for this equation would be: there exist 4,y > 0 such that:
2
(@ +2b), U>H

If we consider the simplest case where a(x, D)u = adu/0x, b(x, D)u = Bou/0x, then, this
condition implies that /lluli2 > 7||M||i,l forallu e H l(]R“!), which is not possible.

2 2 2
g Al = Aol + lavlp,.

(b) The semi-group method. We consider again the equation
(2.27) du(t) = Au()dt + Biu(t)dw' (t).

Here A is assumed to be the infinitesimal generator of a C°-semigroup S () in a Hilbert
space H and u(0) = uy € H with E|ug|* < co. In this approach we look generally for a mild
solution to Eq. (2.27) i.e. u(t) satisfies

u(t) = S (Hug + f S (7)B;u(t)dw' (7).
0

Different assumptions are used; the first one is to suppose that the operators B; are bounded,
in which case (2.27) has a unique mild solution. In the second one, the operators B; are
allowed to be unbounded but the semigroup S (¢) is assumed to be analytic; a third one is to
assume some Lipshitz conditions on A, B;. These conditions are, however, not fulfilled in
the case of (&) or the example of equation (2.26).



908 A. ABOULALAA

3. Small perturbations

3.1. Introduction and preliminaries. This section is devoted to the study of the small
random perturbations of linear hyperbolic systems. More precisely, let u€(-) be the solution
to

(S, dut(t) = Vea,(x, D)u(t) o dw(t) + b,(x, D)u‘(t)dt,
) ub0) = uy € H?,

where a;, b, are smooth families of (matrices of) pseudodifferential operators which satisfy
the conditions of Theorem 2.1. We denote by u(-) the solution of (Sp), the corresponding
deterministic system. We are then interested in the limiting behavior of u°(-) as € — 0. In
the finite-dimensional case, problems of this type have been studied by many authors, see,
e.g., Freidlin-Wentzell [18], Deushel-Stroock [14] for references. In the infinite dimensional
case, similar problems have been addressed mainly for stochastic parabolic equations under
various conditions, see Daprato-Zabczyk[15] for references to earlier works on the subject.
In [11], Chow considered a small perturbation problem for the SPDE:

dut(t) = (Au(r) + Fuc(0)))dt + VeZ(u(0))dw(r),

where A satisfies a coercivity condition (see § 2.4) and X is assumed to be Lipschitz in some
sense. In [59], Peszat considered the same problem in the semi-group framework with a set
of technical conditions which are not satisfied in our case. For other techniques that may be
used in this context see also [9], [62] and the references therein.

The method we use here is an adaptation of that of Priouret [60] in the finite dimensional
case who follows an idea of Azencott [3]. First, we state the following proposition which
shows the convergence in probability of u¢ to u with respect to the norm sup, |v(?)[;_:

Proposition 3.1. For each 6 > 0 we have

(3.28) lin& Pr(sup |u®(¢) — u(t)|s—2 > 6) = 0.

t<T

Proof. The proof is similar to the finite dimensional case (see [18]); we shall give it in
order to explain the loss of two derivatives in (3.28). First, we recall that for € > 0 bounded
(£ 1 say) we have from the previous section

(3.29) Esup [u(t)]* < K < oo,

1<T
for some K > O (in particular sup,_ lu()|* < K). Now by a simple calculation we have
! !
() = w0, =V [ ortutondue) + [ pacyods
0 0
f
+ f (B (x, D)(u(7) = u(1)), u(7) — u(1))_, dr,
0
with

o4(v) = (Ai(x, D)o, 0)s 5 — 2Re (v, a; (x, D)u(0)),_, ,

Bi©) = SUL(x. D)v.v), > = 2Re (v.a*(x. Du(®))
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From the boundedness of the B; and the Gronwall lemma, it follows that

T
WWﬂme@saDQLOWWQ+W®hWMMh

t<T

t
+ Vesup| o (u (7)dw()]].
<7 Jo

From (3.29) and the last inequality we get

E sup [u(t) — u(H|>_, < C'(T)Ve

t<T

(C'(T) is another constant). Now Proposition 3.1 follows from the last inequality. m|

The objective is to give the exact rate of convergence in (3.28). It turns out that this rate

is exponential w.r.t e. More precisely the family of the laws of u€ satisfies a large deviation
principle as in the finite dimensional case.
Let E be a topological space endowed with a o-field 3. We assume here that E is Polish 3
is its Borel o-field (although many results in large deviation theory hold in a more general
setting). A function I : E — [0, +o0] is said to be a rate function if it is lower semi-
continuous. If in addition the level sets {x € E : I(x) < L}, L > 0 are compact, then [ is said
to be a good rate function.

DermniTion 3.2. A family P¢, e > 0O of probability measures on (E, B) satisfies a large
deviation principle (LDP) with a rate function 7 if

- jnt£ I(x) < lim int(“) elog P(A) < limsup elog P¢(A) < — irllAf I(x),
m €

e—0 c

forall A € B.

We shall use the following standard result of large deviation theory (contraction princi-
ple):

Proposition 3.3. Let (E1,d;) and (E;, d,) be two metric spaces and XEI, Xf be two families
of random variables with values in E\ and E, respectively. Assume that the family of laws
Pr(X! € -) satisfies a large deviation principle with a good rate function I and that there is a
map ®© : Ey N{l < +o0} — E, such that:

(1) For all L > 0, Q<) is continuous.
(i) For each h € E| with I(h) < +oco and n > 0 we have

(lsir% lim sup € log Pr(dz(Xg, O(h)) > n, dl(X;,h) <) = —oo.
- e—0

Then the family Pr(X? € -) satisfies a large deviation principle with the good rate function
I'(y) = nf{I(x) : D(x) = y}.

3.2. A large deviation principle. Let u(¢) be the solution to (S,). For notational sim-
plicity we shall drop the index ¢ in a,, by, etc. In this paragraph uy € H” is fixed and we
denote by H°* the space C,, (I, H*),I = [0, T] of continuous paths in H* starting from ug. It
will be equipped with the norm |[|v||s.cc = sup,e; [v(#)|; and the corresponding Borel o-field.
Finally, let P€ be the law of u€(-) which is defined on H°. It is also defined on all * with



910 A. ABOULALAA

s’ < 5. We can now state the main result of this section:

Theorem 3.4. The family (P€) satisfies a large deviation principle in H*~? with the fol-
lowing good rate function

I
(@) = inf(3 fo h(OPdr : () = 6},

where ¥ : Co([0, T],R) — H* is given by

(3.30) Y(h) (1) = up + f a(x, DYY(h)(T)h(t)dT + f b(x, D)Y(h)(t)dT.
0 0

First let us observe that the equation satisfied by W(/)(-) is a deterministic hyperbolic
system and has a unique solution in H*. The rest of this paragraph is devoted to the proof of
Theorem 3.4.

The theorem will be proved by applying the contraction principle (Proposition 3.3) with
® =Y, and Xl = +/ew(-). From the Schilder theorem we know that u¢, the law of Xel,
satisfies a LDP with the good rate function 1,,(h) = (1/2) fOT |h(£)|>dt. Hence it suffices to
verify the conditions (i) and (ii) of Proposition 3.3.

