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Abstract
We study the Cauchy problem for effectively hyperbolic operators P with triple characteristics
points lying on the initial plane # = 0. Under some conditions on the principal symbol of P one
proves that the Cauchy problem for P in [0, T] x Q c R"*! is well posed for every choice of
lower order terms. Our results improves those in [11] since we do not assume the condition (E)
of [11] to be satisfied.

1. Introduction
In this paper we study the Cauchy problem for a differential operator
P(t,x, D, D) = > cealt, ODDY, D, = =id,, Dy, = —id,
k+ll<3
of order 3 with smooth coefficients c; ,(t, x), t € R, x € Q C R", ¢39 = 1. Denote by
PxTE) = D ot ITE = T+ QX OT + X OT +G3(1, %,
k+ll=3

the principal symbol of P. Throughout the paper we work with symbols s(z, x, &) € ST (Q X

R™) of pseudo-differential operators which depend smoothly on ¢ € [0,7] and we use the
Weyl quantization (see [3])

s(t, x, D) = (Op”(s)u)(t, x) = (21)™" f f ei<x—y’f>s(t,%,§)u(;, y)dyde.

We will use the notation S ’l’fo for the class of symbols (see [3]) and we abbreviate § T,o to S
and Op*“(s) to Op(s).
With a real symbol ¢ € § (1),0 one can write
P = (D; - Op(¢)(D))* + Op(a){D)(D; — Op(¢)(D))* — Op(b){D)*(D; — Op(¢)(D))

1.1 2 . .
. +Op(e)(D)* = > Op(b;XDY/(D, — Op(¢)(D)*
j=0

which is a differential operator in z. Here the symbols a, b, c € § ?0 coincide with

qi(&) ™ + 30, —(qu€) 7 + 200147 + 367, (7 +0a) T + 9O + ¢,
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respectively, b; € S?’O, j=0,1,2 (see [3]), and (D) has symbol (£) = (1 + |§|2)'/2.

First we assume that the principal symbol

(1.2) Pt x,7,8) = (T — p&)) + alé) (T — plé)) — B(EV (T — @(€)) + (€’

is hyperbolic, that is the roots of equation p = 0 with respect to 7 are real for (¢, x,&) €
[0, TTxQxR", where Q C R" is an open set. Recall that an operator is effectively hyperbolic
if the fundamental matrix F,(z) of the principal symbol p has two non-vanishing eigenvalues
+1(z) at every critical point z of p, where dp(z) = 0. An effectively hyperbolic operator in
[0, 7] x © may have triple characteristics only for t = O or ¢t = T (see [4, Lemma 8.1]).
Second we assume that p has triple characteristic points only on ¢t = 0 and P is effectively
hyperbolic at every triple characteristic points p = (0, x, 7,£) which is equivalent (see [4,
Lemma 8.1]) to the condition

*p

Consequently, at a triple characteristic point pg = (0, xg, 0, &p), assuming ¢(0, xg, &) = 0, we
have b,(0, xg, &) > 0. Moreover, at py we have a(0, xo, &) = b(0, xo, &) = ¢(0, xp, &) = 0.

Our purpose is to study the Cauchy problem for such P and to prove that under some
conditions on p this problem is well posed for every choice of lower order terms (see [11] for
the definition of well posed Cauchy problem). This property is called strong hyperbolicity
and the effective hyperbolicity of P is a necessary condition for it (see [4, Theorem 3]).
For operators having only double characteristics every effectively hyperbolic operator is
strongly hyperbolic and we refer to [9] for the references and related works. The conjecture
is that effectively hyperbolic operators with triple characteristic points on ¢ = 0 are strongly
hyperbolic (see [4], [6], [1], [11]). On the other hand, for some class of hyperbolic operators
with triple characteristics the above conjecture has been proved in [6], [1], [11], but the
general case is still an open problem.

In [11] the strong hyperbolicity was established under the condition (E) saying that for
some ¢ > 0 and small ¢ > 0 we have the lower bound

AO 2
otl—=) , (x, &) e QxR".
Here A € S° is the discriminant of the equation p = 0 with respect to 7, while Ay € §? is
the discriminant of the equation g—f = 0 with respect to 7. In [11] it was introduced also a

weaker condition (H) saying that with some constant 6 > 0 and small ¢ > 0 we have

Ay
©° -

@ > 5z2<?—>°2, (x,&) € QX R".
We can consider a microlocal version of the conditions (E) and (H) assuming that the above
inequalities hold for (¢, x, &), t > 0, in a small conic neighborhood W, of every triple char-
acteristic point (0, xo, &y). The purpose of this paper is to study operators with triple char-
acteristics on the plane ¢ = 0 and our main results are stated in Theorem 4.1 and Corollary
4.5. They improve the results in [11] and show that we have a strong hyperbolicity for some
operators for which (E) is not satisfied, but (H) holds. In particular, we cover the case of
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operators whose principal symbol p admits a microlocal factorization with one smooth root
under the condition that there are no double characteristic points of p converging to a triple
characteristic point (0, x, 0, &) (see Example 1.1).

Concerning the symbols a(t, x, &), b(t, x, &), c(t, x, &), we assume the existence of 6; > 0
such that

b(t,x,&) = o1t,
(13)  c=0®), ©3dc=00), la+pl=1, (©"9dc=00b), la+p =2,
d,c = Ob), ("9 ac) = Ob), la+p| =3,

It is clear that the condition (1.3) are satisfied if
(14)  b(t,x.&) > 611, (©)0]3:dhc = OB* P2 for ja+B+y1<3, y=0,1.

