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Abstract
Let M be an orientable, irreducible 3-manifold and ( , ; F) a weakly reducible, unstabilized

Heegaard splitting of M of genus at least three. In this article, we define an equivalence relation
∼ on the set of the generalized Heegaard splittings obtained by weak reductions and find special
subsets of the disk complex (F) named by the “equivalent clusters”, where we can find a
canonical function Φ from the set of equivalent clusters to the set of the equivalent classes
for the relation ∼. These equivalent classes are more detailed than the isotopy classes of the
generalized Heegaard splittings obtained by weak reductions from F. In the last section, we
prove Φ is a bijection if the genus of F is three.

1. Introduction and Result

1. Introduction and Result
Let M be an orientable, irreducible 3-manifold and ( , ; F) an unstabilized Heegaard

splitting of M of genus at least three.
In this article, we will define an equivalence relation ∼ on the set of the generalized Hee-

gaard splittings obtained by weak reductions1, where two generalized Heegaard splittings
H1 and H2 obtained by weak reductions are equivalent or H1 ∼ H2 if the following hold:

(1) H1 is isotopic to H2 in M as two sets of surfaces,
(2) Thick(H1) ∩  is isotopic to Thick(H2) ∩  in  ,
(3) Thick(H1) ∩ is isotopic to Thick(H2) ∩ in  , and
(4) Thin(H1) ∩ int(M) is isotopic to Thin(H2) ∩ int(M) in M,

where Thick(Hi) and Thin(Hi) are the thick and thin levels of Hi for i = 1, 2, respectively.
Then we will prove the following theorem.

Theorem 1.1. Suppose M is an orientable, irreducible 3-manifold and ( , ; F) is a
weakly reducible, unstabilized Heegaard splitting of M of genus at least three. Then there
are special subsets of (F) named by the “equivalent clusters” such that there is a canonical
function Φ from the set of the equivalent clusters to the set of the equivalent classes for the
relation ∼. The equivalent clusters satisfy the following:

(1) Each equivalent cluster is contractible.
(2) For a given equivalent cluster, the generalized Heegaard splittings obtained by weak

reductions along the weak reducing pairs in the cluster are all equivalent. Moreover,
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1We will consider a weak reduction as in [1] consisting of two steps, pre-weak reduction and cleaning to

discard the pairs of thick and thin levels cobounding products in the isotopy classes of the generalized Heegaard
splittings.
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the equivalent clusters are classified into ten types (Definition 3.19, Definition 3.22,
Definition 3.23 and Definition 3.24).

(3) If there is a simplex of (F) such that the generalized Heegaard splittings obtained
by weak reductions along the weak reducing pairs in the simplex are all equivalent,
then this simplex belongs to a uniquely determined equivalent cluster (Theorem
3.34).

Note that the definition of the disk complex (F) can be found in Section 2. In the
last section, we will consider the case where the genus of F is three and prove that each
component of  (F) is just an equivalent cluster and the canonical function Φ is bijective,
where  (F) is the union of all simplices of (F) intersecting both  (F) and  (F).
Using it, we will prove there is a naturally induced function Ω from the set of components
of  (F) to the set of the isotopy classes of the generalized Heegaard splittings obtained
by weak reductions and describe what Ω is.

Theorem 1.2 (Theorem 4.4). Let ( , ; F) be a weakly reducible, unstabilized Heegaard
splitting of genus three in an orientable, irreducible 3-manifold M. Then the domain of Φ
is the set of components of  (F), Φ is bijective, and there is a canonically induced
function Ω from the set of components of  (F) to the set of the isotopy classes of the
generalized Heegaard splittings obtained by weak reductions from ( , ; F). The number
of components of the preimage of an isotopy class of Ω is the number of ways to embed the
thick level contained in  into  (or in  into ). This means if we consider a generalized
Heegaard splitting H obtained by weak reduction from ( , ; F), then the way to embed
the thick level of H contained in  into  determines the way to embed the thick level of H
contained in  into  up to isotopy and vice versa.

This article is constructed as follows. First, we will classify the generalized Heegaard
splittings obtained by weak reductions into five types in Lemma 3.1 simply by the shapes of
the two compression bodies intersecting the inner thin level, where the inner thin level is the
union of the components of the thin level contained in int(M). Then we will find a necessary
and sufficient condition that two weak reducing pairs forming a 2-simplex in (F) induce
equivalent generalized Heegaard splittings after weak reductions in Lemma 3.5. Using this
lemma, we will reclassify the generalized Heegaard splittings obtained by weak reductions
into ten types in Definition 3.14. After this reclassification, we will define the “equivalent
clusters” and the canonical function Φ. Of course, a component of  (F) might not be an
equivalent cluster in general (see Theorem 3.34). In the last section, we will find a necessary
and sufficient condition that each component of  (F) is an equivalent cluster in Lemma
4.2. Next, we will find a sufficient condition that two equivalent clusters corresponding to
the same equivalent class by Φ are the same in Lemma 4.3. By applying Lemma 4.3 to the
genus three case, we will prove Theorem 4.4.

2. Preliminaries

2. Preliminaries
A compression body is a 3–manifold which can be obtained by starting with a closed,

orientable, connected surface F, forming the product F × I, attaching some number of 2-
handles to F × {1} and capping off all resulting 2–sphere boundary components that are not
contained in F×{0}with 3-balls. The boundary component F×{0} is referred to as ∂+ and the
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rest of the boundary is referred to as ∂−. For a compression body  with ∂− = ∅, we call
it a handlebody. For a compression body  , we call the genus of ∂+ the genus of  . For a
compression body  with ∂− � ∅, we can obtain  from ∂− × I by attaching 1-handles to
∂− × {1}. This means the genus of ∂+ is at least the sum of genera of the components of
∂− . For a surface F, if there is an embedded disk D in M such that ∂D ⊂ F is an essential
curve in F and int(D) ∩ F = ∅, then we call D a compressing disk for F. For a compression
body  , if D is properly embedded in  and it is a compressing disk for ∂+ , then we call D
a compressing disk in  . A Heegaard splitting of a 3-manifold M is an expression of M as a
union  ∪F  , denoted as ( , ; F), where  and  are compression bodies that intersect
in a transversally oriented surface F = ∂+ = ∂+ . We say F is the Heegaard surface of
this splitting. If  or  is homeomorphic to a product, then we call such compression body
trivial and we say the splitting is trivial. If there are compressing disks V ⊂  and W ⊂ 

such that V ∩ W = ∅, then we say the splitting is weakly reducible and call the pair (V,W)
a weak reducing pair. If (V,W) is a weak reducing pair and ∂V is isotopic to ∂W in F, then
we call (V,W) a reducing pair. If there is a pair of compressing disks (V̄ , W̄) such that V̄
intersects W̄ transversely in a point in F, then we call this pair a canceling pair and say the
splitting is stabilized. Otherwise, we say the splitting is unstabilized.

Let F be a surface of genus at least two in a compact, orientable 3-manifold M. Then the
disk complex (F) is defined as follows:

(i) Vertices of (F) are isotopy classes of compressing disks for F.
(ii) A set of m+ 1 vertices forms an m-simplex if there are representatives for each that are

pairwise disjoint.
Consider a Heegaard splitting ( , ; F) of genus at least two in an orientable, irreducible

3-manifold M. Let  (F) and  (F) be the subspaces of (F) spanned by compressing
disks in  and  , respectively. We call these subspaces the disk complexes of  and  ,
respectively. Let  (F) be the subset of (F) consisting of all simplices with at least one
vertex from  (F) and at least one vertex from  (F). By definition, if there is a simplex
σ in  (F) such that σ ⊂  (F) or  (F), then it must be a proper subsimplex of a
simplex intersecting both  (F) and  (F).

If there is no confusion, we will use the disk V instead of the isotopy class [V] ∈ (F)
for the sake of convenience. Hence, we will say (1) D1 = D2 in (F) instead of [D1] = [D2]
and (2) if there is a k-simplex Δ in (F), then we will denote Δ as a set of k + 1 mutually
disjoint, non-isotopic compressing disks for F. Note that if there is a compressing disk in a
compression body  , then the isotopy class of the boundary of the disk in ∂+ determines
the isotopy class of the compressing disk in  . (Since ∂F = ∅, the pair ( , F) is spotless.
Therefore, the natural map ν :  (F)→ (F) induced by taking a compressing disk in  to
its boundary is injective, where (F) is the curve complex of F, see [7] for the details.) This
gives an important lemma.

Lemma 2.1. Let  be a compression body. If there are two compressing disks V1 and V2

in  such that ∂V1 is isotopic to ∂V2 in ∂+ , then V1 is isotopic to V2 in  .

We get the following corollary directly from Lemma 2.1.

Corollary 2.2. Let  be a compression body and  ′ ⊂  a compression body such that
∂+ = ∂+

′. If V1 and V2 are compressing disks in  ′ such that V1 is isotopic to V2 in  ′,
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then V1 is isotopic to V2 in  .

Note that  (F) and  (F) are contractible (see [8]). Let ( , ; F) be a Heegaard
splitting of genus at least two. Since dim((F)) is finite and there exist at most two disks
in (F) which correspond to an element of (F) (such two disks exist if and only if there
exists a reducing pair), dim((F)) is also finite.

From now on, we will consider only unstabilized Heegaard splittings of an irreducible
3-manifold. If a Heegaard splitting of a compact 3-manifold is reducible, then the manifold
is reducible or the splitting is stabilized (see [11]). Hence, we can exclude the possibilities
of reducing pairs among weak reducing pairs.

Suppose W is a compressing disk for a properly embedded surface F ⊂ M. Then there is
a subset of M that can be identified with W×I so that W = W×{ 12 } and F∩(W×I) = (∂W)×I.
We form the surface FW , obtained by compressing F along W, by removing (∂W) × I from
F and replacing it with W × (∂I). We say the two disks W × (∂I) in FW are the scars of W.

Lemma 2.3 (Lustig and Moriah, Lemma 1.1 of [6]). Suppose M is an irreducible 3-
manifold and ( , ; F) is an unstabilized Heegaard splitting of M. If F′ is obtained by
compressing F along a collection of pairwise disjoint disks, then no S 2 component of F′

can have scars from disks in both  and  .

The next is the definition of “generalized Heegaard splitting” originated from [13].

Definition 2.4 (Definition 4.1 of [1]). A generalized Heegaard splitting (we will use
GHS as abbreviation from now on) H of a 3-manifold M is a pair of sets of pairwise disjoint,
transversally oriented, connected surfaces, Thick(H) and Thin(H) (resp. called the thick
levels and thin levels), which satisfies the following conditions.

(1) Each component M′ of M − Thin(H) meets a unique element H+ of Thick(H) and
H+ is a Heegaard surface in the closure of M′, say M(H+).

(2) As each Heegaard surface H+ ⊂ M(H+) is transversally oriented, we can consis-
tently talk about the points of M(H+) that are “above” H+ or “below” H+. Suppose
H− ∈ Thin(H). Let M(H+) and M(H′+) be the submanifolds on each side of H−.
Then H− is below H+ if and only if it is above H′+.

(3) There is a partial ordering on the elements of Thin(H) which satisfies the following:
Suppose H+ is an element of Thick(H), H− is a component of ∂M(H+) above H+
and H′− is a component of ∂M(H+) below H+. Then H− > H′−.

We denote the maximal subset of Thin(H) consisting of surfaces in int(M) as Thin(H) and
call it the inner thin level.

Definition 2.5 (a restricted version of Definition 5.2, Definition 5.3, and Definition 5.6
of [1]). Let M be an orientable, irreducible 3-manifold. Let H be an unstabilized Heegaard
splitting of M, i.e. Thick(H) = {F} and Thin(H) consists of ∂M. Let V and W be disjoint
compressing disks for F from the opposite sides of F. Here, Lemma 2.3 guarantees FVW

does not have a 2-sphere component. Define

Thick(G′) = (Thick(H) − {F}) ∪ {FV , FW}, and

Thin(G′) = Thin(H) ∪ {FVW},
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where we assume each element of Thick(G′) belongs to int() or int() by slightly pushing
FV and FW off into int() and int(), respectively, and then also assume they miss FVW .
(In the proof of Lemma 2.16 of [5], the author used the term FV for denoting Thick(G′)∩
for the sake of convenience. In this article, we will only use this term for this defini-
tion and we will use F̃V for general cases to avoid confusion.) We say the GHS G′ =
{Thick(G′),Thin(G′)} is obtained from H by preweak reduction along (V,W). We can
see FV comes first, FVW next, and FW last in M or vice versa (see Figure 10 of [1]). If
there are elements S ∈ Thick(G′) and s ∈ Thin(G′) that cobound a product region P of
M such that P ∩ Thick(G′) = S and P ∩ Thin(G′) = s, then remove S from Thick(G′)
and s from Thin(G′). If we repeat this procedure until there are no such two elements of
Thick(G′) and Thin(G′), then we get the resulting GHS G of M from the GHS G′ (see
Lemma 5.4 of [1]) and we say G is obtained from G′ by cleaning. We say the GHS G
of M given by preweak reduction along (V,W), followed by cleaning, is obtained from H
by weak reduction along (V,W). From now on, we will denote the GHS G obtained by
weak reduction from the Heegaard surface F along a weak reducing pair (V,W) as the or-
dered triple (F̄V , F̄VW , F̄W) without denoting ∂M for the sake of convenience, where (i)
Thick(G) ∩  = F̄V , Thick(G) ∩  = F̄W , and Thin(G) = F̄VW and (ii) the notations
F̄V , F̄W and F̄VW imply they come from FV , FW and FVW , respectively. Note that we will
confirm the GHSs obtained by weak reductions in Lemma 3.1.

In this article, we will only consider “single weak reductions” from F, i.e. we do not
perform twice or more weak reductions. Hence, “GHSs obtained by weak reductions from
F” means that each GHS of them consists of exactly four compression bodies (see Lemma
3.1).

Definition 2.6. Let F be a weakly reducible Heegaard surface in an orientable, irre-
ducible 3-manifold M. We say the GHSs H1 and H2 are isotopic if there is an ambient
isotopy ht defined on M such that ht sends Thick(H1) ∪ Thin(H1) to Thick(H2) ∪ Thin(H2).
Let F be the set of isotopy classes of the GHSs obtained by weak reductions from
( , ; F). We will say two GHSs H1 = (F̄V1 , F̄V1W1 , F̄W1 ) and H2 = (F̄V2 , F̄V2W2 , F̄W2 ) ob-
tained by weak reductions are equivalent if (i) H1 is isotopic to H2, i.e. [H1] = [H2] in
F (ii) F̄V1 is isotopic to F̄V2 in  , (iii) F̄W1 is isotopic to F̄W2 in  , and (iv) F̄V1W1 is
isotopic to F̄V2W2 in M.

We get the following lemma from Definition 2.6 and omit the trivial proof.

Lemma 2.7. Let ∗F be the set of GHSs obtained by weak reductions from ( , ; F)
and ∼ the relation defined on ∗F such that H1 ∼ H2 if H1 and H2 are equivalent. Then
∼ is an equivalence relation on ∗F.

