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Abstract
A handlebody-knot is a handlebody embedded in the 3-sphere. We introduce an invariant
for handlebody-knots derived from their Alexander polynomials. The value of the invari-
ant is a vertex-weighted graph. As an application, we describe a sufficient condition for a
handlebody-knot to be irreducible and a necessary condition for a link to be a constituent link
of a handlebody-knot.

1. Introduction

A genus ¢ handlebody-knot is a genus ¢ handlebody embedded in the 3-sphere S3, de-
noted by H. Any handlebody-knot can be represented by some connected spatial graph. Two
handlebody-knots are equivalent if one can be transformed into the other by an isotopy of
S3. Suzuki [12] introduced the notion of neighborhood congruence for spatial graphs. The
neighborhood congruence class of a connected spatial graph corresponds to a handlebody-
knot.

In this paper, we introduce an invariant for handlebody-knots whose value is a vertex-
weighted graph. We introduce an equivalence relation ~ on the Laurent polynomial ring

ZIes! e, . 2], We define the vertex-weighted graph G for a Laurent polynomial f €
Z[tf] , t;’] s t,f]] as an invariant for Z[¢*!, tgl, e t;f] 1/ ~. The d-th Alexander polynomial
Agﬁ M)(tl ,b,...,1,)1s an invariant for a pair of a genus g handlebody-knot H and its (oriented
and ordered) meridian system M. This invariant is in Z[tf',t;", .. .,t;"]. We define an

invariant Gy for handlebody-knots as G

4@ . The invariant Gy does not depend on
) (T1s1250000g)

the choice of the meridian system of H.

In Section 2, we recall the definition of the Alexander polynomial for a pair of a
handlebody-knot H and its meridian system M, and we define an invariant Gy for
handlebody-knots. As applications of the invariant Gy, we describe a sufficient condition for
a handlebody-knot to be irreducible in Section 3 and a necessary condition for a link to be a
constituent link of a handlebody-knot in Section 4. In Section 5, we introduce an equivalence
class of handlebody-knots, and demonstrate that G is an invariant for this equivalence class
of handlebody-knots. The appendix contains a table of Gy and Gy for handlebody-knots in
the table of genus 2 handlebody-knots with up to six crossings in [4].

2010 Mathematics Subject Classification. 57M25, STM27.
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2. An invariant for handlebody-knots

Throughout this paper, we work in the PL category. A genus g handlebody-knot is a
genus g handlebody embedded in the 3-sphere S3, denoted by H. Any handlebody-knot
can be represented by some connected spatial graph. A diagram of a handlebody-knot is a
diagram of a connected spatial graph that represents the handlebody-knot. Two handlebody-
knots are equivalent if one can be transformed into the other by an isotopy of S 3.

We recall the definitions of the universal abelian covering spaces and the Alexander poly-
nomial for handlebody-knots [6, 10]. Let H be a genus g handlebody-knot in S* and
M = {mi,m,,...,m,} an (oriented and ordered) meridian system of H. Let E be the ex-
terior of H, that is, the closure of S3 \ H. Let G = m|(E) be the fundamental group of E.
Let #; be the homology class in the integral homology group H;(FE) represented by m; for
i=1,2,...,9. Then, H|(E) is a free abelian group of rank g generated by 1;,...,7,. Let
v : G — H|(E) be the Hurewicz epimorphism. The covering space over E corresponding
to the subgroup Ker(y) = [G, G] of G is called the universal abelian covering space E, of
E. Because H;(E) acts on E,, as the covering transformation group, H;(E,) is regarded as
a module over the integral group ring ZH,(E) of H;(E). By regarding H,(E) as the mul-
tiplicative free abelian group H?:1<ti> with basis 11,1, ...,1,, we identify ZH(E) with the
Laurent polynomial ring Z[7F', 75!, ., '] in the variables 1,...,7,. Thus, we can regard
H\(E))asaZ[r', 15", ..., ;' ]-module. Let p : E, — E be the covering projection and b be

I
a point in E. Then, H,(E,, p~'(b)) can also be regarded as a Z[#}', 7', .. ., ' ]-module.

