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Abstract
In this paper, we derive systems of ordinary differential equations (ODEs) satisfied by modular
forms of level three, which are level three versions of Ramanujan’s system of ODEs satisfied
by the classical Eisenstein series.

1. Introduction

Throughout this paper, let Ny, and N denote the sets of nonnegative integers and positive
integers. For positive integers j, k, and n € N, d;(n) denotes the number of positive divisors
d of n such that d = j mod k. Moreover, for k and n € N, o (n) is the sum of the k-th power
of the positive divisors of n, and d;i(n) = oy(n) = 0 forn € Q \ Ny. For each n € N,
set

+1, ifn=1 mod3,
(ﬁ)z ~1, ifn=-1mod3,
0, ifn=0mod3.

The upper half plane H? is defined by H? = {r € C | 37 > 0}. Throughout this paper, set
q = exp(2nit) and define the Dedekind eta function by
e . 1
n(r) = q* ]_[(1 =4 = 4% (q; Qe
n=1

The Eisenstein series E,, E4, and E¢ are defined by

Ex(@) = Ex(t) := 1 =24 )" 01(n)q", Ea(q) = Ea(r) := 1+ 240 )" o3(m)q’",

n=1 n=1

Es(q) = Ea(r) := 1 =504 > os(n)g", o) = d* forkeN.
n=1 din
Many research efforts have been devoted to ordinary differential equations (ODEs) satis-
fied by modular forms. Classical examples include Ramanujan’s coupled ODEs for Eisen-
stein series E,, E4, Eg; Pol and Rankin’s fourth-order ODE satisfied by A = ?*(1); Jacobi’s
third-order ODE satisfied by the theta null functions ¥, 993, 94, which are defined by equa-
tion (2.1). The proofs of these respective ODEs can be found in the papers by Berndt [3,
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pp-92], Rankin [22], and Jacobi [12].
Halphen subsequently [10] rewrote Jacobi’s ODE as a nonliear dynamical system:

X +Y =2XY,Y' +7 =2YZ,7 + X' =2ZX.

In particular, ODEs of the quadratic type are known as Halphen-type systems.

Recently, Ohyama [18, 19] reconsidered Jacobi’s ODE by taking into account Picard-
Fuchs equations of elliptic modular surfaces, and following Jacobi’s idea, derived a Halphen-
type system satisfied by modular forms of level three. Following Ohyama, Mano [16] de-
rived ODE:s satisfied by modular forms of level five.

Ramanujan’s system of ODE:s is expressed as follows:

dE, (E))*-E4 dEy E)E4—Ee dEs  EyEq — (Ey)’
Tog = 12 " Tag T 3 " Tuy T 2
which is equivalent to Chazy’s third-order nonlinear ODE,
y" =2yy" =3, y = niEx(1).

Ohyama [17] showed that Halphen’s differential field is an extension of Ramanujan’s differ-
ential field, whose Galois group is the symmetric group, S 3.
Ramamani [21] introduced

[eS) —1” n _ 0o
P=1-8 ﬂ,P:HMZ M
n=1

n=1

(1.1)

and derived a system of ODEs satisfied by the P, P, 9, modular forms of I'p(2). Ablowitz
[1] et al. showed that this system is equivalent to the following third-order non-linear ODE
found by Bureau [5],

" —yy')
AL A )

-y Y (),
and that it is equivalent to a Halphen-type system. Maier [15] generalized these results to
the Hecke group I'y(N) (N = 2,3,4).
In [11], Huber derived systems of ODEs satisfied by the cubic theta functions,

y//r — 2.’/!/” _ (y/)Z +2

2

a(q) — Z qm2+mn+n2, b(q) — Z wn—mqm2+mn+n ,

mnez m,nez.
1y 1 1 1y2 2mi
c(q) = Z g D mE)" y — 05 gl < 1.
mnez

The systems of ODEs are given by
d a? - b’ d,@ P?—ab® d

12 4= P =, g = PP -,
(1.2) qdqa 3 qdq 3 qdq a
and

3 _ P 3 _PZ
(1.3) qia S i - d =3 -Pe,
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2n)

L@(q)_l_6zcos(2mr/q3)nq P()_9Zn(q +q .