Considering Lemma 2.7, ∗F/ ∼ is the set of the equivalent classes. We will denote
the equivalent class of a GHS H ∈ ∗F as [H]∗ to distinguish it from the isotopy class
[H].

Note that for any [H] ∈ F (resp. [H]∗ ∈ ∗F/ ∼), no pair of thick and thin levels
cobounds a product region by “cleaning” in Definition 2.5. This means the thin level in
the GHS after weak reduction may be connected even if that in the GHS after pre-weak
reduction is disconnected (refer to Figure 3 of [5]).
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The next two lemmas give natural, but important observations for a genus n ≥ 2 compres-
sion body having a special compressing disk such that it divides the compression body into
one or two products.

Lemma 2.8 (Ido, Jang and Kobayashi, Lemma 3.3 of [2]). Let  be a genus n ≥ 2 com-
pression body such that ∂− consists of a genus n − 1 connected surface. Then there is a
unique nonseparating compressing disk in  up to isotopy. Since any separating compress-
ing disk in  cuts off a uniquely determined solid torus from  corresponding to the disk,
every nonseparating compressing disk in  is isotopic to a meridian disk of the solid torus
in  .

Note that the phrase “any separating compressing disk in  cuts off a uniquely determined
solid torus from  corresponding to the disk” of Lemma 2.8 is guaranteed by Lemma 1.3 of
[12] by considering the genus of each component. Using the similar idea of Lemma 2.8, we
can prove the following lemma (we omit the proof).

Lemma 2.9. Let  be a genus n ≥ 2 compression body such that ∂− consists of a genus
m ≥ 1 connected surface and a genus (n−m) ≥ 1 connected surface. Then there is a unique
compressing disk in  up to isotopy and it is separating in  .

Lemma 2.10. Let  be a genus n ≥ 2 compression body, V a compressing disk in  , and
F = ∂+ . Let F̃V be the surface obtained by pushing FV off slightly into int(). Let F̃′V be
a component of F̃V and ̃ ′ the closure of the component of  − F̃′V intersecting F. Then ̃ ′

is a compression body such that ∂+̃ ′ = ∂+ .

Proof. If V is nonseparating, then ̃ ′ is obtained from F̃V × I by attaching a 1-handle
whose cocore disk is V to F̃V × {1}, i.e. ̃ ′ is a compression body.

Suppose V is separating in  . Let  ′ and  ′′ be the 3-manifolds obtained by cutting
 along a small product neighborhood of V in  and assume  ′ contains F̃′V . Then  ′

and  ′′ are compression bodies such that ∂− ′ ∪ ∂− ′′ = ∂− by Lemma 1.3 of [12].
Moreover, the region between F̃′V and ∂+ ′ in  ′ is the trivial compression body F̃′V × I and
say ∂−(F̃′V × I) = F̃′V . Then ̃ ′ is obtained from the union of F̃′V × I and  ′′ by attaching a
1-handle connecting ∂+(F̃′V × I) and ∂+ ′′ whose cocore disk is V , i.e. ̃ ′ is a compression
body.

This completes the proof. �

Lemma 2.11. Let  be a compression body of genus n ≥ 3, V1 and V2 compressing disks
in  , and F = ∂+ . Let F̃V1 and F̃V2 be the surfaces obtained by pushing FV1 and FV2

slightly into int(), respectively. Then the following hold:

(1) Suppose both V1 and V2 are nonseparating in  . Then F̃V2 is isotopic to F̃V1 in  if
and only if V2 is isotopic to V1 in  .

(2) Suppose V1 is separating and V2 is nonseparating in  . Then F̃V2 is isotopic to
a component of F̃V1 in  if and only if V1 cuts off a solid torus from  and V2 is
isotopic to a meridian disk of the solid torus in  .

Proof.
(1) Suppose both V1 and V2 are nonseparating in  .

(⇐) We can see the region ̃ cobounded by FV2 and F̃V2 is a product and we will
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Fig.1. The isotopy taking F̃V2 into F̃′V1
.

observe the images of ̃ of isotopies defined on  . Assume V2 is isotopic to V1 in 

by an isotopy ht :  →  , t ∈ [0, 1], i.e. h1(V2) = V1. After the isotopy ht, we push
off h1(F̃V2 ) into a small neighborhood of F ∪ h1(V2) in  preserving h1(V2) by an
isotopy gt defined on  (we can refer to (b) and (c) of Fig.1 ignoring the separating
V1 in the figure). Then we can assume g1(h1(F̃V2 )) is F̃V1 , leading to the result.

(⇒) Assume F̃V2 is isotopic to F̃V1 in  by an isotopy ht :  →  , t ∈ [0, 1]. Let
̃ be the closure of the component of  − F̃V1 intersecting F. Then ̃ is a genus n
compression body with negative boundary consisting of a genus (n − 1) surface by
Lemma 2.10, where ∂+̃ = ∂+ . Here, (i) h1(V2) and V1 are properly embedded in
̃ and (ii) ∂h1(V2) and ∂V1 are nonseparating curves in F = ∂+̃ , i.e. both h1(V2)
and V1 are nonseparating compressing disks in ̃ . This means h1(V2) is isotopic to
V1 in ̃ by Lemma 2.8 and therefore h1(V2) is isotopic to V1 in  by an isotopy gt

defined on  by Corollary 2.2. Hence, the sequence of isotopies consisting of ht and
gt realizes the isotopy from V2 to V1 in  .

(2) Suppose V1 is separating and V2 is nonseparating in  .
(⇐) Let ̃ be as in the (⇐) part of the proof of (2.11) (see (a) of Fig.1). Assume

V1 cuts off a solid torus from  and there is an isotopy ht :  →  , t ∈ [0, 1] such
that h1(V2) is a meridian disk of the solid torus. Then we can also assume h1(V2)
misses V1 without loss of generality (see (b) of Fig.1). Using an additional isotopy
gt :  →  , t ∈ [0, 1] such that it preserves h1(V2) and pushes h1(F̃V2 ) into a small
neighborhood of F ∪ h1(V2) in  , we can assume g1(h1(̃)) is a sufficiently thin
product (see (c) of Fig.1). Let F̃′V1

be the genus (n − 1)-component of F̃V1 . Then we
can see g1(h1(F̃V2 )) is isotopic to F̃′V1

in  by an isotopy ft defined on  , where the
reason is that there is a 3-ball in  bounded by the S 2 consisting of a disk in int(V1)
and a disk in g1(h1(F̃V2 )) such that these two disks share the common boundary
and therefore we can push g1(h1(F̃V2 )) into the interior of the component of  − V1

containing F̃′V1
through the 3-ball (see (c) and (d) of Fig.1). Hence, the sequence of

isotopies consisting of ht, gt and ft realizes the isotopy from F̃V2 to F̃′V1
in  .

(⇒) Let ̃ ′ be the region cobounded by F and F̃V2 in  . Then ̃ ′ is a genus n
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compression body with negative boundary consisting of the genus (n − 1) surface
F̃V2 by Lemma 2.10, where ∂+̃ ′ = ∂+ . Assume there is an isotopy ht :  →  ,
t ∈ [0, 1] such that h1(F̃V2 ) = F̃′V1

for a component F̃′V1
of F̃V1 . Then ̃ = h1(̃ ′)

is also a compression body homeomorphic to ̃ ′, where it is the region cobounded
by F and F̃′V1

in  . Therefore, the genus of ∂−̃ = F̃′V1
must be (n − 1). Moreover,

considering ∂V1 and ∂h1(V2) in F = ∂+̃ , V1 is a separating compressing disk and
h1(V2) is a nonseparating compressing disk in ̃ . This means h1(V2) is isotopic to
a meridian disk D of the solid torus that V1 cuts off from ̃ in ̃ by Lemma 2.8.
Therefore, h1(V2) is isotopic to D in  by an isotopy gt defined on  by Corollary
2.2. Hence, the sequence of isotopies consisting of ht and gt realizes the isotopy
from V2 to D in  .

This completes the proof of Lemma 2.11. �

Lemma 2.12. Let  be a compression body of genus n ≥ 2 and V1 and V2 separating
compressing disks in  such that the geometric intersection number i(∂V1, ∂V2) = 0 in ∂+ .
If each of V1 and V2 cuts off S × I from  for a component S of ∂− such that S is the
common 0-level, then V1 is isotopic to V2 in  .

Proof. Since the geometric intersection number i(∂V1, ∂V2) = 0 in ∂+ , moving the
part of V1 near ∂+ continuously, there is an isotopy ht :  →  , t ∈ [0, 1] such that
∂h1(V1) ∩ ∂V2 = ∅. Moreover, we can assume that h1(V1) intersects V2 transversely and
therefore each component of h1(V1)∩V2 is an inessential loop in both int(h1(V1)) and int(V2).
This means we can find a compressing disk V in  such that ∂V = ∂h1(V1) and V ∩ V2 = ∅
by using innermost disk arguments (see the proof of Claim 1 of Lemma 3.1.5 of [11]).
Therefore, Lemma 2.1 implies h1(V1) is isotopic to V in  by an isotopy gt defined on  ,
i.e. g1(h1(V1)) ∩ V2 = ∅. Let 1 and 2 be the S × Is that g1(h1(V1)) and V2 cut off from
 , respectively, guaranteed by the assumption of this lemma. Considering the 1-level of
1 (resp. 2), it consists of a once-punctured surface F1 (resp. F2) in ∂+ and g1(h1(V1))
(resp. V2), where F1 ∩ g1(h1(V1)) = ∂F1 = ∂g1(h1(V1)), F2 ∩ V2 = ∂F2 = ∂V2. Since 1

shares the 0-level S with 2, the assumption g1(h1(V1)) ∩ V2 = ∅ implies one of 1 and
2 contains the other. Assume 1 ⊂ 2 without loss of generality, i.e. F1 ⊂ F2. Since
g(F1) = g(F2) = g(S ) ≥ 1, ∂F1 cuts off a uniquely determined planar surface from F2.
Moreover, g1(h1(V1)) is a compressing disk in  and therefore ∂F1 = ∂g1(h1(V1)) cannot
bound a disk in F2. This means ∂F1 cuts off an annulus from F2, i.e. ∂F1 (= ∂g1(h1(V1))) is
isotopic to ∂F2 (= ∂V2) in F2 ⊂ F. Therefore, g1(h1(V1)) is isotopic to V2 in  by an isotopy
ft :  →  , t ∈ [0, 1] by Lemma 2.1. Hence, the sequence of isotopies consisting of ht, gt

and ft realizes the isotopy from V1 to V2 in  .
This completes the proof. �

Lemma 2.13. Let  be a compression body of genus n ≥ 3, V1 and V2 mutually disjoint
separating compressing disks in  , and F = ∂+ . Let F̃V1 and F̃V2 be the surfaces obtained
by pushing FV1 and FV2 slightly into int(). Then at least one component of F̃V2 is isotopic
to a component of F̃V1 in  if and only if V2 is isotopic to V1 in  .

Proof. (⇐) Assume that V2 is isotopic to V1 in  . Then considering the argument in the
(⇐) part of the proof of (2.11) of Lemma 2.11, we conclude F̃V2 is isotopic to F̃V1 in  .
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(⇒) Let F̃V1 = F̃′V1
∪ F̃′′V1

and F̃V2 = F̃′V2
∪ F̃′′V2

by denoting each F̃Vi as the union of
two components for i = 1, 2. Assume F̃′V2

is isotopic to F̃′V1
by an isotopy ht :  →  ,

t ∈ [0, 1]. Let ̃ be the closure of the component of  − F̃′V1
intersecting F. Then ̃ is

a genus n compression body by Lemma 2.10, where ∂+̃ = ∂+ , and V1 and h1(V2) are
compressing disks in ̃ . By the assumption that V1 ∩ V2 = ∅, the geometric intersection
number i(∂V1, ∂h1(V2)) = 0 in F. Here, we can see the product region cobounded by F̃′V2

, V2

and a subsurface F0 ⊂ F in  has been isotoped into the region cobounded by F̃′V1
, h1(V2)

and h1(F0) ⊂ F in  and therefore the latter region is also homeomorphic to a product.
Since ∂+̃ = ∂+ = F, F̃′V1

⊂ ∂−̃ , and each of V1 and h1(V2) cuts off F̃′V1
× I from ̃ such

that the one corresponding to V1 shares the common 0-level F̃′V1
with that corresponding to

h1(V2), Lemma 2.12 implies h1(V2) is isotopic to V1 in ̃ . Therefore, h1(V2) is isotopic to
V1 by an isotopy gt :  →  , t ∈ [0, 1] by Corollary 2.2. Hence, the sequence of isotopies
consisting of ht and gt realizes the isotopy from V2 to V1 in  .

This completes the proof. �

Lemma 2.14. Let F be a closed surface embedded in a 3-manifold. Let V and W be mu-
tually disjoint compressing disks for F such that ∂V is separating and ∂W is nonseparating
in F. Then ∂W is nonseparating in the relevant component of FV.

Proof. Let F′V be the component of FV containing ∂W. For the sake of contradiction,
assume ∂W is separating in F′V . Then one component of F′V−∂W has a scar of V and the other
doesn’t because there is only one scar of V in F′V by the assumption that ∂V is separating in
F. This means ∂W cuts off the latter component from F, violating the assumption that ∂W
is nonseparating in F. This completes the proof. �

3. The proof of Theorem 1.1

3. The proof of Theorem 1.1
Lemma 3.1 characterizes the possible GHSs obtained by weak reductions from ( , ; F)

into five types, where the five types depend on the shapes of the compression bodies inter-
secting the inner thin level.

Lemma 3.1 (the generalization of Appendix of [5]). Suppose M is an irreducible 3-
manifold and ( , ; F) is a weakly reducible, unstabilized Heegaard splitting of M of genus
n ≥ 3. Let H be the GHS obtained by weak reduction along a weak reducing pair (V,W)
from ( , ; F). Then H is of the form (1,2; F̄V)∪F̄VW

(1,2; F̄W) for four compression
bodies 1, 2, 1 and 2, where ∂−2 ∩ ∂−1 = F̄VW, F̄V ⊂  , and F̄W ⊂  . Moreover,
we can classify H into the following five types ((b) is divided into two types) by the shapes
of ∂−2 and ∂−1 (see Fig.2).

(a) Each of ∂−2 and ∂−1 is connected, where either
(i) V and W are nonseparating in  and  , respectively, and ∂V ∪ ∂W is nonsepa-

rating in F,
(ii) V cuts off a handlebody  ′ of genus at least one from  such that ∂W ∩ ′ = ∅ and

W is nonseparating in  ,
(iii) W cuts off a handlebody  ′ of genus at least one from  such that ∂V ∩ ′ = ∅

and V is nonseparating in  , or
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(iv) V and W cut off handlebodies  ′ and  ′ of genus at least one from  and  ,
respectively, such that ∂V ∩ ′ = ∅ and ∂W ∩  ′ = ∅.