In fact, we assume a slightly weaker microlocal conditions formulated in (3.11) and Theo-
rem 4.1.

Below we present two examples of effectively hyperbolic operators with triple character-
istics on ¢ = 0 satisfying the above assumptions.

ExampLE 1.1. Assume ¢ = 0. Then the symbol p becomes p = ((T — ¢(&))* + a(é)(t —

O(&€)) — bE) (T — p(&)). Let p = (0, xo0, (0, X0, £0){E0), &), be a triple characteristic point.
For small ¢ > 0 we have b(¢, xg, &) > 0. If for some (y, n7) sufficiently close to (xy, &) we have
b(0,y,n) < 0, then there exists z = (¢*, x*, &*) with * > 0 such that b(z) = 0 and the equation
(T = @(E))? + alé)(T — (&) — b(&€)? = 0 has a root ¢(z)(£*) for z. This implies the existence of
a double characteristic point (*, x*, (2){£*), &) of p. We exclude this possibility, assuming
b(0, x, &) = 0 for (x, &) close to (xg, &)-

Remark 1.1. For the operator in Example 1.1, the discriminant of the equation p = 0 has
the form A = b*(a® + 4b)(&£)°, while Ay = 4(a® + 3b)(¢)?. Therefore the condition (E) is
reduced to

b*(a® + 4b) > 5t(a* + 3b)>.

If b = O(1), this inequality yields b*a* +4b® > §ta* and hence a* < O(t?)/6t = O(f) which is
not satisfied in any small neighborhood of a triple characteristic point (0, xo, ©(0, xo, £0){&0),
&o), unless a(0, x, &) = 0 for all (0, x, €) close to the point (0, xg, &). On the other hand, the
inequality

b*(a* + 4b) > 6t*(a® + 3b)
obviously holds (b > §;t is assumed), hence (H) is satisfied.

The Example 1.1 covers the case when the principal symbol p admits a factorization

p =+ 2d(t, x, 7 + f(t, %, O))T = A1, x,£)

with C* smooth real root A(t, x, &) and p has not double characteristic points in a neighbor-
hood of (0, xg, &). In fact, we may write
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p=((t =D +2Q+d) (T - D)+ A2 +2dA + f)(t = Q)

and taking ¢ = A(¢)~! we reduce the symbol to Example 1.1. Notice that effectively hyper-
bolic operators with principal symbols admitting above factorization have been studied by
V. Ivrii in [6] who proved the strong hyperbolicity constructing parametrix. Here we present
another proof based on energy estimates with weight =", assuming P strictly hyperbolic for
small 7 > 0.

ExampLE 1.2. Consider the operator with principal symbol

p =7 =+ ax, ENE T = (Pby + thy + bo)(E),

where a, by, by, by are zero order pseudo-differential operators and @ > 0. This class of

operators has been studied in [11] under the condition (E). We write p as follows

p =@ +bi(&)) = 3bi(ET +bi(E) — (t+a—3b)E (T + bi ()

~[£Pby + by — bra + b} (£)°.

Choosing ¢ = —b(t, x, &) one reduces the symbol p to the form (1.2) with a = -3by, b =
r+a-— 3b%, ¢ =—(*by + by — bia + b?). If @ > 3b%, by = ba — b?, the condition (1.4) is
satisfied, while for a = 319%, by = bia — b? the condition (E) is not satisfied for by, unless
b1(0,x,&) = 0. It is easy to see that with the above choice of by and b, the condition (H)
holds.

Notice that if p = (t, x,7,&) with t > 0 is a double characteristic point for p, one has
A(p) = 0 and Ag(p) > 0. Therefore the condition (H) is not satisfied and the analysis of this
case is a difficult open problem. The proofs in this work are based on energy estimates with
weight + with N > 1 leading to estimates with big loss of regularity. This phenomenon
is typical for effectively hyperbolic operators with multiple characteristics (see [4], [6], [1],
[11]).

We follow the approach in [11] reducing the problem to the one for first order pseudo-
differential system. In Section 2 we construct a symmetrizer S for the principal symbol
of the system following a general result (see Lemma 2.1) which has independent interest.
Moreover, det S = %A and under our assumptions one shows that detS > 6b*(a® + 4b), 6 >
0. Therefore A > &t?(a® + 4b), & > 0, and in general the condition (E) is not satisfied. This
leads to difficulties in Section 3, where a more fine analysis of the matrix pseudo-differential
operators is needed. As in [11] a detailed examination of the sharp Garding inequality for
matrix pseudo-differential operators with nonnegative definite symbols plays a crucial role
in the analysis. In Section 4 we show that the microlocal conditions (1.3) are sufficient for
the energy estimates in Theorems 4.1 and 4.2.

2. Symmetrizer

First we recall a general result concerning the existence of a symmetrizer. Let p({) =
"+ a ™' + -+ + a, be a monic hyperbolic polynomial of degree m and let g(¢) = p’(?).
Here a(t, x, £) depend on (¢, x, &) but we omit this in the notations below. Let
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p(q(d) - 1_7(§)Q(§) _ Z hi 1!
(-¢ !
be the Bézout form of p and ¢q. It is well known that the matrix H = (h;;) is nonnegative

definite (see for example [5]).
Consider the Sylvester matrix A, corresponding to p({) which has the form

hp,q(ga Z) =

ij=1

0 1 0

A — . . .
P 0 0o - 1
—Ap  —4p-1 —aj

One has the following result [10, 13] and for the sake of completeness we present the proof.

