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Abstract
It is known that every finitely presented group is the fundamental group of the total

space of a Lefschetz fibration. In this paper, we give anotherproof which improves
the result of Korkmaz. In addition, Korkmaz defined the genusof a finitely presented
group. We also evaluate upper bounds for genera of some finitely presented groups.

1. Introduction

Gompf [5] proved that every finitely presented group is the fundamental group of
a closed symplectic 4-manifold. Donaldson [4] proved that every closed symplectic 4-
manifold admits a Lefschetz pencil. By blowing up the base locus of a Lefschetz pencil,
we obtain a Lefschetz fibration overS2. In addition, blowing up does not change the
fundamental group of a 4-manifold. Therefore, it immediately follows that every finitely
presented group is the fundamental group of the total space of a Lefschetz fibration.

Amoros–Bogomolov–Katzarkov–Pantev [1] and Korkmaz [8] also constructed
Lefschetz fibrations whose fundamental groups are a given finitely presented group.
In particular, Korkmaz [8] provided explicitly a genus and amonodromy of such a
Lefschetz fibration.

Let Fn D hg1, : : : , gni be the free group of rankn. For x 2 Fn, the syllable length
l (x) of x is defined by

l (x) D min
{

s x D gm(1)
i (1) � � � g

m(s)
i (s) , 1� i ( j ) � n, m( j ) 2 Z

}

.

For a finitely presented group0 with a presentation0 D hg1, : : : , gn j r1, : : : , rki,
Korkmaz [8] proved that for anyg � 2

�

n C
P

1�i�k l (r i ) � k
�

there exists a genus-g

Lefschetz fibration f W X ! S2 such that the fundamental group�1(X) is isomorphic
to 0, providing explicitly a monodromy.

In this paper, we improve this result.

Theorem 1.1. Let 0 be a finitely presented group with a presentation0 D hg1,
: : : , gn j r1, : : : , rki, and let lD max1�i�k{l (r i )}. Then for any g� 2nC l � 1, there
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Fig. 1. The Dynkin diagram.

exists a genus-g Lefschetz fibration fW X! S2 such that the fundamental group�1(X)
is isomorphic to0.

In this theorem, ifk D 0, we supposel D 1. We will prove the theorem by pro-
viding an explicit monodromy.

In addition, Korkmaz [8] defined thegenus g(0) of a finitely presented group0 to
be the minimal genus of a Lefschetz fibration with sections whose fundamental group
is isomorphic to0. The Lefschetz fibrations constructed in Theorem 1.1 have sections.
Hence the definition of the genus of a finitely presented groupis well-defined.

We will also prove the following theorem.

Theorem 1.2. (1) Let Bn denote the n-strands braid group. Then for n� 3, we
have2� g(Bn) � 4.
(2) Let Hg be the hyperelliptic mapping class group of a closed connected orientable
surface of genus g� 1. Then we have2� g(Hg) � 4.
(3) Let M0,n denote the mapping class group of a sphere with n punctures. Then for
n � 3, we have2� g(M0,n) � 4.
(4) Let Sn denote the n-symmetric group. Then for n� 3, we have2� g(Sn) � 4.
(5) Let An denote the n-Artin group associated to the Dynkin diagram shown in Fig. 1.
Then for n� 6, we have2� g(An) � 5.
(6) Let n, k � 0 be integers with nC k � 3, and let m1, : : : , mk � 2 be integers. Then
we have(nC kC 1)=2� g(Zn

� Zm1 � � � � � Zmk ) � nC kC 1.

2. A Lefschetz fibration and preliminaries

2.1. A Lefschetz fibration and its monodromy. Here, we review briefly the
theory of Lefschetz fibrations.

Let X be a closed connected orientable smooth 4-manifold. A smooth map f W X!
S2 is a genus-g Lefschetz fibrationover S2 if it satisfies following properties:
• All regular fibers are diffeomorphic to a closed connected oriented surface of
genusg.
• Each critical point of f has an orientation-preserving chart on whichf (z1, z2) D
z2

1C z2
2 relative to a suitable smooth chart onS2.

• Each singular fiber contains only one critical point.
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Fig. 2. The right Dehn twist aboutc.

Fig. 3.

• f is relatively minimal, that is, no fiber contains an embedded sphere with the
self-intersection number�1.