We call it a “type (a) GHS”.
(b) One of ∂−2 and ∂−1 is connected and the other is disconnected, where either

(i) (∂−2 is connected) V cuts off a compression body  ′ of genus at least one from 

such that ∂− ′ � ∅ and ∂W ∩  ′ = ∅ and W is nonseparating in  ,
(ii) (∂−2 is connected) V cuts off a compression body  ′ of genus at least one from 

and W cuts off a handlebody  ′ of genus at least one from  such that ∂− ′ � ∅,
∂V ∩ ′ = ∅, and ∂W ∩  ′ = ∅,

(iii) (∂−1 is connected) W cuts off a compression body  ′ of genus at least one from
 such that ∂− ′ � ∅, ∂V ∩ ′ = ∅, and V is nonseparating in  , or

(iv) (∂−1 is connected) W cuts off a compression body  ′ of genus at least one from
 and V cuts off a handlebody  ′ of genus at least one from  such that ∂− ′ � ∅,
∂V ∩ ′ = ∅, and ∂W ∩  ′ = ∅.

We call it a “type (b)- GHS” for the cases (bi) and (bii) or “type (b)- GHS” for the
cases (biii) and (biv), respectively.

(c) Each of ∂−2 and ∂−1 is disconnected but ∂−2 ∩ ∂−1 is connected, where V and W
cut off compression bodies  ′ and  ′ of genus at least one from  and  , respectively,
such that ∂− ′ � ∅, ∂− ′ � ∅, ∂V ∩ ′ = ∅, and ∂W ∩  ′ = ∅. We call it a “type (c)
GHS”.

(d) Each of ∂−2 and ∂−1 consists of two components and ∂−2 = ∂−1, where V and W
are nonseparating in  and  , respectively, and ∂V ∪ ∂W is separating in F. We call it
a “type (d) GHS”.

Note that F̄VW is disconnected only for type (d) GHS and connected otherwise. This means if
∂−2 (resp. ∂−1) is disconnected, then ∂−2 ∩ ∂M � ∅ (resp. ∂−1 ∩ ∂M � ∅), excluding
the case (d).

Proof. Recall that FVW cannot have a S 2-component by Lemma 2.3. Therefore, ∂W (resp.
∂V) is essential in the relevant component of FV (resp. FW).

Let H′ be the GHS obtained by preweak reduction along (V,W) from ( , ; F). We will
denote Thick(H′)∩ and Thick(H′)∩ as F̃V and F̃W , respectively, and Thin(H′) as FVW .

Since FVW consists of at most three components, we divide the proof into three cases
according to the number of components. In each case, we will (i) do the preweak reduction
along (V,W) and then clean each product region in H′, (ii) considering the remaining com-
ponents of Thick(H′) and Thin(H′) in H′ after cleaning, confirm the thick levels F̄V and F̄W

and the inner thin level F̄VW , and (iii) finally determine the shapes of the region between F̄V

and F̄VW which would be 2 and that between F̄W and F̄VW which would be 1. Note that
the idea of (iii) is inspired by the proof of Theorem 3.1 of [9].

Case a. FVW consists of one component.
In this case, V and W are nonseparating in the relevant compression bodies and ∂V ∪ ∂W

is also nonseparating in F. Hence, each of F̃V and F̃W consists of a genus (n−1) surface and
FVW consists of a genus (n− 2) surface. Therefore, there is no product region in H′ to clean,
i.e. F̄V = F̃V , F̄W = F̃W , F̄VW = FVW and they divide M into four compression bodies 1,
2, 1 and 2 with respect to the order of the surfaces.
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Fig.2. The five types of GHSs obtained by weak reductions

Considering 2, it is the union of the product region ̃ between FV and F̄V in  and the 2-
handle corresponding to a product neighborhood of W in  , say N (W), where N (W)∩ ̃
is a nonseparating annulus in FV by the assumption that ∂V ∪ ∂W is nonseparating in F, i.e.
∂−2 is connected. Similarly, we can use the symmetric argument for 1 and therefore
∂−1 is also connected. This means ∂−2 = ∂−1 = F̄VW . Therefore, we reach (ai) (see
the first one of Figure 8 of [5]).

Case b. FVW consists of two components.

Case b-i. V is separating in  and W is nonseparating in  .
Let F′V be the component of FV containing ∂W and F′′V the other component. Then we

can assume F′′V is a component of Thin(H′) (= FVW). Let F̃′V and F̃′′V be the components of
Thick(H′) obtained by pushing F′V and F′′V off into int(), respectively, and let m (< n) be
the genus of F′V . Since ∂W is essential in F′V and FVW cannot have a S 2 component, we get
m ≥ 2.

Here, F̃′′V and F′′V cobound a product region and therefore F̃′′V and F′′V disappear after
cleaning the relevant portion of H′. Hence, only F̃′V remains in Thick(H′) ∩  .

Considering Lemma 2.14, ∂W is nonseparating in F′V and therefore (F′V)W is a connected
surface of genus (m − 1), i.e. only one component (F′V)W remains in Thin(H′) at this time.

Moreover, F̃W consists of a genus (n − 1) surface because W is nonseparating in  .
Therefore, considering (m − 1) < (n − 1), the region between (F′V)W and F̃W cannot be
homeomorphic to a product. Similarly, considering (m − 1) < m, the region between (F′V)W

and F̃′V cannot be homeomorphic to a product. Hence, there is no product region to clean H′

at this moment.
Therefore, we get F̄V = F̃′V , F̄VW = (F′V)W , and F̄W = F̃W and they divide M into four

compression bodies 1, 2, 1 and 2 with respect to the order of the surfaces.
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Considering 2, it is the union of the product region ̃ between F′V and F̃′V in  and the 2-
handle corresponding to a product neighborhood of W in  , say N (W), where N (W)∩ ̃
is a nonseparating annulus in F′V as we saw previously, and therefore ∂−2 is connected.

Case b-i-1. V cuts off a handlebody  ′ from  such that ∂W ∩  ′ = ∅.
Let us expand  ′ in  until  ′ intersects F̄VW = (F′V)W in the scar of V and let  ′∗ be the
resulting one. Then we can see 1 is the union of the product region ̃ between FW and
F̃W in  and  ′∗ along a once-punctured surface in F and therefore  ′∗ does not add another
component to ∂−1 other than (F′V)W itself, i.e. ∂−1 is connected. Therefore, we reach
(aii) (see the second one of Figure 8 of [5]).

Case b-i-2. V cuts off a compression body  ′ from  such that ∂− ′ � ∅ and ∂W∩ ′ =
∅.

Using the similar argument as in Case b-i-1, we can see ∂−1 is disconnected because
 ′∗ adds another component to ∂−1 other than (F′V)W . Therefore, we reach (bi). Moreover,
∂−1 ∩ ∂M ⊂ ∂− (see the first one of Figure 9 of [5]).

Case b-ii. V is nonseparating in  and W is separating in  .
In this case, we use the symmetric argument of Case b-i and therefore F̄VW is connected

and ∂−1 is connected.

Case b-ii-1. W cuts off a handlebody  ′ from  such that ∂V ∩ ′ = ∅.
In this case, ∂−2 is connected and therefore we reach (aiii) by using the symmetric

argument of Case b-i-1.

Case b-ii-2. W cuts off a compression body  ′ such that ∂− ′ � ∅ and ∂V ∩ ′ = ∅.
In this case, ∂−2 is disconnected and therefore we reach (biii) by using the symmetric

argument of Case b-i-2. Moreover, ∂−2 ∩ ∂M ⊂ ∂− .

Case b-iii. V and W are nonseparating in  and  , respectively, and ∂V ∪ ∂W is sepa-
rating in F.

In this case, each of FV and FW consists of a genus (n − 1) surface and FVW is discon-
nected, where each component of FVW is of genus at most (n − 2) because ∂V (resp. ∂W) is
an essential separating curve in the genus (n − 1) surface FW (resp. FV) by the assumption
that ∂V ∪∂W is separating in F and there is no S 2 component of FVW . Therefore, we cannot
find a product region in H′ to clean, i.e. F̄V = F̃V , F̄W = F̃W , F̄VW = FVW and they divide M
into four compression bodies 1, 2, 1 and 2 with respect to the order of the surfaces.

Let us consider 2. Then it is the union of the product region ̃ between FV and F̄V in 

and the 2-handle corresponding to a product neighborhood of W in  , say N (W), where
N (W)∩ ̃ is a separating annulus in FV . Hence, ∂−2 consists of exactly two components
and therefore ∂−2 is F̄VW itself. By the symmetric argument, ∂−1 = F̄VW . Hence, we
reach (d) (see Figure 11 of [5]).

Case c. FVW consists of three components.
If both V and W are nonseparating, then FVW consists of at most two components. If one
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of V and W is nonseparating and the other is separating, say W is nonseparating, then ∂W
must be separating in the component of FV containing ∂W because FVW consists of three
components, violating Lemma 2.14.

Therefore, V and W are separating in  and  , respectively. Let F′V (resp. F′W) be
the component of FV (resp. FW) containing ∂W (resp. ∂V) and F′′V (resp. F′′W) the other
component, i.e. we can assume F′′V (resp. F′′W) is a component of Thin(H′) (= FVW). Let
mF′V (< n) (resp. mF′W (< n)) be the genus of F′V (resp. F′W). Then we can see the following:

(1) FVW consists of three components F′′V , F′′W and F′′VW , where F′′VW is the component
of FVW having scars of both V and W and F′′V (resp. F′′W) has only one scar of V
(resp. W). Here, the genus of F′′VW is

n − g(F′′V ) − g(F′′W) = n − (n − mF′V ) − (n − mF′W ) = mF′V + mF′W − n.

(2) F̃V (resp. F̃W) consists of two components F̃′V and F̃′′V (resp. F̃′W and F̃′′W) obtained
by pushing F′V and F′′V off into int() (resp. F′W and F′′W off into int()), respec-
tively.

Then F̃′′V and F′′V cobound a product region in  and therefore F̃′′V and F′′V disappear after
cleaning the relevant portion of H′. Similarly, F̃′′W and F′′W disappear after cleaning the
relevant portion of H′. Hence, only F′′VW remains in Thin(H′) and only F̃′V and F̃′W remain
in Thick(H′) after these steps. Considering (mF′V + mF′W − n) − mF′V = mF′W − n < 0, we get
g(F′′VW) < g(F̃′V) and also we get g(F′′VW) < g(F̃′W) likewise. Therefore, we conclude there is
no product region in H′ to clean at this moment, i.e. F̄V = F̃′V , F̄VW = F′′VW , and F̄W = F̃′W .

Here, we can see V and W cut off compression bodies  ′ and  ′ from  and  , respec-
tively, such that ∂W ∩  ′ = ∅ and ∂V ∩ ′ = ∅.

Case c-i.  ′ and  ′ are handlebodies.
Let us expand  ′ (resp.  ′) in  (resp. in ) until  ′ (resp.  ′) intersects F̄VW = F′′VW

in the scar of V (resp. the scar of W) and let  ′∗ (resp.  ′∗) be the resulting one. Then 1

is the union of the product region ̃ between F′W and F̄W and  ′∗ along a once-punctured
surface in F and therefore  ′∗ does not add another component to ∂−1 other than F̄VW

itself, i.e. ∂−1 is connected. The symmetric argument also holds for 2 by using  ′∗ and
therefore ∂−2 is connected. This means ∂−2 = ∂−1 = F̄VW and this leads to (aiv) (see
the last one of Figure 8 of [5]).

Case c-ii.  ′ is a compression body such that ∂− ′ � ∅ and  ′ is a handlebody.
Using the similar argument of Case c-i, we can see ∂−2 is connected. But ∂−1 is

disconnected because  ′∗ adds another component to ∂−1 other than F̄VW . Therefore, we
reach (bii). Moreover, ∂−1 ∩ ∂M ⊂ ∂− (see the second one of Figure 9 of [5]).

Case c-iii.  ′ is a handlebody and  ′ is a compression body such that ∂− ′ � ∅.
Using the symmetric argument of Case c-ii, we can see ∂−1 is connected and ∂−2 is

disconnected. Therefore, we reach (biv). Moreover, ∂−2 ∩ ∂M ⊂ ∂− .

Case c-iv.  ′ and  ′ are compression bodies such that ∂− ′ � ∅ and ∂− ′ � ∅.
Using the similar argument of the previous cases, we can see both ∂−2 and ∂−1 are
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disconnected. Therefore, we reach (c). Moreover, ∂−1∩∂M ⊂ ∂− and ∂−2∩∂M ⊂ ∂−
(see Figure 10 of [5]).

This completes the proof. �

As summary of the proof of Lemma 3.1, we get the following corollary directly.

Corollary 3.2. Let M, F and H be as in Lemma 3.1. Then the GHS H = (1,2; F̄V)∪F̄VW

(1,2; F̄W) is obtained as follows.

(1) The thick level F̄V (resp. F̄W) is obtained by pushing the component of FV (resp.
FW) containing ∂W (resp. ∂V) off slightly into int() (resp. into int()).

(2) The inner thin level F̄VW is the union of components of FVW having scars of both V
and W. Moreover, if ∂−2 ∩ ∂M � ∅ (resp. ∂−1 ∩ ∂M � ∅), then it belongs to
∂− (resp. ∂−).

Lemma 3.3. Let M and F be as in Lemma 3.1. If two GHSs H1 and H2 obtained by weak
reductions from ( , ; F) are isotopic in M, then they are of the same type in the sense of
Lemma 3.1.

Proof. Let Hi = ( i
1,

i
2; F̄Vi) ∪F̄ViWi

( i
1,

i
2; F̄Wi), where  i

2 ∩ i
1 = F̄ViWi for i = 1, 2.

Suppose there is an isotopy ht : M → M, t ∈ [0, 1] such that h1(H1) = H2. Since an isotopy
preserves each component of ∂M, we will not consider such components of Thin(H1) and
Thin(H2).

If there is a collection of mutually disjoint surfaces  (assume each element of  is con-
nected), then we can divide  into two collections 1 and 2 such that (i) each element of
1 cuts off a submanifold of M intersecting only itself among the elements of  and missing
the others and (ii) each element of 2 does not. Then we will say “1 is the type (i) subset of
 and 2 is the type (ii) subset of ”. We can see the type (i) subset of  misses the type (ii)
subset of  and the union of these two subsets is the entire collection . Let H be a GHS
obtained by weak reduction from ( , ; F). Putting  = Thick(H)∪Thin(H), each element
of Thick(H) cuts off a compression body intersecting only itself among the elements of 
and each element of Thin(H) does not cut off such a submanifold by Lemma 3.1 (see Fig.2).
This means Thick(H) is the type (i) subset of  and Thin(H) is the type (ii) subset of . Note
that if there is an ambient isotopy gt defined on M, then the type (i) and type (ii) subsets of
gt() are the images of the type (i) and type (ii) subsets of  of gt, respectively.

Therefore, h1(Thick(H1)) and h1(Thin(H1)) are the type (i) and type (ii) subsets of
h1(Thick(H1) ∪ Thin(H1)), respectively. But the assumption that h1(H1) = H2 implies
h1(Thick(H1) ∪ Thin(H1)) = Thick(H2) ∪ Thin(H2). Since Thick(H2) and Thin(H2) are the
type (i) and type (ii) subsets of Thick(H2) ∪ Thin(H2), respectively, we conclude
h1(Thick(H1)) = Thick(H2) and h1(Thin(H1)) = Thin(H2).