Lemma 2.1 ([10, 13]). H is nonnegative definite and symmetrizes A, and detH = A?
where A is the difference-product of the roots of p(t) = 0.

Proof. We first treat the case when p({) is a strictly hyperbolic polynomial. Let A4;,
j =1,...,m be the different roots of the equation p({) = 0. Write p({) = H?’:l(( — ;) and
set

S S T

1<ji<<jesm,j,#k

Since p'({) = Xt [T ju& = 4)) = (=) okl it s easy to see

..

m

hij = Z(_l)lﬂa'm—i,ko'm—j,k-
=1

Denote by R the Vandermonde’s matrix having the form

A L Ay
R=| . :
m—1 m— m—1
Y Pl Lo an

Since A; # A, i # j, the matrix R is invertible and |det R| = |A|. It is clear that

A1
AR =R
Am
Denote by “R = (r;;) the cofactor matrix of R and by A(4, ..., A) the difference-product of
A1, ..., A It is easily seen that r;; is divisible by A; = A(4y, ..., A1, Ais1, ..., Ay), hence
2.1) rij = Cij(A1, .oy diets Aigts oo A A

Since r;; and A; are alternating polynomials in (4i, ..., -1, dit1, ..., 4,) of degree m(m —
1)/2 = j+1and (m— 1)(m — 2)/2 respectively, then c¢;; is a symmetric polynomial of degree

m—j=mm-1)/2-j+1—-m-1)(m-2)/2.
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Therefore ¢;; is a polynomial in fundamental symmetric polynomials of (4i,...,4;_1,
Aix1, ..., Ady). Noting that A; is of degree m — 2 and r;; (j # m) is of degree m — 1 re-
spectively with respect to A, (£ # i), one concludes that ¢;; is of degree 1 with respect to A,
(¢ # i) which proves that

(2.2) cij= (D)Mo,

Thus denoting C = (c;;) we have ‘CC = (h;;) = H. In particular, this shows that the
symmetric matrix H is nonnegative definite as it was mentioned above.

Set D = diag(Ay,...,A,) and note that D is invertible. Moreover it follows from (2.1)
that C = D'(“R) = (detR)D~'R~! and hence

CA,C™' =D ' (R'A,R)D.

It is clear that CA,C~" is a diagonal matrix because both R™'A,R and D are diagonal matri-
ces. Then CA,C~! ='C™"/A,C yields 'CCA,, = 'A,'CC which proves that HA,, is symmet-
ric. From C = (detR)D~'R~! it follows that

C =diag(+ [ | - =] [l = Ao [ |5 - )R
k#1 k#2 k#m
and hence |detC| = II"[’;':1 H;c"#(/lk — A)I/IAl = |A]l. Consequently, det H = A? and this
completes the proof for strictly hyperbolic polynomial p(Z).
Passing to the general case, introduce the polynomial

0 ym-1
P& =(1+e3z)" p@. e#0.

According to [12], p.(¢) is strictly hyperbolic and let H, = 'C.C, be the symmetrizer for
A, constructed above. Obviously, as &€ — 0, we have A, — A, since the coeflicients of
p<({) go to the ones of p({). The roots of p(£) depend continuously on the coefficients and
this yields ;. — 4, 4;, being the roots of p.({) = 0. The equalities (2.2) imply C; — C
and passing to the limit € — 0, we obtain the result. |

Note that H is different from the Leray’s symmetrizer ([7]) since if B is the Leray’s
symmetrizer, then det B = A1 Now consider

—ay —ap —ay,
- 1 0 0
A, =
0o - 1 0

Corollary 2.1. Let J = (6im+1-j), where 0;; is the Kronecker’s delta. Then H=JHY is
nonnegative definite and symmetrizes A p and det H =A%

Proof. Since A, = JA,J and 'JJ = I the proof is immediate. o
With U = ((D; — Op(p){D))*u,{D)(D; — Op(@){D))u,(D)*u) the equation Pu = f is
reduced

(2.3) D,U = Op(¢XD)U + (Op(A)XD) + Op(B))U + F,
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where F = (f,0,0) and

-a b —c by b b1z
At,x,&)= 1 0 0 |, Bt,x&)=| 0 by 0 |,
0 1 0 0 0 b3
where b;; € S (1)’0.
Introduce
3 2a -b

S(t,x,&) = % 2a 2(a*+b) —ab-3c
-b —ab-3c b*-2ac

which is a representation matrix (conjugated by J in Corollary 2.1) of the Bézout form of
p(1) = T3 + ar? — bt + ¢ and p’(7) (see for example [5], [8]). Therefore S symmetrizes A so
that

| —a 2b -3c
2.4) S, x,&)At, x,&)=-| 2b ab-3c -2ac
3
-3¢ 2ac bc

Note that when ¢ = 0 one has
3 2a -b
So(t, x,&) = % 2a 2(a*+b) —ab
-b —ab b

and hence

1
det So(t, x,&) = Ebz(az +4b).

