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Abstract
We investigate the large-time behavior of the radially syetmn solution for
Burgers equation on the exterior of a small ball in multi-dimsional space, where
the boundary data and the data at the far field are prescrilbed. previous paper
[1], we showed that, for the case in which the boundary datqisal to 0 or nega-
tive, the asymptotic stability is the same as that for theais conservation law. In
the present paper, it is proved that if the boundary data tipe, the asymptotic
state is a superposition of the stationary wave and theaetieh wave, which is a

new wave phenomenon. The proof is given using a stantardnergy method and
the characteristic curve method.

1. Introduction
We consider Burgers equation for a multi-dimensional space

(1.1) E;—l: +Uu-V)u=puAu, (t>0,xeR",

where u is a positive constant. In the present paper, we investigatadially sym-
metric solution for (1.1) on the exterior domajx| > ro for some positive constamg,
where the data on the boundary and at the far field are prescrigor this purpose, we
transform the unknown function(t, x) in (1.1) tov(t,r) by means ofu = (x/r)v(t,r),
wherer is defined byr := |x|. Then we have the initial boundary value problem for
Burgers equation:

v+ vy = M(v” +(n_1)(§) ), r>rg, t>0,
r

v(t, ro) = v_, lim v(t,r)=vy, t>0,
r—->—+00

v(0,1) = vo(r), r>ro,

1.2)
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where the initial datay is assumed to satisfyy(rg) = v— and lim _ o, vo(r) = vy as
the compatibility conditions. We are interested in the éatigne behavior of the solu-
tion with conditionv_ > O.

For the viscous conservation law, for the case in which the iuconvex and the
corresponding Riemann problem has the rarefaction wauwe-Matsumura—Nishihara
[8] showed that, depending on the signs of the boundary tondi., the large-time
behavior of the solution is classified into the three cases:

@ v.<vy <0,

(b) 0=v_ < vy, and

(©) v <0<,

More precisely, they showed that in case (a), the solutiodsdnward the stationary
solution. In case (b), the solution tends toward the ratefacvave, and in case (c),
the solution tends toward the linear superposition of tla¢iagtary solution and the rar-
efaction wave.

In the case of the viscous conservation law on the half-IMa&kamura [13] con-
sidered the case in which®©v_ < v, and demonstrated that the asymptotic state is a
rarefaction wave, which connects and v, using the technical energy method. Naka-
mura also derived the decay rate to the rarefaction wave.

Liu and Yu [10], and Liu and Nishihara [9] considered the cegwre the bound-
ary value satisfies_ > v, and showed the asymptotic stability of viscous shock wave
on the half space. Initial boundary value problem for thenptawave of conserva-
tion laws were investigated by Kawashima, Nishibata, andhikawa [4] on higher
dimensional space. The problem of system for one-dimeakigas motion has been
investigated by Matsumura and Nishihara [11, 12], Kawashand Shizuta [6], and
Kawashima [3]. On the other hand, the analysis of the lange tbehavior of radially
symmetric solution for viscous conservation laws with Ehiet boundary condition on
multi-dimensional space had been open. Present reseamteisf the investigative re-
search for radially symmetric problem of system for comgitde viscous gas on multi-
dimensional space.

For radially symmetric solutions for Burgers equation, vivged in [1] that the
asymptotic states are divided into three cases dependinthersigns of the bound-
ary as (a), (b), and (c), and the asymptotic states are the santhose of the results
reported by Liu—Matsumura—Nishihara [8].

In the present paper, we consider the case in whiehvQ < v, which is the same
case of the research by Nakamura [13], and we showed thatstmeptotic state is a
superposition of the stationary wayewhich connects fromv_ to 0, and the rarefac-
tion wave R, which connects from 0 te,. We emphasize that this asymptotic state
differs from that of the viscous conservation law reportgdNakamura [13], and this
asymptotic state is a new wave phenomena. He¢res defined through the stationary
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problem corresponding to (1.2), as follows:

1, INT) _
1.3) (§¢)r—ﬂ(¢rr+(n 1)(f)r)' r>ro,

¢(ro) =v-,  lim ¢(r)=0.