This means h1(1
2 ,

1
1 ) = (2

2 ,
2
1 ) or (2

1 ,
2
2 ), i.e. at least one of ∂−1

2 ∩ ∂M and
∂−1

1 ∩ ∂M is not empty if and only if at least one of ∂−2
2 ∩ ∂M and ∂−2

1 ∩ ∂M is not
empty.

Case a. ∂− i
2 ∩ ∂M = ∅ and ∂− i

1 ∩ ∂M = ∅ for i = 1, 2.
In this case, considering Lemma 3.1, H1 and H2 are of type (a) or type (d). Since
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h1(F̄V1W1 ) = F̄V2W2 , the number of components of F̄V1W1 is the same as that of F̄V2W2 . This
means both H1 and H2 are either of type (a) or of type (d).

Case b. At least one of ∂− i
2 ∩ ∂M and ∂− i

1 ∩ ∂M is not empty for i = 1, 2.
In this case, H1 and H2 are of type (b)- , type (b)- or type (c).
Without loss of generality, assume ∂−1

2 ∩∂M � ∅. In this case, 1
2 ∩∂M = ∂−1

2 ∩∂M ⊂
∂− by Corollary 3.2. Recall h1(1

2 ) is either 2
2 or 2

1 . In the latter case, h1(1
2 ) ∩ ∂M =

2
1 ∩ ∂M ⊂ ∂− by Corollary 3.2, leading to a contradiction because an isotopy preserves

each component of ∂M. Hence, h1(1
2 ) = 2

2 and h1(1
1 ) = 2

1 . Therefore, we conclude
the shapes of ∂−1

2 and ∂−1
1 (including the property whether each of them intersects ∂M

or not) are the same as those of ∂−2
2 and ∂−2

1 , respectively. Hence, H1 and H2 are of the
same type in the sense of Lemma 3.1.

This completes the proof. �

Here, we introduce important ideas in the author’s result [4] according to the context.

Definition 3.4 (modification of Definition 2.12 of [4]). Let M and F be as in Lemma 3.1
and recall the equivalence relation ∼ defined on ∗F in Lemma 2.7. In a weak reducing
pair for the Heegaard splitting ( , ; F), if a disk belongs to  , then we call it a -disk.
Otherwise, we call it a -disk. We call a 2-simplex in (F) represented by two vertices
in  (F) and one vertex in  (F) a -face, and also define a -face symmetrically. If
there is a - or -face Δ, then there exist exactly two weak reducing pairs in Δ and one
shares a disk with the other. We say the two weak reducing pairs form Δ. Suppose there is
a -face Δ such that the GHSs obtained by weak reductions from ( , ; F) along the two
weak reducing pairs forming Δ are equivalent. Then we call this -face a “-face having
one equivalent class (we will use OEC as abbreviation from now on)” and also we define a
“-face having OEC” likewise.

Let us consider a graph as follows.
(1) We assign a vertex to each -face having OEC.
(2) If a -face having OEC shares a weak reducing pair with another -face having

OEC, then we assign an edge between these two vertices in the graph.
We call this graph the graph of -faces having OEC. If there is a maximal subset ε of -
faces having OEC which represents a connected component of the graph of -faces having
OEC and the component is not an isolated vertex, then we call ε a -facial cluster having
OEC. Similarly, we define the graph of -faces having OEC and a -facial cluster having
OEC. Although each -face having OEC forming a -facial cluster having OEC induces
one equivalent class, it is not obvious that the facial cluster also induces one equivalent class
because the number of -faces in the cluster might be infinite. We will clarify the meaning
of the phrase “having OEC” in Lemma 3.7.

Lemma 3.5. Let M and F be as in Lemma 3.1. Let Δ be a -face. Then the GHSs
obtained by weak reductions from ( , ; F) along the two weak reducing pairs forming Δ
are equivalent if and only if one -disk of Δ cuts off a solid torus  ′ from  and the other
-disk is a meridian disk of  ′.
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Proof. Let Δ = {V1,V2,W} for V1,V2 ⊂  and W ⊂  , and Hi = (F̄Vi , F̄ViW , F̄
i
W) the

GHS obtained by weak reduction along (Vi,W) for i = 1, 2.
(⇐) Suppose V1 cuts off a solid torus  ′ from  and V2 is a meridian disk of  ′ (so V2 is

nonseparating in ). Let F′V1
be the genus (n− 1)-component of FV1 . Since ∂W ∩ ′ = ∅ by

Lemma 2.3, F′V1
contains ∂W. This means the component of FW containing ∂V1, say F′W ,

also contains the once-punctured torus that ∂V1 cuts off from F. Hence, F′W also contains
∂V2 and therefore we can assume F̄1

W = F̄2
W by Corollary 3.2.

Here, F̄V1 and F̄V2 are obtained by pushing F′V1
and FV2 off slightly into int(), respec-

tively, by Corollary 3.2. Moreover, considering (2.11) of Lemma 2.11 and the genus of F̄V2 ,
F̄V2 is isotopic to F̄V1 in  . Indeed, considering (c) and (d) of Fig.1, we can say the isotopy
taking F̄V2 into F̄V1 pushes off the 3-ball part in (c) into  −  ′ without affecting a small
neighborhood of V2 and that of W in M. Hence, considering the component of FV2W having
scars of both V2 and W, it is isotopic to the component of FV1W having scars of both V1 and
W in M by the similar way sending F̄V2 into F̄V1 . This means F̄V2W is isotopic to F̄V1W in M
by Corollary 3.2. Therefore, we can isotope H2 into H1 by isotoping F̄V2 into F̄V1 first and
then isotoping F̄V2W into F̄V1W next.

Hence, summing up the above observations, we conclude H2 is equivalent to H1.

(⇒) Suppose H1 is equivalent to H2. Hence, F̄V1 is isotopic to F̄V2 in  .

Case a. Both V1 and V2 are nonseparating in  .
In this case, F̄V1 and F̄V2 are obtained by pushing FV1 and FV2 off slightly into int(),

respectively, by Corollary 3.2. Therefore, considering the assumption that F̄V1 is isotopic to
F̄V2 in  , V1 is isotopic to V2 in  by (2.11) of Lemma 2.11, violating the assumption that Δ
is a 2-simplex.

Case b. One of V1 and V2 is nonseparating and the other is separating in  .
Assume V1 is nonseparating. In this case, F̄V1 is obtained by pushing FV1 off slightly into

int() and F̄V2 is obtained by pushing the component of FV2 containing ∂W off slightly into
int() by Corollary 3.2. Since V1 is nonseparating and V2 is separating in  , the assumption
that F̄V1 is isotopic to F̄V2 in  induces that V2 cuts off a solid torus  ′ from  and V1 is
isotopic to a meridian disk D of  ′ in  by (2.11) of Lemma 2.11 and we can assume that
D ∩ V2 = ∅.

Considering V1 ∩ V2 = ∅, either V1 ⊂  ′ or V1 ∩  ′ = ∅. Assume that V1 ∩  ′ = ∅, i.e.
the component of F − ∂V2 containing ∂D is different from that containing ∂V1. Then ∂V1

and ∂D bound an annulus A in F because they are disjoint, isotopic, essential simple closed
curves in F (see Lemma 3.3 of [10]). If A ∩ ∂V2 = ∅, then both ∂V1 and ∂D belong to one
component of F −∂V2, leading to a contradiction. Therefore, considering (D∪V1)∩V2 = ∅,
∂V2 ⊂ A and it is essential in A because V2 is a compressing disk for F. This means ∂V2 is
isotopic to ∂V1 in A and therefore V2 is nonseparating in  , violating the assumption.

Therefore, V1 ⊂  ′. Hence, considering Lemma 2.14, V1 is a meridian disk of  ′.

Case c. Both V1 and V2 are separating in  .
In this case, F̄V1 and F̄V2 are obtained by pushing the components of FV1 and FV2 con-
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taining ∂W off slightly into int(), respectively, by Corollary 3.2. Moreover, V1 and V2 are
mutually disjoint separating disks in  . Therefore, the assumption that F̄V1 is isotopic to F̄V2

in  induces V1 is isotopic to V2 in  by Lemma 2.13. This violates the assumption that Δ
is a 2-simplex.

Therefore, we can see only Case b holds, leading to the result.
This completes the proof of Lemma 3.5. �

Considering Lemma 2.9 of [3], we get the following corollary directly from Lemma 3.5.

Corollary 3.6. Suppose M is an irreducible 3-manifold and ( , ; F) is a weakly re-
ducible, unstabilized Heegaard splitting of M of genus three. Then every - or -face has
OEC.

Lemma 3.7 (analogue to Lemma 2.13 of [4]). Let M and F be as in Lemma 3.1. If
there are two different -faces having OEC Δ1 = {V0,V1,W} and Δ2 = {V1,V2,W}, then
V1 is nonseparating and V0 and V2 are separating in  . Therefore, there is a unique weak
reducing pair in a -facial cluster having OEC which can belong to two or more faces in
the -facial cluster having OEC. This means every GHS obtained by weak reduction in a -
facial cluster having OEC is equivalent to the GHS obtained by using the commonly shared
weak reducing pair.

Proof. For the sake of contradiction, assume V1 is separating in F. Then V0 and V2 are
meridian disks of the solid torus  ′ that V1 cuts off from  by Lemma 3.5, where this solid
torus is uniquely determined by the assumption that the genus of F is at least three. But the
uniqueness of a meridian disk of a solid torus up to isotopy forces Δ1 and Δ2 to be the same,
violating the assumption. Hence, V1 is nonseparating and therefore V0 and V2 are separating
by Lemma 3.5. This completes the proof. �

Considering Lemma 3.7, we can say a - or -facial cluster having OEC ε has one
equivalent class in a real sense.

Definition 3.8 (analogue to Definition 2.14 of [4]). Let M and F be as in Lemma 3.1.
Considering Lemma 3.7, there is a unique weak reducing pair in a -facial cluster having
OEC which can belong to two or more faces in the cluster. We call it the center. Lemma 3.5
and Lemma 3.7 induce any -disk in the cluster not belonging to the center cuts off a solid
torus from  , where this solid torus is uniquely determined by the disk, and the -disk in
the center is a meridian disk of the solid torus. The shape of a -facial cluster having OEC
is exactly the same as a -facial cluster which was introduced by the author for the genus
three case in [4] (see the third one of Fig.4). Therefore, if a -face in a -facial cluster
having OEC is represented by two weak reducing pairs, then one weak reducing pair is the
center.

Lemma 3.9 (analogue to Lemma 2.15 of [4]). Let M and F be as in Lemma 3.1. Every -
face having OEC belongs to a uniquely determined -facial cluster having OEC. Moreover,
every -facial cluster having OEC has infinitely many weak reducing pairs.

Proof. A -face Δ has OEC if and only if a -disk of Δ cuts off a solid torus  ′ from
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 and the other -disk is a meridian disk of  ′ by Lemma 3.5. Therefore, the proof is
essentially the same as that of Lemma 2.15 of [4] except for the uniqueness of the -facial
cluster having OEC which contains Δ.

Let us consider the uniqueness. Suppose a -face Δ having OEC belongs to two -facial
clusters having OEC, say ε1 and ε2. Then there is a weak reducing pair in Δ containing a
nonseparating -disk by Lemma 3.5 and it must be the center of εi for i = 1, 2 by Definition
3.8. This means all -faces of ε1 and ε2 share the common center, i.e. ε1 and ε2 correspond
to the same connected component of the graph of -faces having OEC and therefore we
conclude ε1 = ε2.

This completes the proof. �

The proof of Lemma 3.9 induces the following corollary directly.

Corollary 3.10. Let M and F be as in Lemma 3.1. For a weak reducing pair, there is at
most one -facial cluster having OEC whose center is the weak reducing pair.

Lemma 3.11. Let M and F be as in Lemma 3.1. For a -facial cluster having OEC,
say ε , if V1 and V2 are different -disks in ε not contained in the center, then there is no
1-simplex in (F) between them.

Proof. Let (V̄ , W̄) be the center of ε . For the sake of contradiction, assume that there is a
1-simplex between V1 and V2 in (F). Considering Definition 3.8, ∂V1 and ∂V2 cut off once-
punctured tori T1 and T2 from F, respectively, where Ti is the closure of the component of
F−∂Vi containing ∂V̄ for i = 1, 2. Moreover, considering the assumption that ∂V1∩∂V2 = ∅,
one of T1 and T2 contains the other, say T1 ⊂ T2. Here, ∂V1 divides T2 into two pieces, where
one is a genus one surface and the other is a planar surface. Since V1 is a compressing disk
of F, ∂V1 cannot cut off a disk from T2. This means ∂V1 cuts off an annulus from T2 such
that the other boundary component is ∂V2, i.e. ∂V1 is isotopic to ∂V2 in F. Therefore, V1 is
isotopic to V2 in  by Lemma 2.1, leading to a contradiction. This completes the proof. �

Corollary 3.12. Let M and F be as in Lemma 3.1. For a -facial cluster having OEC,
say ε , there is no n-simplex in (F) spanned by vertices of ε for n ≥ 3.

Proof. Let (V̄ , W̄) be the center of ε . For the sake of contradiction, assume that there is
an n-simplex Δ in (F) spanned by vertices of ε for n ≥ 3. Then we can obtain an at least
(n − 2)-subsimplex δ by removing V̄ and W̄ from Δ, where n − 2 ≥ 1. Here, δ consists of
-disks of ε other than V̄ , violating Lemma 3.11. �

Lemma 3.13. Let M and F be as in Lemma 3.1. For a -facial cluster having OEC, say
ε , the union of all simplices of (F) spanned by the vertices of ε is ε itself.

Proof. Considering that each -face of ε is spanned by three vertices of ε , ε is
contained in the union of all simplices of (F) spanned by the vertices of ε . Hence, we
will prove that the union belongs to ε . It is sufficient to show that every simplex of (F)
spanned by the vertices of ε is contained in ε .

Let (V̄ , W̄) be the center of ε . Suppose there is a 1-simplex σ spanned by two vertices
of ε which is not contained in ε . If there is a vertex of ε , then it is either (i) W̄, (ii) V̄ , or
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(iii) a -disk other than V̄ . Considering all combinations of two different vertices of ε and
the shape of ε (see the third one of Fig.4), if they are of different types among the previous
three types, then σ ⊂ ε , violating the assumption. This means σmust connect two -disks
other than V̄ , violating Lemma 3.11. Hence, every 1-simplex spanned by two vertices of ε
must belong to ε .

Suppose there is a 2-simplex Δ spanned by three vertices of ε which is not contained
in ε . Considering all combinations of three vertices of Δ similarly as in the previous para-
graph, if three vertices are of mutually different types, then Δ belongs to ε , violating the
assumption of Δ. Hence, there must be two -disks other than V̄ in Δ, violating Lemma
3.11. Therefore, every 2-simplex spanned by three vertices of ε must belong to ε .