Lemma 2.2. There exist € > 0 and 6 > 0 such that
detS > 6b*(a* + b)
if lac| < b and |c| < Eb3/2.
Proof. Note that
detS =detSg + %{ —4a’c — 18abc — 27¢%).
Since
la*c| < 8b%a*, labe| < &D°, |°| < &b

choosing & = 1/50 for instance, the assertion is clear. O

Lemma 2.3. There exist € > 0 and &1 > 0 such that

1 00
Stx,&)>et| 0 1 0 |=¢&t),
0 0 b
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provided |ac| < &b* and |c| < Eb3/2.

Proof. Since

3—¢gqt 2a -b
38 —gtJ = 2a 2a% +2b — &t —ab - 3¢ ,
-b —ab — 3¢ b? — g1th - 2ac

one obtains
det (3S — &11J) = det3S + &,0(b*(b + a?)).
Indeed
(3 — e10)(2a” + 2b — &11)(b* — £1tb — 2ac) = 3(2a* + 2b)(b* - 2ac) + £,O(tb(b + a*)),
b*(2a* +2b — &11) = b*(2a* + 2b) + &10(th(b + a*)),
4a2(b* — e1tb - 2ac) = 4a*(b* - 2ac) + £,0(tba?),
(3 — ein)(ab + 3¢)* = 3(ab + 3¢)* + £,0(th?).

Noting b > 0:t, one gets the above representation and we deduce det(3S — ¢;tJ) > 0 for
small g;. In the same way one treats the principal minors of order 2. For example

(3 — &11)(2a* + 2b — &11) — 4a® = 2a° + 6b — £11(2a* + 2b) + £11* > 2(a* + b)(1 — &11) > 0,

(3 - &10)(b* — &1t — 2ac) — b* = 2b* — 6ac — &, t(b* — 2ac + 3b) + £1t°b
> b? — 4ac - 3eitb + (b* - 2ac)(1 - &,1)
> (1 —4&)b* — 3e1th + (1 — 2&)(1 — &11)b> > 0,

(2a* + 2b — &11)(b* — €1tb — 2ac) — (ab + 3¢)* > a’b* + 2b> — 10abc — 9¢* — 4a’c
—381tb2 + 2¢gqtac — 2£1tba2

> (1 —48)d’b* + (2 — 108 — 982)b> — (Be| + 2€18)th* — 2&tha” > 0

since all terms involving £, can be compensated by a’b? + 2b°. o

Lemma 2.4. Assume (£)°cli) = O(Vb) for la + Bl = 2 and (£)*(ac)y) = O(Db) for
la + B| = 3. There exists C > 0 such that for U € C*(R; : C5°(R")) we have

2
Re(Op(S)U, U) = &11( ) IIUIP* + (Op(b)Us, Us)) = Cr™ KDY UIP.

J=1

Proof. We will follow the argument of [11, Section 3] and we use the notation 6§D§Q =
Q% . Recall that we have the representation

2.5) 0r-0p(@) =0p( D Yup®)0)+Op(R)
2<|a+Bl<3
withR € § 1‘/22’0 and real symbols .5 € S (al=B1/2 " \where Qp is the Friedrichs part of Q (see

[11, Appendix], [2]) and hence (QrU, U) = 0.
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Notice that b is real, hence (Op(b)Us, Us) = Re (Op(b)Us, U;). Setting Q = S — 2¢&1tJ,
we have

2
Re (Op(S)U, U) = Re (Op(Q)U, U) + 2&11( Z IUI* + (Op(b)Us, Us3)),
=1
and it is enough to prove
(2.6)

2
[ReOp( > wepQ))U, )| < &1( Y NUJIP + (Op(b)Us, U3)) + Cey' ™ IKDY " UIP.
2<la+p|<3 j=1

Indeed if this is true, then we have

2
Re(OP(QU, U) = (QrU, U) - &11( )" I + (Op(b)Us, U3)

j=1
—Ce;' KDY U - KDy U1

2
> —e1t( ) U/ + (Op(b)Us, Uy)) — Ce; '™ KDY UIP.
=1
Thus we conclude the assertion.
To prove (2.6), consider Re(Op(tpaﬁQEg)))U, U) with |a+f| = 2. Setting g = b*>—stb—2ac,
one has
0 Sl g-la
0@ —| sl gl g-ial

B
—la| —la| (@)
s S 9p)
Here and below S™ denotes some symbol in the class S”. This yields
o st s
Vg0l =| ST s s
ST ST Wapgly)

and hence

2
(OpWapQighU, Ul < &11 Y IUSP + Cey' 1Dy U

j=1
+Re (OP(l/’aﬁgEZ)))UL Us)l.
Let T = apggy (€)- Then Wupgly = Re (T#(€)™") + 52 and
Re (OpWasgly)Us, Us) < sit|Op(T)Us|F + Ce' 1 IKD) ' Us I

Note that ||Op(T)Us||*> = (Op(T#T)Us, Us) and TH#T = T? + S~2. Therefore there exists
C > 0 such that

T2 <Ch

because (£)7cly) = O(Vb) and (£)*(b(b - £11)) = = O(Vb) and b > 6t. Applying the

(@)
®B)
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Fefferman-Phong inequality for the operator with symbol Ch — T2, one proves the assertion.