Let Mg be the mapping class group of a closed connected oriented surface6g of
genusg, that is, the group of isotopy classes of orientation-preserving diffeomorphisms
6g ! 6g. In this paper, for elementsx and y of a group, the compositionxy means
that we first applyx and theny. So for f, g 2Mg, the compositionf g means that
we first apply f and theng. For a simple closed curvec on 6g, let tc be the isotopy
class of the right Dehn twist aboutc (see Fig. 2). For a genus-g Lefschetz fibration
which hasn singular fibers, there are simple closed curvesc1, : : : , cn on 6g, each
of which is called thevanishing cycle, such that each singular fiberFi is obtained by
collapsingci to a point to create a transverse self-intersection, andtc1 � � � tcn D 1. This
equation is called themonodromyof a Lefschetz fibration. Conversely, if there are sim-
ple closed curvesc1, : : : , cn on 6g such thattc1 � � � tcn D 1, then we can construct a
genus-g Lefschetz fibration with the monodromytc1 � � � tcn D 1.

For a Lefschetz fibrationf W X ! S2, a smooth mapsW S2
! X is a section of f

if f Æ sW S2
! S2 is the identity map.

For a closed connected orientable surface6g of genusg, let a1, : : : , ag, b1, : : : , bg

and c1, : : : , cg be loops on6g as shown in Fig. 3. Then the fundamental group�1(6g)
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Fig. 4.

of 6g has a following presentation

�1(6g) D ha1, b1, : : : , ag, bg j r i,

wherer D b�1
g � � � b

�1
1 (a1b1a�1

1 ) � � � (agbga�1
g ).

Let B0, : : : , Bg and a, b, c be simple closed curves on6g as shown in Fig. 4. In
this paper, letW denote the following

W D

(

(tctBg � � � tB0)
2 when g is even,

(t2
a t2

b tBg � � � tB0)
2 when g is odd.

It was shown in [7] thatW D 1 in the mapping class groupMg of 6g. In addition,
the Lefschetz fibrationfW W XW ! S2 with the monodromyW D 1 has a section (see
[7] and [8]).

2.2. Preliminaries. We now state the way to obtain the presentation of the fun-
damental group of a Lefschetz fibration with a section. For a group0 and{x1,:::,xn} �

0, let hx1, : : : , xni denote the normal closure of{x1, : : : , xn} in 0.

Proposition 2.1 (cf. [6]). Let f W X ! S2 be a genus-g Lefschetz fibration with
the monodromy tc1 � � � tcn D 1. Suppose that f has a section. Then we have

�1(X) � �1(6g)=hc1, : : : , cni,

where we regard c1, : : : , cn as elements in�1(6g).
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For x, y 2Mg, let xy
D y�1xy. For example, for simple closed curvesc1, : : : , cn

on 6g and h 2Mg, we have (tc1 � � � tcn)
h
D (h�1tc1h) � � � (h�1tcnh)D t(c1)h � � � t(cn)h, where

(ci )h means the image ofci by h.

Proposition 2.2 ([8]). Let f W X ! S2 be a genus-g Lefschetz fibration with the
monodromy VD tc1 � � � tcn D 1. Suppose that f has a section. Let d be a simple closed
curve on6g which intersects some ci transversely at only one point. Let f0

W X0

! S2

be the genus-g Lefschetz fibration with the monodromy V Vtd
D 1. Then we have

�1(X0) � �1(6g)=hc1, : : : , cn, di,

where we regard c1, : : : , cn and d as elements in�1(6g).

In this paper, we denote the Lefschetz fibration with the monodromy V D 1 by
fV W XV ! S2. For example, in the above proposition,f D fV , X D XV and f 0 D
fV Vtc , X0

D XV Vtc .
We next state results of Korkmaz [8].

Theorem 2.3 ([8]). (1) Let6g be a closed connected orientable surface of genus
g � 0. Then we have g(�1(6g)) D g.
(2) Let m(0) denote the minimal number of generators for0. Then we have m(0)=2�
g(0), with the equality if and only if0 is isomorphic to�1(6g).
(3) For the mapping class groupM1 of 61, we have2� g(M1) � 4.
(4) Let Bn denote the n-strands braid group. Then for n� 3, we have2� g(Bn) � 5.
(5) Let n, k � 0 be integers with nC k � 3, and let m1, : : : , mk � 2 be integers. Then
we have(nC kC 1)=2� g(Zn

� Zm1 � � � � � Zmk ) � 2(nC k)C 1.