Lemma 3.1. The map ¥ : X := (Co([0, T], R)N{I(w) < oo}, |.lee) —> M~ is continuous.

Proof. Let n > 0 and 1 € H'. Define the polygonal approximation of / by

h((t], + T/n) = h([t],
) = (e} + 0 (1) ",

where we have used the following notation: if ¢ € [iT/n, (i + 1)T/n[ then we set [t],, = iT/n
(i.e. [t,] = [nt/T]T /n). Now let W"(h)(-) be the solution to the following equation:

W (h)(1) = uo + f (a(x, DY, (h)(D)hy(7) + b(x, D)¥,,(h)(7))dT
0

The map ¥, : X — H*~! is continuous since ¥,,(h) depends only on h(iT/n),i = 1, ...,n.
Next, we shall prove that for each L > 0 the sequence W, (h)(-) converges uniformly (w.r.t.
h) on the set X; := (Co([0, T],IR) N {[, < L}), namely:

(3.31) nEIPm 211; I, (M) () = F()()lls-1 = 0.
Let i € X;. We have:
Y@ - ¥, (h)(@) = fo (a(x, D)h,(7) + b(x, D))(¥(h)(T) — ¥, (h)(1))dt

+ f a(x, DYP(h)(T)(l(t) — h,(t))dT
0
and if we set g, (1) = Y(h)(t) — ¥, (h)(1), we get

d{qn(), gu(1)),—1 =((A(x, D) + B(x, D))qn(1), u(1)),_; (1)
+ 2Re (qu(1), a(x, D)qu(1)),_y (h(1) = hy(1))dt

Since ¢,(t) is uniformly bounded in H*, it follows that
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dult) <C fo (BuONn(Dldr + DI (T) — (D7

t T
<C fo (@n (Ol (Ol + 1h(7) = hy(T))dT + C fo |a(7) = hy()ldT

But fOT |h,())dt < fOT |i()[>dt < L (by convexity), hence from the last inequality and the
Gronwall lemma it follows that:

T
Pn(t) < C(f |h(7-) _ hn(‘l’)|2d‘r)1/2
0

On the other hand:
T n (i+1)T/n . . 2
o .o (h((i + DT /n) = h(iT [n))
fo Ih(T) = Iy (7)) dr—; fT . o (T/ny? )t
T (Wi + DT /n) — h(zT/n))2
J— 2 —
- fo h(r)*dt 2 T/n

It is well known that the r.h.s of the above equality tends to 0 as n — oo for i absolutely
continuous and with derivative in L2. This implies that sup, ¢,(t) — 0 and the convergence
is uniform on {A : I,,(h) < L}. O

We shall prove that ¥ satisfies the condition (ii) of the proposition. First we consider the
condition (ii) in the case & = 0 and for a different map in the following lemma which is
proved in the appendix:

Lemma 3.2. Let h € X be fixed and consider ve(t) the solution to the equation
dve(t) = Vea(x, Dyv(t) o du(t) + (b(x, D) + a(x, D)Yh(H))v (t)dt, v(0) = ug.
Then, we have for each n > 0

(3.32) lim sup € log Pr(sup [ve(t) — P(h)(D)]s— > 0, |[Vew|e < 8) = —c0

6—0

(W(h) is defined by (3.30)).

Now, the passage from Lemma 3.2 to the condition (ii) of Proposition 3.3 can be done as in
the finite-dimensional case by the following lemma; for completeness we give its proof.

Lemma 3.3. For each h € X and n > 0, we have:

(3.33) (lsin(l) lim sup € log Pr(sup [u¢(t) — Y(h)(®)|s2 > 1, Velw — hlo < 6) = —
- t

e—0

where u€ is the solution to (&.).

Proof. For € > 0 let w®(r) = w(t) — h(t)/e, t € [0, T]. By the Girsanov theorem, w* is a
Brownian motion under the probability Q¢ with:

h2
(f (Qd ()——f0 ﬁd))

Under the probability Q¢, u€ satisfies
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dut(t) = Vea(x, D)u(f) o dw(t) + (h(H)a(x, D) + b(x, D))u(t)dt
By Lemma 3.2 we have proved that (ii) holds for the above equation when 2 = O i.e.

(3.34) (lsir% lim sup elog Q°(F (e, n, 6)) = —oo,

e—0

with F(e, n,6)) = {sup, [u(t) — P(h)(1)|;—2 > 1, Velule < 6} To prove the lemma we have
to show that lims_, lim sup,_,, €log P(F'(€,7,6)) = —co. But

. dpP dpP
P(F(€,7,6)) = E® 1 pes) aor S @ Flen, 5)))1/2(’%—@)2)1/2'

Using the fact that E exp(~ [ 2/(t)/vedw(r) — 1/2 [} 41*(1)/edr) = 1, it follows that

12 T i)
P(F(e,n,9)) < Q°(F(e,n,0))"/* exp f ——dr,
0
and
€ c 1 (T 5
elog P(F(e,n,0)) < 3 log Q¢(F(e,1,0)) + 5 h=(t)ds.
0
Now, (3.33) follows from (3.34) and the last inequality. ]

4. Pathwise approximation and applications

In this part, we consider the problem of pathwise approximation, also called Wong-Zakai
[73] or Stroock-Varadhan [67] approximation in the case of SDEs. This aims at approxi-
mating the stochastic solutions by the solutions of ordinary differential equations where the
Brownian motion is regularized. To be specific, let (#/),n > 1,0 < i < n be the subdivision
of the interval [0, T'] with ¢/ = iT /n and consider the equation:

(CHE { % = a,(x, Du(t)" (1) + by(Cx, Dyu + f(2, )" (1) + g1, x)

u(0,-) = uo("),
where w"() is the polygonal approximation of the Brownian motion given by:
Auw(t)

w'(t) = w(lth + (¢ - D=

n

We use here the following notation: if 7 € [#/, ¢!, | [, then we set

[1] = £, Aw(t) = w(tl,) - w(t})

and

At=1t, -t =T/n.

i+l i

For each w, the (deterministic) equation (&,) has a unique solution in C°(I, H*) which
we denote by u#". Then we are interested in the convergence of (¢") to u. As we have
mentioned in the introduction, this kind of approximation has been extensively studied in
the case of SDEs, see, e.g., [17]. In the case of SPDEs, Gyongy (see e.g., [24]) stud-
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ied this problem in an abstract variational framework which concerns parabolic SPDEs
while Twardovska [70] obtained other results by using the semi-group method. BrZezniak
and Flandoli addressed this problem in the case of scalar parabolic (possibly degenerate)
SPDEs with an application to scalar first order equation; in fact they use a representa-
tion of the solutions to these equation via a Feynman-Kac type formula which reduces the
problem to proving the approximation for a stochastic flow of an associated SDE. In [65],
Roth considered scalar stochastic hyperbolic equations for which a pathwise approxima-
tion is used together with finite difference scheme in order to approximate the solutions.
More recently, Hairer and Pardoux [28] studied the case of non linear parabolic SPDEs
driven by a space-time white noise by addressing the issue of the Stratonovich integra-
tion for space-time Brownian motion, and in [74], Yastrzhembskiy considered the SPDE:
du(t,x) = [a’(t, x)D;ju(t,x) + f(u,t,)ldt + Y, gr(u(t, x))du*(t), for which he proved a
pathwise approximation result and a Stroock-Varadhan type support theorem in a suitable
path space.

