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Abstract
It is proved if an irreducible, strong Feller symmetric Markov process possesses a tightness
property, then its semi-group is an L?>-compact operator. In this paper, applying this fact, we
prove probabilistically the compactness of Dirichlet-Laplacians and Schrodinger operators.

1. Introduction

Let E be a locally compact separable metric space and m a positive Radon measure on
E with full support. Let X be an m-symmetric Markov process on E. We assume that
X is irreducible and has strong (resolvent) Feller property. Moreover, we assume that X
possesses the tightness property, i.e., for any € > 0 there exists a compact set K such that
sup .. Rilge(x) < e. Here R, is the 1-resolvent of X and 1. is the indicator function of the
complement of K. When X has these properties, we say in this paper that X belongs to Class
(T). One of the authors proved in [14] that if X belongs to Class (T), its semi-group turns out
to be a compact operator on L>(E; m) (Theorem 2.1). In this paper, we apply this criterion to
Dirichlet Laplacians Ap and Schrodinger operators A — V with positive potential and show
probabilistically the compactness of these operators.

Let X = (P,, B;) be the Brownian motion on R? and X? the absorbing Brownian motion
on a domain D. We then prove that if D C R? satisfies limyep jyj—e m(D N B(x, 1)) = 0,
then X? is in Class (T) and consequently its semi-group is compact. Here m denotes the
Lebesgue measure and B(x, R) the ball centered at x with radius R. If x is the origin 0, we
write B(R) for B(0, R).

We denote by B, the set of Borel sets B such that limyy_cm(B N B(x,1)) = 0. In
[8], a Borel set in By is said to be thin at infinity. Let V be a positive Borel function on
R? locally in the Kato class. Let XV = (PY, B;) be the subprocess defined by PV (dw) =
exp (= [ V(By(w))ds) Py(dw). We show that if the set Dy := {x € RY | V(x) < M} belongs
to By for any M > 0, then X" is in Class (T) and its semi-group, Schrodinger semi-group of
—A+V,is compact. This fact is proved in [11], [8] analytically, while it is done in this paper
probabilistically; the key to the proof of this fact is to show that the condition on V implies
the tightness property of XV.
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We apply Theorem 2.1 to time changed processes. Let X be an irreducible symmetric
Markov process with strong Feller property. We assume, in addition, that X is transient. We
then see that for a Green-tight measure u with full fine support, the time-changed process X
by A”, the positive continuous additive functional in the Revez correspondence to u, belongs
to Class (T). As a results, the space (f;", & = (év‘ +(, )u) is compactly embedded in L*(E; p),
where (5 , ﬁ»‘) is the Dirichlet form generated by X. Moreover, let (F,, €) be the extended
Dirichlet space (F,, £) associated with X, which turns out to be a Hilbert space under the
condition for X being transient. We then see that F, is identical with F , € is equivalent to
&, and thus (F,, €) is compactly embedded in L>(E; u). Therefore, we can conclude that for
any Green-tight measure y, the extended Dirichlet space (&, £) is compactly embedded in
L*(E;u). This fact says that if u is Green-tight with respect to 1-resolvent, then (5, & =
(€ + (, )m)) is compactly embedded in L*(E; u).

Applying this result to the Brownian motion, we see that if B € B(RY) satisfies that the
measure 1pdx is Green-tight, then 1-order Sobolev space H'(R¢) is compactly embedded in
L*(R?; 13dx). We see from [4, Lemma 6.11] that for a domain B, this is also necessary.

2. Preliminaries

Let E be a locally compact separable metric space, Ex = E U {A} the one point com-
pactification of E, and m a positive Radon measure on E with full support. Let X =
(Q, F AF )0, X1, Py, ) be an m-symmetric Borel right process having left limits on (0, ).
Here ¢ is the lifetime {(w) = inf{s > 0 | X,(w) = A} and Q is specifically taken to be
the space of all right continuous functions from [0, o] into Ex with w(f) = A for any
t > {(w) = inf{s > 0 | w(s) = A} and w(c0) = A. The random variable ¢ is called the
lifetime which can be finite and X, is defined by X;(w) = w(¢) for w € Q, t > 0. {F;};>0 is the
minimal (augmented) admissible filtration.