DEerINITION 2.1 (ALEXANDER POLYNOMIAL FOR HANDLEBODY-KNOTS). The Alexander matrix A
of a pair consisting of a handlebody-knot H and its meridian system M is an m X n presenta-
tion matrix of H;(E,, p~L(b)). The d-th AlexanderpolynomialAE‘I?’M)(tl, t,...,15) of (H,M)
is defined to be the greatest common divisor of all (n —d)-minors of A ford =0, 1,...,n—1.

d)

For d > n, we define AEH,M)(II’ thy...,ty) = 1.

The Alexander polynomial is an invariant for a basis of H(E) up to multiplication by
units in Z[r;', 51, .. ., #£']. We fix a meridian system M of H. Then, we can assume that
basis of H{(E) is M. Thus, the Alexander polynomial is an invariant for a pair consisting

of H and M up to multiplication by units in Z[{', 5", ..., tgl]. For simplicity, we denote
(9)

A w1112 1g) bY Aan(tis 1o, ., 1), because 4,
g handlebody-knots. We can obtain AE‘I? M)(tl ,h,...,1,) using Fox’s free calculus [5] or the
C-complex for H [10].

The Alexander polynomial for (H, M) corresponds to the Alexander polynomial for a
spatial graph I' that represents H. In [7] and [8], Kinoshita introduced the Alexander poly-
nomial for spatial graphs. In [9], Kinoshita introduced a basis of Z[#;',53',..., '] as a
basis z of the integral first homology group H;(I') of I which is a dual basis of H|(E),
and introduced the elementary ideals E4(I', z) associated with z as an invariant for spatial
graphs. In [12], Suzuki introduced a representation of H as a g-leafed rose C. The basis of
Z[tlil , fzt] e, t;“] is determined by meridians of the constituent link of C for calculating the
one-variable elementary ideal of H.

Let MCG(0H) be the mapping class group of dH. Let MCG*(0H) be a subgroup of
MCG(0H) consisting of those homeomorphisms which can be extended to homeomor-

(t1,12,...,1,) 1s useful for genus
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phisms of H onto itself. Let ¢ € MCG*(0H). Replacing a meridian system M with ¢(M) of
H corresponds to a change of basis for H(E), which is represented by a matrix in GL(g, Z).

1 .2 g
'xl xl “ e xl
. . R T .
That is, there exists a matrix 7 | € GL(g,2) such that t; € H|(E) is mapped
1 2 .. .9
X, X, Xy

tot = tf‘tfz . --t;;’ fori =1,2,...,9. Here {t;,15,...,1,} and {t’l,té,...,t{’l} are the basis of
H|(E) induced from M and ¢(M), respectively. Throughout this paper, we assume that the
action of GL(g,Z) on Z[tlil , tjl s tgil] is as above. Then the following lemma holds.

Lemma 2.2. A(H,¢(M))(l‘1, fry..., tg) = A(H,M)(tia l&, ceey t;)

We introduce an equivalence relation on Z[#F', 75", ..., X'] as follows: For two Laurent
polynomials f; and f> in Z[£*!, t;'l, ..., 1], we say that f; and f; are equivalent, denoted by
fi ~ fo, if fi is equal to f> up to multiplication by units in Z[tf'1 , ti", ..., t*!] and the action
of GL(n,Z) on Z[{', 5!, .. ., £E'].

We define an invariant for Z[5', 5, ..., 1]/ ~ as follows: For a Laurent polynomial

f= S e € ZIE L Y let Ty = ¢t £y -+ " be the i-th term of £, C;
the set {c;} of coefficients of terms 71, T, ..., Ty, and Py the set {p' = (x, x},..., x;) € R"}
of position vectors determined by the exponents of 7; for i = 1,2,...,m. Note that x’j €z
for j = 1,2,...,n. The terms Ty, T>,...,T,, of f are mapped to mutually different terms
of Z[r, t;'l, ..., X1 through multiplication by units in Z[tlil, tfl, ..., t*1] and the action of

GL(g,2Z). Thus, the following lemmas hold.