Theorem 1.2 improves Theorem 2.3 (4) and (5).

3. Proof of Theorem 1.1

First of all, we show a proposition used in proofs of Theorem 1.1 and 1.2. For
elementsx and y in a group, let [x, y] D xyx�1y�1. For a real numbera, [a] is the
maximal integer less than or equal toa.

Proposition 3.1. Let fW W XW ! S2 be the genus-g Lefschetz fibration with the
monodromy WD 1, where W is as above, and let a1, b1, : : : , ag, bg be the generators
of �1(6g) as shown inFig. 3. Then we have followings:
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(1) (See [8].) Let U D W Wtb1
� � �Wtbg , then the fundamental group�1(XU ) of the

Lefschetz fibration XU has the following presentation

�1(XU ) D

8

�

�

�

�

�

<

�

�

�

�

�

:

�

a1, b1, : : : , ag, bg
b1, : : : , bg,
a1ag, : : : , ag=2a(gC2)=2

�

when g is even,

*

a1, b1, : : : , ag, bg

b1, : : : , bg,
a1ag, : : : , a(g�1)=2a(gC3)=2,
a(gC1)=2

+

when g is odd,

and, the group�1(XU ) is isomorphic to the free group of rank[g=2].
(2) Let U0

D W Wtb2
� � �Wtbg�1 , then the fundamental group�1(XU 0 ) of the Lefschetz

fibration XU 0 has the following presentation

�1(XU 0 ) D

8

�

�

�

�

�

�

�

�

�

�

�

�

�

�

<

�

�

�

�

�

�

�

�

�

�

�

�

�

�

:

*

a1, b1, : : : , ag, bg

[a1, b1],
b2, : : : , bg�1,
b1bg,
a1ag, : : : , ag=2a(gC2)=2

+

when g is even,

*

a1, b1, : : : , ag, bg

[a1, b1],
b2, : : : , bg�1,
b1bg,
a1ag, : : : , a(g�1)=2a(gC3)=2,
a(gC1)=2

+

when g is odd,

and, the group�1(XU 0 ) is isomorphic to the free product of the free group of rank
([g=2] � 1) with Z� Z.

Proof. Simple closed curvesB0, : : : , Bg and a, b, c as shown in Fig. 4 can be
described in�1(6g), up to conjugation, as follows
• B2k D akbkC1bkC2 � � � bg�k�1bg�kcg�kag�kC1, where 0� k � g=2,
• B2kC1 D akC1bkC1bkC2 � � � bg�k�1bg�kcg�kag�k, where 0� k � g=2,
• a D a(gC1)=2, bD c(g�1)=2a(gC1)=2 and cD cg=2,
where leta0 D agC1 D 1. In addition, note thatci D b�1

i � � � b
�1
1 (a1b1a�1

1 ) � � � (ai bi a�1
i )

up to conjugation, for 1� i � g. Since XW has a section, by Proposition 2.1, we first



LEFSCHETZ FIBRATIONS AND FINITELY PRESENTED GROUPS 357

obtain a presentation of�1(XW) as follows.

�1(XW) D

8

�

�

�

�

�

�

�

�

�

�

�

�

<

�

�

�

�

�

�

�

�

�

�

�

�

:

*

a1, b1, : : : , ag, bg

cg, cg=2,
a1ag, : : : , ag=2a(gC2)=2,
b1agbga�1

g , : : : , bg=2a(gC2)=2b(gC2)=2a�1
(gC2)=2

+

when g is even,
*

a1, b1, : : : , ag, bg

cg, a(gC1)=2, b(gC1)=2, c(g�1)=2,
a1ag, : : : , a(g�1)=2a(gC3)=2,
b1agbga�1

g , : : : , b(g�1)=2a(gC3)=2b(gC3)=2a�1
(gC3)=2

+

when g is odd.

(We have that�1(XW) is isomorphic to�1(6[g=2]).) Since eachbi intersects someB j

transversely at only one point, by Proposition 2.2, we obtain the claim.

REMARK . From Proposition 3.1, we have followings.
• For n � 1, there are genus-2n and (2nC1) Lefschetz fibrations whose fundamental
groups are isomorphic to the free group of rankn.
• For n � 2, there are genus-(2n � 2) and (2n � 1) Lefschetz fibrations whose fun-
damental groups are isomorphic to the free product of the free group of rank (n � 2)
with Z� Z.

