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Abstract
In this paper, we consider a relation of non-degenerate closed 2-forms and com-
plex structures on compact real parallelizable nilmanifolds.

1. Introduction

Let I'\G be a compact complex parallelizable manifold, where G is a simply connected
complex Lie group, and I' is a lattice in G. H. C. Wang [9] has proven that if I'\G has
a Kihler structure, then G is abelian, in particular, I'\G is biholomorphic to a complex
torus. If (I'\G, J) has a pseudo-Kéhlerian structure, then G is 2-step solvable ([8], [11, 12]).
Dorfmeister-Guan [6] have proven that a compact homogeneous pseudo-Kéhler manifold
is biholomorphic to the product of a homogeneous rational manifold and a complex torus.
Thus, we are interested in the case of compact non-homogeneous complex manifolds which
have a non-degenerate closed 2-form. By a compact real parallelizable manifold we mean a
compact manifold of the form I'\G, where G is a simply connected real Lie group, and I is
a lattice in G, that is, a discrete co-compact subgroup of G. It is known due to Auslander [2]
that a solvmanifold has a solvmanifold of the form I'\G as a finite covering, where G is a
simply connected solvable Lie group, and I' is a discrete subgroup.

In this paper, we consider a relation of non-degenerate closed 2-forms and complex struc-
tures on compact real parallelizable nilmanifolds, and we prove following result.

Theorem 1.1. There exists a compact real parallelizable nilmanifold '\N and its complex
structures Jy, Jo such that ('\N, J1) has a pseudo-Kdhler structure and no holomorphic
symplectic structures, however (I'\N, J,) has a holomorphic symplectic structure and no
pseudo-Kdhler structures.

2. Non-degenerate closed 2-forms and complex structures

In this section, we consider a relation of non-degenerate closed 2-forms and complex
structures on compact real parallelizable manifolds.

DeriniTion 2.1. Let (M, J) be a complex manifold. A pseudo-Kdhler structure on (M, J) is
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areal closed non-degenerate (1, 1)-form. Let dime M = 2m. Then a holomorphic symplectic
structure is a closed holomorphic 2-form on (M, J) of maximal rank 2m.

Note that if Q is a holomorphic symplectic form on (M, J), then Q + Q is a symplectic
form on M.

Proposition 2.2 ([5]). Let I'\N be a compact complex parallelizable nilmanifold. If T\N
has a pseudo-Kdhler structure, then I'\N is a complex torus.

Let N be a simply connected real nilpotent Lie group, and n its Lie algebra. It is well
known that N has a lattice if and only if 1t has a rational structure, i.e., there exists a rational
Lie subalgebra ng such that n = ng ® R.

Let us consider following nilpotent Lie groups Ny, N, with left-invariant complex struc-

tures:
1 wp W3 1 w
N =3[0 1 wf||weC x{(O 14) w4€C},
0 0 1
I z1 z3 | s
Ny =3l0 1 zmf|zecC x{(o 14) z4€C}.
0 0 1
LetI'y, I'; be lattices in Ny, N,, respectively. Then,
0 0 0 0 0
W = ,W = — -— W = — ’W = —
YT owr T dwa w18w3 ST 0wy T dwa

is a basis of left-invariant vector fields of type (1,0) on N;, and
71 = dwy, T2 = dwr, 73 = dw; — widw,, T4 = dwy
is its dual basis. Thus,
dry =dty =dry =0,dty = —11 AT

Hence, I';\N; has the following two holomorphic symplectic structures Q;, €Q,, which are
not cohomologous:

Q=T AT3+ T2 ATy,

Q=T AT4+ T2 A T3.
On the other hand,

0 7z 0 e 0 7 0 7 0
= = 17 » = T > = I
02177 " 8z0 0z T 8257 04

is a basis of left-invariant vector fields of type (1,0) on N,, and

Z

w =dz1,wy = dz, w3 = dzz — 71d7, ws = dza
is its dual basis. Thus,

dwy = dwr = dws = 0,dws = =) A ws.
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Hence, I';\N; has the following pseudo-Kihler structure w, and holomorphic symplectic

structure Q:
w = Re(w) A w3 + wy A wy),

Q=w; ANwy +wr A ws,
where Re(w; A @3 + w; A @4) denotes the real part of w; A @3 + Wy A @4.
We can easily see that Ny and N, are isomorphic as real Lie groups. Indeed, let W; =
U; + \/—_IVZ-, Z; = X; + \/—_1Y,~ (i =1,2,3), where U;, V;, X;, and Y; are real vector fields.
Then the structures of Lie algebras of Ny and N, are following:

1 1 1 1
[Uy,U,] = §U3, [-Vi, V2] = §U3,[—Vl, Us] = —§V3, (U, Vo] = = V3,

2
[X X]—IX [Y Y]—IX[Y X>] = 1Y [Y, Y]—IY
1a2_23, 192_239 192_23, 1a2_237

and the other brackets being zero. In particular, we can assume that I'} = I'.