The aim of the research presented in this paper is to derive systems of ODEs satisfied by
a(g) by means of Farkas and Kra’s theory of theta functions with rational characteristics.
Our main theorems are as follows.

Theorem 1.1. For g € C with |q| < 1, set

(1.4) P(g)=a(g) = ) ¢" """, Q(g) = Ex(g) = 1 —24Zal(n>q,
m,nez
R S|
( ) n=1 dn
Then, we have
d 3PP+PO-4R d __ -9P*+8PR+Q* d _ —PR+OR
(L.5) qd_qP S T qd_qQ = B , qd_qR =

Theorem 1.2. For g € C with |q| < 1, set

(16 P@=alg)= Y ¢, 0q) = Ex(g®) = 1 —24Zol(n>q3",

m,nez
& )9 = n/d
R =@ = 214 0= =273 [Z e
( =1 din

Then, we have

d —3P3+3PQ+4R d —9P4 +8PR+90*> d P’R +30R
(1.7) q—P= s 4 s q7—R=——"7—.

dq 12 dg 36 dg 4

Section 2 reviews Farkas and Kra’s theory of theta functions with rational characteristics.
Section 3 treats some theta functional formulas. In particular, we prove equations (1.4) and
(1.6). Section 4 describes preliminary results. Section 5 proves Theorem 1.1. In particular,
our method recovers Ramanujan’s system of ODEs (1.1). Section 6 proves Theorem 1.2.
Section 7 expresses a*(q), a’(q), a*(q), @>(g) and a®(g) in terms of modular forms and divisor
functions. Section 8 shows Ramanujan’s identity of a(g), for selected cases that express a(q)
by Dedekind’s eta functions. Section 9 derives more product-series identities.

Remark 1. We note the properties of the cubic theta functions;

(1.8) a(g) =a(r) = 1+6 Y (di3(n) - daz(m)g’",
n=1
(R (@547
b3<q>=b3<r>—(3 e () =) =27q G

a’(q) =b*(g) + (q), g = exp(2nit).

For the proof, readers are referred to the books by Berndt [3, pp. 79], Dickson [7, pp. 68]
and the paper by Borwein et al. [4].
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Remark 2. Let us define the operators
d 1 d
9 = q_ = T .7
dqg 2ridr
The properties of the operators 6 and d can be found in Lang’s book [13, pp. 159-175]. The
first ODE of Theorem 1.1 implies

d1a(q) = 3a’(q) - 4b°(q).
The first ODE of Theorem 1.2 was proved in Cooper [6, pp. 263].

0:=0; =120 - kE»(q), (k=1,2,3,...).

Remark 3. Equation (1.2) and Theorem 1.1 implies that the following differential fields,
( ,qd/dq), are equal:

Calg), 2(9),b*(@)) =Cla(g), P(@)) = Ca(q), b (@) = (P(9),b*(9)
=C(a(q), Ex(q)) = Cla(q), Ex(q7)) = Cla(g), Ea(q), b*(9))-
Moreover, Theorem 5.1 expresses E4(g) and Eg(q) by a(q) and b*(g), which implies that

C(Ea(9), E4(9), Es(9)) C Cla(g), Ea(q), b (9)).

2. Properties of the theta functions

2.1. Definitions. Following the work of Farkas and Kra [9], we introduce the theta func-
tion with characteristics, which is defined by

9[ EE, ]({J)=9[ :, ]({) ::Zexp(2m’[%(n+§)27'+(n+g)(g+g)

nez

where €,€ € R, £ € C, and T € H?. The theta constants are given by

9[ © ]::9» ¢ ](o,r).
€ _E

In particular, note that

1 [ 0 0
(2.1 ﬁz:g[o]’ﬁ3=0_o]’ﬁ4=9[1]'

Furthermore, we denote the derivative coeflicients of the theta function by
2

/ € . ﬁ € 4 € = 6_ €
o [ € :|‘_ age[ e ](g’T)gzo’e [E’ ]‘_ 6529[ € ](4’7)

’

=0

and

o€ | i €
| &= ape] & e,

In particular, Jacobi’s derivative formula is given by

HEHHE!