Let 0 be a finitely presented group with a presentation0 D hg1, : : : , gn j r1, : : : , rki

and let l D max1�i�k{l (r i )}. For g � n C l � 1 and r i , we construct a simple closed
curve Ri on 6g as below.

At first, we construct a simple closed curveR in the casen D 4 and r D
g2g1g2

2g�1
4 g�2

3 as an example. Note thatl (r ) D 5. Let x1, x2, x3, x4, x5 be loops on
6g which are homotopic toa2, a1, a2, a4 and a3, respectively, as shown in Fig. 5 (a).
Let y1, y2, y3, y4 be loops on6g which are homotopic toa5, a6, a7, a8, respectively,
and let z1, z2, z3, z4 be loops on6g which are homotopic toa5, a6, a7, a8, respect-
ively, as shown in Fig. 5 (a). First we deform6g aroundy1,z1, : : : , y4,z4 as shown in
Fig. 5 (b). Then letD be a subsurface containingyt and zt which is surrounded by
a simple closed curve on6g as shown in Fig. 5 (b). Next, for 1� t � 4, we move
yt to the right side ofxt in D, and zt to the left side ofxtC1 in D, as shown in
Fig. 5 (c). Let NR be the loop as shown in Fig. 6 (a), and letRD ( NR)t�1

x1
t�1
x2

t�2
x3

tx4t
2
x5

,
as shown in Fig. 6 (b). Finally, we deform the surface so thaty1, : : : , y4 and z1, : : : ,z4

go back to their original position as shown in Fig. 6 (c).
In general, a loopRi is constructed as follows. Letr i D gm(1)

j (1) � � � g
m(l (r i ))
j (l (r i ))

. For 1�
t � l (r i ), let xt be a loop on6g which is homotopic toa j (t). If j (s) D j (s0) for some
s< s0, we put xs0 to the right side ofxs. For 1� t � l (r i ) � 1, let yt and zt be loops
on 6g which are homotopic toanCt , such thatzt is in the right side ofyt .
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Fig. 5. The loopR in the casen D 4, r D g2g1g2
2g�1

4 g�2
3 .
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Fig. 6. The loopR in the casen D 4, r D g2g1g2
2g�1

4 g�2
3 .
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Fig. 7. The loopc wheresD l (r i ) � 1.

First we deform6g aroundy1,z1,:::,yl (r i )�1,zl (r i )�1, similarly to the above example.
Let c be a simple closed curve which is described in�1(6g) as follows

cD (anC1bnC1a�1
nC1) � � � (anCl (r i )�1bnCl (r i )�1a�1

nCl (r i )�1)b�1
nCl (r i )�1 � � � b

�1
nC1,

and intersects each ofa1, : : : , an at two points, as shown in Fig. 7. Then letD be a
subsurface whose boundary isc, and which containsyt and zt .

Next we deformD as follows. For 1� t � l (r i )�1, we moveyt to just right side
of xt in D, and zt to just left side ofxtC1 in D as shown in Fig. 5 (c). We regard
that this motion does not affect on loopsai , bi and ci . Hencex1, : : : , xl (r i ) also do not
deform, as shown in Fig. 5 (c).

After that, we define a simple closed curve as shown in Fig. 6 (a). More precisely,
we construct arcsL i and L 0

i as follows. The arcL i is in D. L i begins from the point
at the left side ofx1 on the loopc, crossesx1, y1, z1, x2, y2, z2, : : : , in this order, finally
crossesxl (r i ), and stops at the right side ofxl (r i ) on the loopc. Let L 0

i be an arc whose
base point is the end point ofL i , end point is the base point ofL i , and which does
not intersect the interior ofD and loopsa1, b1, : : : , an, bn and cn. Note that the surface
which is obtained by removing loopsc, a1, b1, : : : , an, bn and cn from 6g, and which
containsL 0

i is a disk. Hence the arcL 0

i is unique up to homotopy relative to the base
point and the end point. LetL i � L 0

i denote the composition ofL i and L 0

i .
We now defineRi D (L i � L 0

i )t
�m(1)
x1

� � � t�m(l (r i ))
xl (ri )

. Finally, we deform the surface so

that y1, z1, : : : , yl (r i )�1, zl (r i )�1 go back to their original position.
Note that the loopRi is described in�1(6g), up to conjugation, as follows:

(�) Ri D

 

Y

1�t�m(1)

xi ,1,ta j (1)

!