For the case | + 8| = 3 with T} = d/aﬁggg)) (€)*? we have the inequality

T < Cb
with some € > 0. Indeed, (&) (ac)(%) = O(VB) and (&)°(b(b - alt))g — O(Vb). Repeating
the above argument, we complete the proof. O

Corollary 2.2. Let S =S + At7(&)"21. Then there exists Ay > 0 such that for 1 > Ay we
have

Re(Op(8)U, U) = Re(Op(S)U, U) + At (DY U|)?

2
> &11( Z IU,I> + (Op (b)Us, U3)) + (4/2)t ' [KDY " U|I”.
j=1
Corollary 2.3. There exist 6, > 0 and Ay > 0 such that
Re(Op(S)U, U) > 6:2%||U|* + (/2 KDY LU, A > 2.

Proof. Since there exists ¢; > 0 such that b > ¢,¢ from the Fefferman-Phong inequality
for the scalar symbol b — §,¢ one deduces

(Op (b)Us, U3) > 6,1||Us|1* = CIKDY " U1

which proves the assertion thanks to Corollary 2.2. O

3. Energy estimates

Consider the energy (™ e"’[Op(g YU, U), where (-, ) is the L>(R") inner product and N >
0, v > 0 are positive parameters. Then one has

(3.1 3, NeOpS)U,U) = -Nt ™ "e0p(S)U, U) — y(t Ve Op(S)U, U)

+(tNe0p(0,5)U, U) — AN + Dt N2 |(DY U = Ay Ve (DY U

—2Im (£ Ve 0p(S)(@(D) + Op(A){D) + Op(B)U, U)) — 2Im(t Ve "' Op(S)F, U).
Consider S#A#(E) — (£)#A*#S . Note that

_1)\8l
S#A = SA + Z CDT @ym Z R

] B (@
la+B|=1 2i ¢ la+Bl=2
Writing S = (s;;) one has
®B) B) ®B) -2 -2 -2
o[ e b §72 572 0(Wb)S
s N )| o700 || 52 52 eoms |
la+pI=2 ja+p1=2 0 0 0 §2 5§72 OWb)S?

because cgﬁ)) = O(Vb) for |a + Bl = 2. Then
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s 57t oWb)s™
(SHAWE) = SAWKE +( D O+ 571 7 o(BSs™ [+57.
la+Bl=1 sl st OWbs!

Denoting the third term on the right-hand side by K,, repeating the same arguments as
before, it is easy to see

2
(32)  (Op(K2) + Op(S U, V)| < C(IKDY ' UIP + Y IIU,IP + (Op(B)Us, Us)).

j=1
Now we turn to the term with | + 8| = 1. Note
—a® b - st st oWb)s!
@ 4 B) (@ . 1 4
SwAm=(m)| 0o 0 0 |= N S OWb)s~' |,
0O 0 0 OWD)S' OWh)S'  O®m)S!

since CE’?) = (9(\/5) and bzg)) = (9(\/5) for | + ] = 1 and hence

§° s° O(b)S® + 5!
(D) e = 50 50 OWB)S + 5! - Ki.
A=t OVD)S* +5™' OWB)S +571 OB)S* +OVB)S T +57

The same arguments proves

2
Op(K)U, U)] < C(KDY ' UIP + > IIUSP + (Op(b)Us, Us)).
j=1

Consider A*#S. We have the representation

* A% (_1)|'B| s\(@) o (B) =3 _ A% 7%
AHS =A'S + ) i AES )+ D HsT=AS +K.
la+Bl=1 la+p|=2

Repeating similar arguments, one gets

2
OpUEHRIU, U)| < C(KDY " UIP + > IV + (Op(b)Us, U3)).

j=1
Since A*S = S A, taking (2.4) into account, we see
(SAWKE) — (EYHA™S) = (SAMKE) — (E)#(S A)
s0 s0 OWb)S° + !
= S0 S0 OWVD)S® + 5!
OWD)SY +S1 OWP)S +S 1 OB)S® + OWD)S ! + 52

Summarizing the above estimates, we obtain the following

Lemma 3.5. Assume (f)“czg)) = (9(\/5) forla + B| < 2. There is C > 0 such that

2
(OP(S#AH#(E) — (H#AHS)U, U)| < C( D IU,I + (Op(b)Us, Us) + KDY UIP).

=1
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Consider S#p#(&) — (£)#p#S , where ¢ € SY is scalar. Recall
S#p=9S+ > %Sgg)) B > s
la+pl=1 la+Bl=2
For | + S| = 2 one has
§2 5§72 s
S(a) B _| g2 g2 §-2

(15)) (oz)
§2 52 OWb)S2
and hence
S 1 S 1 S—l
(SHEME) = @S +( ), e +| s s 5! +572,
lo+BI=1 st st WSt +8572

Denoting the third term on the right-hand side by K>, we have the same estimate as (3.2).
Similarly one has

st g s
(EHPHS) = OH@S) + @ Y, ) +| 57 s 5! +572,
lo+Bl=1 S ST oS +57?

Consider the term with | + 8] = 1 and observe that

§-1 §-1 OWb)S™!
Sie=| S~ st oWbs!
oWb)s™ oS gglel
with g = b> — 2ac. Therefore

§7 s° OWB)S® + 5!
(33) (EHS (el = s 50 OWD)S ™ +5!
OWD)S® +5~1 OWDS® +S~ OB)S® + OVB)S ™" +572

because c(a) O(b) for | + B| = 1 and then

(OPUEHS (et NU, U] < C( Z IUjI> + (Op(b)Us, Us) + (D) UIP).

j=1

Similar arguments are applied to |(Op(go(“)S Ef?))U, U)|. Finally, since
§° s° OSSO + 5!
(EY(@S) — (S ) = 50 s0 OWB)S ' 45!