, m=1,2,3,4,..)).
=0

gw ; ];: ;;9[ :, }(g,T)




ODE:s ror Cusic THETA FUNCTIONS 525

2.2. Basic properties. We first note that for m, n € Z,

_ ’ 2
(2.3) 9[ 66 ( +n+mr,7) = exp(2mi) [% —me - %] 9[ 66 ](g, ),
and
€+2m . [ €
2.4) 9[ ¢+ (¢, 7) = exp(mien)d | ¢ }((, 7).

Furthermore, it is easy to see that

9[ - ](g,r)ze[ ¢ ](—g,r) and a/[ - (§,T)=—9/[ € ](—g,r).
—€ € —€ | €

For m,n € R, we see that

€ n+mr
(2.5) 0[ o ](é’ + > ,T)
2 ’
= exp(2ni) [_m?{ - % - @ Z,t_n; &, ).

We note that 9[ :, ]({ ,T) has only one zero in the fundamental parallelogram, which is

given by
¢ l1-€ N 1-¢
= T
2
2.3. Jacobi’s triple product identity. All the theta functions have infinite product ex-
pansions, which are given by

NILN

(2.6) 9[ : }(g, 7) = exp(

miee'\ &
X4 Z2
2

(o)
% l—l(l _ xZn)(l + eﬂ'ie’x2n—l+ez)(1 + e—n’iE’XZn—l—E/Z)’
n=1

where x = exp(rit) and z = exp(2ni{). Therefore, it follows from Jacobi’s derivative formula
(2.2) that

1 _ 1 = 3 _ .
0 [ 1 ](O,T) = -2ng* l:[(l -q"), q = exp2nit).

2.4. Spaces of N-th order 6-functions. Based on the results of Farkas and Kra [9], we

€ . . . . .
define Fy [ i ] to be the set of entire functions f that satisfy the two functional equations,
€

F(&+ 1) = exp(zie) f({),

and

f( +7) = exp(-mi)[€’ + 2N + N1] f(0), (€C, teH?,
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where N is a positive integer and [ , ] € R2. This set of functions is referred to as the space
€

. , .. €
of N-th order 0-functions with characteristic [ , ] . Note that
€

€

dlmFN|: , :|:N

The proof of this space was reported by Farkas and Kra [9, pp.133].
2.5. The heat equation. The theta function satisfies the following heat equation:
62

d
—20[ 66 ](g,r) :471150[ 66 ]({,‘r).

2.7 o

3. Some theta functional formulas

We introduce Weierstrass’ g-function and o-function:

1 1 1
PEwLw)=9@ =5+ ) ( )

ez (Z — mwi — I/l(/.)z)2 (mw1 + nw2)2
(m,n) # (0,0)

2
Z é e
o(z w1, wy) = 0(2) =2 | | 1- exp + -
) € 27 mwy + nw; mwiy + nwy  2(mw; + nwy)
m,n) € 2~

(m,n) # (0,0)

where z, w1, w; are complex numbers with w,/w; ¢ R.
From Whittaker and Watson [24, pp. 437, 459], we recall the following formulas:

0—(42) . 0—(3Z) _ 70 N2 _l 70 N2
vt @), o) 39(2)9" ()" = 797 ()

3.1

and
0’ (2 =49(2)° — 9290(2) — g3,

1 1
S :60 i s = 140 ’
921, w2) Z (mw + nwy)* ga(w1, @2) Z (mwi + nw>)°

(m,n) € 72 (m,n) € 7?2
(m,n) # (0,0) (m,n) # (0,0)
which implies
144 ] 1224 ’
(3.2) 9(2) = 60°() ~ 50, 9"'(2) = 1209 (2).

Moreover, from Farkas and Kra [9, pp. 124], we recall

244 1
19 [1] d?

1
Pz 1.7) =3 " e ogH[ 1 ](Z,T),
A
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2 1
o‘(z;whwz):eXp(m—Z) o1 9[ | ](LT)
1

2w 1 w
qn
where wy/w; =7 € H2.
Therefore, we obtain the following theta functional formulas:

Theorem 3.1. For every z € C, we have
1

3
(3.3) d—log@[ 1 ](z)z@’[ i ] 1
94[ ] }(z)

dz?