� � �

 

Y

1�t�m(l (r i ))

xi ,l (r i ),ta j (l (r i ))

!

QL i ,
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wherexi ,s,t is a loop which is some products ofanC1,bnC1, : : : ,al (r i )�1,bl (r i )�1 andcnC1,

and QL i is a loop which is described in�1(6g) as follows:

QL i D

(

b�1
j (l (r i ))

b�1
j (l (r i ))�1 � � � b

�1
j (1)C1b�1

j (1) when j (1)� j (l (r i )),

b j (l (r i ))C1b j (l (r i )) � � � b j (1)b j (1)�1 when j (1)> j (l (r i )).

We now prove Theorem 1.1.

Proof of Theorem 1.1. Forg � 2nC l � 1, let V be the following

V D UWtanC1
� � �Wta[g=2] ,

whereU D W Wtb1
� � �Wtbg . In addition, letV 0 be the following

V 0

D V VtR1
� � � V tRk ,

where Ri is the loop constructed previously. We show that the fundamental group
�1(XV 0) is isomorphic to0.

Since each ofb1, : : : ,bg andanC1, : : : ,a[g=2] intersects someBi transversely at only
one point, by Proposition 2.2, we have

�1(XV ) D �1(6g)=hb1, : : : , bg, anC1, : : : , a[g=2]i

D �1(XU )=hanC1, : : : , a[g=2]i.

In addition, by the presentation of (1) of Proposition 3.1, we have

�1(XU ) D ha1, : : : , a[g=2]i.

Therefore we have

�1(XV ) D ha1, : : : , a[g=2] j anC1, : : : , a[g=2]i

D ha1, : : : , ani,

Because of the presentation of�1(XU ) in (1) of Proposition 3.1, we assumeg � 2nC
l � 1 in place ofg � nC l � 1.

For any 1� i � k, consider the vanishing cycle ((B0)tanC1)tRi of XV 0 . Note that
(B0)tanC1 and (anC1)tRi are described in�1(6g), up to conjugation, as follows:
• (B0)tanC1 D anC1(b1 � � � bg),
• (anC1)tRi D anC1(zRi z�1) for somez 2 �1(6g).
Then, we have that ((B0)tanC1)tRi is described in�1(6g) as follows:

((B0)tanC1)tRi D (x � anC1(b1 � � � bn) � x�1)tRi

D (x)tRi (anC1)tRi (b1 � � � bn)tRi (x
�1)tRi

D (x)tRi (y � anC1(zRi z
�1) � y�1)(w � (B0)tRi � w

�1)((x)tRi )
�1,
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for some elementsx, y and w in �1(6g). Since anC1 D (B0)tRi D 1 in �1(XV 0), we
have Ri D 1 from ((B0)tanC1)tRi D 1, in �1(XV 0). For a vanishing cyclec of XV , if Ri

intersectsc transversely ats points, then the vanishing cycle (c)tRi of XV 0 is described
in �1(6g), up to conjugation, as follows:

(c)tRi D x1R"1
i � � � xsR"s

i xsC1,

where" j D�1 andx1, : : : ,xsC1 are elements in�1(6g) such thatcD x1 � � �xsC1. Since
Ri D 1 and c D 1 in �1(XV 0), we can delete the relation (c)tRi D 1 of �1(XV 0). We

now define Or i D am(1)
j (1) � � � a

m(l (r i ))
j (l (r i ))

for r i D gm(1)
j (1) � � � g

m(l (r i ))
j (l (r i ))

. Since xi ,s,t and QL i in the
description (�) of Ri are 1 in �1(XV 0), the natural epimorphism�1(6g) � �1(XV 0)
sendsRi to Or i . Note that the vanishing cycles ofXV 0 consist ofc and (c)tRi for all
vanishing cyclesc of XV and 1� i � k. Therefore, we have

�1(XV 0) D ha1, : : : , an j Or1, : : : , Orki

� 0.

Thus, the proof of Theorem 1.1 is completed.

4. Proof of Theorem 1.2

In this section, we prove Theorem 1.2.

4.1. Proof of (1) of Theorem 1.2. For n � 2, let Bn denote then-strands braid
group. The groupBn has a presentation with generators�1, : : : ,�n�1 and with relations
• �i� j�

�1
i �

�1
j D 1, where 1� i < j � 1� n� 2,

• �i�iC1�i�
�1
iC1�

�1
i �

�1
iC1 D 1, where 1� i � n� 2.