REmaARrk 2.3. Let us consider the following subgroups of N,

1
1
Ti=40 1 |l weziv=11tx{(  H)| wezv=1]
0 1
0O 0 1
1 w1 0 1
H =0 1 o|lwec x“ol?)umec}
0 0 1

Then I'y N H{\H| is a holomorphic Lagrangian submanifold of (I'; \IV;, Q).

We generalize our examples above to the other Lie groups. Let us consider the following
Lie algebra over R:

g=axb,
where a is abelian, and b is an ideal. Take bases of Lie subalgebras a and b:
a = spang{U], ..., Ully},
b = spang{V},....V,}.
Consider the complexification g© of g. Since g = g + V—1g, r(g%) has the following basis:
1 2 2 y/1 11,2 2
(Ul,....U, UL,... .U ViV VE LV,
where Ul.2 = V-1 Ul.', ij. = \/—IV}. Let J be a complex structure on z(g°) defined by
JU! = U (JU} = =UD), JV] =V; (JV; ==V})

fori=1,...,p,j=1,...,q. Note that (r(g%), J)isa complex Lie algebra.

Let »(G®) be the simply connected real Lie group corresponding to z(a%). We have the
following.

Proposition 2.4 ([7], [10]). If g has a non-degenerate closed 2-form, then (z(G°), J) has
a left-invariant holomorphic symplectic form.
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We define other complex structure on z(g) by the following:

frrl _ 27172 — 17l Tyl — v2 72 — 1
JU! = -0} JU? = U, TV = V2 (Vi =-V))

fori=1,...,p,j=1,....,q.
Proposition 2.5. J is integrable on z(G°).

Proof. We show that the Nijenhuis tensor Nj vanishes. Let X € a, ¥ € b. Note that
Joad(Z) = ad(Z) o J for Z € g(a®). Then,
Ni(X,Y) = [X, Y]+ J[JX, Y]+ J[X,JY] - [JX, JY]
=[X, Y]+ J[-JX, Y]+ J[X, JY] - [-JX,JY]
= 2([X, Y] + [JX, JY])
= 2([X, Y]+ J*[X, Y]) = 0.

The other cases are similar, and hence omitted. m]

Moreover, assume that b is a direct sum: b; + by, where by is abelian and [a, b] C by, and
that dim a = dim b,. We take bases of the Lie subalgebras b; and b;:

b = spanR{Vll, cel, Vrl},
b, = spanR{Wll, e WI],}.
Let
1 1 pl 1.1 1 2 2 2 2 .2 2
{cxl,...,ap,,Bl,...,Br,yl,...,yp,al,...,a'p,,Bl,...,ﬁ,,yl,...,yp}

be the dual basis of
(UL, UV VW WU, UL VT VE W W)

Put
Ai = af + N=1(=a)), pj = By + =18}, vi = 7, + V=13,

for i,k = 1,...,p, j = 1,...,r (note that fUi' = —Ul.z). Then, we can take a basis of
left-invariant (1, 0)-forms of (z(G), J) as follows:

{Ais s Viik=1,.pj=1,r

Proposition 2.6. If a + by has a non-degenerate 2-form wq, = Y tha/}c A y}l’ €a"AD]
which is closed on g. Then, (z(G°), J) has a left-invariant pseudo-Kdhler structure.

Proof. Let

T= ;th(/ik AVp+ A AVy) = Z;th(a}( /\’y;ll —ai /\’)/%).
S s

Since dwg, = 0, and 7(X, JY) = 0 for X, Y € g, we see

dt(X,Y,Z) = dt(JX,JY,JZ) = dt(JX,Y,Z) = 0
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forX,Y,Zeg.LetX,Y €b,Z € g. Since 7(JX,JY) = —7(X, Y),

dv(JX,JY,Z) = —7([JX,JY1,Z) + ©([JX, Z],JY) — 7([JY, Z], JX)
= T([X’ Y]$Z) - T([X’ Z]’ Y) + T([Y7 Z]’X)
= 2dwaw,(X,Y,Z) = 0.

Similarly, we see

dr(JX,JY,Z) = 2dwe,(X,Y,Z) =0 forXe€a,YebZeg
dt(JX,JY,Z) = —2dwa,(X,Y,Z) = 0 forX,Y € o,Z € g.

Thus,
w=T+ V—lZ,uj/\ﬁj
=1

is a pseudo-Kihler structure on (g(G°), J). o
ExampLE 2.7. Let H(1, n) be the nilpotent Lie group defined by

H(l,n) = x,z€R" yeR},

o o~
S — M
— < N

where [, denotes the identity n X n matrix. H(1, n) is called a generalized Heisenberg group.