Let {p;};>0 be the semi-group of X, p,f(x) = E.(f(X,)). By Lemma 1.4.3 in [5], {p:}=0
uniquely determines a strongly continuous Markovian semi-group {T;},so on L*(E;m). We
define the Dirichlet form (&, D(E)) on L2(E; m) generated by X:

1
F= {u e LX(E;m) | im =(u — Tyu, u)y, < oo}
t—0 t
2.1) .
E(u,v) = lin(} ;(u —Tu,v),, foru,ved.
t—

We denote by &, the family of m-measurable functions u on X such that |u| < co m-a.e. and
there exists an £-Cauchy sequence {u,} of functions in F such that lim, ., u, = u m-a.e.
We call F, the extended Dirichlet space of (£,F). Every u € ¥, has a quasi-continuous
version u ([5, Theorem 2.1.3]). In the sequel, we always assume that every function u € &,
is represented by its quasi-continuous version.

Let us denote by {R,}.~0 the resolvent of X,

Rof(x) = By (foo €‘”f(Xz)dt), f € By(E),
0

where B, (E) is the space of bounded Borel functions on £. We now make three assumptions
on X:
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(Irreducibility) If a Borel set A is p,-invariant, i.e., fA pilacdm = 0 for any t > 0,
then A satisfies either m(A) = 0 or m(A¢) = 0. Here 14¢ is the indicator function of
the complement of A.

(Resolvent Strong Feller Property) R,(B,(E)) C Cp(E), a > 0, where Cp(E) is the
space of bounded continuous functions.

(Tightness Property) For any € > 0, there exists a compact set K such that
sup,.g Ri1g<(x) < €. Here 1 is the indicator function of the complement of K.

We here say that a Markov process belongs to Class (T) if it possess the properties I, II, III.

REMARK 2.1. (1) If Ri1 € Co(E), then X is explosive and satisfies the assumption

(i)

(iii)

II1. In fact, it follows from the maximum property that

sup Ry 1 ge(x) = sup Ry1gc(x) < sup R 1(x).

xeE xeK¢ xeK¢
Here C(E) is the set of continuous functions vanishing at infinity.
If C(E) is invariant under R, R{(Cx(E)) C Cw(E), then R|1 € C(E) is equiv-
alent to III. In fact, assume III. For a compact set K, take a positive function g €
C(E) such that 1x < g. We then see from the invariance of Co(E) that 0 <
lim, o R 1x(x) < lim,_,o R1g(x) = 0. Hence for any € > 0 there exists a compact
set K such that

limsup R 1(x) < limsup Ry 1g(x) + limsup Ry 1 ge(x) < supRy1ge(x) < €,
X—00 X—00 X—00 xeE

which implies R;1 € C(E). Hence, if C(E) is invariant under R; and X is con-
servative, R;1 = 1, then X does not have the tightness property, in particular, the
Ornstein-Uhlenbeck process does not.
Assume that m is finite, m(E) < oo and that {p,},>¢ is ultra-contractive, ||p|;~ =
¢; < oo for any ¢ > 0. Here || - ||; « 1S the operator norm from LY(E;m) to L*(E;m).
Note that ¢, is non-increasing because ||p/ll1.c0 < [|Pslli.c0 - IPr=sllco.c0 < lIPslli.c0 fOr
0 < s < t. We then see that X has the tightness property III. Indeed, for any 6 > 0
and a compact set K ¢ R?

0 00
Rilge(x) < f e 'p ge(x)dt + f e 'pilge(x)dt < (1 - e7%) + cs - m(K°).
0 5

Hence forany € > 0 ||R; 1 || < €&,if 6 > 0 and a compact set K satisfy 1 —exp(—0) <
g/2 and cs - m(K¢) < g/2.

It follows from the assumption II that the resolvent kernel is absolutely continuous with
respect to m,

Rp(x,dy) = Rg(x, y)m(dy), foreacha >0, x € E.

As a result, the transition probability p,(x, dy) is also absolutely continuous with respect

to m,

p:i(x,dy) = p,(x,y)m(dy) foreacht >0, x€ E

([5, Theorem 4.2.4]). By [5, Lemma 4.2.4] the density Rg(x,y) is assumed to be a non-
negative Borel function such that Rg(x, y) is symmetric and S-excessive in x and in y. Under
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the absolute continuity condition, “quasi-everywhere” statements are strengthened to “ev-
erywhere” ones.
One of the authors proved the next theorem ([14, Theorem 4.1]).