Let x D �1 and y D �1 � � � �n�1. Then Bn can be presented with generatorsx, y and
with relations
• xykxy�kx�1ykx�1y�k

D 1, where 2� k � n� 2,
• xyxy�1xyx�1y�1x�1yx�1y�1

D 1,
• (xy)n�1y�n

D 1.
A correspondence between the first presentation and the second presentation is given
by �i D yi�1xy1�i for 1� i � n� 1. See [8] for this presentation.

We now prove (1) of Theorem 1.2.

Proof of (1) of Theorem 1.2. Forn � 3, since Bn is generated by two gener-
ators x, y, we haveg(Bn) � 2 from (2) of Theorem 2.3 (cf. [8]). Therefore, we prove
g(Bn) � 4 for n � 3.

Let R1,k, R2 and R3,n be simple closed curves on64 as shown in Fig. 8, where 2�
k � n� 2. Note thatR1,k, R2 and R3,n intersectB4 transversely at only one point, for
2� k � n� 2. Loops R1,k, R2 and R3,n can be described in�1(64), up to conjugation,
as follows
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• R1,k D a�1
3 a�k

4 (b3b4)�1a2a�k
1 (b1)a�1

2 (b1b2)�1ak
1a�1

2 (b3b4)ak
4, where 2� k � n� 2,

• R2 D a�1
3 a�1

4 (b�1
4 )a�1

3 a4a�1
3 a�1

4 (b2b3b4)�1a�1
2 (b3b4)a4a3a�1

4 a3(b4)a4,
• R3,n D (a�1

3 a�1
4 (b�1

4 ))n�1(b1b3)�1a�n
1 .

Let V1 be the following:

V1 D W Wtb1 Wtb2 Wtb3 Wtb4

 

Y

2�k�n�2

WtR1,k

!

WtR2 WtR3,n .

Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group�1(XV1)
can be presented with generatorsa2, a1 and with relations
• a2ak

1a2a�k
1 a�1

2 ak
1a�1

2 a�k
1 D 1, where 2� k � n� 2,

• a2a1a2a�1
1 a2a1a�1

2 a�1
1 a�1

2 a1a�1
2 a�1

1 D 1,
• (a2a1)n�1a�n

1 D 1.
Let a2 D x and a1 D y. Then it follows that�1(XV1) is isomorphic toBn. Therefore,
for n � 3 we haveg(Bn) � 4.

Thus, the proof of (1) of Theorem 1.2 is completed.

4.2. Proof of (2) of Theorem 1.2. For g � 1, let Hg be the hyperelliptic map-
ping class group of6g, that is, a subgroup of the mapping class groupMg which
consists of elements commutative with a hyperelliptic involution. It is well known that
there is the natural epimorphismB2gC2�Hg. For g � 2, Birman and Hilden [2] gave
a presentation of the groupHg with generators�1, : : : , �2gC1 and with relations
• �i� j�

�1
i �

�1
j D 1, where 1� i < j � 1� 2g,

• �i�iC1�i�
�1
iC1�

�1
i �

�1
iC1 D 1, where 1� i � 2g,

• (�1 � � � �2gC1)2gC2
D 1,

• (�1 � � � �2gC1�2gC1 � � � �1)2
D 1,

• [�1 � � � �2gC1�2gC1 � � � �1, �1] D 1.
Similarly to Subsection 4.1, letx D �1 and y D �1 � � � �2gC1. Then, note that

y2gC2
D 1. We calculate

�1 � � � �2gC1�2gC1 � � � �1 D y(y2gxy�2g) � � � (yxy�1)x

D y2gC1(xy�1)2gx

D y�1(xy�1)2gx

D (y�1x)2gC1.

Then we have (�1 � � � �2gC1�2gC1 � � � �1)2
D (y�1x)4gC2. In addition, we have

[�1 � � � �2gC1�2gC1 � � � �1, �1] D (y�1x)2gC1x(x�1y)2gC1x�1

D (y�1x)2gC1(yx�1)2gC1.

Therefore,Hg can be presented with generatorsx, y and with relations
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Fig. 9. The loopR6.

• xykxy�kx�1ykx�1y�k
D 1, where 2� k � 2g,

• xyxy�1xyx�1y�1x�1yx�1y�1
D 1,

• (xy)2gC1y�2g�2
D 1,

• y2gC2
D 1,

• (y�1x)4gC2
D 1,

• (y�1x)2gC1(yx�1)2gC1
D 1.