On the other handy R is defined asyR((r —ro)/t) = ¥R(s) for t > 0, wherey R(s)
is obtained as follows:

0, s<0,
(1.4) yRi)={s, 0<s<u,,
Uy, Uy S S.

We have the following theorem.

Theorem 1.1. Suppose tha® < v_ < v,, n> 3, and v_rg < u/2. Further as-
sume thatvg— v, € H. Let¢(r) be the stationary wave satisfying problgm3), and
let wR((r —rg)/t) be the rarefaction wave defined Ky.4). Then the initial-boundary
value problem(1.2) has a unique solutiom globally in time satisfying

vV—vy € CO([O, 00); Hl), (v—uvy) € LZ(O, T; Hl), T >0,

and the asymptotic behavior

m sup{v(r,t)—q&(r)—W‘(r —ro)‘ =0.

li
t—>00 o rg t

Note that the assumption_rg < /2 in Theorem 1.1 is a natural condition, be-
cause we consider the case in which the boundarg small.

The remainder of the present paper is organized as folloviger Aresenting the
notation, we reformulate the problem in Section 2. In Sec8pwe present an a priori
estimate. Finally, in Section 4, we describe how to prediet asymptotic state.

NOTATION. We denote byL? the usual Lebesgue space oves ro > 0 with the
norm | - || .2 and by H? the corresponding first-order Sobolev space with ndry:.
We also denote byHs = HZ((0, 1)) the space of function$ € H! with f(ro) = 0.

For an intervall and a Banach spack¥, CX(I; X) denotes the space &ktimes
continuously differentiable functions on the interdalwith values in X. Finally, C is
used as a positive generic constant unless different aussteeed to be distinguished.

2. Reformulation of the problem

In this section, we present the preliminaries for the probffbeorem 1.1. First,
we consider the properties of the stationary solutigrwhich is given by the solution
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to the boundary value problem for the ordinary differengguation (1.3). If we inte-
grate the equation of (1.3) once, it is easy to see that (%.8jjuivalent to the problem

2.1) {%d)z = u(qbr +(n— 1);’—5), r>ro,
P(ro) = v-.

Then we have the following lemma.
Lemma 2.1. Supposev_rg < 2u(n —2) and n> 3. Then the stationary problem

(1.3) has a unique smooth solutiap(r) satisfying0 < ¢(r) <v_, ¢ (r) <0 and |¢| <
C/(r +1) forr > ro.

Proof. The first equality of (2.1) is rewritten as

n—1¢_ 1(}52
r T ou

(2.2) ¢ +

and we introduce a new unknown functignasé = 1/¢. As (2.2) is a Bernoulli-type
differential equation, we can descriljeas follows:

£ = e[(n—l)/rdr (_/ 2ie—f(n—l)/rdr dr + K)
o

101
_ ¢n-1
— (_Z/rn_lerFK),

whereK is some constant. Now, we derive the solution of (2.1) for ¢hee ofn > 3.
Note that whenn = 2, (2.1) has no solution which satisfies the boundary canditi
For the casen > 3, by direct calculation, we derivg¢ as follows:

(2.3)

2.4) o) = L where K = ! + !
@4 0= aun =)+ ki 1 T -y vt

As v_rg < 2u(n—2) reduces tK > 0, we have the solutiopp which connects_ and
0. By direct calculation, we also derivg > 0. O

Next, we generate a smooth approximation of the rarefaatiave R defined by
(1.4). Because non-smoothness R causes trouble in the process of handling the
second derivative of the solution, we follow the argumerft&awashima and Tanaka
[7]. We define a smooth approximatiaf(t,r) of ¥ R((r —rg)/t) by the solution of the
viscous Burgers equation:

Yt + Yy = Y, reR, t> -1,
(2.5) {

o —1) = {—v+, r <ro,

Uy, r >ro.
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Note that the Hopf—Cole transformation gives an explicitrfala for yr(t,r). We sum-
marize the basic properties @f(t, r) in the next lemma. For its proof, we refer the
reader to [7].