Theorem 2.1 ([14]). If a Markov process X is in Class (T), then its semi-group p; is
compact on L*>(E; m).

We denote by S the set of positive Borel measures y such that u(E) < oo and Rju(x)(=
fE R (x, y)u(dy)) is uniformly bounded in x € E. A positive Borel measure p on E is said to
be smooth if there exists a sequence {E,} ", of Borel sets increasing to £ such that 1, - u €
S oo for each n and

Px(lim T > g) —1, VxeE,
n—00

where o\, is the first hitting time of E \ E,. The totality of smooth measures is denoted
by S 1-

If an additive functional {A,},» is positive and continuous with respect to ¢ for each w € Q,
it is said to be a positive continuous additive functional (PCAF in abbreviation). By [5, The-
orem 5.1.7]', there exists a one-to-one correspondence between positive smooth measures
and PCAF’s (Revuz correspondence): for each smooth measure y, there exists a unique
PCAF {A,};>0 such that for any positive Borel function f on E and y-excessive function h
(y = 0), that is, e p,h < h,

(2.2) lim lEh.m (f f(Xs)dAs) = ff(x)h(x),u(dx).
t—0 f 0 E

Here E;.,.(-) = fE E.(-)h(x)m(dx). We denote by A’,‘ the PCAF corresponding to the smooth
measure /.
We now introduce two classes of positive smooth measures which play a crucial role.

DEeriNITION 2.1. (i) A positive measure u € S is said to be in the Kato class (in
notation, u € K), if

lim sup f Rp(x, y)du(y) = 0.
B yeE JE

A positive measure u € S|
(i) Suppose X is transient. A measure y € K is said to be Green-tight (in notation,
1 € Ko(R)), if for any € > 0 there exists a compact set K such that

sup f ) R(x,y)du(y) < e.

xeE

If the measure u(dx) = V(x)m(dx) is in K (resp. K ), we also denote V € K (resp. K).

Note that if X is transient, then (&, £) is a Hilbert space. The next theorem is proved by
Stollmann-Voigt [13].

I [5], the measure p (resp. PCAF A,) is said to be a smooth measure in the strict sense (resp. a PCAF in
the strict sense). We treat only smooth measures in the strict sense and PCAF’s in the strict sense, and omit the
term “in the strict sense’.
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Theorem 2.2. For u € K (R)
23) \[u%ﬁwﬂﬂsﬂ&mw¢ﬂmm,ueﬁg
E

Here, Ru(x) = [, R(x, y)du(y).

Note that ||[Rull is finite by [2, Proposition 2.2]. Let X = (P, X;) be the time-changed
process, that is, P, =P,X, = X, 7, =inf{s >0 AL > t}. Define

F={xeX:P(r9=0)=1}.
We call F the fine support of 1. Note that the O-resolvent R of X is written as
Rﬂm=wawﬂmMm,feﬁmmx
F
We then see from (2.3) that for u € Ku(R), (T, £) is continuously embedded in L*(E; )
and so R is a bounded operator on L*(F’; ).

Theorem 2.3 ([14]). Assume that a Markov process X satisfies I and Il. If X is transient,
then for i € Ko(R), (F., E) is compactly embedded in L*(E; ).

Theorem 2.3 is an extension of Theorem 2.1. Indeed, (&, &)) is a transient regular Dirich-
let space and its extended Dirichlet space equals (F, £). Notice that the 1-resolvent R is
identical with the O-resolvent of (&, £;). We then see from Theorem 2.3 that if u is Green-
tight with respect to the 1-resolvent R; (in notation, u € K« (R})), then (F, £)) is compactly
embedded in L?(E;u). It is known in [2, Theorem 4.2] that if X is in Class (T), then m
belongs to K (R1). We then obtain Theorem 2.1 because the semi-group p, is compact if
and only if (&, &) is compactly embedded in L*(E;m).

Corollary 2.1. Assume that a Markov process X satisfies I and I1. If u is a smooth measure
in Ko(Ry), then (T, ) is compactly embedded in L*(E; ). In particular, if X is in Class
(T), (F, &) is compactly embedded in L>(E; m).