These results do not seem to be applicable for the hyperbolic systems (£). Instead,
we observe that the approximation is valid if the operator are bounded, like in the finite-
dimensional case. In the general case, we approximate the operators by a family of bounded
operators and we prove a uniform estimate (Lemma 4.1). In section 4.2 we prove a support
type theorem for the SPDE (&) which extends the Stroock-Varadhan support theorem for
SDE:s (see [67], [30]) to the infinite dimensional case of hyperbolic systems (&), and in sec-
tion 4.3, we mention an application of the pathwise approximation to the random semigroup
associated to Eq. (£). The results of this section, especially Proposition 4.5, are used in [1]
to extend the Hormander propagation of singularities theorem for the stochastic hyperbolic
equations considered in this paper.

4.1. Wong-Zakai type approximation. The purpose of this section is to prove the fol-
lowing

Theorem 4.1. Under the assumptions of Theorem 2.1 we have:

lim E sup |u" () — u(t)l* , = 0.

n—oo tel

For the sake of simplicity, the proof will be done in the following case: b =0,f =g =0
and we shall assume that the operator a,(x, D) does not depend on ¢. It will appear that the
proof is valid for the setting of section 2.

Let J., € €]0, 1] be a Friedrichs mollifier and consider the solutions ¢ and u“" to the equa-
tions

(&) 1 du(t) = a(x, D)Ju(t) o dw(t)

(Een) : du®"(1) = a(x, D)Ju"(Hw" (1)dt

with the initial conditions u€(0) = u®"(0) = uy. Let y*" = u®" — u®. The proof of Theorem
4.1 will be based on the following theorem and lemma.

Theorem 4.2. For each fixed € > 0 we have

lim E sup [u"(t) — u(1)|* = 0.

n—o0 tel
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Proof. As the operators a(x, D)J. are bounded for each € fixed, this theorem is proved
in the same way as the corresponding result of Nakao-Yamato [53] in the case of stochastic
differential equations. |

Lemma 4.1. There exist two functions a(e), B(n) with a(e) — 0 as € — 0 and B(n) — 0
as n — oo, such that

Esup |u"(1) = u" (0]}, < a(e)(1 + B(n)).

tel

The proof of this lemma is made in the Appendix.

Proof of theorem 4.1. Let ¢ > 0. By Lemma 4.1, there exists ¢, > 0 such that
Esup,g; [uc"(t) — u"(t)l?_2 < ¢ for all n > 1. On the other hand, by Lemmas 2.3 and 2.4
we can choose € such that E sup,; [u® (¢) — u(t)lf_2 < 8. Now Theorem 4.2 with € = € im-

plies that there is N > 1 such that E sup,; [u®"(t) — u® (t)lf < ¢ for all n > N. Summarizing,
Esuplud" () —u(@®?, < 3(Esuplu(t) — u"(0)*_, + E sup [u"(t) — u (1)|?
tel tel tel

+  Esupu“(t) — u(0)>,)
rel

IA

96

for n > N, which completes the proof of Theorem 4.1. O

4.2. Application to a support theorem. In this section we apply the previous pathwise
approximation to prove a support theorem for the equation (£). Several extensions of this
theorem to infinite dimensional settings have been carried out. In [2], Aida proved a support
theorem for diffusions in a Hilbert space where some of the complications of the infinite di-
mension are pointed out, and Nakayama [54] proved a support theorem for the mild solution
to equations of the type dX(r) = AX(t)dt + b(X(¢))dt + o(X(¢))dB(t), where W is a cylin-
drical Brownian motion, A is the infinitesimal generator of a (C®)-semigroup (S (¢),1 > 0)
of bounded linear operators on H, and b, o are bounded and Lipshitz (which, as mentioned
before, is different from the case we consider: for the system (&), the factor o (X(¢)) is a
linear unbounded operator) .

In the case of parabolic SPDEs similar results have been obtained by Gyongy [26]; the
same problem has been addressed for space-time white noise driven SPDEs of hyperbolic
type by A. Millet and M. Sanz-Solé [51].

As in Section 3, let H, be the space of continuous maps [ — (H*(RH)? endowed
with the norm sup,; [vl; and the corresponding Borel o-field. We know that the law P,
of the solution to Equation (£) defines a probability measure on 7—[;0‘2. In this section we
describe the topological support of P,,, that is, the smallest closed subset A of H,‘jo‘z such
that P,,(A) = 1. Let H* and H,’ be the sets of ¢ : I — R which are respectively infinitely
differentiable and piecewise infinitely differentiable, with ¢(0) = 0. To each such function
we associate the solution (v(t, @), ¢ € I) to the following first order system

(4.35) du(t) = a,(x, D)Yv()¢(t)dt + b(x, Dyv(t)dt, v(0) = ug
As in the finite-dimensional case, we define

S = (u(t,¢): p e H®), S =(vt,4): ¢ € HY),
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In this section we shall assume that the family a,(x, D) satisfies the additional condition:

(iv’)the operators M(t) := L(t)a(t) + a*(¢t)L(t) form a bounded family in oPS°.
Then we have the following result which extends the Stroock and Varadhan support theorem
([67], [30]) to the infinite dimensional case of Eq. (£):

Theorem 4.3. The support S(P,,) of P, is equal to S = §ZU where the closure is taken
in H3-2.

Proof. First, it is easy to see that S = 5;0. Next, forn > 1, let PZO be the law of the
solution " to (£,). Then Q"(S™") = Q"(S,) = 1 for all n. By Theorem 4.1 it follows that
P, — P, weakly, which implies that Puo(guo) > lim sup P’;O(guo) = 1. Hence S(P,,) C

upy

S™. The inclusion S c S (P,,) is a consequence of the following

Theorem 4.4. Let ¢ € H* and n > 0. Then under the additional assumption (iv’) we
have

(4.36) lim Pr(sup |u(, w) — u(t, )ls-2 > nliw = ¢l < 6) = 0.

tel

This theorem is proved in the Appendix; the proof consists in reducing the theorem to the
case of a stochastic evolution equation with bounded operators which could be treated as in
the finite dimensional case.

4.3. Application to the random evolution operator. One of the main applications of
Wong-Zakai type approximations in the case of a stochastic differential equation is the con-
struction of its stochastic flow of diffeomorphisms. In this paragraph we give a similar
application which will be used later in the study of the singularities of Eq. (£). For nota-
tional simplicity, we still consider the case where b = 0, f = g = 0. Let U(?, t)¢ denotes
the solution to the forward equation:

!

(Er): u@®)=¢+ f a.(x, Du(t)odw(t), 0 <t <t<T,

where ¢ € H® (we could also assume that ¢ is random and F,-measurable). Now, let us
consider the backward equation

(&) : u(t')=¢ - f a(x, D)u(t) o cfw(‘r), 0<r<t<T,

where ¢ € H*. For a fixed ¢ €]0, T] we denote by F,, the o-field o(w(t) — w('),t’ <7’ <
T<1).