OB+ 51 OB+ 51 OB)S° + OWB)S ! + 572
we obtain

Lemma 3.6. Assume (£)"cls) = O(b) for o +p| = 1 and (£)*c(y) = ONVD) for |+ =
Then there exists C > 0 such that
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2
|(Op(S #p#(&) — (EHP#S U, U)| < C(Z IUI? + (Op(b)Us, Us) + IKD)~ " UIP).

=1
Combining Lemmas 3.5, 3.6 and Corollary 2.2, one concludes that for sufficiently large
N; > 0 we have

(3.4) ~Ni(Op($)U, U)-2rIm(Op(S )(Op(pXD)+Op(AXD)U, U)
2
< (=Ni&1 + 2001 ) U} + Op(h)Us, Us)) + (=N (4/2)™" + 2CHIKD)Y™ UIP* < 0.
J=1
Now we pass to the analysis of the term involving .S .

Lemma 3.7. Assume 0,c = O(b). For & > 0 sufficiently small we have

S > &t0,S.
Proof. Since d;c = O(b), one has
3 2a + O(1) —b + £0O(1)
38 —&td,S =| 2a+ e0O(1) 2a* + 2b + £0O(1) —ab — 3c + eO(at) + O(bt)
—b+e0O(t) —ab—3c + &0O(at) + eO(bt) b% — 2ac + O(bt)

It is not difficult to see that
det (3S — &19,S) = det3S + eOb* (b + a?))

because t = O(b). ]

Lemma 3.8. Assume 0,c = O(b), (5)%%) = (9(\/13) for|a+B| = 2 and (§>"(ac)§g)) = (9(\/5)
forla + p| = 3. There exist € > 0 and C > 0 such that for U € C*(R; : C5’(R")) we have

2
(3.5 Re(Op(S - &td,5)U, U) = —&t( )" U, + (Op(b)Us, Us)) - Ct' &~ KDY UIP.
j=1
Proof. Denoting Q = § — 2¢t 4,5, it suffices to prove
(3.6)

2
[Re(Op( ) wapQly))U, U] < t( D IU;II” + (Op(b)Us, Uy)) + C&™' ¢! I(D) U

2<|a+BI<3 j=1
Consider Re(Op(¥4s Q) U, U) with o + | = 2. Note that
0

S—l
b =| 57 57
st s

S—l
S—l

Vap(gly — 61 (0,9)(5)

where g = b*> — 2ac. Consequently, one deduce

2
OPWapQENU, Ul < &t D U2 + Ce™' e ID) ™ U

Jj=1
+IRe (OpWap(gly) — s1(di9) NV, Us)l.
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Setting
T = Yap(gy — t(0,9)(5))(E) € S°,
we obtain Re (:,baﬂ(g(“) st(é,g)(“))) = T#&) ™' + S 2. Therefore
Re (Op(Yup(gly — £1(019)(5))Us, Us) < etllOp(TYUs|* + C&™'t ' IKDY™' Us ™.
Note that ||Op(T)Us||> = (Op(T#T)Us, Us) and T#T = T? + S 2. There is C > 0 such that
T < Cb

because ¢ = O(b) and <§)“ (“) = O(VDb) so that Cb — T? > 0. Then applying the Fefferman-
Phong inequality, we prove the assertion. Let |@ + 8| = 3 then with 7| = (¢aﬁ(g(“)
£1(019) ) HEN

T? < Cb
with some C > 0 since t = O(b) and (f)“(ac)(a) (9(\/_ b) and the proof is similar. ]

From (3.5) setting N, = £~! and dividing by &, one deduces

2
Re(Op(~N>S + 10,8)U, U) < t( )" IU/IP + (Op(b)Us, U3)) + Ct ' 2 [(DY~ U
=1
and applying Corollary 2.2, this implies
(3.7) — (N, + N3)Re(Op(8)U, U) + tRe(Op(d,5)U, U)
2
< (=Nse1 + Di( Y IIUIP + (Op(b)Us, U3) + 7' (Ce™ = Ns)IKD) ™.
=1
Fixing € and N,, we choose N3 sufficiently large and we arrange the right hand side of the
above inequality to be negative.

Next we turn to the analysis of 2Im(Op(S)Op(B)U, U). Recall that (Op(S)U, U) > 0 by
Corollary 2.3. Consequently,

(3.8)
2/(0p($HOp(B)U, U)| < N™'(t0p(8)Op(B)U, Op(B)U) + N'/*( "' Op(S)HU, U)

= N~'/*(:0p(B")Op(S)Op(B)U, U) + N/~ Op(§)U, U)
< N2t 12 0p(B*)Op(S)Op(B)U, U) + N'*(r ' 0p(§)U, U) + C ANV |(DY ' U|I*.