Theorem 2.3 and Corollary 2.1 tell us that the O-resolvent and 1-resolvent of X define
compact operators on L>(F; u) respectively.
3. Dirichlet Laplacian

In this section, we deal with the Brownian motion X = (P,, B;) on R and give, as an
application of Theorem 2.1, a sufficient condition for the compactness of semi-groups of
Dirichlet-Laplacians.

Lemma 3.1. Let p; be the semi-group of the Brownian motion. Then

lPellp.co < o P2 1,

where || - || .« is the operator norm from LP (R?) to L*(RY).
Proof. Note that for f € LP(R?),

P fOOL < (P f1P GNP
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Hence we have, on account of ||p;||;.. < C/t4/?

1 1 1 1 C
Ipeflleo < 1" < WP - WAPI = WP S 11l < s - 11

Let D the set of domains in RY. We set

DO:{DED| lim m(DﬂB(x,l)):O},

x€D,|x|—o0

where m denotes the Lebesgue measure on R?.
Denote by 75 be the first exit time from a Borel set B, 7 = inf{r > 0 | B, ¢ B}.

Lemma 3.2. If a domain D belongs to Dy, then limep |q—oo pf) 1(x) =0 foranyt > 0.

Proof. Note that for ¢ > 0

! t
f I prBx 1) (Bs)ds < f L1y (Bs)ds < (t — 1)’
0 0

{tp >t} C {f 1p(By)ds = t}.
0

We then have for any 0 < & < ¢

(a* = a Vv 0) and that

! !
Py(tp >1) <P, (f I pnB,1)(By)ds > 8) + Py (f IpaBx ) (By)ds >t — €
0 0

f
<P, (f leB(x,l)(Bs)ds > 8) + P, ((t - TB(x,l))+ >1— 8) .
0

By Lemma 3.1

/ ¢
C 1/
E, (fo lDﬂB(x’l)(Bs)ds) < fo st -m(D N B(x, 1)) P,

and fot 1/5%CP)ds < oo for p > d/2. Hence the right-hand side above tends to 0 as |x| — oo
in D by the assumption on D, and thus

t
lim Px (f lDﬂB(x,l)(Bs)dS > 8) =0.
0

xeD,|x|—00
Noting that P, ((r — 7p.1))" >t — &) = Po(7p1) < €), we have

limsup p”1(x) = limsup P.(tp > 1) < Po(rp1) < &) — 0
xeD,|x| >0 X€D,|x|—>00

ase — 0. O

From Lemma 3.2, we immediately obtain the next corollary.
Corollary 3.1. If a domain D belongs to Dy, then limep |y— oo R? 1(x) = 0.
Lemma 3.3. If a domain D belongs to Dy, then the absorbing BM on D is in Class (T).
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Proof. The irreducibility I and the resolvent strong Feller property II follow from [5,
Exercise 4.6.3] and [3, Theorem 2.2] respectively.
Note that for a compact subset K of D

RP1xe = RV 1p@ynke + RY Lgwnke < RY Lswenke + RiLpnawnke.
We see that by the maximum principle

sup RID 1 B(R)*NK® (X) = sup RID 1 B(R)YNK¢ (X) < sup RlD 1 (X)
xeD xeDNB(R)¢ xeDNB(R)¢

and that by Corollary 3.1 the right-hand side above tends to 0 as R — oco. Hence, for any
€ > 0 there exists R > 0 such that sup,p R?IB(R)can(x) < €/2 for any compact subset
KcD.

Let {K,}”, be an increasing sequence of compact subsets of D N B(R) such that
lim, o m(D N B(R) N K};) = 0. Then by using the maximum principle again

lim sup Ry 1 pnprynk:(x) = lim sup Ry 1pnprynk;(x) = 0.
n—0 yep n—00 | pd

Hence, sup,.p Ri1pnpr)nk:(x) < €/2 for a large n. Therefore, the tightness property III of
the absorbing BM on D is proved. m|

We now obtain the next corollary as an application of Theorem 2.1.

Corollary 3.2. If a domain D belongs to Dy, then the semi-group of the Dirichlet Lapla-
cian on D is compact.

4. Compact Embedding of the Sobolev Spaces

At the first part of this section, the 1-resolvent is associated with the d-dimensional Brow-
nian motion.
We set

By = {B € BRY) | ‘llim m(BN B(x, 1)) = 0}.