8 3 2
1 1 a1 1 1
9[1]9[1](32) 19[1} d? 1 9[1]9[1](2Z)
9[ ](z)

34 =3{—-—— " — — o
()991 39’15&2%1 ¢ o
1 |®@ 1 1 |©
1 a 1]
- —<—1
] 1o
and
3
244 1 ’ 1 1
3.5 d5191 12 19[1] d2191 0[1]9[1](22)
3.5 d—zsog [1:|(Z)— §—1—d—Z20g |:1:|(Z) | .
4 & ()
1 1
Corollary 3.2. For every T € H?, we have
9 [ee]
n (1) n > (d
(3.6) —=1-9 d (—
P(1) Zf’ [; 3
and
9 (]
n’(37) ; ) (n/d)
(3.7 = d-\—11.
7 (@) Zf’ (; 3
where g = exp(27iT).
Proof. The corollary can be proved by substituting z = —1/3 or z = —7/3 in equation

(3.3) and applying Jacobi’s triple product identity (2.6). |
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4. Preliminary results
Proposition 4.1. For every T € H?, we have

| ]

@.1) = -2 a(), and = Za/3).
N H
0| 0
3 1
Proof. The proposition follows from Jacobi’s triple product identity (2.6). |

Proposition 4.2. For every T € H?, we have

2
L) el L
(4.2) 3—2 - +6 3 2L =0,
(HETEUN
3 3
2
SHESmEH
4.3) 30[ %] 0/[ " ] +6 0[ %] 0,
1 1 1
2
Al L] el
(4.4) 3—2-- T+ 2o =0,
(HEGHERUH
3 3
and
1 1 12
L bl
(4.5) 3 f - 1 +6 f =0.
(HEGHERUH
3 3
Proof. Consider the following elliptic functions:
Lo olie el el
o= ——7— w@=——— @@= e @ = e
93[1}(2) 63[1}(2) 63[1}(2) 93[1](2)

In the fundamental parallelogram, the pole of ¢;(z) (j = 1,2,3,4) is z = 0, which implies
that Res(¢;(z), 0) = 0. Therefore, the proposition follows. O
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Proposition 4.3. For every T € H?, we have
1
0///
i
1
1]

Proof. The proposition follows from Jacobi’s triple product identity (2.6).

d 1
= 47ti— log &' = —1°E»(q), q = exp(2nit).
dr 1

5. Proof of Theorem 1.1

5.1. Notations. For every 7 € H?, set ¢ = exp(27it) and
3
/77 1 / 1
N
0 o o’ e L
N
3

5.2. The ODE for P(g). Proof. From equation (4.2), we have

x
—

I
W= = | Gop= =

S.D

By substituting z = —1/3 in equation (3.3), we obtain

9/// [ 1 ]
(5.2) —13 = 8X°+XY+Z
3
Since
9/// [ } } 9, [ } ] 9/ [ } :| 9// [ } ]
1R d 3 3 3
=4 + .
1 dr 1 1 1
0| . 0l 1 oL ? .
3 3 3 3

1
=47iX’ + XY - 2X3,

it follows that
2
(5.3) AriX’ = —6X° + §XY +7Z,

where ’ = d/dr. Considering d/dt = 2nigd/dq, we obtain the ODE for P(g).

529
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5.3. The ODE for Q(g). Proof. By substituting z = —1/3 in equation (3.4), we have

1
9(4)[ i ] X
—13 — 10X* + 4X2%Y — 4XZ - gyz.
1]
3

Comparing the coefficients of the g-series, we obtain

1
6@ [ i ]
_ts31_

0

1
e [ i ]
3

1
(5.6) — 2 S 10X —4X?Y - 2XZ + §1/2.

| 1]

2
oLl ol
3 d 3 3
|

(5.4) +6XZ =

1
(5.5) —6XZ = 10X* + 4X°Y —4XZ — 3 ~-Y?,

—
W= -
| S

which implies that

W= -

Since

=4
i e " + "
0| | 0 |
3 3

4 1
=§m'Y' +28X* —4X%Y —4XZ + §1/2,

Wl— —

it follows that
2
(5.7) AmiY’ = -54X* + 6XZ + gyz,

where ' = d/dt. Considering d/dt = 2migd/dq, we obtain the ODE for Q(q).