Proposition 4.5. (i) The equation (Eg) has a unique solution (u(t'))o<y < which is Fy ;-
adapted. We denote it by Up(t, 1" )¢.
(ii) We have Up(t, 1" U(t', 1) = Up(t, 1" U(t',t) = Id, a.e.

Proof. (i) is proved exactly as in the case of forward equations. Also, the Wong-Zakai
approximations holds for backward equations.
(ii)Let us denote by U ]’Z(t’, )¢ and Uy (t', 1)¢ the solutions to the following equations
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u(t) = ¢ + f a(x, Dyu(t)w"(t)dr,

!
u(t')y = ¢ — f a.(x, D)u(t)w" (7)dT.
P
Then we have for all ¢ € H*:
U,(t, t')U}’-(t', Ne = U’;.(t’, HU (1) = ¢.

Now the assertion (ii) follows from the approximation theorem of this section. m|

5. On the regularity of laws of the solutions

In this section we consider the equation:
! !
(5.37) u(t) = ug + f a(x, D)u(t) o dw(t) + f b (x, D)u(t)dr,
0 0

in the scalar case, where uy € H*(R?) and a,(x, D), b,(x, D) are smooth and bounded families
of pseudodifferential operators in OPS! such that their principal symbols are imaginary. By
Theorem 2.1, there is a unique solution to (5.37) in M>(I, H*). We shall assume that s > d/2
so that x — u(t, x) is continuous for each ¢. Then we are interested in the regularity of
the law of the random variable u(z, x) for a given (¢, x). Similar problems of regularity
of laws have been studied for other classes of stochastic partial differential equations of
parabolic type in the case of one parameter driven white noise such as the Zakai equation of
nonlinear filtering. On the other hand the same problems have been addressed for parabolic
and hyperbolic equations in the case of space-time noise (and one space dimension). See
Nualart [55] for references.

We recall now some definitions and notations of the Malliavin calculus. Let X be a Hilbert
space. We denote by S (X) the set of “simple” X-valued random variables F of the form

Fw) = fw(ty),...,w,)), 02 <...<t,<T,

where f : R” — X is a function which, together with all its partial derivatives, has a
polynomial growth. We denote by H the Cameron-Martin space i.e. H := {h € H'(R) :
h(0) = 0}. Given h € H and F € X, the derivative of F' in the direction 4 is defined by

d n
DiF(w) = —leoF (w+ €h) = ) 8if wh(t).

i=1

The gradient of an X-valued random variables is the operator D : S (X) — L*(Qx[0, 1]xX)
defined by

DF := ) dif@)las,

i=1

so that

1
D,F = f DyF.h(0)d0, he H.
0
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The operator D is closable in LP(Q,X),p > 1 and D' will designate the domain of its
closure in L*(Q x X) (still denoted by D). We recall the following criterion of absolute
continuity of laws (see [55]):

Proposition 5.1. Let F be a real valued random variable in D"*(R). Assume that
(5.38) IDFl20.1p > 0 a.e.
then the law of F is absolutely continuous with respect to the Lebesgue measure.

Now we return to Equation (5.37). We first state the following

Proposition 5.2. Let u be the solution to Eq. (5.37). Then for each t € I we have u(t) €

D"“2(H*"2) with Dgu(t) = 0 if > t and

! !
(5.39) Dou(t) = ag(x, D)u(6) + f ag(x, D)Dou(t) o dw(t) + f bo(x, D)Dgu(t) o dt
0 0
In other words,
(5.40) Dou(t) = U(8, Dag(x, D)u(9),
where U(6,1) is the stochastic evolution semigroup associated te Eq. (5.37).

Proof. For the sake of simplification, we suppose that b = 0. Let € > 0 and u® be the
solution to

u(t) = up + f a(x, D)Ju (1) o dw(7).
0

Since the operators a,(x, D)J are bounded in H*, it can be shown that u¢(¢) € D"2(H*) for
teland

Dout(t) = ag(x, D)Ju(0) + f ag(x, D)DgJcu(t) o dw(T).
0

The proof of these is exactly the same as for finite dimensional SDEs, see e.g. [55]. Next
we shall show that Duc(¢) is a Cauchy family in L>(Q x I x H*™?). Before doing this, we
remark that

(5.41) sup sup Engzf(t)lf:_l < 400,
O<e<l1 el

Indeed, for 0 fixed we have
1
dIDgus (DI, = (Ac(t)Dgu (1), Dgu (1))5_1 dw(?) + 3 (Le(t)Dgu(t), Dgu())5_1 ,
where we have used the notation of section 2. Hence

.
E|Dgus (1)}, < C(Elu(0)[! + f E|Dguf ()|}, dr
0

which implies (5.41). Now to show that Du¢(¢) is a Cauchy family, we have to estimate
Ve ?(t) := Dgu(t) — Dyuc (1) which satisfies

dvE’E,H(t) = a;(x, D)Jeve (1) o dw(t) + a(x, D)(Je — JE/)DguEI(t) o dw(t).

To this end, we use (5.41) and the same calculations as in 2.3.2 (b). We omit the details. Now
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we have: u(r) € D> (H*~2) and Du(r) is the limit of Du(r) in L*(Q x I x H*~2). The fact that
Dgu(?) satisfies (5.39) for 0 < 6 < ¢ can be proved easily by showing that E sup,.; |Dguc(t) —
vg(t)lf_2 — 0 as € — 0; here vy(7) is the solution to dvg(t) = a,(x, D)vg(t) o dw(¢) for t > 6 and
vy(0) = ag(x, D)u(). m]

ReMARK 5.3. We also see that for i € H, Dyu(t) satisfies

Dyu(t) = f[ a-(x, D)Dyu(t) o dw(t) + ft a-(x, D)u(T)h(T)dT
0 0

From this equation, we deduce an equivalent form of (5.40) (“Duhamel’s principle”)
t
Dyu(t) = f U(t, Ha.(x, D)u(t)h(t)dr.
0

We return now to the absolute continuity of the law of u(z, x) for a given (¢, x). We assume
from now on that s — 1 > d/2. This implies that u(z, x) € ID"?(R). To see this, we note that
if s > d/2 then uf(t, x) € D"*(R) and (5.39) can be written ‘pointwise’. This is done as in
the finite dimensional case; indeed it suffices to estimate the pointwise norms by Sobolev
norms. Now assuming that s — 1 > d/2, we get from (5.41) that

(5.42) sup sup E|Dgu’(t, x)|* < C sup sup E|Dgu ()|} < co.

0 € 0 €
Since uf(t, x) — u(t, x) in L*(Q), we deduce from (5.42) that u(f) € ID'*(IR), by using e.g.
Lemma 1.2.3 in Nualart [55]. Furthermore, from (5.39) we deduce that

Dou(t, x) = (U0, tag(x, D)u(9))(x), 0 <0 <t.

Using Proposition 5.1 we see that a sufficient condition for the law of u(z, x) to be absolutely
continuous w.r.t. the Lebesgue measure is

(5.43) f t (U8, Hag(x, D)u@)(x)*d6 > 0, a.e.
0

Since we know that U(6,t) : H® — H* is continuous for almost all w we deduce that 6 —
U8, Hay(x, D)u(6) is continuous (w.r.t. the norm |.|gs-1) and then 8 +— (U (0, H)ag(x, D)u(0))(x)
is continuous a.s. Hence a sufficient condition to have (5.43) is

|U(¢t, H)a;(x, D)u(t)(x)| := |a,(x, D)u(t)(x)| > 0 a.s.
or
U0, Hao(x, D)ug(x)| > 0 a.s.