Note that for B € By
4.1) lim m(BN B(x,R)) =0, YR > 0.

|x| =00

The 1-resolvent kernel of the d-dimensional Brownian motion (d > 3) has the following
bound ([9, Theorem 6.23])2:

TR x—yl<1,
Ri(x,y) = e—\/jlx—yl
7|x—y|<d‘1)/2’ lx—yl > 1.

Lemma 4.1. B belongs to By if and only if mB(e)(= m(B N @)) is in Ke(R)).

2For positive functions f(z) and g(z) on some set Z, we write f = g if there exists a positive constant C such
that C™! < f(2)/9(z) < C, Vz € Z
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Proof. Suppose B € By. ForR > [ > 1
By =BR)NB(x,)NB, B, =B{R) NB(x,0)NB.
Since B(R)° N B(x,[) = 0 for x € B(R — [), we have

1 ~V2/x-y|
Rilnime <C ——dy+C ————d
11BwynB(X) IL] x — yld-2 Y 2];2 |x — y|@-Dr/2 Y

1 ~V2|x-y|
<C; sup f ——dy + sz —dy.
xeB(R-1)¢ JB(x,)NB |x — y|d 2 B(x,l)¢ lx — y|(d_1)/ 2

For any & > 0, the second term of the right-hand side is less than &/2 for a large /, and the
first term is less than £/2 for a large R because B € By,. Hence m® belongs to Ku(R)).
Suppose m®? € K(R;). Then for x € B(R + 1)°

1
f Ri(x, yym®(dy) > f Ri(x,y)dy = ¢, f —5dy
B(R) B(R)*NBNB(x,1) BNB(x,1) lx =yl

> cym(B N B(x, 1)),

and thus

limsup sup m(BN B(x,1)) < hm sup f Ri(x, y)mB (dy) =0
B(R)

R—oco  |x[>R+1 R—00 cpa

We obtain the next corollary from Corollary 2.1.
Corollary 4.1. If B € By, then H'(R?) is compactly embedded in L*(B).

Corollary 4.1 is known (cf. [4, Chapter X, Lemma 6.11, Lemma 6.12]). Moreover, it is
shown in [4, Lemma 6.11] that the condition for an open set D being in By is a necessary and
sufficient one for H'(R?) being compactly embedded in L?(D). Hence we can summarize as
follows:

Theorem 4.1. Let D be a domain of RY. The following statements are equivalent.
(1) D e TB(),‘
(i) mP € Lu(R));

(iii) H'(RY) is compactly embedded in L*(D).

4.1. Existence of Ground States. In the sequel, let us consider the symmetric a-stable
process on R?, the Lévy process with generator —(—A)*/?, 0 < @ < 2, and denote it by
X* = (P,, X;). We suppose, in addition, the transience of X, d > a. The Dirichlet form
(&, F) of X? on L*>(RY) is expressed by

ewo =3 || f (1) = (o) = o) ldmdxdy, F = BPR,

where H*/%(R9) is the Sobolev space of order a/2 and

a - za_lr atd 00
Ado = d—(z), I'(s) := f xle *dx.
AT - %) 0
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The transition density of X%, p(¢, x, y), satisfies
t

_d
(42) p(l, X, y) ~f a A W,

and the 1-resolvent density R (x, y)
|x_y|a t o0 d
_t _t — £
Rl(x,y):f e —d+dt+f e’'t «dt.
0 |x =yl =yl
The first trem of the right-hand side above equals

lx—yl <1,

1
1= (1 +|x—yl¥)e " Ix _i/ld—a’

|x — yld+e x—y|l>1,

|X _ yldﬂx ’

and the second term is less than

R e

e todt= ———«——.
_ d—a|x -yl

We then see that

W, lx—yl <1,
(4.3) RiGey) ="~

m, |x - y| > 1
For V € B, (RY) let

M(r) = esssup V(x)
xeB(r)¢

and set

V= {V € B.(RY) | ‘llim IV1panll =0, Irg > 0s.t. M(ro) < 00}.
Corollary 4.2. If Visin V N K, then V belongs to Kw(R,). In particular, if B € B(RY) is
in Bo, then HA(R?), 0 < B8 < 1 is compactly embedded in L*(B).
Let

1
Vy(X):W/\l, ’}/>0

Lemma 4.2. Let R be the Green function of the transient symmetric a-stable process,
R(x,y) =~ 1/|x — yld_“. Then V, belongs to K (R) if and only if y > a.