Since there is no simplex of dimension at least three spanned by vertices of ε by Corol-
lary 3.12, we do not need to consider such simplices.

This completes the proof. �

From now on, we will find a collection of connected subsets of  (F) such that (i)
the GHSs obtained by weak reductions along the weak reducing pairs in such a subset are
all equivalent and (ii) every weak reducing pair belongs to exactly one subset among such
subsets (see Lemma 3.29) in Definition 3.19, Definition 3.22, Definition 3.23 and Definition
3.24.

We will subdivide each of the five types of GHSs obtained by weak reductions in Lemma
3.1 as in the following definition.

Definition 3.14. Let M and F be as in Lemma 3.1. Let H be the GHS obtained by weak
reduction along a weak reducing pair (V,W) from ( , ; F). We subdivide each of the five
types of GHSs of Lemma 3.1, where we will differentiate (1) the case where V or W is
nonseparating or it cuts off a solid torus from the relevant compression body and (2) the
other cases in each subcase. Note that if V cuts off a solid torus  ′ from  , then  ′ must
miss ∂W by Lemma 2.3 and the similar argument also holds for W.
(a) Case: H is of type (a).

(i) If
(I) both V and W are nonseparating or

(II) if there is a separating one, then it cuts off a solid torus from the relevant
compression body,

then we say H is of type (a)-(i).
(ii) (I) One of V and W is nonseparating or it cuts off a solid torus from the relevant

compression body and (II) the other is separating and it does not cut off a solid
torus from the relevant compression body.
() If V is separating and it does not cut off a solid torus from  (V cuts off a

handlebody  ′ of genus at least two from  such that ∂W ∩ ′ = ∅), then we
say H is of type (a)-(ii)- .

() If W is separating and it does not cut off a solid torus from  (W cuts off a
handlebody  ′ of genus at least two from  such that ∂V ∩ ′ = ∅), then
we say H is of type (a)-(ii)- .

(iii) If (I) both V and W are separating and (II) each of them does not cut off a solid
torus from the relevant compression body (they cut off handlebodies  ′ and  ′
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of genera at least two from  and  , respectively, such that ∂W ∩  ′ = ∅ and
∂V ∩ ′ = ∅), then we say H is of type (a)-(iii).

(b) Case: H is of type (b)- or type (b)- .
() Case: H is of type (b)- (V cuts off a compression body  ′ of genus at least one

such that ∂− ′ � ∅ and ∂W ∩  ′ = ∅).
If W is nonseparating or it cuts off a solid torus from  , then we say H is of type
(b)--(i). Otherwise (W cuts off a handlebody  ′ of genus at least two from 

such that ∂V ∩ ′ = ∅), we say H is of type (b)--(ii).
() Case: H is of type (b)- (W cuts off a compression body  ′ of genus at least one

such that ∂− ′ � ∅ and ∂V ∩ ′ = ∅).
If V is nonseparating or it cuts off a solid torus from  , then we say H is of type
(b)--(i). Otherwise (V cuts off a handlebody  ′ of genus at least two from  such
that ∂W ∩  ′ = ∅), we say H is of type (b)--(ii).

(c) Case: H is of type (c).
We do not subdivide this case.

(d) Case: H is of type (d).
We do not subdivide this case.

For a given weak reducing pair (V,W), we can see the GHS obtained by weak reduction
along (V,W) belongs to exactly one subcase among the ten types of Definition 3.14.

Lemma 3.15. If two GHSs H1 = (F̄V1 , F̄V1W1 , F̄W1 ) and H2 = (F̄V2 , F̄V2W2 , F̄W2 ) obtained
by weak reductions from ( , ; F) are equivalent, then they are of the same type in the
sense of Definition 3.14. This induces that the GHSs obtained by weak reductions along the
weak reducing pairs in a given - or -facial cluster having OEC are of the same type in
the sense of Definition 3.14.

Proof. Since H1 is isotopic to H2 in M, F̄V1W1 is isotopic to F̄V2W2 in M as in the proof of
Lemma 3.3. This means if one of H1 and H2 is of type (d), where this is the only case where
the inner thin level is disconnected, then the other is also of type (d), leading to the result.
Hence, assume both H1 and H2 are not of type (d), i.e. both F̄V1W1 and F̄V2W2 are connected.

Claim 1. (i) V1 is nonseparating or cuts off a solid torus missing ∂W1 from  if and
only if V2 is nonseparating or cuts off a solid torus missing ∂W2 from  .

(ii) V1 cuts off a handlebody of genus at least two missing ∂W1 from  if and only if V2

cuts off a handlebody of genus at least two missing ∂W2 from  .
(iii) V1 cuts off a compression body with nonempty negative boundary missing ∂W1 from

 if and only if V2 cuts off a compression body with nonempty negative boundary
missing ∂W2 from  .

Proof of Claim 1. Note that V1 is either (i)-(1) nonseparating, (i)-(2) cuts off a solid torus
missing ∂W1 from  , (ii) cuts off a handlebody of genus at least two missing ∂W1 from  ,
or (iii) cuts off a compression body with nonempty negative boundary missing ∂W1 from 

(the same argument also holds for V2).

Case a. At least one of V1 and V2 is nonseparating in  .
Assume Vi is nonseparating in  for i � j. If Vj is also nonseparating, then it implies a
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subcase of (i) and therefore there is nothing to prove. Hence, assume that Vj is separating in
 . Since F̄Vj is isotopic to F̄Vi in  by the assumption that H j is equivalent to Hi, Corollary
3.2 and (2.11) of Lemma 2.11 induce Vj cuts off a solid torus  ′ from  and  ′ misses ∂Wj

by Lemma 2.3. This means that we have proved (i) of Claim 1 except the case where both
V1 and V2 are separating.

This completes the proof of Case a.

Case b. Both V1 and V2 are separating in  .
By Corollary 3.2, F̄Vi is obtained by pushing the component of FVi containing ∂Wi slightly

into int() for i = 1, 2. Therefore, there is a region cobounded by Vi, F̄Vi and a component
of F−∂Vi in  , say ̃i, which is homeomorphic to F̄Vi × I such that the 0-level is F̄Vi and the
1-level contains ∂Wi for i = 1, 2. Let ̃ ′1 be the closure of the component of  − F̄V1 missing
∂+ and ̃ ′′1 the closure of the component of  − ̃1 intersecting ∂+ . Since H1 and H2 are
equivalent, there is an isotopy ht :  →  , t ∈ [0, 1] such that h1(F̄V2 ) = F̄V1 and therefore
h1(̃2) is homeomorphic to F̄V1 × I whose 0-level is F̄V1 . Here, cl( − h1(̃2)) consists of
two components, where the component missing ∂+ is ̃ ′1 and the other component, say ̃ ′′2 ,
intersects ∂+ .

Then we can see

 = ̃
′′
1 ∪V1 (̃1 ∪F̄V1

̃
′
1) = ̃

′′
2 ∪h1(V2) (h1(̃2) ∪F̄V1

̃
′
1),

where ∂W1 ∩ ̃ ′′1 = ∅ and h1(∂W2) ∩ ̃ ′′2 = ∅, and both ̃ ′′1 and ̃ ′′2 are compression bodies
such that ∂−̃ ′′1 ⊂ ∂− and ∂−̃ ′′2 ⊂ ∂− by Lemma 1.3 of [12] because we get ̃ ′′1 and ̃ ′′2 by
cutting  off along V1 and h1(V2), respectively. Moreover, ̃1∪F̄V1

̃ ′1 and h1(̃2)∪F̄V1
̃ ′1 are

compression bodies such that one is homeomorphic to the other and they share the common
negative boundary. This means (1) the genus of ̃ ′′1 is the same as that of ̃ ′′2 and (2) ̃ ′′1 is
a handlebody if and only if ̃ ′′2 is a handlebody. That is, ̃ ′′1 is

(i) a solid torus (= V1 cuts off a solid torus missing ∂W1 from ),
(ii) a handlebody of genus at least two (= V1 cuts off a handlebody of genus at least two

missing ∂W1 from ), or
(iii) a compression body with nonempty negative boundary (= V1 cuts off a compression

body with nonempty negative boundary missing ∂W1 from )
if and only if ̃ ′′2 is

(i) a solid torus (= h1(V2) cuts off a solid torus missing h1(∂W2) from ),
(ii) a handlebody of genus at least two (= h1(V2) cuts off a handlebody of genus at least

two missing h1(∂W2) from ), or
(iii) a compression body with nonempty negative boundary (= h1(V2) cuts off a compres-

sion body with nonempty negative boundary missing h1(∂W2) from ),
respectively. Since ht is an isotopy defined on  , considering the latter part of the previous
“if and only if” statement, it is equivalent to the statement that V2 cuts off (i) a solid torus
missing ∂W2, (ii) a handlebody of genus at least two missing ∂W2, or (iii) a compression
body with nonempty negative boundary missing ∂W2 from  , respectively. This completes
the proof of Case b.

This completes the proof of Claim 1. �
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Similarly, we get Claim 2.

Claim 2. (i) W1 is nonseparating or cuts off a solid torus missing ∂V1 from  if and
only if W2 is nonseparating or cuts off a solid torus missing ∂V2 from  .

(ii) W1 cuts off a handlebody of genus at least two missing ∂V1 from  if and only if W2

cuts off a handlebody of genus at least two missing ∂V2 from  .
(iii) W1 cuts off a compression body with nonempty negative boundary missing ∂V1 from

 if and only if W2 cuts off a compression body with nonempty negative boundary
missing ∂V2 from  .

Recall that H1 and H2 are of the same type in the sense of Lemma 3.1 by Lemma 3.3.
Hence, considering each case of Definition 3.14 for H1 and H2 awaring of Claim 1 and
Claim 2 (excluding type (d)), we conclude H1 and H2 are of the same type in the sense of
Definition 3.14.

This completes the proof. �

Considering Lemma 3.15, we can say an equivalent class of ∗F/ ∼ is of one type
among the ten types in Definition 3.14. Moreover, we can say a - or -facial cluster
having OEC is of one type among these ten types by the second statement of Lemma 3.15
(but we will show that type (a)-(iii), type (b)--(ii), type (b)--(ii), type (c), and type (d)
cases do not induce a - or -facial cluster).

Lemma 3.16. Let M and F be as in Lemma 3.1. For a k-simplex Σ in  (F) having at
least one weak reducing pair, if the GHSs obtained by weak reductions along the weak reduc-
ing pairs in Σ are all equivalent, then k ≤ 3. Moreover, if k = 3, then Σ = {V1,V2,W1,W2},
where V2 and W2 cut off solid tori  ′ and  ′ from  and  , respectively, and V1 and W1

are meridian disks of  ′ and  ′, respectively. This means if k ≥ 4, then there are at least
two weak reducing pairs in Σ such that they give nonequivalent GHSs after weak reductions.

Proof. Suppose the GHSs obtained by weak reductions along the weak reducing pairs in
the k-simplex Σ are all equivalent, where Σ = {V1, · · · ,Vm,W1, · · · ,Wn}, where Vi ⊂  for
1 ≤ i ≤ m (1 ≤ m), Wi ⊂  for 1 ≤ i ≤ n (1 ≤ n), and m + n = k + 1. Assume m > 2.
Then each of the three -faces Δ1 = {V1,V2,W1}, Δ2 = {V2,V3,W1} and Δ3 = {V1,V3,W1}
has OEC by the assumption. Considering Δ1 and Δ2, V2 is nonseparating and V1 and V3

are separating in  by Lemma 3.7. But considering Δ2 and Δ3, V3 is nonseparating in 

by Lemma 3.7, leading to a contradiction. Hence, we get m ≤ 2. Similarly, we get n ≤ 2
and therefore k + 1 = m + n ≤ 4, i.e. k ≤ 3. The second statement is obtained by applying
Lemma 3.5 to the -face {V1,V2,W1} and the -face {V1,W1,W2}, where each of them has
OEC by the assumption. This completes the proof. �

Lemma 3.17. Let M and F be as in Lemma 3.1. Let ε and ε be a -facial cluster
having OEC and a -facial cluster having OEC, respectively, such that they share the
common center. Then ε and ε have the same equivalent class of type (a)-(i).

Proof. Considering Lemma 3.7, the GHSs obtained by weak reductions along the weak
reducing pairs in ε ∪ε are all equivalent to the GHS corresponding to the common center.
Moreover, they are of the same type in the sense of Definition 3.14 by Lemma 3.15. Since
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ε is a -facial cluster having OEC and ε is a -facial cluster having OEC, the common
center consists of nonseparating disks by Definition 3.8, i.e. the center gives a GHS of type
(a)-(i) or type (d) after weak reduction by Definition 3.14. But every weak reducing pair in
ε ∪ ε other than the common center has a separating disk by Definition 3.8 and therefore
it cannot give a type (d) GHS after weak reduction by Lemma 3.1. Hence, we conclude both
ε and ε are of type (a)-(i). This completes the proof. �

Lemma 3.18. Let M and F be as in Lemma 3.1 and let (V,W) be a weak reducing pair
such that the GHS obtained by weak reduction along (V,W) is of type (a)-(i). Then there are
a naturally determined -facial cluster having OEC, say ε , and a naturally determined
-facial cluster having OEC, say ε , satisfying the following:

(1) ε and ε share the common center.
(2) Let Σ be the union of all simplices of (F) spanned by the vertices of ε ∪ε . Then
Σ contains (V,W).

(3) The GHSs obtained by weak reductions along the weak reducing pairs in Σ are all
equivalent.

Proof. Take V̄ (resp. W̄) as V (resp. W) itself if V (resp. W) is nonseparating. If V is
separating, then it cuts off a solid torus  ′ from  such that ∂W ∩  ′ = ∅ by Definition
3.14 and therefore we can choose a meridian disk V̄ of  ′ missing V ∪W. Similarly, if W is
separating, then it cuts off a solid torus  ′ from  such that ∂V ∩ ′ = ∅ and therefore we
can choose a meridian disk W̄ of  ′ missing V ∪W. If both V and W are separating, then
 ′ ∩ ′ = ∅ because the assumption that ∂W ∩  ′ = ∅ and ∂V ∩ ′ = ∅ in Definition 3.14
means the two once-punctured tori cut by ∂W and ∂V from F are pairwise disjoint, i.e. the
four disks V , V̄ , W̄ and W are pairwise disjoint.

Hence, we can find a weak reducing pair (V̄ , W̄) such that either
(1) (V,W) is (V̄ , W̄) itself,
(2) (V,W) is contained in a -face Δ = {V, V̄ , W̄ = W} and it has OEC by Lemma 3.5,
(3) (V,W) is contained in a -face Δ = {V̄ = V, W̄,W} and it has OEC by Lemma

3.5, or
(4) (V,W) is contained in a 3-simplex ΣVW = {V, V̄ , W̄,W} such that V̄ and W̄ are merid-

ian disks of the solid tori that V and W cut off from  and  , respectively.
Here, (V̄ , W̄) is uniquely determined in (F) by (V,W) because the meridian disk of a solid
torus is unique up to isotopy.