We now prove (2) of Theorem 1.2.

Proof of (2) of Theorem 1.2. Forg � 2, sinceHg is generated by two gener-
ators x, y, we haveg(Hg) � 2 from (2) of Theorem 2.3 (cf. [8]). Therefore, we prove
g(Hg) � 4 for g � 2.

Let R4, R5 and R6 be simple closed curves on64 described in�1(64), up to con-
jugation, as follows

• R4 D a2gC2
1 (b�1

1 ),
• R5 D (a�1

1 a2)4gC2(b�1
1 ),

• R6 D (a�1
1 a2)2gC1(b2b3b4)(a�1

4 a3)2gC1(b�1
3 ).

For the loopR6, see Fig. 9. Note thatR4, R5 and R6 intersectB2, B1 and B4 trans-
versely at only one point, respectively. LetV2 be the following:

V2 D W Wtb1 Wtb2 Wtb3 Wtb4

 

Y

2�k�2g

WtR1,k

!

WtR2 WtR3,2gC2 WtR4 WtR5 WtR6 .

Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group�1(XV2)
can be presented with generatorsa2, a1 and with relations
• a2ak

1a2a�k
1 a�1

2 ak
1a�1

2 a�k
1 D 1, where 2� k � 2g,

• a2a1a2a�1
1 a2a1a�1

2 a�1
1 a�1

2 a1a�1
2 a�1

1 D 1,

• (a2a1)2gC1a�2g�2
1 D 1,

• a2gC2
1 D 1,

• (a�1
1 a2)4gC2

D 1,
• (a�1

1 a2)2gC1(a1a�1
2 )2gC1

D 1.
Let a2 D x and a1 D y. Then it follows that�1(XV2) is isomorphic toHg. Therefore,
for g � 2 we haveg(Hg) � 4. In particular, since the groupH1 is isomorphic toM1,
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we have 2� g(H1) � 4 from (3) of Theorem 2.3 (cf. [8]).
Thus, the proof of (2) of Theorem 1.2 is completed.

4.3. Proof of (3) of Theorem 1.2. For n � 3, let M0,n denote the mapping
class group of ann-punctured sphere, that is, the group of isotopy classes of orientation-
preserving diffeomorphismsS2

n {p1, : : : , pn}! S2
n {p1, : : : , pn}. Magnus [9] gave a

presentation of the groupM0,n with generators�1, : : : , �n�1 and with relations
• �i� j�

�1
i �

�1
j D 1, where 1� i < j � 1� n� 2,

• �i�iC1�i�
�1
iC1�

�1
i �

�1
iC1 D 1, where 1� i � n� 2,

• (�1 � � � �n�1)n
D 1,

• �1 � � � �n�1�n�1 � � � �1 D 1.
Similarly to Subsection 4.1 and 4.2, letx D �1 and y D �1 � � � �n�1. ThenM0,n can
be presented with generatorsx, y and with relations
• xykxy�kx�1ykx�1y�k

D 1, where 2� k � n� 2,
• xyxy�1xyx�1y�1x�1yx�1y�1

D 1,
• (xy)n�1y�n

D 1,
• yn

D 1,
• (y�1x)n�1

D 1.
We now prove (3) of Theorem 1.2.

Proof of (3) of Theorem 1.2. Forn � 3, sinceM0,n is generated by two gener-
ators x, y, we haveg(M0,n) � 2 from (2) of Theorem 2.3 (cf. [8]). Therefore, we
prove g(M0,n) � 4 for n � 3.

Let R7 and R8 be simple closed curves on64 described in�1(64), up to conju-
gation, as follows
• R7 D an

1(b�1
1 ),

• R8 D (a�1
1 a2)n�1(b�1

1 ).
Note that R7 and R8 intersectB2 and B1 transversely at only one point, respectively.
Let V3 be the following:

V3 D V1WtR7 WtR8 .

Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group�1(XV3)
can be presented with generatorsa2, a1 and with relations
• a2ak

1a2a�k
1 a�1

2 ak
1a�1

2 a�k
1 D 1, where 2� k � n� 2,

• a2a1a2a�1
1 a2a1a�1

2 a�1
1 a�1

2 a1a�1
2 a�1

1 D 1,
• (a2a1)n�1a�n

1 D 1,
• an

1 D 1,
• (a�1

1 a2)n�1
D 1.