Let
1 w
N—H(l,n)x{(o 1) weR}.
Then,
o0 y_ 0 N 0,0, 9
YT oxi T oy pt "0z, 0z Ow

is a basis of left-invariant holomorphic vector fields on N, and
a; =dx,B=dy,yx =dzx — xxdy, 0 = dw (i,k=1,...,n)

is its dual basis. Then,

n
Z aiNYi+B NS
i=1
is a symplectic structure. Let

a = span{Xy,...,X,},b; = span{Y, Z, W}, b, = {Z,,...,Z,}.
Then, [a,b; + by] C by, and )
Zai/\'yi €ea’" AD;
is non-degenerate 2-form on a + b, \:lllich is closed on the Lie algebra n.
Thus we see that complex structures J, J of z(N*) have the properties that the complex

manifold (r(N), J) admits a left-invariant holomorphic symplectic structure, and the com-
plex manifold (r(N ), J) admits a left-invariant pseudo-Kihler structure. Indeed, let
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I, v w 1
No =GN, H=20 1 ul|lvweCluecC x{( ”) uec}.
00 1 01

Then,
Li=dv, Ay =dw;, —0du(i=1,...,n),u=du,v=dv
is a basis of left-invariant (1, 0)-forms on N,. Thus,
dii=du=dv=0,dlyi=-AuG=1,...,n).
Hence,
n
w=Re(Y G Adi+pAT)

i=1

is a pseudo-Kihler structure.

By a straightforward computation, we see that (z(N©), J) has no left-invariant holomor-
phic symplectic structures for n > 2 and thus (I'\g(N®), J) has no holomorphic symplectic
structures. Indeed, if (T'\r(N®), J) has a holomorphic symplectic structure, then (I'\g (N©), J)
has an invariant holomorphic symplectic structure by results of Console-Fino [3], and An-
gella [1].

Next, considering other complex structure J on g (N®),

Ni = ((N°),J) =

S O~
S = N

UGC}.

W 1
ullz,weChueC;x v
| 0 1

Then,
(i=dzi, Ay =dw,—zdu(i=1,...,n),u=du,v=dv

is a basis of left-invariant holomorphic 1-forms on N;. Thus,
dgi =du =dv=0,dA; = -GAp=1,...,n).

Hence,

n
Q:Z{i/\/l,'-kl.l/\v

i=1
is a left-invariant holomorphic symplectic structure. By Proposition 2.2, we see that N; has
no left-invariant pseudo-Kihker structures. We also see that h((I'\r(N©), J)) = n + 2, and
H(C\r(N©),J)) = 2n + 2, where h(M) is the Lie algebra of holomorphic vector fields on a
complex manifold M.

Hence, we have the following main result.

Theorem 2.8. There exists a compact real parallelizable nilmanifold '\N and its complex
structures Jy, Jo such that ('\N, J1) has a pseudo-Kdhler structure and no holomorphic
symplectic structures, however (I'\N, J,) has a holomorphic symplectic structure and no
pseudo-Kdhler structures.
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RemARK 2.9. There exist other examples which satisfy the properties in Theorem 2.8. For
example, let H(g, p) be the nilpotent Lie group defined by

I, A C
H(g,p)=3|0 1, B||A,C are p X g matrices, B is a diagonal matrix
0 0 I,

We denote by b(g, p) the Lie algebra of H(gq, p). Put N = H(qi, p1) X H(g2, p2). Then, N is
a generalization of the example above (the example above is N = H(1,n) x H(1,0)). Then

b(q1, p1) X b(q2, p2) = span{X;;, Y, Zij, X, Y/, Zi izt pr = 1oros= 1 o=l

...........

with nontrivial equations
(Xij, Y} = Z;j, [X,,,Y/1=2Z,

Nad

fori=1,...,p.,j=1,....q1,s=1,...,pat=1,...,¢.
Consider the Lie subalgebras a and b defined by

.....

Assume that g; = ¢g». Then N has a left-invariant symplectic structure which satisfies the
condition in Proposition 2.6 (cf.[4]). Thus, we see that (r(N©), J) admits a left-invariant
holomorphic symplectic structure and no left-invariant pseudo-Kihler structures, and
(®(N©),J) admits a left-invariant pseudo-Kihler structure. By a straightforward compu-
tation, we see that (z(N®), J) has no left-invariant holomorphic symplectic structures for
p1=2.
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Yusuke Sakane for valuable advice and encouragement during his preparation of the paper.
The author also thanks Professor Ryushi Goto for several advice, in particular, Remark 2.3
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