Lemma 2.3. The set Cy, up to multiplication by +1 to all elements of Cy, is an invariant
for f ezt &, ) ~.

Lemma 2.4. The set Py, up to parallel translation to all elements of Py and linear trans-
formation by GL(n,Z) on R" to all elements of Py, is an invariant for f € Z[t?’l,t;’],...,
1) ~.

DerRNITION 2.5 (VERTEX-WEIGHTED GRAPH G ). The vertex-weighted graph G for f =
2 c,-t)l(‘t;2 e tf,l" € Z[rf', 5!, ..., '] is a simple bipartite graph whose vertex set is a
disjoint union of a black vertex set and a white vertex set. The black vertex set consists of
black vertices by, by, ..., b, whose labels are ¢, ¢y, ..., ¢y, respectively. For each (n + 1)-
tuple of position vectors p®, p, ..., p™ in Py whose convex hull in R” contains no vectors of
Pr\ {plo, p, ..., p"}, we take a white vertex labeled by the absolute value of the determinant
of

i _ o a0 .. n _ o
oA T 1A
i Lo o o, In _ 1o
Xy =Xy X 7K I
X=X X2 —x0 e X=X
The white vertex is connected to the (n + 1) black vertices b;, b;, ..., b; by edges. The

simple bipartite graph thus obtained is G

According to Lemma 2.3, the set of labels of black vertices up to multiplication by +1
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Qﬁ )
o

Fig.1. A handlebody-knot H

are invariants for Z[tf1 , tzil, ..., 1]/ ~. The label of a white vertex is the n-volume of the
n-parallelotope determined by the n vectors p'! —p®, p2 —p', ..., p' —p in R?, which is an
invariant for n-parallelotopes up to parallel translation and the linear transformation given
by GL(n,Z) on R". Thus, according to Lemma 2.4, the labels of white vertices are invariants
for Z[r!, t;'l, ..., 211/ ~. Note that if m < n + 1, then G does not have a white vertex and
G is not connected.

An isomorphism of the vertex-weighted graphs G, and G} is a bijection between the
vertex sets of Gy and G}. that maps the black vertex set and the white vertex set of G to
the black vertex set and the white vertex set of G}, respectively, such that any two vertices
of G are adjacent if and only if the images of the two vertices are adjacent in G}. If an
isomorphism exists between Gy and G, then Gy and G, are said to be isomorphic. The
following lemma holds.

Lemma 2.6. The isomorphism class of the vertex-weighted graph G ; up to multiplication
by +1 to all labels of the black vertices is an invariant for f € Z[t;—'l, t;—'l, e, t;fl]/ ~.

We define the vertex-weighted graph Gy for (H, M) as G4, 1,.....,)- Note that Gy does
not depend on the choice of the meridian system of H. We have the following theorem. This
is the main result of this paper.

Theorem 2.7. The isomorphism class of the vertex-weighted graph Gy up to multiplica-
tion by 1 to all labels of the black vertices is an invariant for handlebody-knots.

ExampLE 2.8. Let H be a handlebody-knot and M its meridian system as depicted in Fig.1.
Then, the Alexander polynomial Ay s (t1, 12) of (H, M) is t% -1+ t% — 1) + t1t,. We have
T, = t12, T, = -1, T3 = t%, Ty = —th,and Ts = hiir;¢c1 = 1, ¢0 = =1, ¢c3 = 1, ¢4 = —1,
and ¢s = 1; and p' = (2,0), p* = (1,0), p° = (0,2), p* = (0,1), and p° = (1, 1) in R?,
as depicted in Fig.2. We take the black vertex b; labeled with ¢; = 1. Similarly, we have
by, b3, bs, and bs as depicted in Fig.3. For three tuple of position vectors p', pz, and p3 in
P 4 ym(t1.1) Whose convex hull in R?, p” is in the convex hull. Therefore, G does not contain
a white vertex connected to by, by, and bs.