From now on, if we say a 3-simplex ΣVW satisfies the condition (∗) in the proof of this
lemma, then it will mean that V ⊂  and W ⊂  cut off solid tori from  and  , respec-
tively, and the other two disks of ΣVW are meridian disks of the solid tori, respectively, as in
the case (4), where it is the same condition for the 3-simplex Σ in the second statement of
Lemma 3.16.

Claim 3. (V,W) is contained in a 3-simplex of the form

ΣV ′W′ = {V ′, V̄ , W̄,W ′}
satisfying the condition (∗) in any case as well as the case (4).



126 J. Kim

Fig.3. ε ∪ ε

Proof of Claim 3. Let us consider the case (2). Then (i) ∂V divides F into a once-punctured
genus at least two surface F′ and a once-punctured torus F′′ and (ii) ∂V̄ ⊂ F′′ and ∂W̄ ⊂ F′

because ∂W̄ (= ∂W) misses the solid torus  ′. Here, ∂W̄ is nonseparating in F′ by Lemma
2.14. Hence, we can find a band-sum of two parallel copies of W̄ in  , say W′, such that
∂W ′ ⊂ F′ (if we use the expression “two parallel copies of W̄ in ”, then we will assume
that there is a product neighborhood W̄×I of W̄ in  such that the disks W̄×{0, 1} are the two
parallel copies of W̄ and W̄ is W̄ × {1/2} and see Figure 2 of [4] for the idea of “band-sum”),
i.e. W ′ cuts off a solid torus  ′ from  missing the -disks of Δ and W̄ is a meridian disk
of  ′. Hence, (V,W) belongs to the 3-simplex ΣV ′W′ = {V = V ′, V̄ ,W = W̄,W ′} satisfying
the condition (∗). The symmetric argument also holds for the case (3).

Let us consider the case (1). Then we can find a band-sum of two parallel copies of V
(resp. W) in  (resp. ), say V ′ (resp. W ′), such that V ′ ∩ W ′ = ∅ by using two disjoint
simple arcs in F connecting two parallel copies of V and W, respectively, because ∂V ∪ ∂W
is nonseparating in F by Lemma 3.1 and therefore we can find such two disjoint arcs in the
connected surface FVW whose genus is at least one, where the arcs connect two scars of V
and those of W, respectively. Hence, ΣV ′W′ = {V ′,V = V̄ ,W = W̄,W ′} forms a 3-simplex
satisfying the condition (∗).

This completes the proof of Claim 3. �

Hence, considering the -face {V ′, V̄ , W̄} and the -face {V̄ , W̄,W ′} contained in the 3-
simplex ΣV ′W′ , we can see V and W belong to these - and -faces, respectively, and each
face has OEC by Lemma 3.5. Using Lemma 3.9, we can guarantee the existence of the -
facial cluster having OEC, say ε , and the -facial cluster having OEC, say ε , such that
each of them contains (V̄ , W̄) and both V and W belong to ε ∪ ε . Moreover, the GHSs
obtained by weak reductions along the weak reducing pairs in ε ∪ ε are all equivalent
because ε and ε share (V̄ , W̄).

We can observe the following (see Fig.3 and Definition 3.8):
(a) Only V̄ and W̄ are nonseparating disks among the vertices of ε ∪ ε .
(b) Each of V̄ and W̄ is connected to every other vertex of ε∪ε by a 1-simplex in ε∪ε .

Let Σ be the union of all simplices of (F) spanned by the vertices of ε ∪ ε as in the
statement of this lemma.
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Claim 4. There is no 1-simplex in (F) spanned by two separating disks of Σ ∩  (F)
(resp. Σ ∩ (F)).

Proof of Claim 4. For the sake of contradiction, assume there is a 1-simplex σ in (F)
spanned by two separating disks of Σ ∩  (F). By (a), the vertices of σ are two disks of
ε ∩ (F) other than V̄ , violating Lemma 3.11. This completes the proof of Claim 4. �

Claim 5. Σ is equal to the union of all ΣV ′W′ satisfying the condition (∗) and containing
(V̄ , W̄).

Proof of Claim 5. Let us consider the union of all ΣV ′W′ satisfying the condition (∗) and
containing (V̄ , W̄). Considering the condition (∗) for each ΣV ′W′ in the union, V ′ and W ′

cut off solid tori from  and  , respectively, and V̄ and W̄ are meridian disks of the solid
tori, respectively, and therefore each of the -face Δ′


= {V ′, V̄ , W̄} and the -face Δ′


=

{V̄ , W̄,W ′} has OEC by Lemma 3.5. Considering the -facial cluster having OEC ε′


which
contains Δ′


, where the existence and uniqueness are guaranteed by Lemma 3.9, the center

must be (V̄ , W̄) by Definiton 3.8 because V̄ is nonseparating. But Corollary 3.10 forces ε′


to be ε because they share the common center, i.e. Δ′

⊂ ε . Likewise, we get Δ′


⊂ ε .

This means ΣV ′W′ itself is a 3-simplex spanned by four vertices of ε ∪ ε and therefore the
union belongs to Σ. Hence, we will prove Σ belongs to the union.

It is sufficient to show that each simplex in Σ belongs to some ΣV ′W′ in the union. We will
consider 1- or more simplices in Σ. (Since every vertex of Σ is contained in a -face of ε
or a -face of ε which is a 2-simplex in Σ, if we can prove it for every 2-simplex in Σ,
then all vertices in Σ would belong to the union.)

Case a. σ ⊂ Σ is a 1-simplex.
If σ is (V̄ , W̄), then there is nothing to prove. Assume σ � (V̄ , W̄). Suppose σ contains

a nonseparating disk, i.e. it consists of V̄ or W̄ and a separating disk by (a). Since the
separating disk of σ is also a vertex of ε ∪ ε , σ is the 1-simplex in ε ∪ ε described in
(b), i.e. there is a - or -face having OEC containing σ, say Δ, which is contained in ε or
ε , respectively, and therefore it also contains the common center (V̄ , W̄). If Δ is a -face,
then one of the -disks of Δ cuts off a solid torus from  and the other is the meridian disk
of it by Lemma 3.5 and vice versa. Hence, if we use the proof of Claim 3 corresponding to
the case (2) or (3), then we can find a 3-simplex ΣV ′W′ containing Δ such that it satisfies the
condition (∗) and contains (V̄ , W̄), leading to the result.

Hence, assume σ consists of two separating disks. If σ is not a weak reducing pair, then
this violates Claim 4. Hence, σ is a weak reducing pair, say (V ′,W ′), i.e. we can find a -
face Δσ


= {V ′, V̄ , W̄} in ε intersecting σ and a -face Δσ


= {V̄ , W̄,W ′} in ε intersecting

σ. This means Δσ


, Δσ


and σ form a 3-simplex ΣV ′W′ = {V ′, V̄ , W̄,W ′}. Since each of Δσ


and Δσ


has OEC, considering Lemma 3.5, we conclude ΣV ′W′ satisfies the condition (∗),
leading to the result.

Case b. Δ ⊂ Σ is a 2-simplex.
If Δ is not a - or -face, then either Δ ⊂  (F) or Δ ⊂  (F). Without loss of
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generality, assume Δ ⊂  (F). Then there is at least one 1-simplex σ ⊂ Δ spanned by two
separating disks of Σ ∩ (F) by (a), violating Claim 4.

Hence, Δ is a - or -face.
If Δ belongs to ε ∪ ε , then we can find a 3-simplex ΣV ′W′ satisfying the condition (∗)

and containing Δ by the same argument for Δ in Case a. Since Δ contains (V̄ , W̄), this leads
to the result.

If Δ does not belong to ε ∪ ε , then exactly one of V̄ and W̄ does not belong to Δ. ((i)
If Δ contains both V̄ and W̄, then Δ is formed by the common center of ε and ε and the
other disk coming from ε or ε , i.e. Δ is a -face of ε or a -face of ε , leading to a
contradiction, and (ii) if Δ misses both V̄ and W̄, then Δ consists of two separating -disks
and one separating -disk by (a) or vice versa. Then there is a 1-simplex σ ⊂ Δ spanned
by two separating disks of Σ ∩ (F) or Σ ∩ (F), respectively, violating Claim 4.)

Without loss of generality, assume V̄ � Δ and W̄ ∈ Δ. In this case, Δ must be a -face
otherwise there is a 1-simplex σ ⊂ Δ spanned by two separating disks of Σ ∩ (F) by (a),
violating Claim 4. Moreover, considering (b), there is a 1-simplex connecting V̄ and each
vertex of Δ. This means Δ forms a 3-simplex together with V̄ , where this 3-simplex contains
(V̄ , W̄) and consists of two disks from  and two disks from  . Here, the two disks of this 3-
simplex other than V̄ and W̄ cut off solid tori from the relevant compression bodies and V̄ and
W̄ are meridian disks of the solid tori, respectively, by Definition 3.8 (because the vertices
come from ε ∪ ε ) and therefore this 3-simplex has the form ΣV ′W′ = {V ′, V̄ , W̄,W ′}
satisfying the condition (∗), leading to the result.

Case c. Σ′ ⊂ Σ is a 3-simplex.
If Σ′ contains a 2-simplex Δ which is not a - or -face, then we get a contradiction as

in the start of Case b. This means Σ′ has the form {V1,V2,W1,W2} for Vi ⊂  and Wi ⊂ 

for i = 1, 2. Moreover, applying Claim 4 to the 1-simplices {V1,V2} and {W1,W2}, we can
assume V1 = V̄ and W1 = W̄ by (a). Hence, considering the last sentence of Case b, we can
see Σ′ itself has the form ΣV2W2 = {V2, V̄ = V1, W̄ = W1,W2} satisfying the condition (∗),
leading to the result.

If there is a simplex of dimension at least four in Σ, i.e. it consists of at least five disks,
then there must be a 2-simplex in Σ which is neither a -face nor a -face, leading to a
contradiction as in the start of Case b. Therefore, we do not need to consider more higher
dimensional simplices.

This completes the proof of Claim 5. �

Considering the proof of Claim 5, the 1-simplex (V,W) (which is spanned by two vertices
of ε ∪ ε ) belongs to Σ. Since the common center (V̄ , W̄) of ε and ε is uniquely
determined by (V,W), ε and ε are also uniquely determined by (V,W) by Corollary 3.10.
This completes the proof of all statements of this Lemma other than (3.18).

Claim 6. The GHSs obtained by weak reductions along the weak reducing pairs in a
3-simplex ΣV ′W′ satisfying the condition (∗) are all equivalent.
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Proof of Claim 6. Let ΣV ′W′ = {V ′, Ṽ , W̃,W ′} and suppose (D, E) is a weak reducing pair in
ΣV ′W′ . We will prove the GHS obtained by weak reduction along (D, E) is equivalent to that
obtained by weak reduction along (Ṽ , W̃).

First, considering ΣV ′W′ satisfies the condition (∗), we can see each of the -face Δ =
{V ′, Ṽ , W̃} and the -face Δ = {Ṽ , W̃,W ′} has OEC by Lemma 3.5.

If one of D and E is Ṽ or W̃, then (D, E) belongs to Δ or Δ , respectively, leading to
the result.

Suppose D = V ′ and E = W ′. In this case, we get the -face Δ′

= {V ′, Ṽ ,W ′} containing

(V ′,W ′) and Δ′


has OEC by Lemma 3.5. Moreover, Δ′


shares the weak reducing pair
(Ṽ ,W ′) with Δ , i.e. (D, E) gives a GHS equivalent to that obtained by using (Ṽ , W̃) after
weak reduction.

This completes the proof of Claim 6. �

Considering the proof of Claim 5, any weak reducing pair (D, E) in Σ belongs to a 3-
simplex ΣV ′W′ satisfying the condition (∗) and containing (V̄ , W̄). Moreover, considering
Claim 6, we conclude the GHS obtained by weak reduction along (D, E) is equivalent to the
GHS obtained by weak reduction along (V̄ , W̄), i.e. the GHSs obtained by weak reductions
along the weak reducing pairs in Σ are all equivalent to that corresponding to (V̄ , W̄). This
completes the proof of (3.18).

This completes the proof of Lemma 3.18. �

Definition 3.19. Let M and F be as in Lemma 3.1. An equivalent cluster of type (a)-(i)
is the union of all simplices of  (F) spanned by the vertices of ε ∪ε , where ε is a -
facial cluster having OEC, ε is a -facial cluster having OEC, and they share the common
center. We call the common center of ε and ε the center of the equivalent cluster. Lemma
3.18 means every weak reducing pair giving a type (a)-(i) GHS after weak reduction belongs
to a naturally determined equivalent cluster of type (a)-(i).

Lemma 3.20. An equivalent cluster of type (a)-(i) is contractible.

Proof. Considering Claim 5, the shape of an equivalent cluster of type (a)-(i) is essentially
the same as that of  (F) of Case (a) in the proof of Lemma 3.5 of [5] and it is contractible.
Therefore, we omit the proof. �

Lemma 3.21. Let M and F be as in Lemma 3.1 and let (V,W) be a weak reducing pair
such that the GHS obtained by weak reduction along (V,W) is of type (a)-(ii)- or type
(b)--(i). Then there is a naturally determined -facial cluster having OEC containing
(V,W). Likewise, if the GHS obtained by weak reduction along (V,W) is of type (a)-(ii)- or
type (b)--(i), then there is a naturally determined -facial cluster having OEC containing
(V,W).

Proof. Suppose the GHS obtained by weak reduction along (V,W) is of type (a)-(ii)-
or type (b)--(i). We can see the following from Definition 3.14:

(1) W is nonseparating or W cuts off a solid torus  ′ missing ∂V from  .
(2) Either V cuts off a handlebody of genus at least two from  missing ∂W (the type

(a)-(ii)- case) or a compression body with nonempty negative boundary missing
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∂W from  (the type (b)--(i) case).
Let V̄ be V itself. Take W̄ as W itself if W is nonseparating in  . If W is separating, then
we take W̄ as a meridian disk of  ′. Hence, we can find a weak reducing pair (V̄ , W̄) such
that either

(1) (V,W) is (V̄ , W̄) itself, or
(2) (V,W) is contained in the -face Δ = {V̄ , W̄,W} and Δ has OEC by Lemma 3.5.

Here, (V̄ , W̄) is uniquely determined in (F) by (V,W) because the meridian disk of a solid
torus is unique up to isotopy. Hence, it is sufficient to show that there exists a -facial
cluster having OEC determined by (V,W) such that it contains (V,W) and its center is (V̄ , W̄)
by Corollary 3.10. By Lemma 3.9, the proof for the case (2) is obvious.

Consider the case (1). Then ∂W̄ is nonseparating in the relevant component of FV̄ by
Lemma 2.14, where this component is of genus at least two by Lemma 2.3, and therefore
we can take a band-sum of two parallel copies of W = W̄ in  , say W ′, such that Δ = {V =
V̄ ,W = W̄,W ′} is a -face. Moreover, Δ has OEC by Lemma 3.5. Hence, we can guarantee
the existence of a -facial cluster having OEC and containing (V,W) by Lemma 3.9. Since
W is nonseparating, (V̄ , W̄) is the center of the -facial cluster.