Lemma 3.9. There exists Ny > 0 depending on T and B such that for 0 < t < T and any
& > 0 there exists D, > 0 such that

2
Re(Op(N+S - ~B*SB)U,U) > —at(z IUJI? + (U3, U3)) = Dot~ KDY U
j=1
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Proof. Recall

3 + O 2a + £O(1%) —-b + £0(1%)
3S —e’B'SB=| 2a+ &0 2d*+Db)+e01) —ab -3¢+ eO)
-b+&O@F?) —ab-3c+eOF?) b*-2ac + £O?)

which proves 35 — &?B*S B > 0 with some & = &(T) > 0. To justify this, notice that the
terms O(2b), eO(t*c), eO(*a?), O(t*a) can be absorbed by det S because b > §,¢. For
example,

1
et*la) < Es(tS +12d%) < Ceth*(a® + b).

Choosing &(T) small enough, we obtain the result. Then the rest of the proof is just a
repetition of the proof of Lemma 3.8. |

According to Lemma 3.9 and (3.8), one has

2
(3.9)  2IOpS)Op(B)U, U)| < 2N, (Op($)U, U) + &t )" U/ + (Op(b)Us, Us))
j=1
=N,2 KDY UIP + Dot~ KDY UIP + CoaN, PI(DY U
Combining the estimates (3.4), (3.7), (3.9), it follows that
d;Re(r NeOp(§HU, U) < =2Im(t N e ™' Op(S)F, U)
~(N = Ni = N2 = N5 = 2N,/ V=" ™"Re(Op(§) U, U)
+Ce = AN + 1+ N} = ace™) |2 KDY UIP

2
+etr Ve ( Z IUIIF + (Op(b)Us, Us))
=1

~(y = D, = C1A = CLaN; ")y N-1e Dy U 2.
Note that
20N e Op(8)F, U)| < 2(7 N e™Op(S)F, F)!*(r N -teOp(S)U, U)'/?
< (N e0p(§HF, F) + VL 0p(S)U, U).

Denote N* = Ny + N, + N3 + 2N21/2 + 2 and we choose 0 < £ < 1. We fix g and 4 > 2C,.
Next we fix Ny so that

N> >2Ce™ + 1.

Then the term with rV=2¢™||(D)~'U||? is absorbed. Finally we choose N > N* and y such
thaty — D, — CiA — C/INZWT > 0. Then we have
(3.10)

dRe(r ™ NeOp(§HU, U) < (Ve Op(S)F, F) — (N = N)Re (r Ve 0Op(S)U, U).

Integrating (3.10) in 7 from & > 0O to ¢ and taking Corollary 2.3 into account, one obtains
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Proposition 3.1. Assume that
b>é6it, lacl <&b?, || <&D,
(3.11) ©"cy = 0) for le+Bl=1, (& = ONb) for la+pl=
<§>“<ac)“” O(Vb), la+pl=3, dc=0(b)
hold globally where & is given in Lemmas 2.2 and 2.3. Then there exist 6, > 0,y > 0,N € N
and C > 0 such that fory > vy, 0 < & <t < T and for any U € C*(R, : C7'(R")) we have
S N 2eNUDIP + 62(N = N f Ty

< Ce N e |Ue)|? + f 7N e T(Op(S)F (1), F(1))dr.

&

4. Microlocal energy estimates
First we prove the following

Lemma 4.10. Assume that (1.3) is satisfied in [0, TIxW where W is a conic neighborhood
of (xo,&0). Then there exist extensions a(t, x,&) € SO, l~)(t, x, &) € SO and &(t, x, &) e S0 of a,
b and c such that (3.11) holds globally.

Proof. Assume that (1.3) is satisfied in [0, T'] x W. Choose conic neighborhoods U, V, W
of (xo,&) suchthat U e V.e W e W. Take 0 < y(x,&) € §°, 0 < ¥(x,&) € S° such that
x =1onVandy = 0outside Wand y = 0 on U and y = 1 outside V. Choosing W and T
small one can assume that yb is small as we please in [0, T'] x R?" because b(0, xo, &) = 0
We define the extensions of a, b, ¢ by

i=ya, b=x’b+My, ¢=xc
where M > 0 is a positive constant which we will choose below. Note that
|ac| = y*lac| < Claly*b* < &(¢*b)* < b2,
2] = x3lel < Cx*b* = Cb'2(*b)Y? < 8b3/?

taking a(0, xo, &) = 0, b(0, xo, &o) = 0 into account and choosing W small.
If (x,&) € V then b(t,x,&) = b+ My > 6t and if (x,&) is outside V then b(t, x,&) =
¥?b+ M > 6t for [0, T] x R*" choosing M so that M > ¢;T. Thus we have

b(t,x,&) > 61t (t,x,&) € [0,T] x R*".
We turn to estimate derivatives of ¢ and a¢. For | + 8| = 1 itis clear that
@ e = @y < Co’b® +x°b) < Cix’b < C1b.
Similarly for | + ] = 2 one sees
@G| < Cob® + x*b + x*Nb) < CixVb = Ci(*b)' > < €12,

For | + B| = 3, taking (g}"(ac)(a) (9(\/_ b) into account, one has

@@z = @"|otac)g)|
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< Cyb* + x*b + Vb + *Vb) < CixVb < C1b'2.

Since 9,¢] = |y*d,c| < Cx’b < Cb is obvious the proof is complete. ]

REMARK 4.2. In the proof of Lemma 4.10 replacing b by x?b + My + M’yo(¢) where
xo(&) € CP(R") which is 1 near ¢ = 0 and M” > 0 is a suitable positive constant it suffices
to assume that (1.3) is satisfied in [0, T] x W for |£] > 1.