For three tuple of position vectors p', p*, and p* in Py, ¢,y Whose convex hull in R?
contains no vectors of Py, w1 \ {p'.p?, p*}, we take a white vertex labeled by 1 which
1-2 0-2
0-0 1-0
to the three black vertices p', p?, and p* by edges. Similarly, we have other white vertices,
and we have G as depicted in Figure 3.

is the absolute value of the determinant of [ ] The white vertex is connected
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Fig.3. The vertex-weighted graph Gy
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Fig.4. A handlebody-knot H,

The following example shows that there exist infinitely many handlebody-knots whose
invariants are mutually different.

ExampLE 2.9. Let H, be a handlebody-knot for n # 0 and M its meridian system, as
depicted in Fig.4. We have Ay, ur)(t1,12) = £} + 1, — 1. The invariant Gy, is as depicted in
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—1
Fig.5. The vertex-weighted graph Gy,

Fig.5.

3. Irreducibility for handlebody-knots

In this section, as an application of Theorem 2.7, we describe a sufficient condition for
a handlebody-knot to be irreducible. A handlebody-knot H is reducible if there exists a 2-
sphere in S3 such that the intersection of H and the 2-sphere is an essential disk properly
embedded in H. A handlebody-knot is irreducible if it is not reducible. In [12], Suzuki
introduced the irreducibility as the “primeness” of handlebody-knots and demonstrated the
uniqueness of the factorization of H. In [3], Ishii and Kishimoto provided methods for
detecting the irreducibility using the quandle coloring invariant.

Let B; and B, be 3-balls in S3 such that By U B, = S3 and B, N B, = 0B, = 0B,. Let H;
be a genus g; handlebody-knot in B; for i = 1,2. When H; N H, is one disk, H; U H; is a
genus ¢g; + ¢g» handlebody-knot in § 3. We denote this by Hi§H,, where we remark that the
handlebody-knot H,H, depends only on the handlebody-knots H; and H,. If a handlebody-
knot H is reducible, then there exist handlebody-knots H, and H, such that H = H §H,. As
S3\ H is the boundary-connected sum of those of H; and H», the fundamental group of
S3\ H is the free product of those of H, and H,. Thus, the following lemma holds [12].

Lemma 3.1. For a genus g, handlebody-knot H, and genus g, handlebody-knot H, and
their meridian systems M, and M,, respectively, The Alexander polynomial

+ .
A oy 01125 s Tgisgs) Of (HiHa, My U My) is the product of 43\, (11,12, . 1)
(92)
andA(i;Z’Mz)(tglﬂ, Lgi42s s lgi4g0)-
Because Z[tfl,t;’], e t;f]] is a unique factorization domain, a Laurent polynomial f €
Z[rs' i, ..., t2"] can be uniquely expressed as cfi f> - - - fu, Where f; € Z[#F!, i1, . i s
irreducible for i = 1,2,...,m and ¢ € Z. For a Laurent polynomial f € Z[rf', 5", ... '],

we define the set G as follows:

G {Gylfezl', 5,11} if f=0
P2 (Gl <i<m) otherwise.

If f =0, then G +1s an infinite set. If f = 1, then G + 1s an empty set. From the definition
of G 7» we have the following lemma. We use this to prove Theorem 4.2 in Section 4.

Lemma 3.2. For Laurent polynomials f and f" in Z[t:', 65", ..., "), if fIf’, then Gf C
G,
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Fig.6. The handlebody-knot 4

We define the set GAg) by GA(d)

) 1:1250001g)

AEQ M)(tl, f,...,ty) of (H,M). By Theorem 2.7, Gg) is an invariant for handlebody-knots.