5.4. The ODE for R(g). Proof. By substituting z = —1/3 in equation (3.5), we have

1
al
3

(5.8) —7 - 106X° — 83—0X3Y - 14X%Z + gxﬁ + ?YZ,
0
]
and
(5.9) (@b’ (q) = a*(q) ((3 q2)3 b+3 Z [Z d4( )]
dln

Since
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1 1 1 1
_t3] =4 i 3 + S 3
1 dr 1 1 1

0 1 6 1 0 1 0 1
3 3 3 3

80 5 4
=4xiZ’ + 106X’ — ?X3Y - 20X%Z + 5XYZ +3YZ,

it follows that
(5.10) 4niZ' = 6X°Z +2YZ,
where ’ = d/dt. Considering d/dt = 2nigd/dq, we obtain the ODE for R(g). m|

5.5. Note on E; and Es.

Theorem 5.1. For g € C with |q| < 1, we have
(5.11) E4(q) = 9a*(q) — 8a(q)b*(q), Es(q) = —27a°(q) + 364> ()b’ (q) — 8b°(q).

Proof. For the proof, we use
24 1
1 ‘ [ 1 ] d?

1
0 =9(z; 1 = - —1 .
p=pl.n)=z7 NE iz OgG[ ) }(z)
1
We first note that
., 47t
9" =69 =92, 92(1,7) = —Eu(9).

Substituting z = —1/3, we have

(5.12) g» = 108X* — 12XZ,
which implies

(5.13) E4(q) = 9P* — 8PR.

‘We next note that
, 86
() = 49" =920 — g5, 93(1,7) = = Ee(9).

Substituting z = —1/3, we obtain
(5.14) g3 = —216X° + 36X°Z - 7,
which implies

E¢(q) = —27P° + 36P°R — 8R>.
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Theorem 5.2. For every T € H?, we have

123 g3
J(1) =J(g) = 5
g3 — 2793
3 3 300)
27(q) (94*(@) = 85@) 276} (q)(a(g) + 8 (@))° .
= 5 3 ; = Y , q = exp2mit).
b°(q) (a*(q) — b°(9)) b%(q)c*(q)
Proof. By equations (5.12) and (5.14), we have
3
110592 (9x* - XZ)
J(r) = )
@ 73 (8X3 - 7)
which proves the theorem. The second formula follows from Ramanujan’s cubic identity
(1.8). O

5.6. Proof of Ramanujan’s system of ODEs (1.1).
Theorem 5.3. For g € C with |q| < 1, we have

dE, (Ex)*—E4 dE, E)E;—Es dEs  EyEe— (Ey)?
dqg 12 " Tag T T 3 Ty T 2
Proof. By Theorems 1.1 and 5.1, we first note that

d d 0*—-(9P2-8PR) E;-E4
Vg2 = 45,9 12 2
We next see that
d d 4 6 4 3 8, 8
g—E4 =g—(9P* — 8PR) = 9P° + 3P*Q — 12P°R + =R*> — ZPQR
dq dq 3 3
_E2Ey - Eg
===

Finally, we obtain

d
q—Epw§+QWﬁ+%ﬁR—&ﬁ
q

dq
__E 8_2_76 5 3 _ 2p2 2
== P'= 5 P°0+T72P°R+ 18P QR - 32P°R* ~ 40R
E;Eq — E}
=——
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6. Proof of Theorem 1.2
6.1. Notations. For every 7 € H?, set y = exp(2nit/3), ¢ = y> and

1 1T
dH RGN
, Y = R EEh
(R H
6.2. The ODE for P(gq). Proof. From equation (4.3), we have

o 3
9[1]—11/ 2X?
(H.
1

By substituting z = —7/3 in equation (3.3), we obtain

1
Q" 3
H

X =

— W= o=

6.1)