Lemma 2.2. We have the following
1) (t,r) is a smooth solution of2.5) and verifiesy (t, ro) = 0 for t > 0.
2) O<y(t,r)<vy andy,(t,r)>0forr >rgand t> 0.
3) For 1< p=<o0, we have

% (®)llLe < Cminfv (141t)7, Ui/p(l +1) %),
e O]lLe < Cminfv (14 t)_y_l/z, 1+ t)—)’—l},

wherey = (1/2)(1—1/p), and C is a constant independent of .
4) (r,t) is an approximation ofyR(r, t) in the sense that

I =¥ R)Olle = Cot)(L +1)77,

for 1 < p < o0, wherey = (1/2)(1—-1/p), o(t) =log(2+t) for p=1ando(t) =1
for 1 < p < o0, and C is a constant independent of.

Next, we reformulate the problem. Let and vy be the stationary wave satisfying
(2.1) and the smoothed rarefaction wave defined by (2.5pexively. Now, we define
d(t, r) as the superposition of the stationary wave and the rdiefawave as

Ot r):=o() +¥(t,r),

which is an approximation of our solution. Using (2.1) andbj2we find that®(t, r)
satisfies

1 _

O + (Eqﬂ) =ud; +R, r>rgt>0,

r
d(t,rg) = v_, t>0,

where R is defined by

R:= M(n—l)(?) -GV

Then we reformulate our problem (1.2) by introducing thetymbation w(t, r) by

v(t, r) = o, r) + w(t, r).
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Now, we rewrite our original problem (1.2) as

wt + %(wZ + 20w), = l/«(lUrr +(n— 1)(w :— 1'[I) ) —(@¥)r,

w(t, rg) =0, t>0,
w(0, 1) = wo(r), r>ro.

(2.6)

The theorem for the reformulated problem (2.6) we shall erisv

Theorem 2.3. Suppose thab < v_ < vy, n> 3, and v_rg < /2 hold. Assume
that wo € H. Then the initial boundary value proble(&.6) has a unique solution
globally in time

w € C([0, oo); HY), w; € L?(0, oo; HY),

and the asymptotic behavior

lim sugw(t, r)| = 0.

t—o00 r>ro

The main theorem, Theorem 1.1, is a direct consequence afr@ime2.3. Theorem 2.3
itself is proved by combining the local existence theorerthwie a priori estimate as
in the previous papers.

To state the local existence theorem, we define the solugétrfos any interval
| € R and constantM > 0 by

(2.7) Xm(l) = {w € C(I; HY); wy € L20, T; HY), supglw(t)||p: < M}.
tel

Then we state the local existence theorem.

Proposition 2.4 (local existence) For any positive constant Mhere exists a posi-
tive constantd = to(M) such that if||wo|/y2 < M, the initial boundary value problem
(2.6) has a unique solutiom € X,m ([0, to]).

It is noted that the problem (2.6) is reduced to the integcalagion

wit.r) = / G(r, y, tyuwo(y) dy

fo

N / a0yt —s)(—l(wz + 20w), + R(#, w))(s)dy ds
0 2

fo

where G(r, y; t) is the Green kernel of the Dirichlet zero boundary valuebfam for
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the linear heat equation on the half line, which is concyetglen by

1) = = (@ -9/ @ut) _ o +y)?/(4ut)
G Y1) = (e e )
and
- +
9 R=utn- () ~ @
r

Since we can prove the Proposition 2.4 by a standard iteratiethod, we omit the
proof of the Proposition 2.4.

3. Proof of the a priori estimate

In this section, we present the a priori estimateudf,t). The outline of the proof
is similar to that of [1], but we also need to consider the laug effects. First, we
present a key lemma which plays an essential role in our gnaeghod.