LetV e Vi € Qand u € C*(R, : C7(V)) Let {x,} be a finite partition of unity with
Xol(x, &) € SO so that

D X&) =X (),

where y(x) = 1 on V and supp y C V,. We can suppose that supp v, C V;. We repeat the
argument in [11, Section 4], studying a system

DUy = (Op(p)(D) + Op(AXD) + Op(B)Uq + Fo

with U, = "((D; — Op(e)XD))*xqut, (DY(D; — Op(){D))xatt, {D)*xou). One extends the co-
efficients a, b, ¢ and ¢ outside the support of y,, and one can assume that (3.11) are satisfied
globally. Thus we obtain the following

Theorem 4.1. Let Y € Q. Assume that for every point (xy,&y) € T*Q \ {0} there exist
a conic neighborhood W C T*Q \ {0} and T (xo,&0) > O such that the estimates (3.11) are
satisfied for 0 < t < T(xg, &) and (x,&) € W. Then there exist ¢ >0, Top > 0, yo > 0,C >0
and N € N such that for y > yp, 0 < & <t < Tg and for any U € C*(R, : C7(Y)) we have
!

T e MU Pdr

4.1) ctr N MU@I? + ¢ f

&

A
<CeMle™|U@)|? + C f N e (o)l Pd.

&

Corollary 4.4. Let Y € Q. Assume that for every point (xy,&9) € T*Q \ {0} there exist
a conic neighborhood W c T*Q \ {0} and T (xo,&y) > 0 such that the estimates (1.3) are
satisfied for 0 < t < T(xp,&0) and (x,&) € W. Then the same assertion as in Theorem 4.1
holds.

The same argument can be applied for the adjoint operator P*. With
V = '((D; — Op(pXD))*v.(D)(D; ~ Op(¢)(D))u. (D)v)
the equation P*v = g is reduced to
(4.2) D,V = Op(pXD)V + (Op(AXD) + Op(B)V + G,

with G = '(g,0,0). Here the principal symbol is the same, while the lower order terms
change. To study the Cauchy problem for P* in 0 < ¢ < T with initial data on t = T one
considers

4.3)  -9,("e"Op(§)V, V) = =N e 0p(S)V, V) — y(t" e Op(S)V, V)
~(Ne""0p(8,5)V, V) = AN — DY 2" |(D)Y " U|* - Ayt |(D) " U1
+2Im (Y e’ (Op(S)(Op(p)(D) + Op(A)XD) + Op(B))V, V)) + 2Im(t" e’ Op(S)G, V).
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Repeating the argument of Section 3, one obtains the following

Theorem 4.2. Let Y € Q. Assume that for every point (xy,&y) € T*Q \ {0} there exist
a conic neighborhood W c T*Q \ {0} and T (xo,&y) > 0 such that the estimates (3.11) are
satisfied for 0 < t < T(xo, o) and (x,&) € W. Then there exist c >0, Tg > 0, yo > 0,C >0
and N € N such that for y >y, 0 < & <t < Ty and for any V € C*(R, : C5'(Y)) we have

To
V()| Pde

4.4) ctN2NVOIP + ¢ f

t

To
<y oMV + ¢ [ P gt
t

Following the argument in [11], we may absorb the weight 7" and obtain energy es-
timates with a loss of derivatives. For the sake of completeness we recall this argument.
Consider Pu = f foru € C*(R; : C5’(R")). Assume u(e, x) = u,(e, x) = uy(e, x) = 0. Differ-
entiating Pu = f with respect to ¢, we determine the functions D{ u(e, x) = uj(x) € Cy(R")
and set

M

uy(t,x) = Z %uj(x)(i(t —e),0<e<r<T.
j=0 7"

Therefore w = u — uy € C*(R, : C(R")) satisfies Pw = fj; with
D! fu(e,x)=0, j=0,1,....M =3, DlwEx)=0, j=0,1,...,M.

Consequently, from Theorem 4.1 one deduce the existence of N € N and C > 0 such that
for £ > 0, and a solution u € C*([&, To] X C’(Y)) to the equation Pu = f with

u(e, x) = u (e, x) = uy(e,x) =0

we have

(4.5) Z f 1670%u(s, x)|Pds < C f Z 16/6% Pu(s, x)|Pds,

JHe|<2 € jtlal<N

where C is independent of €. We can obtain a similar estimates for higher order derivatives.

Note that under the assumptions of Theorem 4.1 the symbol p is strictly hyperbolic for
0 <t < Ty with some Ty > 0. Indeed the fact that p is strictly hyperbolic for 0 < ¢ < T,
is equivalent to A > 0 for 0 < ¢t < Ty, A being the discriminant of the equation p = 0 with
respect to 7. On the other hand, A = 27detS (see also Corollary 2.1) and detS > 0O for
t > 0 by Lemma 2.2. Therefore applying the estimate (4.5) and repeating the argument in
[3, Theorem 23.4.5] one can find Z € Q and T* > 0 such that for f € C7([0, To] x ) there
exists u € C7([0, To] x Q) satisfying Pu = f in [0,T"] X Z. The local uniqueness of the
solution of the Cauchy problem for P can be obtained taking into account Theorem 4.2 for
the adjoint operator P* and using the argument of [3, Theorem 23.4.5]. We leave the details
to the reader.

Finally, we deduce
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Corollary 4.5. Under the assumptions of Theorem 4.1 the Cauchy problem for P is C*
well posed in [0, T*] X Z for all lower order terms.
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