(6.2) =-8X°+ XY +Z

Since

wHi GH
(HEUHIKH

1
=4riX’ + gXY -2x3,

— L=

it follows that
2
(6.3) AriX’ = -6X° + §XY +7Z,

where ' = d/dt. Changing T — 37, we obtain the ODE for P(q). |

6.3. The ODE for Q(g). Proof. By substituting z = —7/3 in equation (3.4), we have

1
o@ [ 3 ]
1 1
(6.4) +6XZ = ———— — 10X* + 4X°Y - 4XZ - §Y2-
ol 3
1
Comparing the coefficients of the y-series, we obtain

1
4| 3
6[1] 1

(6.5) —6XZ = ———— — 10X* + 4X?Y - 4XZ - §Y2,
(H

—_— 2=
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|

6@ [
(6.6) _

which implies that

— =

Since

o) [

THRCH

4 1
:gm'Y' +28X* — 4X%Y —4X7Z + §Y2,

— =
[E—
[ Sa)

N
N
| ——
— =
| S
(Sa)

N
N
| ——
— =
| S

()

it follows that
o 4 25
(6.7) 4miY’ = -54X" + 6XZ + §Y ,

where ' = d/dt. Changing T — 37, we obtain the ODE for Q(g).

6.4. The ODE for R(g). Proof. By substituting z = —7/3 in equation (3.5), we have

51
®| 3
ail

(6.8) = 106X° — 83—0X3Y — 14X°Z + gxyz + %YZ,
1]
and
(6.9) a*(q)c(q) = a*(q) - 27qzM =27 i q (Z & (M)) .
(43 9% Lt |4\ 3
Since

—_ =
— W=
—_ =

st REHEH
T ERIE R

80 5 4
=47iZ’ + 106X° — ?X3Y - 20X°Z + 5)(1/2 + 5YZ,

it follows that
(6.10) 4riZ’ = 6X*Z +2YZ,
where ' = d/dt. Changing T — 37, we obtain the ODE for R(g).
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6.5. Note on E4 and FE;.

Theorem 6.1. For g € C with |q| < 1, we have

8 4 8
(6.11) Eiq) = a'(q) - §a<q>c3(q>, Es(q’) = a®(q) - §a3<q)c3<q) - ﬁc%q).
Proof. For the proof, we use
9/// [ 1 ]
PRSY S B SN GRS I
p_@zs 97-_3 1 dzz Og 1 Z).
an

We first note that
. 4t
9" = 69> — g2, go(1,7) = ——Eu(q).

3
Substituting z = —7/3, we have
(6.12) g» = 108X* — 12XZ,
which implies

(6.13) E4(q) = 9P(y)* — 8P(y)R(y).

We next note that
N2 3 87r6
() =49" —gop — g3, 93(1,7) = >7 E¢(q).

Substituting z = —7/3, we obtain
(6.14) g3 = —216X° + 36X°Z — 72,
which implies

Es(q) = P(y)° = 36P(y)’R(y) + 216R(y)’.

Changing 7 — 37, we obtain the theorem. |

Theorem 6.2. For every T € H?, we have

270 @) (94 @) - 8¢@) 276} (g)(a(q) + 8H(@)) .
=1 s S T paew o

Proof. By equations (6.12) and (6.14), we have

3
123 110592 (9x* - XZ)

J(T) = - B
93— 2793 7 (8x° -7)

which proves the theorem. The second formula follows from Ramanujan’s cubic identity
(1.8). O

Remark. The formulas of Theorems 5.1 and 6.1 were proved in Cooper [6, pp. 272].
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7. Applications to number theory

Theorem 7.1 (Farkas and Kra [9, pp. 318]). For every T € H?, we have
2

ne
TAWELC. TN N ki
T i
! GL]&ﬂ
3
Proof. The heat equation (2.7) and equation (4.2) implies that
2
1 !
arimun
dni—log ——>— + 6 B
T 1 1
U
1 3

The theorem follows from Jacobi’s triple product identity (2.6).
Theorem 7.2. For g € C with |q| < 1, we have
u@ﬂ+n2ww>wwmm 1{&@+wmﬁ
Proof. The theorem follows from Proposition 4.1 and Theorem 7.1.