Lemma 3.1. Under the condition = 3 and v_rg < /2, we have the inequality

o o0 1
(3.1) / |¢,|w2dr<u(n—1)/ r—zwzdr.
fo

lo
Proof. Differentiating (2.4) in terms af, we can estimatép, | from above as

& 1 n n—1 1 n n—2
< <
TOU2Kr K T 2(Krd 22 T (Kri9)r2

1
< 2v_ro(n— 1)r—2.

If v_ro < u/2, we have the desired inequality (3.1). O

Next, let us present the a priori estimate which is essetdidhe present study.

Proposition 3.2 (a priori estimate) Suppose that the same assumptions aehie-
orem 2.3hold. Thenif w € X, ([0, T]) is the solution of the probler2.6) for some
T > 0, it holds that

w(T) |?

t
(3.2) ||w||,al+/o||¢wrw(r)||fz+||wr(r)||.il+HT dr < Cllwolfy + 1)
L

for t € [0, T], where C is a positive constant independent of T.

Proof. Multiplying (2.6) byw, we obtain
2

(}wz) +F + 1'd>rw2 + pw? + u(n — 1)
2" ), 2 2r2
(3.3) I
rw w
— utn-( 22 - L) - e,
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where

1 1 2
F:= §w3 + E@wz—uwwr —u(n— 1)(;)—r)

Integrating (3.3) overrp, oo] in terms of r, we have

0 1 ) 1 00 ) [ed] ) I /oowZ
-wd = d dr+ -(n—-1 —d
(/r 2" r)t+2 viw r+“/r0 wpdr+ZM=1) ) dr

fo

= —% /°°¢rw2dr+u(n_1)/oo o _w_w—(qﬁtﬂ)rwdr,

2
. r r

(3.4)

where ¢, < 0. Now, we estimate the right-hand side of (3.4). Note that fitst term
of the right-hand side of (3.4) is absorbed into the last tefimhe left-hand side of
(3.4) by using Lemma 3.1. By Young's inequality, the secoardnt of the right-hand
side of (3.4) is estimated as

=

w
= dr <

ﬂdr
r

o

3 [t ¥r < Yy 3
< ellwr|IZ2 + Cellwl} ( Tdr+ r—dr) :
o t

fo

(3.5)

We introduce new symbol§; and I, as

t oo
l1:= ﬂdl’, Ir = ﬂdl"
o r t r
Using the estimate of the rarefaction wave in Lemma 2.2-3),can estimatd; as
t1
(3.6) = Wils [ > dr = O+ 0 og2 +1),

fo

On the other hand, by using the integration by pakisis estimated as

Y 2 Y _
(3.7) lp = —drf[r—]t +/t S dr = Cu)a+ 0™

t r

By virtue of these two estimates, we rewrite the inequal8yb) as

* Yrw 2 2/3 —4/3 1 4/3
(3.8) / 2 dr < el 2, + ClwlEL+1) ¥ log3@ + 1)
fo
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Applying the inequality (3.8), the third term of the righ&d side of (3.4) is estimated as

/ —dr<||w||Loo/ r%dr
fo

<fules [T=(%) + %ar
(39) To r r

=

= |wllL~ - ar
fo

< ellwe|?: + Cellw|Z2@ + t) 2 log*3(2 + 1).

Now, we estimate the rightmost term of (3.4).

/ —¢wrwdrs||w||w/ o dr

(3.10) ° . N
= =) rd rd .
il (frow o+ [ v r)

We define new symbol$; and 14 as

t [ee]
I3 := / oYy dr, ls:= / oYy dr.
ro t

Using the estimate of the stationary wawederived in Lemma 2.1 and the rarefaction
wave ¢ derived in Lemma 2.2-3), we estimate and |4 as

t
13<C||w||”2||wr||l/2(1+t)*/ || dr
(3.11) o

< ellwy |22 + Cellw|Z21 + t) 3 10g*3(2 + 1),
la < CllwlY2]w Y21 + ) [ by dr
t

(3.12) = Clul w2+ [ oo dr
t

< ellwy |22 + CellwlZ3@ + t) ™3,

where we use Sobolev’'s embedding lemma and Young's ingguélin the other hand,
using integration by parts and noting < 0, we estimate

(3.13) / —¢rwwdr5||w||w/ —¢rwdr=||w||w/ o dr,

fo fo

and the rightmost term is the same as (3.10). Then a part ofigihe-hand side of
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(3.4) is estimated as

/ prw _ ‘f—’;’ — (¢¥) wdr

r

(3.14)
< ellwe]|?2 4+ Ce|w] 7@ + t)"*2 log*3(2 4 1).