Proof. If y > a, then V,, € K (R). Indeed, take p so that d/a > p > d/y and let
g=p/(p—1).ForR>1>¢&>0

f 1, <(f S )Uq(f 1y )1/,,
— T4y = _ y
(lyi=RIN(y-xle} X = Y14~ [yl” (y—xlze) X — y|(@=) Wi=Ry P
0o 1/q 0o 1/p
= —1 d —1 d
=W . pld-a)g—d+1 r R ryYp—d+l r :
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Since (d-a)gq—d+1=(d—-ap)/(p—1)+1>1andyp—d+ 1 > 1, the right hand side
tends to 0 as R — co. Hence

1 1
lim sup supf — V., (y)dy < Supf ——V,(y)dy.
Roseo vera Jyyisry X =yl 7 sert JyisRin(y-sie) X = yld= 7

Since
li f V,(y)dy < 1i f ! dy=0
1m Sup T a—e Vy\y)ay = im sup T aad¥Y =Y
=0 sert JiyizRinty—xize) 1X = yl= 7 20 yepd Jily-xi<e) X =yl
we have
1
lim supf —F—V,(y)dy = 0.
R cni Jyysry 1x = yli=o 7
Fory <«
1 1 1
p [ > [y
verd Jyizr) X =yl =Ry 19197 [y
I |
= w) f ——dr = oo,
R ry—a/+1
and thus V,, ¢ Ko (R). ]

For any y > 0, V,, belongs to XNV and so to L (R;) by Corollary 4.2. The lemma above
tells us that X (R) is strictly included in K (R}).

We see that for @ < y < d, V, is in KL (R) with j;{d V,(x)dx = co. Combining Theorem
2.3 with Lemma 4.2, we see that if y > a, then the extended Dirichlet space H, / 2(Rd) is
compactly embedded in L*(R?; V,dx). However, we see that the embedding is not compact
if y = a. Indeed, we see from Hardy’s inequality,

1
f uz(x)—ldx < CE¥(u,u)
Rd

||

that H, / 2(Rd) is continuously embedded in L*>(R?; V,dx). In other words, the O-order resol-
vent operator R of the time-changed process by fot Vo(X5)ds,

RYf(x) = R(Vo f)(x)

is a bounded operator on L*(R¢; V,,dx) and so is

VVa(X)Valy)

|x — yld-@

rpw = [ K@ Ko =

on L*(R?) because of the unitary equivalence between R and 7. Moreover, the compact
embedding of H**(RY) into L*(RY; V,dx) is equivalent to the compactness of the operator
T on L*(RY). The kernel K is called the Birman-Schwinger Kernel (cf. [12, Section 7.9]).
Note that the time changed operator R can be defined for a smooth measure u by R(fu);
however, 7% cannot be defined because the root of measure p has no meaning.

Let ¢g = 13(2)\3(1) and define

_dd-)

@n(x) = 2777 "pp(27@ ),
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Then we can check that ||¢,ll> = ll¢oll2, ¢, converges L2—Weakly to 0, and

1
(‘10 ) TQ‘P ) = ff dxdy
" " 1<l 1<y X172 ]x = yld=aly|e/?

If T is compact, then T%p, converges L2-strongly to 0 and (¢,, T%p,) converges to 0 as
n — oo, which is contradictory. Hence, we have the next proposition.

Proposition 4.1. Suppose d > a. The extended Dirichlet space HY'*(R?) is compactly
embedded in L*(RY; V,dx) if and only if y > a.

Using Corollary 2.1, we show existence of ground states of Schrodinger operators. There
exists a decreasing function g on [0, c0) and R;(x, y) is written as

Ri(x,y) = g(lx — yl).
and for V € £ n L'(RY)

4.4) fR Ri(x,y)V(y)dy = fl | g(lx —yDV(y)dy + fl | g(lx = yHV(y)dy
d x-y|<e x—y|>¢

< k(&) + g VII1,

where

k(g) = sup fl ‘ g(lx = yhV(y)dy.
x—y|<e

x€eR4

It is known in [1] that

4.5) Vek = lgi{gk(s) =0.
Lemma 4.1 can be extended as follows:
Proposition 4.2. I[fV isin V N K, then V belongs to Ko (R)).