This completes the proof. �

Definition 3.22. Let M and F be as in Lemma 3.1. Let ε be a -facial cluster having
OEC such that the GHSs obtained by weak reductions along the weak reducing pairs in ε
are either of type (a)-(ii)- or type (b)--(i). We call ε an equivalent cluster of type
(a)-(ii)- or (b)--(i), respectively. We call the center of ε the center of the equivalent
cluster.

Lemma 3.21 means every weak reducing pair giving a type (a)-(ii)- or (b)--(i) GHS
after weak reduction belongs to a naturally determined equivalent cluster of type (a)-(ii)-
or type (b)--(i), respectively.

Likewise, we get the following definition.

Definition 3.23. Let M and F be as in Lemma 3.1. Let ε be a -facial cluster having
OEC such that the GHSs obtained by weak reductions along the weak reducing pairs in ε
are either of type (a)-(ii)- or type (b)--(i). We call ε an equivalent cluster of type (a)-
(ii)- or type (b)--(i), respectively. We call the center of ε the center of the equivalent
cluster.

Lemma 3.21 means every weak reducing pair giving a type (a)-(ii)- or (b)--(i) GHS
after weak reduction belongs to a naturally determined equivalent cluster of type (a)-(ii)-
or type (b)--(i), respectively.

Since a - or -facial cluster having OEC is contractible, an equivalent cluster of type
(a)-(ii)- , type (b)--(i), type (a)-(ii)- or type (b)--(i) is contractible. Moreover, Lemma
3.13 means an equivalent cluster of type (a)-(ii)- , type (b)--(i), type (a)-(ii)- or type
(b)--(i) is the union of all simplices of (F) spanned by the vertices of the cluster.

Definition 3.24. Let M and F be as in Lemma 3.1. Suppose the GHS obtained by weak
reduction along (V,W) is of type (a)-(iii), type (b)--(ii), type (b)--(ii), type (c), or type
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Fig.4. the shapes of equivalent clusters

(d). In this case, we call the weak reducing pair (V,W) itself an equivalent cluster of type
(a)-(iii), type (b)--(ii), type (b)--(ii), type (c), or type (d), respectively. We also define
the center of the equivalent cluster (V̄ , W̄) as (V,W) itself.

See Fig.4 for the shapes of equivalent clusters.
In summary, we get the following two lemmas.
First, we can understand the type of an equivalent cluster as the type of GHSs obtained by

weak reductions in the cluster and therefore we summarize all cases in Lemma 3.25. Since
any weak reducing pair gives exactly one type of GHS after weak reduction in the sense of
Definition 3.14, the second statement of Lemma 3.25 comes from Lemma 3.15 directly.

Lemma 3.25. Let M and F be as in Lemma 3.1 and let  be an equivalent cluster. Then
the GHSs obtained by weak reductions along the weak reducing pairs in  are all equivalent.
Moreover, the GHSs are of the same type in the sense of Definition 3.14, where the type is
uniquely determined.

Next, Lemma 3.26 means every equivalent cluster is contractible and the intersection of
an equivalent cluster and  (F) or  (F) is contractible.

Lemma 3.26. Let M and F be as in Lemma 3.1. Then every equivalent cluster is con-
tractible. Moreover, every equivalent cluster is the union of all simplices of (F) spanned
by the vertices of the cluster. When an equivalent cluster intersects  (F) or  (F), the di-
mension of the intersection is at most one. Indeed, the intersection is either a vertex coming
from the center if the dimension is zero or a star-shaped graph with infinitely many edges
if the dimension is one. Moreover, if the dimension of the intersection is one, then the star-
shaped graph is equal to the intersection of the - or -facial cluster having OEC in the
equivalent cluster whose center is the center of the equivalent cluster and  (F) or  (F),
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respectively, i.e. the vertex positioned at the center of the star-shaped graph comes from the
center of the equivalent cluster.

Considering Lemma 3.18, Lemma 3.21 and Definition 3.24, any weak reducing pair
(V,W) belongs to a naturally determined equivalent cluster, say the canonical equivalent
cluster for (V,W).

The next lemma gives a criterion to determine whether a disk in an equivalent cluster
belongs to the center of the cluster or not.

Lemma 3.27. Let M and F be as in Lemma 3.1 and D is a disk in an equivalent cluster
. Then D belongs to the center of  if and only if one of the following holds.

(1) it is nonseparating or
(2) if it is separating, then it does not cut off a solid torus from the relevant compression

body.

Proof. Let (V̄ , W̄) be the center of . Then the following hold:
(1) Type (a)-(i): V̄ and W̄ are nonseparating, and another disk cuts off a solid torus from

the relevant compression body (see Definition 3.19 and Definition 3.8).
(2) Type (a)-(ii)- and Type (b)--(i): W̄ is nonseparating and another -disk cuts

off a solid torus from  (see Definition 3.22 and Definition 3.8). V̄ is separating in
 and it does not cut off a solid torus from  (see Definition 3.14).

(3) Type (a)-(ii)- and Type (b)--(i): Use the symmetric argument of the previous
case (see Definition 3.23, Definition 3.8 and Definition 3.14).

(4) Type (a)-(iii), Type (b)--(ii), Type (b)--(ii) and Type (c): Each of V̄ and W̄ is
separating, but it does not cut off a solid torus from the relevant compression body
(see Lemma 3.1, Definition 3.14 and Definition 3.24).

(5) Type (d): V̄ and W̄ are nonseparating (see Lemma 3.1 and Definition 3.24).
This completes the proof. �

Lemma 3.28. Let M and F be as in Lemma 3.1. Let i be an equivalent cluster and
(V̄i, W̄i) the center of i for i = 1, 2. If (1 ∩ 2) ∩  (F) � ∅, then V̄1 = V̄2. Likewise, if
(1 ∩ 2) ∩ (F) � ∅, then W̄1 = W̄2.

Proof. Let V be a vertex of (1 ∩ 2) ∩ (F).
Assume V = V̄1. Then (1) V is nonseparating or (2) it does not cut off a solid torus from

 if it is separating as a disk in 1 by Lemma 3.27. Since V also belongs to 2, V = V̄2 by
Lemma 3.27, i.e. V̄1 = V̄2.

Assume V � V̄1. Then V cuts off a solid torus  ′ from  as a disk in 1 by Lemma 3.27
and therefore V � V̄2 as a disk in 2 by Lemma 3.27. Here, each i contains a -facial
cluster having OEC whose center is (V̄i, W̄i), say εi


, and V is a vertex of the star-shaped

graph εi

∩  (F) which is not the center of the graph by Lemma 3.26 for i = 1, 2. This

means V̄1 and V̄2 are meridian disks of the solid torus  ′ by Definition 3.8, i.e. they are
isotopic in  . Therefore, we get V̄1 = V̄2.

This completes the proof. �

The next lemma means the canonical equivalent cluster for (V,W) is the only equivalent
cluster containing (V,W).
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Lemma 3.29. Let M and F be as in Lemma 3.1. Then every weak reducing pair belongs
to a uniquely determined equivalent cluster. This means if two different equivalent clusters
intersect each other, then the intersection cannot contain a weak reducing pair.

Proof. By definitions of equivalent clusters, every weak reducing pair belongs to some
equivalent cluster. Let us consider a weak reducing pair (V,W). Suppose there are two
equivalent clusters containing (V,W), say 1 and 2. Let (V̄i, W̄i) be the center of i for
i = 1, 2. We will prove 1 = 2.

Claim 7. 1 and 2 are of the same type and they share the common center.

Proof of Claim 7. Since 1 and 2 share (V,W), the GHSs obtained by weak reductions
along the weak reducing pairs in 1 ∪ 2 are all equivalent to that corresponding to (V,W)
and they are of the same type in the sense of Definition 3.14 by Lemma 3.25. This means
1 and 2 are of the same type.

Since 1 and 2 share (V,W), (1 ∩ 2) ∩  (F) � ∅ and (1 ∩ 2) ∩  (F) � ∅.
Therefore, Lemma 3.28 means V̄1 = V̄2 and W̄1 = W̄2, i.e. (V̄1, W̄1) = (V̄2, W̄2).

This completes the proof of Claim 7. �

By Claim 7, 1 and 2 are of the same type (so the shapes of them are the same in the
sense of Fig.4) and they share the common center. Hence, if each of 1 and 2 consists
of a weak reducing pair, then we conclude 1 = 2, leading to the result. Hence, assume
each of 1 and 2 does not consist of a weak reducing pair. Considering i ∩  (F) and
i∩ (F), if both are of dimension zero, then each of them consists of a vertex by Lemma
3.26, i.e. i is a weak reducing pair, leading to a contradiction. Hence, at least one of
i ∩ (F) and i ∩ (F) is of dimension one by Lemma 3.26 for i = 1, 2.

If dim(i ∩  (F)) = 1 for i = 1, 2, then each of 1 and 2 contains a -facial cluster
having OEC whose center is (V̄i, W̄i), say εi


, by Lemma 3.26 for i = 1, 2. Here, Claim 7

means the center of ε1


is equal to that of ε2


and therefore we get ε1

= ε2


by Corollary 3.10.

Hence, say ε := ε1

= ε2


in this case.

Likewise, if dim(i ∩  (F)) = 1 for i = 1, 2, then each of 1 and 2 contains a -
facial cluster having OEC whose center is (V̄i, W̄i), say εi


, and therefore we get ε1


= ε2



likewise. Hence, say ε := ε1

= ε2


in this case.

Considering the uniqueness of the - or -facial cluster having OEC whose center is
(V̄i, W̄i) by Corollary 3.10, we can see either

(1) ε ∪ ε determines i as in Definition 3.19 (i is of type (a)-(i)) for i=1,2,
(2) ε is equal to i as in Definition 3.22 (i is of type (a)-(ii)- or type (b)--(i))

for i=1,2, or
(3) ε is equal to i as in Definition 3.23 (i is of type (a)-(ii)- or type (b)--(i)) for

i=1,2.
Hence, we conclude 1 = 2.

This completes the proof. �

Definition 3.30. Considering Lemma 3.25 and Lemma 3.29, there is the canonical func-
tion Φ from the set of equivalent clusters to the set of equivalence classes ∗F/ ∼, where
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Φ() is the equivalent class of the GHSs obtained by weak reductions along the weak re-
ducing pairs in  for a given equivalent cluster . For a representative H ∈ ∗F of an
equivalent class [H]∗, there exists an weak reducing pair giving H after weak reduction.
Moreover, this weak reducing pair belongs to an equivalent cluster ′ by Lemma 3.29, i.e.
Φ(′) = [H]∗, and therefore Φ is surjective.

As well as a weak reducing pair, a - or -facial cluster having OEC also belongs to a
uniquely determined equivalent cluster by Lemma 3.31.

Lemma 3.31. Let M and F be as in Lemma 3.1. If there is a - or -facial cluster
having OEC, then it belongs to a uniquely determined equivalent cluster. Therefore, every
- or -face having OEC belongs to a uniquely determined equivalent cluster.

Proof. Without loss of generality, assume ε is a -facial cluster having OEC. Let (V,W)
be the center of ε. Then V is nonseparating in  by Definition 3.8.

Claim 8. (V,W) itself is not an equivalent cluster.

Proof of Claim 8. For the sake of contradiction, suppose (V,W) is an equivalent cluster. Let
us consider the cases where a weak reducing pair itself is an equivalent cluster. In the cases
of type (a)-(iii), type (b)--(ii), type (b)--(ii) and type (c), both disks are separating by
Definition 3.14. Therefore, considering that V is nonseparating in  , (V,W) is of type (d),
i.e. both V and W are nonseparating in  and  , respectively, and ∂V ∪ ∂W is separating in
F.

Let D be another disk of ε other than V and W. Then D cuts off a solid torus  ′ from
 and V is a meridian disk of  ′ by Definition 3.8, i.e. ∂V is nonseparating in the relevant
component of FD by Lemma 2.14. Moreover, ∂W misses  ′ by Lemma 2.3 and ∂W is
nonseparating in the relevant component of FD by Lemma 2.14. Let us compress FD along
V and W. Then the resulting one (FD)VW consists of two components, i.e. FVW consists of
only one component by recovering FVW from the two components of (FD)VW . This means
∂V ∪ ∂W is nonseparating in F, violating the assumption.

This completes the proof of Claim 8. �

By Claim 8, (V,W) itself cannot be an equivalent cluster, i.e. the GHS obtained by weak
reduction along (V,W) is either of type (a)-(i), type (a)-(ii)- , type (a)-(ii)- , type (b)-
-(i) or type (b)--(i). Moreover, we can exclude the cases of type (a)-(ii)- and type
(b)--(i) because V is nonseparating in  . Hence, considering the proofs of Lemma 3.18
or Lemma 3.21, there is a weak reducing pair (V̄ , W̄) uniquely determined by (V,W) such
that it becomes the center of an equivalent cluster  of type (a)-(i) (if W is nonseparating or
cuts off a solid torus from ), type (a)-(ii)- (if W cuts off a handlebody of genus at least
two missing ∂V from ) or type (b)--(i) (if W cuts off a compression body with nonempty
negative boundary missing ∂V from ) and  contains (V,W).

Since there cannot be two different equivalent clusters sharing (V,W) by Lemma 3.29, if
there is an equivalent cluster containing ε, then it must be the only one. Therefore, we only
need to prove ε belongs to .

Since V is nonseparating in  and V ∈ , V belongs the center of  by Lemma 3.27.
Suppose W does not cut off a solid torus from  , i.e. (V,W) is the center of  as well as
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that of ε by Lemma 3.27. In this case, the -facial cluster ε forming  in Definition 3.19
or Definition 3.23 must be equal to ε by Corollary 3.10, i.e. ε ⊂ , leading to the result.

Suppose W cuts off a solid torus  ′ from  , i.e. the case where  is of a type (a)-(i). Let
W̃ be a meridian disk of  ′ missing W. Then V = V̄ and W̃ = W̄ by the proof of Lemma
3.18 and W̃ misses all vertices of ε because every -disks of ε cannot intersect the once-
punctured torus component of F − ∂W by Lemma 2.3. This means each -face {V ′,V,W}
of ε belongs to the 3-simplex of the form ΣV ′W′ = {V ′, V̄ = V, W̄ = W̃,W ′ = W}, where V ′

cuts off a solid torus from  and V is a meridian disk of the solid torus by Definition 3.8.
Since  contains all such 3-simplices by Claim 5, we conclude ε belongs to , leading to
the result.

Since a -face having OEC belongs to a uniquely determined -facial cluster having
OEC by Lemma 3.9, the second statement comes from the first statement directly.

This completes the proof of Lemma 3.31. �

Lemma 3.32. Let M and F be as in Lemma 3.1. For a 3-simplex Σ of (F) containing
at least one weak reducing pair, if the GHSs obtained by weak reductions along the weak
reducing pairs in Σ are all equivalent, then Σ belongs to a uniquely determined equivalent
cluster of type (a)-(i).