To go further, let us see the particular case of differential operators: a,(x, D) := a'(t, x)d/0x',
b(x,D) := bi(t,x)0/0x" for which U(0, f)v(x) is given by Eq.(2.24). This implies that a
sufficient condition for (5.43) to hold is that

ao(x, D)ug(x) # 0 for all x.

In fact, to deduce this last condition we have used the strict positivity of the semi-group
U(0, t) in the case of differential operator i.e. U(0, 1)¢p(x) > O for all x whenever ¢ is contin-
uous and ¢(x) > O for all x. Now the remaining question is whether the semigroup U(0, ?) is
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“strictly positive” when a(x, D) is a pseudodifferential operator.

6. Appendix: Proofs of some technical lemmas

In order to simplify the proofs and notations, we suppose that the operators a,(x, D) and
b,(x, D) do not depend on the time variable ¢, and they will be denoted by a, b; this will be
therefore the case for the operators A;, B; and L, which will be denoted by A, B and L.

6.1. Proofs of the lemmas related to small perturbations. Proof of Lemma 3.2. The
proof of this lemma will use the following:

Lemma 6.1. Let Zi(1),i = 1,2,3,1 € [0, T] be three adapted processes such that
dZ,(t) = €Z(1) o dw(t) + Z5(1)dt,
|Z2(0)] < AcZy(r) with A, > 0,

fT |Z3(1)] N |Z>(1)] N |{Z>, w), |
o Zi(r)  Zi()? Z(1)

Then, assuming Z1(0) = 1, we have

ldt < K a.e.

— 2
Pr(sup Z1(0)] > M) < expl- 25X KL

1.
1€[0,T] 2T62A%

Proof. Lety > 0. By the stochastic calculus rules and It6 formula we have:

dlog(Z(t) +y) =m o dZ(1)
_._ 50 Z5(1)
“Zn+y Ot "
R0 . B0 (Zo.w), Z(1)
207" 2z " T 2z Tz +y

Then, using the assumptions of the lemma we get for € < 1:

(6.44) [1og(Z1 (1) + y)l < [log(l +y)l + K + sup €| O

dw(7)|.
<t Jo Zi(m) +y )

Now the lemma follows from the exponential inequality for martingales; we recall a partic-
ular case of this inequality that will be also used in the proofs of some lemmas below: if M,
is a martingale such that (M), < ct, Vt € [0, T] for some constant ¢, then for a > 0:

(6.45) Pr(sup M, > at) < e~ 7/

<T
See, e.g. Revuz-Yor [63] (Exercise 3.16, p. 145). In our case we take:
!
Z>(7)
M, =¢€ ——dw(t
=d [ ZATdu)
and we have:
rZy(1) .
o (Zi(r)+v)?
<e*A’t

(M), =€
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By letting y — 0 in (6.44) we get:

logM - K
Pr( sup |Zi()] > M) < Pr( sup M, > wn
t€[0,T] 1€[0.T] T
< CXP[_ T2 X ZEZA%] = exp[_ng]
where we have applied (6.45) with ¢ = €?A2 and a = (log M — K)/T. O

Now we turn to the proof of Lemma 3.2. Let us denote g.(t) = v°(f) — Y (h)(¢) and:
F(e,n,0) = {Sl?p (1) = P (W) (D)ls-2 > 1, Wewlw < )}
First, by a standard localization argument, v¢(f) may be assumed bounded in H* 2. Indeed,
let 7€ be the stopping time defined by:
¢ =inf{r : o) = P(W)D)|s2 2} AT
then we have:

{sup [v°(1) = ¥(W(D)ls-2 = 1} = {sup (1) = Y(M)(D)ls-2 > 7).

t<T 1<t€

But if < 7€ then [v*(1)]s—2 < sup,. [P (h)(D)]s—2 + 7 =: M. Hence we have:

(6.46) F(e,n,0) = FN{t <1 c Fn{suplv()|y < M}.

t<T

Next, we have:
V(1) = P(h)(1) = f Vea(x, D)us(t) o du(7)
0

+ f (a(x, D)h(t) + b(x, D))(u (1) — Y(h)(7))h(T)dT,
0

which yields:
(qe(0), ge(D) -, =Ve j; o (D)dw(t) + fo B (T)dr

+ [ a1 D) + B DY),
where g(f) = v°(t) — Y (h)(¢) and
T (0e(1)) = (1), ACx, DYV (1),- — 2Re (v°(), a" (x, D)P(R)(D) 5.,
Be(1)) = (L(x, DY (1), 0°(0)), 3 + (v°(2), a”(x, D)P()(T))

Using the boundedness of A(x, D), B(x, D) and fOT h*(f)dt it follows by the Gronwall lemma
that:
9

qe(t) <C sup Ve 0 (v(7))dw(T)|
0e[0,T] 0

T
+ef |B(ve(T))ldT.
0
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Then, according to (6.46), we have F(e,n,0) = F; U F, with

ONTE

Fy = {Zurpwa ) T(v(D)dw(7)| = 7*/C, Velwlo < 6},

T
Fr = (e f B e > 171C,suplF (0] < M, Velule < 0).
0 1<T

By the boundedness of L(x, D) and sup, [Y(h)()s, we have Fa(e,n,6) = 0 for € < € with &y
sufficiently small. Now, for n > 1 we set: v>¢(¢) = v°([t],)) and we have for y > O:
Fi(e,0,n) C A(e,y,n) U B(e,n,y,n) U C(e, n,6,n)
with:
A(e,y,n) ={§BTQ o°(1) = v (D=1 > ¥},

B(e,n,y,n) ={sup [v°(t) — v*"(1)]s—2 < v,

Su? Ve | (o (v*(7)) — (" (7)))dw(T)| > 77 /2C},
C(e,n,6,n) ={sup Ve | o (v))dw(t)| > °/2C, Ve sup lw(t)| < 6.
t<T 0 !

First, observe that ¢ is uniformly Lipshitz (constant k) on {y € H'2 1 lyls—» < M}; hence
if [u(f) — v*"(0)ly < ¥ and [v(?)|; < M then Velo(v¥(r)) — (v (1)) < ky+/e. Then, by the
exponential inequality of martingales (6.45), we have:

774

(6.47) Pr(Be.n.y,m) < 2exp(- g7 1752

).
Next, we turn to estimate Pr(A(e, y, n)). We have

!

vE(f) — v5"(t) = Ve a(x, D)v(t) o dw(t) + f (a(x, D)o (T)h(t) + b(x, D) (7))dT.
[t]n

[I]ll

hence:

! !

Y(UE)(T)dw(T)-f-f Z%)(1)dT,
[7]n

@) = v (@), v(0) = (D)0 = f

[t])l
with:

Y(0)(7) =Ve (A(x, D) (1), v°(7)),-p — 2Re {a(x, DY (7)), ,

1
Z(°)(1) =5 (Lx D(0). v°(1)), = 2Re (@ (x. DY (1). (1)),

+2Re (v°(7) = v°"(7), a(x, DY (D)h(T) + blx, DY (D)) .