Using Lemma 3.1, substituting (3.14) into (3.4) and intégmain terms oft over [0,t],
and then using Gronwall's inequality, we have the basiorest

2

w(t)

r

t
(3.15) ||w||f2+/o ||\/Ew(r)llfz+llwr(r)llfz+H

dz < C(llwollf2 + 1).
L2

Next, we proceed to the higher-order estimate. Multiplyi@d) by —w,, and integrat-
ing, we obtain

o0 l o0
(/ —wfdr) +u/ w? dr
o 2 t fo

- /: (- 302 + 200) — o) + utn- (5 w)r)(—w”) dr.

r

(3.16)

We estimate the first term of the right-hand side of (3.16) as

/ E(w +2':I>w)rwrr dr

fo

(3.17) < ellwr Iz + CelllwellF + IvVorwle + 1VideTwli2e)
w 112
< ellwer 122 + Ce(”wr”iZ + Vvl + Hr_ Lz)’

where we use Lemma 2.1 and the maximum principle, that is, sup(t, r)| < C,

(0O <t < T) as in the previous research [1]. Using decay property dfostary solution

¢ in Lemma 2.1 and rarefaction wavg in Lemma 2.2, we estimate the second term
of the right-hand side of (3.16) as

/ (W) wer dr < el |2 + Ce / @) + (@yr)2dr

< €||wrr ”fz + Ce(l + t)iz,

(3.18)
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where we use the estimate

) [ee) wZ
2
/ro (o) drfc/ro mdr
3 92 1,2 [ v
‘C("[(Hr)s} +§/m (1+r)3dr)

~
< Clwle~ [ _dr
(3.19) o (147)

_ o A A e
C”"””L( [(1+r)2] +/m 2(1+r>2dr)

e 1
§C||1pr||fx/ aTe dr, and
fo

o0 ) o0 wrZ
/ro ()% dr sc[m o

Applying the same strategy as (3.19), we can estimate tihé taim of the right-hand
side of (3.16) as

[o¢] o0 2
/ (w+‘ﬂ) we, dr SG“U)rr”fz—{—CE/ {(w+¢) } dr
o r r o r r

w
< ellwn % +ce(||wr||iz + ‘ :

(3.20) )
+ @1+ t)‘z).
|_2

Integrating (3.16) over [@], substituting (3.17) through (3.20) into the resultanti@
ity, and using the basic estimate (3.15), we obtain

(3.21) lwe 12 + M/ lwer ()12 do < C(llwollfy: + 1)

Combining (3.15) and (3.21), we have the desired estimaf®.(3 O

4. Concluding remarks

In this section, we explain how to predict the asymptotidestdVe take a part of
term from the problem (1.2), and make equality as

4.1) v+ vy = —u(n— 1)r12.

We consider the characteristic equation of (4.1):

dt dr dv
(4.2) Go=l qe=u = —un-10
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Let 7 :=r(0) and defineA := vo(F)— n(n—1)/7; then we can solve (4.2) explicitly

and find the relation betweenandr as

u(n—1)+ Ar
ulnh—1)+ AF

r—r uwun-1)
A A2

t= log , for A#0,

t=———(r—r)? for A=0.
Zu(n—l)(r r) or

By direct calculation, we find that ib_ > O, there exists a monotonically decreas-

ing stationary wave around the boundary. On the other hdnd, i= O, there exists
no stationary wave around the boundary. From this observatiie anticipate that the
asymptotic state of the solution is the superposition oéfeaation wave which connects
0 to v,, and stationary wave which conneats to 0.
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