Theorem 7.3. For g € C with |q| < 1, we have

3@—h024&ﬁﬂn+mz &PTWH

n=1 dln n=1 din

Proof. From Theorems 1.1 and 1.2, we have

d 9

1) @m%—&@y@=w%%(€fy,
and

d 3; 3 20
(7.2) @q———Eﬁfﬂaw>=—fw»+%w9¥ﬁ%<

dq (43 P
Eliminating g(d/dq)a(q), we obtain

il 9 3. .,3\9
21 +12 Y (e1(n) = 301 (n/3))g"alq) = 6a*(q) - 4((2’ qz)g - 1osq%.

n=1
Therefore, it follows from Theorem 7.2 that
9 3. .3\9
(4 Do 7 (47397

G gy, T @@

(7.3) a(q) = ———=

which proves the theorem.
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Theorem 7.4. For g € C with |q| < 1, we have

a4(q) =1+24 2(0'3(n) +903(n/3))q".

n=1

Proof. By Theorems 5.1 and 6.1, we have

(439 3 4 @’:4)%

» Es(q) = a’(q) = 24a(q) - g——5—-
(@ )% (43 9%
Considering equation (7.3), we obtain

10a*(q) = E4(q) + 9E4(q),

which proves the theorem. O

E4(q) = 9a*(q) - 8a(q) ————=

Theorem 7.5. For g € Cwith |q| < 1, we have
n 4 4 n/d
a(q)—1+3Z Zd +27Z Zd
=1 din n=1 din

Proof. The theorem follows from equations (5.9), (6.9) and (7.3). ]

Theorem 7.6. For g € C with |q| < 1, we have

216
gy =1+ 2 Z(O's(n) 2105n/3)q" + T3a(a DL 1)

n=1

Proof. By Theorems 5.1, 6.1 and equation (7.3), we have

Es(q) — 27Es(q”) = —18a°(q) — 8b°(q) — 8c°(q),

which implies

9a°(q) + 4b%(g) + 4 (g) = 13+ 252 Y (ars(n) - 27ors(n/3))q".

n=1

By equation (7.3), we obtain

13a°(g) = 13+ 252 ) (or5(n) = 2705(n/3))q" + 86 (q)c* (q),

n=1

which proves the theorem. m|

RemARrk. Lomadze [14] proved Theorems 7.2, 7.3, 7.4, and 7.5 by means of specific
Eisenstein series. He also treated

Fi = x% + X1X2 +X§ + - +X§k71 +X2k_1ka+x§k, (k= 1,2,...,17).

Based on Ramanujan’s theory of theta functions, Cooper [6, pp. 569] treats the case where
k=1,2,...8,10,12.

For the elementary proof of Theorems 7.2 and 7.4, readers are referred to the book by
Williams [23, pp. 224-227].
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8. A selected example of Ramanujan’s identity
8.1. Farkas and Kra’s cubic identity.
Theorem 8.1 (Farkas and Kra [9, pp. 193]). For every T € H?, we have

1 1 1
(8.1) 03[% +6 g}:e3[3],
3 3 1
and
. l 2 . l
(82) exp(g)m[ 3 +exp(§)e3[ 3 ]:93[ | }
3 3 3

Proof. Consider the following elliptic functions:

1 1
o[ o[ o
1 . Y@= n
Tl ol T Tl o
3

We use ¢(z) to prove equation (8.1). Equation (8.2) can be obtained by using ¢(z) in the

same way.
Note that in the fundamental parallelogram, the poles of ¢(z) are (r + 1)/3, 7/3, and

(r — 1)/3. Direct computations yield

¢(z) =

W= =
W= —
Wl—Ww|n

] () } ()

W —

)

)
—
W—=w—=
—

Sa)
)
e
| S

Res (go(z), T; 1) = -

e
<
—
—_
[
D
%)
—
W=
)
<
—
—_
—_— |
D
%)
—
[SSIEE
[
-

and

Res (go(z), T; 1) = -

[ en)

<
—
—_
[SE————1

)