On the other hand we have:

Pr(A(e, y,n) < Pr(A(e, y, n), sup v“(D)l; < M) + Pr(sup v ()]s > M).

t<T t<T

Now let Z,(¢) = [v(1)|>. By the It6 formula it follows that:
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(6.48) dZ,(t) = VeZy(t) o dw(t) + Z3(t)dt
where Z,, Z3 are given by:
Za(t) = (ACx, DYU<(1), v (1)),
Zx(1) = % (L(x, Do (1), v°(1)), + ((B(x, D) + A(x, DYh(H)v (1), v°(7)) .

By the boundedness of the operators A, B, L, we see that Z;, Z, and Z3 satisfy the assump-
tions of Lemma 6.1 (which we use with /e in the Eq. (6.48) instead of the corresponding e
of the above-mentioned lemma; we also use the fact that fOT |h(t)\dt < fOT(l +h(H)H)dt < o).
This implies that there is a constant K such that:

. (log M — K)?
(6.49) Pr(suplo’ (Dl = M) < exp( ATA.e )

Where A, is a bound of the operator A = a + a*. Next we have

Pr(A(e, y,n), supp“(Dl; < M) < Sy + S,

t<T
where:
-1 IATE
i = Z Pr(Ye sup || Y@A@)MR@] > 4 sup 0 < M)
_ eliT /n,(i+1)T /n] iT/n t<T
n-l1 AT
Sy = » P sup | 1Z@)(D)ldr > ¥* /4, sup [v(1)]s < M).
= t€liT/n(i+1)T/n] JiT/n i<T

Noting that for # < 7€ we have that |Z((v)(¢))| < CM(1 + |h(¢)]) for some constant C, we get:
(i+1)T/n
S, < nPr( CM(1 + |h(r))dt > y*/4) =0
iT/n
for n > ng sufficiently large. Also, concerning S, we have |Y(v°(¥))] < CM and by the
exponential inequality (6.45), we get

n—1 4
Y

$1% 225y ey
hence, for n > ny we have:
4 4

ny
T SO

(650) Pr(A(€ v,n ) <2n exp( m

)

provided that ny is sufficiently large.
Finally, as regards C(e, 7, 8, n), noting that on {ve|w|., < 6}:

Ve f o (" (1)dw(T)| < Vel Z o (W(iA))Ww((i + DA,) — w(iA,)| < 2C"Mn,
0 i=1

we get: C = 0if 6 < n>C’/MCn. To summarize, let R > 0. By (6.47) there is a real vy > 0
such that: for all n > 1 we have

-R
Pr(B(€, 1. 70,1)) < exp(—).
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By (6.49) there exists M > 0 such that

R
Pr(sup [o°()* = M) < exp(=—).

ti<T

By (6.50), (v0, M being fixed) there exists n; > ng such that

R
Pr(A(e, y, ny, sup [ (D[} < M) < exp(——),
€

t<T

and if we choose § < & := n>C’/CMn, (so that Pr(C(e, 5,6, 1)) = 0 we get
-R
Pr(F (e, 0,m) < 2exp(—),
€

i.e elogPrF (e, 0,n) < —R + 2¢€, which completes the proof of Lemma 3.2. m|

6.2. Proofs of the lemmas related to pathwise approximation and support theorem.
6.2.1. Proof of Lemma 4.1. First we state the following lemma which will be used in
the proof.

Lemma 6.2. Let u" (1), u®"(t) be the solutions to &,, &, respectively, with the same initial
value uy € H®. Then

Esup |u"(0)f§ + E sup [u“" (1)} < C,

tel tel

where C is a constant which depends only on E Iuolf (and not on n, €).

Proof. We have:

W' (), ' (1)) =luol} + fO t (Au" (), u" (7)) w*(T)d7
=luol? + fot Ad"([x]), u"([xD) " ([rDdT
+ fo t(<Au”(T), u([7])) — Au"([7]), W' ([xD)w" ([rDdT
=luol; + fo (A, Dy o)

" fo (L' (ex) i (e)) (@ (D) (x — [T,

where ¢, €][7],7[. Let p"(r) = sup,, Iu”(T)If, then using the boundedness of A, L and the
martingale inequality, we get:

t
E sup Iu”(T)If. < Cf E sup |u”(0)|§d7'
0

1<t 6<t

' 2 @ =1]) ,
+ CE( fo a(cP(Bu(m)* == dy

The use of Schwarz’s inequality for the last term does not permit to conclude (via the Gron-
wall lemma). However we have:
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4
Claim: E( f e (Bw ())2((A )2])61) <c f sup @) E 1 g
0

o<t (Aty*
Using this and denoting ¥"(t) = E sup,, |u"(7)[® we get
(= [7*
w(t)<cf¢/()1+ a0 - )dr

Since:

Tt Z f -[t, _T
(AT)* T Ar (At 5]

Ti

0

we get by the Gronwall lemma:

Esup "0} = ¢'(T) < Eluol?(1 + " (1 + T/5)).
t<T

Proof of Claim. We write for 8 €][], [7]"[:
0

<u"(9),u"(9)>=<u"([9]),u"([9])>+f{}(Au"(ﬁ) u' ()

w(T)

and then:

W OF < (7D + C f[ e R

By the Gronwall lemma this yields:
|Mn(0)|2 <u ([T])lzeAAArM(e [T])

Now, using this inequality and the fact that the increment Aw([7]) is independent of the Fi
(and then on u([7])) we get:

E( f i (c)P(Aw ())2((A gz])d )t <T? fo dr[Elu"([])*X
a8l oo (r—[D*
X E(e 5 T (Aw(r))d ——2— B —
But:
Ee D (Aw(r))? —f o X AT s gy
VITAT
=(A7)* f o D=y
5(AT)4fe4Aﬁ|xl_%dx.
Consequently,
[T])4

(= 7)) (T
E( f (e (B =)' < € fo E sup " O)f =5 —d
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This proves the claim and the uniform boundedness of E sup,; [u"(¢)|®. The proof is similar
in the case of u". O

Proof of Lemma 4.1. We have, with y*" = u®" — u¢:

dy*"(t) = aJ y®" (Ow(t)dt + a(Ju" — u™)w(t)dt
d{y" (), y" (1) =(Aey="(®), y~" (1)) w(r)dt
+ 2y (1), a(Jaud" (1) — W (1)) w(n)dt,
with A, = aJ. + J.a*. We rewrite the above equation as
0.0 = [ €A D D)
+ 2y " ([r]), a(Jeu" ([7]) — " ([TD)Dw()dT

+ fo (Aey™" (), y" () = (Aey™"([7]), y*"([TD))dT

+ fo 2" (1), a(Jeu" (1) — u"(7)))
— (7)), aleu (1) — u"([TD))uA(T)dT.