For simplicity, we denote Gg) by Gy for genus g handlebody-knots. The following theorem
gives a sufficient condition for a handlebody-knot to be irreducible.

for the d-th Alexander polynomial

Theorem 3.3. For a handlebody-knot H, if there exists Gy € Gy that has a white vertex
with a nonzero label, then H is irreducible.

Proof. Let H; be a genus g; handlebody-knot and M; its meridian system for i = 1,2.
Set H = H\#$H, and M = M, U M,. Note that H is a genus g, + g, handlebody-knot and
M is its meridian system. We show that, for any G € G'Z‘WZ), all labels of white vertices

of G are equal to zero. By Lemma 3.1, AE?I‘E’;)U], f2,...,1444,) 18 equal to the product
of A0 1 (11t tg) and A% (1 1ty 10 g ag,). Let f € ZIE 1, £EL T be
an irreducible polynomial that is a factor of Aggﬁf)(tl,tz, ...stg+9,). Then, f is a factor
OfAE?—III),M])(tl’ B, ... 1) Or AE?;;,Mﬁ(t-‘?l“’ fgi+2+- - -+ Igi4g,), Decause Z[E' 51, t;11+g2] is a
unique factorization domain.

If f is a factor of AEZ}I)’ M])(tl, f,...,14 ), then all labels of white vertices of G are zero,

because the label of the white vertex of G is the absolute value of the (g; +g»)-volume of the
degenerated (g; + g»)-parallelotope determined by the g; + g, vectors in the g;-dimensional
vector space R9' ¢ R9'*92_ Similarly, if f is a factor of AE?_IZZ),M2)(tg]+1, lgi+25 -+ 1g,49,), then
all labels of white vertices of Gy are zero. Thus, Theorem 3.3 holds. O

ExampLE 3.4. The handlebody-knot depicted in Fig.6 is 4, in the table of genus 2
handlebody-knots with up to six crossings in [4]. Let M be a meridian system of 4;, as
depicted in Fig.6. We have 4, m(t1, 1) = t1 + 1, — 1, and Gy, is as depicted in Fig.7. As
t; + 1, — 1 is irreducible, we have 641 = {Gy4,}. Because G4, has a white vertex whose label
is 1, 4, is irreducible by Theorem 3.3.

The following example shows that there exists an irreducible genus g handlebody-knot
for each genus g.

ExampLE 3.5. Let H, be a genus g handlebody-knot and M a meridian system of H,, as
depicted in Fig.8. Note that H; is 4. Taniyama showed that H, is irreducible as a spatial
graph [13]. We show that H,, is irreducible as a handlebody-knot using Theorem 3.3.

We have
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—1

Fig.7. The vertex-weighted graph Gy,

mg . ° °
Fig.8. A handlebody-knot H,,
g g
A, (i, b, ty) = n(fi -1)- l—l I
i=1 i=1
g-1
= (_1)g+i Z tjltj2'”tji +(_1)g’
i=1 jl,jz ..... jiES

where § = {1,2,...,g}and ji, j2, ..., j; are mutually different elements in §. By induction
on g, we can check A(HQ,M)(tl ,h,...,1,) s irreducible. Hence, we have GHg = {GHg}. The set

PA(H%M)(,] .1, Das unit vectors ey, ey, ..., e, and the zero vector 0 in RY. For each (g+1)-
tuple of position vectors ey, e,,...,e, and 0 in PA(H(,,M)(f]JZ ..... 1, Whose convex hull in RY
contains no vectors of Py \ {ej,es,..., e, 0}, we take a white vertex labeled by 1. Thus,

GH_‘/ has a white vertex whose label is 1, and H, is irreducible by Theorem 3.3.