)
—
W= —
[

From the residue theorem, it follows that

0,

1 -1
Res|¢(z), T + Res ((p(z), Z) + Res | ¢(z), T
3 3 3
which implies equation (8.1). O

8.2. Ramanujan’s identity.
Theorem 8.2 (Ramanujan [2, pp. 346]). For every T € H?, we have

_ P(7/3) +3°(37)
- n(t) '

a(q)
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Proof. From the results obtained by Farkas [8], we recall the following identity:

69’[ } ](O, 7)
3

(8.3)

1 1 1
4693[§](0,r)+93 i](07)+§693[§](07)
3 3
1
. L i [ 1 ](O,T)
_ 2rig2 _ Zm,eﬁ 3
) 1 ’
l_[(l _ q3n+1)(1 _ q3n+2) \/gg[ i} ](0, 3T)
n=0

where g = exp(2rit) and {s = exp(27i/6).
Theorem 8.1 yields that

1 271 1
03[§]:—exp(ﬂ)03[3 +6 }}
3 3 1 3
and
|-l
5 [=EXplx - e
3 3 1 3 |
which imply
1 1 [ 1
0/[ 1 2mi 03[ 3 + \/§l93 1 :|
31 mexp(5) " 1 | 3
1] 33 1 '
0[ 1 ] 9[ i (0,37)
3

Therefore, the theorem follows from Proposition 4.1 and Jacobi’s triple product identity
(2.6). ]

9. Additional product-series identities
9.1. Selected theta functional formulas.

Proposition 9.1. For every (z,7) € C x H?, we have

SERNE 1 o 1] 3 3
o ol {3 o ool o
1 1 1
—9[ 3 ]0[ 3 ]92[ | ](Z)=O,
3 3
1 1 5 1 1 5
(9.2) 92[ 3 ]9[ 3 ](2)9[ 3@+ 3 ]9[ 3 ](2)9[ i ](Z)
3 3 3 3 3 3
2mi\ [ L 1] ]! B
oo 1o e
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Proof. We prove equation (9.1). Equation (9.2) can be proved in the same way. We first
note that dim 7, [ 8 ] =2, and

9[ ; ](m)e[ : ](z,ﬂ,e[

3 3

— =

o 3 @) ! Pl ?
(Z7 T) 1 (Z’ T)’ 1 (Z’ T) €/ ol

Therefore, there exist some complex numbers, x|, xp, and x3, not all of which are zero, such

that
] (z, )0 [

Note that in the fundamental parallelogram, the zero of 9[

— =

5
xle[ ](z,‘r)+x20 ](z,T)H[ i ](z,‘r)+x302[ 1 ](z,‘r):O.

W= —
Wl —

1
1
3
isz=1/3,7/3 or 0. Substituting z = 1/3,7/3, and 0, we have

1
|@.a] § |@.ora | |

] 1 1 1
xzexp(—§)6[ 3 ]0[ 3 +x302[ | }:0,
3 3 3
1 1 1
X19|:?:|9[§] +X302[i:|=0,
3 3
1 ' 3
—xlez[ { +xzexp(—ﬂ)92[ 3 ] =0
1 3710

Solving this system of equations, we have

1 1 1 1 1
(xl,xz,x3)=a(92[ i ],exp(%)@z[ i },—9[ z ]6[ g D for some a € C\ {0},
3 3 3
which proves the proposition. m|

9.2. Product-series identities.

Theorem 9.2. For every T € H2, we have

10 3 s
93) #{;ﬂ = 143 (@101 = 901(n/9)q’",
n=1
and
3 3 * *
04 TEEED = ) nGon+ g™ = Y Gn + 20"
U T) n=0 n=0

where g = exp(2miT).

Proof. By equations (4.2), (4.3), and (9.1), we derive equation (9.3). Equation (9.4) can
be proved in the same way.
Comparing the coefficients of the term z? in equation (9.1), we have
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1 1 1 1
Ll Sl el
9,12[% 1RE I
1 1 17172 1 1
dHUHERUHE N
3 1 1 3

1

3

]

= ﬂla og ) .

o1 1

3

Therefore, equation (9.3) can be obtained by Jacobi’s triple product identity (2.6). m|
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