Noting that for an adapted process G we have fot G([thw(r)dT = fot G([t])dw(T), we get

Y"1, y=" () = fo A (D, g (D)

+ 2" (7)), a(Jad"([1]) — u"([7]))))duw(7)
+ fo Ly o).y )
+ (Y (co), KT (c2) = u" (e} (r)* (7 = [t]dr
- [ ), ala(e) - an' ()
+ (Y (), Jea" a(J e () — W' (D))} (D)) (7 — [t])dT
[ tatat ey - e, ar e - e
x (u(jm)z(r — [t]dx,

where we have set L, = J.a*A. + Acale, K. = AL + Aca and ¢, ¢, €][7], 7[. Let:

Z°"(t) = sup ly" (DI},

T<t

Then from the boundedness of the last two operators, martingale and Schwarz inequalities
it follows that:
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EZ"(t) <CE f (1) + Z DL ()T
0
+CE f (1) + NFIOWR, (D)D) (7 — [1Vdr
0

+E f vl () (r - [t])dr
0
Z:II + 12 + 13,
where

Wyl (6) = sup " (1) — " (D)lss1,

<t

Wl (1) =sup |K(Jad (1) — u" )]} + la(Jea™ () — a (1))}

<t

+ | Jea a(Jeu" () — u™ ()12,
Yl () =la(Ju(t) — u" () la(Jca (1) — au" (1)];.

Now, using Lemma 2.2 we get:

Esup(y ,(1)* < Esup e (1) = " (D)}, < 1(E Suplu (Col T

<T

and similarly

E sup(y,,(1)* < aa(e)E sup " (7).,

7<T

Esup},,(1))* < a3(e)E sup " (@[5,

<T

with a;(e) = 0as e — 0,i = 1,2, 3. Hence, denoting

¢e,n(t) = EZE’n(t),

it follows that

L<c fo (Gen(®) + VBen@Dar(©)dr.

For the term I, the direct use of the Schwarz inequality does not lead to the good estimate;
instead we proceed as follows:

L <16 f (ben(D) + VberDEWL,) )1/2)(T(A )4) dr

+ f EZ" (D' + (EE" @) HEWL,@)H)' ]

- [7])?
(At
Here we have simply used Schwarz’s inequality and EX(Aw(T))* < 16(AT)*E(X) +

E(X1(aupr)254a7) for a random variable X. We recall that w(z) = (Aw(?))/At with At = T /n.
On the other hand we have:

X (EAW)* Lyaoppand) > LD g
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+00 8

2
E(Aw(t))81 w24 52[ = /XAy
(Aw)?24At o ’_Zﬂ'At

<Ce !/M,

Now, using Lemma 6.2 which implies that E(z*"(T))?, Ez¢"(T) are uniformly bounded
(w.r.t. n and €), we get:

(17— [T])2
L <C (¢en(7) + V¢en(7)02( ——— (AT )4 dr

Cf %f&z(e)(‘r—[r])zdr

2
<cbf<¢ﬂmﬂ+-v¢wxnaxo((Ag})d +BAD),

with (A7) — 0 as Ar — 0. Finally, for the term /3 we have:

[7])?

172 8 1/2(7'
I < fwmn>wm>> —

( —
SCCY3(E)](; W < Cas(e).

Now, since we know that ¢, ,(?) is bounded, we can estimate the terms /@, ,(f) by a constant
and we get an estimate of the form:

(r =[]
(A7)?

and the use of the Gronwall lemma completes the proof of Lemma 4.1. m|

@wMC£%mm )T + a(e)(1 + B(AT)),

6.2.2. Proof of Theorem 4.4. Let J, be the Friedrichs mollifier J;,, and let us denote by
u(t, ¢) the solution to Eq. (4.35) and u,, the solution to:

(6.51) du,, = a;(x, D)J,u, o dw(t) + b;(x, D)J,u,(t)dt, u,(0) = ug

To prove Theorem 4.4, we shall reduce its assertion to proving the same limit (4.36) for the
solution u, to Eq. (6.51), for which the operators a,(x, D)J, and b,(x, D)J,, are bounded and
this can be done as in finite dimension; this is the purpose of the lemma 6.5 below. The
reduction to this case is done via the following two lemmas:

Lemma 6.3. For A > O sufficiently large we have:

P1(6,n) := Pr(sup sup |u, ()]s > Allw]e < 9) < cexp(—c’(logA)z),

n tel

( c is independent of 6 €]0, 1]). Also
P’ (6) := Pr(sup |u(?)|s > Allwle < 6) < cexp(—c’(log A)?).
tel

Lemma 6.4. There exists N > 1 such that:

lim sup Pr(sup |u(t, w) — un(t, w)l;—2 > 7, Sup suplun(t)l < A, suplu(®)ly < Allwle <6) =0
6—0 tel tel
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Lemma 6.5. Letn > 0. Then for each N > 0 fixed, we have:

(15ir% Pr(sup [uy (2, w) — u(t, $)ls—> > n, sup sup [u, (1|5 < A, sup lu(®)ls < Allwle < 6) = 0.
n t tel

- tel

For the sake of simplicity we will prove these lemmas in the case b = 0.
Proof of Lemma 6.3. Lety > 0,n > 1 and Z,(¢) := |”n(t)|%- Then by the It6 formula we
have:

(At (1), 1, (7))
o Zu(D+y
(A (7), un (7)) s w(1)
Zn(T) +y
[ LD, un (1))
0o (D) +y)
" (Anttn(7), Uy (1));
0o (Zu(1)+y)?
(Anttn (1), (7)), w(T)
Zn(T) +y
_ ! <Lnun(7), un(T»s
0o (D +y)
" (At (), (1))
0o (Zu(t)+y)?
1fvmmmwmﬁ_me%ﬁm
0" (Zu(1)+y) (Zu(T) +7y)

2
m((Lnun(T), un(T»s <An(7)un(7—), un(T»s
— (Mu,(7), un(T»s (Z, (1) +7y))
2
(Anttn(T), un(T)) 5 (Lyttn(T), U (7))

+ —
(Zu(®) +y)?
2

C (Za(D) + )

:=bgm&+ﬁo+hAOMﬁ+l:bﬂﬂwﬁMMﬂ

log(Z,(t) +y) =log(lugl* +7y) + o du(7)

=log(luol? + ) +

w(t) o dw(t)

w(t) o dw(t)

=log(|uol? + ) +

w(T)dw(T)

w(T)dw(T)

+ w(7)[

(Anun(7), uy (T»i )] }d‘l’

!
+ [ st + ki
0
where we have used the following notation:
A, =al,+ J,a",
L,=A,al,+ J,a"A,,
M, = L,al, + J,a"L,
All these operators form a bounded family in OPS? under the assumptions (iii)—(v), (iv’).