Proof. Considering Lemma 3.16, Σ has the form {V ′,V,W,W ′}, where V ′ and W ′ cut
off solid tori  ′ and  ′ from  and  , respectively, and V and W are meridian disks of
 ′ and  ′, respectively, and therefore each of the -face Δ = {V ′,V,W} and the -face
Δ = {V,W,W′} has OEC by Lemma 3.5. This gives the - and -facial clusters having
OEC containing Δ and Δ , say ε and ε , respectively, by Lemma 3.9, and they share the
common center (V,W) by Definition 3.8. Using ε ∪ ε , we can find an equivalent cluster
 of type (a)-(i) by Definition 3.19 and  contains Σ by Claim 5.

If there is another equivalent cluster containing Σ, say ′, then  and ′ share the weak
reducing pairs in Σ, violating Lemma 3.29.

This completes the proof. �

Definition 3.33. Let M and F be as in Lemma 3.1. Let Σ be a simplex of (F) contain-
ing at least one weak reducing pair. If there is only OEC of the GHSs obtained by weak
reductions along the weak reducing pairs in Σ, then we call Σ an equivalent simplex. If there
are two or more equivalent classes of the GHSs obtained by weak reductions along the weak
reducing pairs in Σ, then we call Σ a nonequivalent simplex.

In summary, we get the following theorem.

Theorem 3.34. Let M and F be as in Lemma 3.1. Then  (F) consists of equiva-
lent clusters and nonequivalent simplices. Moreover, each equivalent simplex belongs to a
uniquely determined equivalent cluster.

Proof. Recall that  (F) consists of all simplices of (F) intersecting both  (F) and
 (F), i.e. it is the union of all equivalent simplices and all nonequivalent simplices.

Considering Lemma 3.29, Lemma 3.31 and Lemma 3.32, every equivalent simplex of
dimension at most three belongs to a uniquely determined equivalent cluster. Moreover,
Lemma 3.16 means there is no equivalent simplex of dimension at least four. Hence, all
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equivalent simplices are contained in the union of all equivalent clusters. Therefore, the
union of all equivalent clusters and all nonequivalent simplices covers  (F). Since every
equivalent cluster is a subset of  (F), we conclude the previous union is exactly the same
as  (F).

This completes the proof. �

4. The proof of Theorem 1.2

4. The proof of Theorem 1.2
In this section, we will prove Theorem 1.2.
The next lemma describes the way how two different equivalent clusters intersect each

other.

Lemma 4.1. Suppose M is an irreducible 3-manifold and ( , ; F) is a weakly re-
ducible, unstabilized Heegaard splitting of M of genus n ≥ 3. If two different equivalent
clusters 1 and 2 intersect each other, then the center of 1 intersects that of 2 in a
vertex.

Proof. Let (V̄i, W̄i) be the center of i for i = 1, 2. If (1∩2)∩ (F) � ∅, then V̄1 = V̄2

by Lemma 3.28. Likewise, if (1 ∩ 2) ∩  (F) � ∅, then W̄1 = W̄2. But at least one of
(1 ∩ 2) ∩ (F) and (1 ∩ 2) ∩ (F) must be empty otherwise (V̄1, W̄1) = (V̄2, W̄2),
violating Lemma 3.29.

This completes the proof. �

Lemma 4.2. Let M and F be as in Lemma 4.1. Then every component of  (F) is an
equivalent cluster if and only if every - or -face has OEC.

Proof. (⇒) Suppose every component of  (F) is an equivalent cluster. Let Δ be a
-face {V,V ′,W} without loss of generality. Then Δ belong to an equivalent cluster  by
the assumption, i.e. {V,V ′} = Δ ∩  (F) ⊂  ∩  (F). Considering Lemma 3.26, there
is a -facial cluster having OEC in , say ε , such that ε ∩  (F) =  ∩  (F) and
the intersection is a star-shaped graph. This means the 1-simplex {V,V ′} is an edge of the
star-shaped graph ε ∩  (F), i.e. {V,V ′} belongs to a -face having OEC in ε , say Δ .
Therefore, we can assume V ′ cuts off a solid torus  ′ from  and V is a meridian disk of  ′

by Lemma 3.5. Hence, Δ also has OEC by Lemma 3.5.

(⇐) Suppose every - or -face has OEC.

Claim 9. There is no simplex of dimension at least four in  (F). Moreover, if there
is a 3-simplex in  (F), then it has the form in the statement of Lemma 3.16.

Proof. Note that every highest dimensional simplex of  (F) must intersect both
 (F) and  (F).

Suppose dim( (F)) = k and there is a k-simplex Σ = {V1, · · · ,Vm,W1, · · · ,Wn} ⊂
 (F), where Vi ⊂  for 1 ≤ i ≤ m (1 ≤ m), Wi ⊂  for 1 ≤ i ≤ n (1 ≤ n), and
m + n = k + 1. Considering the assumption that every - or -face has OEC and the
arguments in the proof of Lemma 3.16, we get m, n ≤ 2 and confirm the desired shape of a
3-simplex in  (F).
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This completes the proof of Claim 9. �

Claim 10. Every simplex of (F) intersecting both  (F) and  (F) is contained in an
equivalent cluster.

Proof of Claim 10. By Claim 9, it is sufficient to consider simplices of dimension at most
three. Considering Lemma 3.29, every weak reducing pair belongs to an equivalent cluster.
Moreover, the assumption that every - or -face has OEC induces that every - or -face
belongs to an equivalent cluster by Lemma 3.31. Suppose Σ is a 3-simplex intersecting both
 (F) and  (F). By Claim 9, Σ has the form in the statement of Lemma 3.16. Hence,
considering the argument in the proof of Lemma 3.32, we can find an equivalent cluster
containing Σ.

This completes the proof of Claim 10. �

Let  be a component of  (F). Then  = ∪α∈σα, where each σα is a simplex
intersecting both  (F) and  (F) by the definition of  (F) and  is an index set.
Hence, considering Claim 10,  ⊂ ∪α∈α, where α is an equivalent cluster containing
σα. Moreover, every equivalent cluster is a connected subset of  (F) and therefore
α ⊂  for all α ∈ , i.e. ∪α∈α ⊂ , and therefore we conclude  = ∪α∈α.

It is sufficient to show that  consists of only one α. For the sake of contradiction,
assume there exist α1 and α2 such that α1 � α2 . If α ∩ β = ∅ for all mutually
different α and β, then  is disconnected, leading to a contradiction, i.e. we can assume
α1∩α2 � ∅. Let (V̄i, W̄i) be the center of αi for i = 1, 2. Then (V̄1, W̄1) intersects (V̄2, W̄2)
in a vertex by Lemma 4.1. Therefore, there is a sequence of - and -faces Δ0, Δ1, · · · , Δn

such that the following hold by Lemma 8.4 of [1]:
(1) Δi−1 ∩ Δi is a weak reducing pair for 1 ≤ i ≤ n and
(2) (V̄1, W̄1) ⊂ Δ0 and (V̄2, W̄2) ⊂ Δn.

By the assumption that every - or -face has OEC, each Δi has OEC for 0 ≤ i ≤ n.
Therefore, each Δi belongs to a uniquely determined equivalent cluster i for 0 ≤ i ≤ n
by Lemma 3.31. Since two different equivalent clusters cannot share a weak reducing pair
by Lemma 3.29, we conclude α1 = 0 = · · · = n = α2 , violating the assumption that
α1 � α2 .

This completes the proof of Lemma 4.2. �

Suppose there are two equivalent clusters such that the corresponding equivalent classes
determined by Φ are the same. The next lemma gives a sufficient condition that these two
equivalent clusters are the same.

Lemma 4.3. Suppose M is an orientable, irreducible 3-manifold and ( , ; F) is a
weakly reducible, unstabilized Heegaard splitting of M of genus at least three. Let 1 and
2 be equivalent clusters such that Φ(1) = Φ(2) and (V̄i, W̄i) the center of i for i = 1, 2.
Suppose if V̄i (resp. W̄i) is separating, then the closure of the component of  − V̄i (resp.
 − W̄i) missing ∂W̄i (resp. ∂V̄i) is S × I, where S is a component of ∂− (resp. ∂−) for
i = 1, 2. Then 1 = 2.
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Proof. Let Hi = (F̄V̄i
, F̄V̄iW̄i

, F̄W̄i
) be the GHS obtained by weak reduction from ( , ; F)

along (V̄i, W̄i) for i = 1, 2. Since H2 is equivalent to H1 by the assumption that Φ(1) =
Φ(2), we get the following:

(1) F̄V2 and F̄W2 are isotopic to F̄V1 and F̄W1 in  and  , respectively, and
(2) 1 and 2 are of the same type by Lemma 3.15.

By (2), V̄1 is nonseparating in  if and only if V̄2 is nonseparating in  and the symmetric
argument also holds for W̄1 and W̄2 in  .

Suppose V̄1 is nonseparating in  , i.e. both V̄1 and V̄2 are nonseparating in  by the
previous argument. Since F̄V̄2

is isotopic to F̄V̄1
in  by (1), considering Corollary 3.2, V̄2 is

isotopic to V̄1 in  by (2.11) of Lemma 2.11.
Suppose V̄1 is separating in  , i.e. both V̄1 and V̄2 are separating in  . By the assumption,

V̄1 cuts off S × I missing ∂W̄1 from  for a component S ⊂ ∂− of genus k ≥ 1. Here, the
genus of F̄V̄1

is n − k by Corollary 3.2. Let ̃ be the closure of the component of  − F̄V̄1

intersecting F. Then ̃ is a compression body of genus n with negative boundary consisting
of the genus k component S and the genus n − k component F̄V̄1

, where ∂+̃ = ∂+ , by
Lemma 2.10. By (1), we can isotope F̄V̄2

into F̄V̄1
by an isotopy ht :  →  , t ∈ [0, 1] such

that h1(F̄V̄2
) = F̄V̄1

. Here, V̄1 and h1(V̄2) are compressing disks in ̃ , i.e. h1(V̄2) is isotopic to
V̄1 in ̃ by Lemma 2.9. Therefore, h1(V̄2) is isotopic to V̄1 in  by an isotopy gt defined on
 by Corollary 2.2. Hence, the sequence of isotopies consisting of ht and gt gives an isotopy
defined on  that takes V̄2 into V̄1.

Therefore, V̄2 is isotopic to V̄1 in  in any case. Likewise, we conclude W̄2 is isotopic to
W̄1 in  . Hence, (V̄1, W̄1) = (V̄2, W̄2) in (F). Therefore, we get 1 = 2 by Lemma 3.29.

This completes the proof. �

Finally, we reach Theorem 4.4.

Theorem 4.4. Let ( , ; F) be a weakly reducible, unstabilized Heegaard splitting of
genus three in an orientable, irreducible 3-manifold M. Then the domain of Φ is the set of
components of  (F), Φ is bijective, and there is a canonically induced function Ω from
the set of components of  (F) to the set of the isotopy classes of the generalized Heegaard
splittings obtained by weak reductions from ( , ; F). The number of components of the
preimage of an isotopy class of Ω is the number of ways to embed the thick level contained
in  into  (or in  into ). This means if we consider a generalized Heegaard splitting
H obtained by weak reduction from ( , ; F), then the way to embed the thick level of H
contained in  into  determines the way to embed the thick level of H contained in  into
 up to isotopy and vice versa.

Proof. By Corollary 3.6, every - or -face has OEC. Therefore, Lemma 4.2 means
every component of  (F) is an equivalent cluster.

Let 1 and 2 be equivalent clusters such that Φ(1) = Φ(2) and (V̄i, W̄i) the center of
i for i = 1, 2. Considering Lemma 3.27, if V̄i is separating, then it cannot cut off a solid
torus from  . Moreover, since the genus of F is three, the closure of the component of
 − V̄i containing ∂W̄i is a genus two compression body by Lemma 2.3 and Lemma 1.3 of
[12]. This means the closure of the other component must be (torus) × I if V̄i is separating.
The symmetric argument also holds for W̄i. Therefore, Lemma 4.3 induces 1 = 2, i.e. Φ
is an injective function from the set of components of  (F) to ∗F/ ∼. Considering
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Definition 3.30, we conclude Φ is bijective.
Recall that F is the set of isotopy classes of the GHSs obtained by weak reductions

from ( , ; F). Since all GHSs in an equivalent class of ∗F/ ∼ correspond to the
same isotopy class, there is a function Ω from the set of components of  (F) to F

canonically induced from Φ.
Let us consider the preimage Ω−1([H]) for an isotopy class [H] ∈ F . Let 1 and 2

be two equivalent clusters in Ω−1([H]), (Vi,Wi) a weak reducing pair in i for i = 1, 2, and
Hi the GHS obtained by weak reduction along (Vi,Wi) for i = 1, 2.

If F̄V2 := Thick(H2) ∩  is not isotopic to F̄V1 := Thick(H1) ∩  in  , then Φ(1) =
[H1]∗ � [H2]∗ = Φ(2) and therefore 1 � 2.

Suppose F̄V2 is isotopic to F̄V1 in  . Without changing the equivalent classes [H1]∗ and
[H2]∗, we can assume (Vi,Wi) is the center of i for i = 1, 2 by Lemma 3.25.

We claim that 1 = 2. For the sake of contradiction, suppose 1 and 2 are different.
By the assumption, we can isotope F̄V2 into F̄V1 by an isotopy ht :  →  , t ∈ [0, 1] such
that h1(F̄V2 ) = F̄V1 . Let  ′ be the closure of the component of  − F̄V1 intersecting F. Then
 ′ is a genus three compression body with at least one negative boundary component F̄V1

whose genus is two by Corollary 3.2 and Lemma 2.10 and V1 and h1(V2) are compressing
disks in  ′, where ∂+ = ∂+ ′.

If ∂− ′ is connected, then every separating compressing disk in  ′ cuts off a solid torus
from  ′ and also does in  . Therefore, considering that each Vi belongs to the center of i

for i = 1, 2, Lemma 3.27 forces V1 and V2 to be nonseparating disks in  , i.e. ∂V1 and ∂V2

are nonseparating in ∂+ = ∂+ ′. This means V1 and h1(V2) are nonseparating compressing
disks in  ′. But there is a unique nonseparating disk in  ′ up to isotopy by Lemma 2.8,
i.e. h1(V2) is isotopic to V1 in  ′. Therefore, h1(V2) is isotopic to V1 in  by an isotopy gt

defined on  by Corollary 2.2. Hence, the sequence of isotopies consisting of ht and gt gives
an isotopy defined on  taking V2 into V1. But this means the centers of 1 and 2 intersect
each other, violating the assumption that each component of  (F) is an equivalent cluster
itself. If ∂− ′ is disconnected, then V1 and h1(V2) are isotopic in  ′ by Lemma 2.9. Hence,
we also get a contradiction similarly.

Therefore, 1 = 2, i.e. Φ(1) = [H1]∗ = [H2]∗ = Φ(2) and therefore Thick(H2) ∩

is also isotopic to Thick(H1) ∩ in  .
Hence, we only need to count the number of ways to embed the thick level contained in

 into  in order to count the number of elements of Ω−1([H]).
This completes the proof. �
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