4. Constituent links of a handlebody-knot

In this section, as an application of Theorem 2.7, we describe a necessary condition for
a link to be a constituent link of a handlebody-knot. In [12], Suzuki introduced a g-leafed
rose that is a connected spatial graph as follows: A g-leafed rose C = KiUK,U---UK,UT
consists of a g-component link L = K; U K> U --- U K, and a star graph 7', as depicted in
Fig.9.
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Ky

Kg . . KQ

Fig.9. A g-leafed rose

We call L the constituent link of C. For a genus g handlebody-knot, there exist infinitely
many g-leafed roses representing the handlebody-knot. We define a constituent link of H
as the constituent link of a g-leafed rose that represents H. Therefore, there exist infinitely
many constituent links of H.

Let M be the meridian system of the constituent link L of C. Let E;(C, M) and E;(L) be
the d-th elementary ideals of (C, M) and L, respectively; that is, the ideal of Z[tlil , fzt], e,
tgil] generated by all (n — d)-minors of the Alexander matrix of C and L, respectively. The

following theorem was proved by Suzuki in [11].
Theorem 4.1. [11] E4,-1(C, M) D E4(L).

Let A(Ld)(tl, f,...,t,) be the d-th Alexander polynomial of L. We define the set G(Ld) as

GA(Ld)(tl L2y
a necessary condition for a link to be a constituent link of a handlebody-knot.

)- By Theorem 2.7, (A}f) is an invariant for links. The following theorem describes

Theorem 4.2. For a constituent link L of a genus g handlebody-knot H, G;‘IHQ_D - G(Ld).

Proof. Let C be a g-leafed rose that represents H and M the meridian system of the con-

stituent link L of C. Then, we have the (d+g—1)-th Alexander polynomial 4 Edcjrﬁ;l)(tl, ...,

ty) of the pair (C, M) and the d-th Alexander polynomial A(Ld)(tl, f,...,t4) of L.

The Alexander polynomials AE‘éJrA“gl)(t],tz, ..., 1ty) and A<Ld>(t1,t2, ..., 1,) can be uniquely
expressed as ufifo--- f, and u'f/f;--- f,., respectively, because Z[til,t;'l,...,t;l] is a

unique factorization domain. Here, u and u’ are units of Z[tlil,ti—'l, . ..,tjl], and f;, fj’
are irreducible in Z[tfl,tgl,...,fg“] fori = 1,2,...,nand j = 1,2,...,m. We have

Ald+g-1) _ A
Cu _GAEdCTAZ;])(ﬁJz ..... 1)’

By Theorem 4.1, Egy1(C.M) > EuL). If A& (0. .ty) # 0, then

ATVt 1, 1)1 A (11, 1). By Lemma 32, GyV < G If

AE?AZ;D(tl,tz,...,tg) = 0, then A(Ld)(tl,tz,...,tg) = 0 by Theorem 4.1. Thus, we have

Ald+g-1) — Ad)
Gy cG, . m]

For simplicity, we denote G(L') as G;. By Theorem 4.2, for a constituent link L of a genus
g handlebody-knot H, Gy c G;.
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Fig.10. The Hopf link L and the vertex-weighted graph G,

aj+1 @it+1 Aj1 Qi1

Ao X

Fig.11. crossing points of G, and G_

ExampLE 4.3. In Example 3.4, we used G4, for 4. The 1st Alexander polynomial of the
Hopf link L is 1, and G is as depicted in Fig.10. We have G, = 0. As G4, ¢ Gy, the Hopf
link is not a constituent link of 4, by Theorem 4.2.

5. An equivalence class of handlebody-knots

In this section, we introduce an equivalence class of handlebody-knots. A handlebody-
knot is represented by a connected spatial graph. A crossing change of a handlebody-knot
H is a crossing change of a connected spatial graph that represents H. For a handlebody-
knot H, a crossing change between two edges of H whose meridians are null-homologous
in S3\H is called an N-crossing change. We say that handlebody-knots H; and H, are N-
equivalent if they are transformed into each other by a finite sequence of N-crossing changes
and an isotopy of S 3.