Proof. For R > [ > ry,

f Ri(x,y)V(y)dy = f g(lx —y)V(y)dy + f g(|x =y V(y)dy
B(R)® B(R)*NB(x,l)¢ B(R)*NB(x,])
< M(ro)w, f g(rrildr + f g(1x = yD(V1pen)(y)dy,
/ B(R)*

where w is the surface area of the unit sphere. By (4.4) the second term of the right-hand
side is less than

sup f g(lx = yD(Vlpap)(y)dy < sup (k(e) + g(&)lIV1pupll)-
xeB(R-1)¢ JRY xeB(R-1)¢
By the assumption V € V,
lim sup sup f Ri(x, ) V(y)dy < M(rp)w; f g(Hrldr + k(e)
R—co  xeRd JB(R) !

and by (4.5) the second term of the right-hand side tends to O as € | 0. Letting [ T oo leads
usto V € Luo(R)). m]
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Note that the equivalence (4.5) is valid for X*(cf. [7]). Then the estimate (4.3) of R, leads
us to Proposition 4.2 for X by the same argument.

Proposition 4.3. If'V € K satisfies V1ysg € L'(RY) for any & > 0, then V € Koo(R)).

Proof. Since the 1-resolvent kernel R;(x, y) can be written as g(|x — y|),

f Ri(x,y)V(y)dy = f g(lx —yDV(y)dy + f g(lx = yDV(y)dy
B(R)® B(R)N{V=e) B(R)*N{V<s)
< f g% — YDV )y + swy f g dr,
B(R)‘N{V=>g} 0
Noting K N L'(RY) ¢ K (R) by [16, Proposition 1], we have

lim sup supf Ri(x,y)V(y)dy < ew, f g(r)rd_ldr — 0, €] 0.
B(R) 0

R—oco  xeR4

ForV=V* -V~ € K, — K we define

1
EV(u,u) = ED(u, u) + f w’Vdx, ue H'(RY) N LARY; V*dx),
Rd

where D denotes the Dirichlet integral.

Corollary 4.3. Let V=V -V e L. —KNV. If
(4.6) Ao := inf {Ev(u, w) | ue H®RY N L2RY : V*dx), f Wdx = 1} <0,
Rd

then a minimizer for Ay exists.

Proof. Let y( be the positive constant such that

(4.7)  inf {SV*(M, W) +you, )y | | u?Vodx=1, ue H'®RY n L*(RY V+dx)} =1.

R4

V™ belongs to K (R1) C ICOO(RY+) by Proposition 4.2 and a minimizer, ¢y, in (4.7) exists by
Corollary 2.1. Put ¢o = ¢o/llgoll2- Then [Igoll2 = 1, €Y (o, do) + Yo(do. do)m = 0 and thus

(4.8) inf {gv(u, u) + yo(u, )y | f wdx =1, ue H'RY n LA(RY V+dx)} <0.
Rd
We see from the same argument as in [15, Lemma 2.2] that

inf {SV*(u, W) +you, )y | | u?Vodx=1, ue H'®RY n L*(RY V+dx)} > 1

R{l
if and only if
inf {8V(u, u) + yo(u, )y, | f Wdx =1, u e H'RY) N L2(RY; V+dx)} > 0.
Rd
Hence by combing (4.7) with (4.8) we conclude that

o + inf {€V(u, w| | wPdx=1, ue H®RY) N LARY; V+dx)} =0,

R4
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Ao equals —yp and ¢o/|l¢oll> is @ minimizer for Ag. O

Suppose that V € LY2(R?) + L*(RY) on R? vanishes at infinity, that is, it satisfies
(4.9) m((x | V()| > &) < oo forall & > 0.

Then it is known in [9, Theorem 11.5] that if, in addition, V satisfies (4.6), then a minimizer
exists. Note that V € V does not satisfy (4.9) in general. Indeed, for B € B, with m(B) = oo,
V := 1p does not satisfy (4.9).