Hence, there is a constant K such that &; ,(f) < K a.s. forall n and i = 1, ..., 4. Therefore, on
the set {|w|. < 0}, there is a constant M > 0 such that:
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!

log(Z,(1)) < M +sup| | kpa(T)w(T)dw(7)|
tel 0
Then for A sufficiently large we get:
log(A))?
Pr(sup sup log( (D) = (g A), ke < 8) < exp(~ 25
n tel

Now, we recall the following estimate of Pr(|w|. < 9) (see Ikeda-Watanabe [30], lemma 8.1,
p-519): there exist constants c3, ¢4 such that:

)

¢
(6.52) Pr(|wle < ) ~ c3 exp(—é—;).
It follows that for A sufficiently large we have for some ¢, ¢’ > 0

Pr(sup sup [u,(t)]; > Allwlew < 8) < cexp(—c’(log A)?).

n tel

The second estimate of the lemma is proved in the same way as the first one. O

Proof of Lemma 6.4. Let us denote by k(n) a sequence such that k(n) — 0 and |J, v —v|y <
k(n)oly+1, 8 = s — 2,5 — 1 for all vis in H**'. Then we have: |u, — uls_o < |u, — Joutls—o +
k(n)|uls—;. Hence, to prove the lemma, it suffices to prove that there is N > 1 such that
lims_,o P(6,n,A) = 0 where:

P(6,N, A) := Pr(sup |[Iyu(t) — un(0)ls—2 > 0, sup sup |u,(0)l; < A, sup [u())]; < Allwle < ).
t

tel n tel

Let us set v,(t) = u,(t) — J,u(t). Then dv,(t) = a(t)v,(t) o dw(t) + [a, J,Ju(t) o dw(t) and by
the It6 formula, we have:

0050052 =Mtto — 0y + (AD(D), 0n(D))s + 2Re (0a(0), [ I (D)o 2)0()
- f (A0n(D), 0n(T)),s_» + 2Re (0n(D), [ Sy 1D} )u(T) © du(T)

0
Wty = oy + [CABa(D) 00(1)) s 2 + 2Re (0a(0). [, JuJu(D) o]0 1)

- f (An(T), (1)) 5 (DW(T) © dun(T) — f Xi(@w(r)dw(t)
0 0
1 t

-3 L Xy (1)dT,

X1(1) =2Re (vu(7), [a, JnJu(1))_
Xo(7) =w(t)[2Re (Anv,(7), [a, J,Ju(T))5_5 + 2Re (A, 0,(T), (7)) ;]
2Re <Un(T)’ [Cl, Jn]u(T)>S—2 s

where:

and A;, = [a, Jyla + a*[a, J,]. The idea is that the terms with a multiplicative factor w(r) will
be controlled by the condition |w|, < ¢ and a factor k(n) which tends to 0, and the terms
involving stochastic integrals will be controlled via the exponential inequality of martingales
and the estimate (6.52), but to do so we will be led to use two iterations of the It6 formula
that mimic the integration by part in stochastic calculus. So we write:
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<Un(t), Un(t»s—z = Il,n(t) + IZ,n(t) + IS,n(t)
with

Il,n(t) :IJnMO - MO|?_2 + (<Al)n(l), Un(t)>s—2 + 2Re <Un(t)9 [aa Jn]u(t)>s—2)w(t)

1 !
-3 f(; Xo(t)dt

Iont) = — fo (Ava(©), ()2 ((T) 0 duo(7)

L,(0) = — f Xi(mw(r)dw(r)
0

Using the boundedness of the operators A and L (and noting that for v € H® we have:
[[Jn, alvls—2 < Crk(n)|vly and |J,0 — v]s—2 < k(n)|v]y with k(n) — 0), it follows that on the
set {sup,, sup,; [u,(H)ls < A, sup,; lu(t)|s < A}, there exist constants C1(A), C2(A), C3(A) such
that

I1,(0) < Ci(A)wleo + k(n)Ca(A).

This implies that for n sufficiently large and ¢ sufficiently small (n > Nj,0 < 6;), we will
have C(A)|w|ew + k(n)C2(A) < n/2 and then

P(n,6,A) <Pr(sup(|]1 »(0)] > n/2, sup sup lu,(1)|s < A, sup [u(f)ls < Allwlew < 6)
tel el

n tel t

+ Pr(sup(|12,,(D] + 113,,(0]) > /2, sup sup |u,(D)]; < A,
tel el

n 1

sup [u(?)]s < Allwle < 6)

tel

<Pr(sup |13,,(1)] > 1/4, sup sup |un(1)|s < A, sup |u(?)|s < Allwle < 6)
rel

n tel tel

+ Pr(sup |1, (1) > 1/4, sup sup u,(1)]s < A, sup |u(1)|s < Allwle < 6)
tel n tel tel

:=P1(6,n,A) + P,(6,n,A).
Using the fact that |2Re (v,(7), [a, J,Ju(T));_» | < k(n)Cs(A), it follows that

Cy
exp —

1
P1(8,n,A) < C7 exp ———————Cg ex
16,7, 4) < G exp CAAkn2e> &

where we have used (6.52) and the exponential inequality (6.45). Hence for large N, (N >
N, > Nj) we have Pi(6,n,A) < Cjpexp (=Cy1/6%), where Cy9,Cy; > 0 depend only on
N,,A. This implies that for all n > N, we have lims_,g P1(5,n,A) = 0. Now we shall show
the same result for P,(6,n, A). By the Itd formula we have:

L(1) = (A, (D), 0,(D) 5, w(t)*

- fo (Av, (1), 0,()) 5 w(T) © dw(T)
- f (Lvp(1), 0,(T))5_ © w(‘r)2 o dw(t)
0

_ f 2Re (un(7), Al Ju () ()2 © du(®)
0
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1 !
- f 2Re (un(r), Al ,Ju(r)), - 20(D)dr
0

- % f 2w(t)*[Re (av, (1), Ala, J,Ju(1))_, + ([a, J,Ju(t), Ala, J,Ju(t)),_,
0
+ <UH(T)9A[a’ ]n]au(T)>s—2]dT

which yields

1 !
bl =3[ fo (Lo (1), 0a(0)) 53 + 2Re (0(T), Ala, I, Ju(D))s_)w(7) dw ()
+ (A1), U, (D) 5o w(t)*

1 t
~3 fo [2 (Loa(T), va(1)) 50 w(T) + (Muy(7), 0a(1)) 5 w(1)?)d7]

- % f [2Re (v,(T), Ala, J,Ju(1)),_» 2w(T)dt
0

+ 2w(t)*Re({avy(1), Ala, J,Ju(1));_, + 2Re ([a, J,Jau(z), Ala, J,1u(7)),_,)
+ {av, (1), Ala, J,lau(r)),_,ldt
=1y ,(0) + 5, (),

where 14,(%) is the stochastic integral term (we note in this term a factor w(t)? which will be
used below) and /s ,(#) contains all the other terms.
We remark that on the set {sup, sup,.; [t (t)|; < A, sup,; [u(f)|s < A}, we have

sup |15 ()] < Cra(A)(w] + wl®),

tel

which implies that for ¢ sufficiently small, we have:

P>(6,n,A) = Pr(sup |1y, (t)| > n, sup sup |u"(?)|s < A, sup [u(®)|; < Allw]e < 6)
rel el

n tel I
Then, since |{(Lv,(7),v,())s—r + 2Re(v,(7),Ala,,Ju(t));_»| is bounded on the set
{sup,, sup,; lu,(H)ly < A, sup,; lu(@®ls; < A}, it follows from (6.52) and the exponential in-
equality that:

C C
P>(0,n,A) < Cy3 exp(—6—144) exp(6_125

which implies that for all n, lims_,g P2(6, n, A) = 0. This completes the proof of Lemma 6.4.
O

Proof of Lemma 6.5. Since the operators a,(x, D)J, and a,(x, D)J,, are bounded, the proof
of this lemma can be done exactly as in the finite-dimensional case, see Ikeda-Watanabe
[30], Theorem 8.2, p.419. m|
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