The following proposition shows that the Alexander polynomial is an invariant for N-
equivalence classes of handlebody-knots up to multiplication by units in Z[r{', 75", ..., ££'].

9
This proposition is thought to be mathematical folklore.

Proposition 5.1. The Alexander polynomial of a spatial graph I does not change under
the N-crossing change on T.

Proof. Spatial graphs I'y and I'_, which are as depicted in Fig.11, are identical outside a
small 3-ball. Let G, and G_ be the fundamental groups of S\ T, and S3 \ I'_, respectively.
We take the generators a;, a;11, aj, and a;,; of the Wirtinger presentation of G, and G_
around the crossing point, as depicted in Fig.11.

We have ry : a; = a;y1 and 12 : aja; = a;y1aj4 as relaters of Gy, and 7] : a; = aj; and
r i aja; = ai.1aj. as relaters of G_. Therefore, we have the following presentations of G,
and G_:

G: ={a1,aa,....an|r, 12 ..., 1), G_ =(ai,az,....anlr 12, ... Fy).
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We assume that the generators a;, a;41, aj, and a1 are mapped to 1 by the abelianizer a,
of G, and @_ of G_. Let A, and A_ be the Alexander matrices of G and G_, respectively.

i i+1 j j+1
\Y \% \Y \Y
1 -1 0 0O 0 0 O
Ay ~ 1 -1 0 0 1 -1
* € Cipp ¥ * Cj Cjy1 %
0 0 0 0O 0 0 O
~ 0 1 0 0 0o 1 -1 0
¥ € Cit+Ciyp ¥ o+ k€ Cjyp ¥
0 0 0 o1 -1 0 --
¥ €+ Ciy1 ¥ ¢ * Cj Cjyp % o
0 0 0 0 1 0 o --
¥ €+ Ciy1 ¥ ¢ * Cj Cjt+Cjyp %
~ [ ¥ Cip+ Cipl % * CjtCjy * ]
Similarly, A_ ~ [ cee k€t K e % CjHCj ke ] Thus, we have A, ~
A_. m|

By Proposition 5.1, we have the following corollary of Theorem 2.7.

Corollary 5.2. The isomorphism class of the vertex-weighted graph Gy, up to multipli-
cation by x1 to all labels of the black vertices, is an invariant for the N-equivalence classes
of handlebody-knots.

ExampLE 5.3. The handlebody-knot depicted in Fig.12 is 54 in the table of genus 2
handlebody-knots with up to six crossings in [4]. It is clear that 54 is N-equivalent to the
trivial handlebody-knot 0;. Thus, A(54,M)(Il, 1) = A(()]’M)(tl, ) =1.

"

Fig.12. The handlebody-knot 5,4

Appendix A Table of G5 and Gy

In this appendix, we present the table of Ag} M)(tl, 1), Gy, and Gy for handlebody-knots

in the table of genus 2 handlebody-knots with up to six crossings in [4]. Here, M is a
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meridian system of H. Let G|, G2, G3, G4, and G5 be the vertex-weighted graphs depicted
in Fig.13. Then, we have Table 1.
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Gi: e Gy : 0

Fig.13. The vertex-weighted graph G, G,, G3, G4, and G5
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Table 1. Table ong}’M)(tl,tz), Gy, and Gp.

| H | At | Gu| Gn |

04 1 G 0
4, H+th-1 G3 {G3}
5i 1 G 0
5, 1 G 0
53 1 G 0
54 1 G 0
61 r+n-1 G4 | (G4}
6, 1 Gy 0
63 1 G] 0
64 1 G 0
65 1 G 0
6(, 1 G] 0
67 |ib —t1 —th+2 | Gs | {Gs}
6g 1 G 0
69 1 G 0
610 1 G 0
611 1 G] 0
612 1 Gy 0
613 1 G 0
614 -t +1 Gy [ {Go)
615 72—t +1 Gy | {Ga}
616 1 G 0
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