5. Schrodinger Semi-groups

Recall that E is a locally compact separable metric space and m is a positive Radon
measure on E with full support. Let X be an m-symmetric Borel right process having left
limits on (0, £), where  is the life time (see section 2). In this section, we assume that X has
the properties I and II. We define the Schrodinger semi-group {p)'}=0 by

PLA) = B (e f(X)),  f € By(E),
and consider the compactness of the operator p! on L2(E; m).
Lemma 5.1. lim,_., R 1(x) = 0 if and only if lim,_, p;'1(x) = 0 for any t > 0.

Proof. The “if” part is clear. Noting

R{1(x) = foo e *pi1(x)ds > f e pi1(x)ds > te”' pl'1(x),
0 0

we have this lemma. m]

A measure y is said to be in K, if 151 is of Kato class for any relatively compact open
setG C E.

Theorem 5.1. Let u € Ky,.. Assume that for any M > O there exists a Borel set Dy such
that

i) u=M-mon DS,
@i1) foranyt > 0 and any € > 0

!
lim P, (f 1p,(Xs)ds > €, t < () =0.
0

[x]—00
Then p! is compact.

Proof. Owing to Remark 2.1 (i) and Lemma 5.1, it is sufficient to show that lim,_,. p/'1(x)
= 0 for any ¢ > 0.
Since

! !
{weQ|flD;vW(Xs)dszt—e,t<{}:{weﬂ|flDM(XS)dssE,t<§},
0 0

we have
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P(x) = E, (e—Af : f 1p,(Xs)ds > €, t < g)
(5.1 0

!
+Ex(e_A7;f IDA,?M(XS)dSZ[—E, t<§).
0

It follows from the assumption (i) that if [J 1y (X,)ds > t—e, then [} 1pc (X,)dA} > M(1—e).
Hence the second term of (5.1) is less than exp(—M(f — €)) and thus

lim sup p}'1(x) < eM09

| x| >0

by the assumption (ii). We have the desired claim by letting M to oo. |

In the sequel, let us consider the symmetric a-stable process on R?, the Lévy process with
generator —(—A)*’?, 0 < a < 2, and denote it by X? = (P,, X,). Let V be a positive function
on R? in the local Kato class. Set

Vir=f{xeR| V(x) < M},

Lemma 5.2. [f V), € By, then

!
|llim P, (f ly, (X5)ds > E) =0.
X|—00 0

Proof. We have

t ! t
Px (f IVM(Xs)dS > 6) = Px (f IVMHB(x,R)(Xs)dS + f IVMOB(x,R)”(Xs)dS > 6)
0 0 0

! € ! €
<P, (f Ly, nBar)(Xs)ds > 5) + Py (f Lv,nBory (Xo)ds > 5)
0 0

Note that by the same argument as in Lemma 3.1, the semi-group p; of X“ satisfies ||p/l[,co <
C/t?@@P) We then see that for p > d/a the first term of the right-hand side is dominated by

2 !
ZEx (f 1VMmB(x,R)(Xs)dS) < C(e, 1) - m(Vy N B(x, R)'/P
0

(5.2)

and tends to 0 as |x| — oo on account of (4.1), where m means the Lebesgue measure on R?.
Since fot Ly, nBrye(Xs)ds < (t — Tper)", the second term of the right-hand side of (5.2)
is dominated by

Px(t — TB(x,R) > 6/2) = PO(TB(R) <t- 6/2) — 0

as R — oo. Here 7p(, ) is the first exist time from B(x, R). Therefore, we have this lemma.

|
Lemma 5.2 is valid for any B € 3. Combining Theorem 5.1 with Lemma 5.2, we have the
next theorem.

Theorem 5.2. Let V € K. If Vay € B for any M > 0, then the semi-group of (—~A)*/*>+V
is compact.

For the symmetric a-stable process, the compactness of p) is equivalent to
im0 le(x) = 0 ([6, Lemma 9]). On account of Remark 2.1 (ii) and Lemma 5.1 we
have the next corollary.
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Corollary 5.1. For V € Ky, let XV be the subprocess of the symmetric a-stable pro-
cess by the multiplicative functional exp(— fot V(X)ds). Then the following statements are
equivalent.

(i) XV isin Class (T);
(i) limyoeo p 1(x) = 0;
(ii1) p,v is compact on L*(RY).
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