Let a2 D x anda1 D y. Then it follows that�1(XV3) is isomorphic toM0,n. Therefore,
for n � 3 we haveg(M0,n) � 4.

Thus, the proof of (3) of Theorem 1.2 is completed.
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4.4. Proof of (4) of Theorem 1.2. For n � 3, let Sn denote then-symmetric
group. It is well known that the groupSn has a presentation with generators�1,:::,�n�1

and with relations
• �i� j�

�1
i �

�1
j D 1, where 1� i < j � 1� n� 2,

• �i�iC1�i�
�1
iC1�

�1
i �

�1
iC1 D 1, where 1� i � n� 2,

• �

2
i D 1, where 1� i � n� 1.

Similarly to Subsection 4.1, letx D �1 and y D �1 � � � �n�1. Since �i D yi�1xy1�i ,
�

2
i D 1 if and only if x2

D 1. ThereforeSn can be presented with generatorsx, y and
with relations
• xykxy�kx�1ykx�1y�k

D 1, where 2� k � n� 2,
• xyxy�1xyx�1y�1x�1yx�1y�1

D 1,
• (xy)n�1y�n

D 1,
• x2

D 1.
We now prove (4) of Theorem 1.2.

Proof of (4) of Theorem 1.2. Forn � 3, sinceSn is generated by two generators
x,y, we haveg(Sn) � 2 from (2) of Theorem 2.3 (cf. [8]). Therefore, we proveg(Sn) �
4 for n � 3.

Let R9 be the simple closed curve on64 described in�1(64), up to conjugation,
as follows
• R9 D a2

2(b�1
2 ).

Note that R9 intersectsB4 transversely at only one point. LetV4 be the following:

V4 D V1WtR9 .

Then, from Proposition 2.2 and (1) of Proposition 3.1, the fundamental group�1(XV4)
can be presented with generatorsa2, a1 and with relations
• a2ak

1a2a�k
1 a�1

2 ak
1a�1

2 a�k
1 D 1, where 2� k � n� 2,

• a2a1a2a�1
1 a2a1a�1

2 a�1
1 a�1

2 a1a�1
2 a�1

1 D 1,
• (a2a1)n�1a�n

1 D 1,
• a2

2 D 1.
Let a2 D x and a1 D y. Then it follows that�1(XV4) is isomorphic toSn. Therefore,
for n � 3 we haveg(Sn) � 4.

Thus, the proof of (4) of Theorem 1.2 is completed.

4.5. Proof of (5) of Theorem 1.2. The Artin group is introduced by [3]. For
n � 6, the n-Artin group An associated to the Dynkin diagram shown in Fig. 1 is
defined by a presentation with generators�1, : : : , �n�1, � and with relations
• �i� j�

�1
i �

�1
j D 1, where 1� i < j � 1� n� 2,

• �i�iC1�i�
�1
iC1�

�1
i �

�1
iC1 D 1, where 1� i � n� 2,

• �4��4�
�1
�

�1
4 �

�1
D 1,

• ��i �
�1
�

�1
i D 1, where 1� i � n� 1 with i ¤ 4.
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Fig. 10.



LEFSCHETZ FIBRATIONS AND FINITELY PRESENTED GROUPS 369

It is known that there is the natural epimorphismA2gC1 � Mg. Similarly to Sub-
section 4.1, letx D �1 and y D �1 � � � �n�1. In addition, letzD � . Then the groupAn

can be presented with generatorsx, y, z and with relations
• xykxy�kx�1ykx�1y�k

D 1, where 2� k � n� 2,
• xyxy�1xyx�1y�1x�1yx�1y�1

D 1,
• (xy)n�1y�n

D 1,
• (y3xy�3)z(y3xy�3)z�1(y3x�1y�3)z�1

D 1,
• z(yi�1xy1�i )z�1(yi�1x�1y1�i ) D 1, where 1� i � n� 1 with i ¤ 4.

We now prove (5) of Theorem 1.2.

Proof of (5) of Theorem 1.2. SinceAn is generated by three generatorsx, y and
z, we haveg(An) � 2 from (2) of Theorem 2.3 (cf. [8]). Therefore, we proveg(An) � 5.

Let R1,k, R2, R3, R4 and R5,i be simple closed curves on65 as shown in Fig. 10,
where 2� k � n � 2 and 2� i � n � 1 with i ¤ 4. Note that we can not consider
the loop R5,1. Note that R1,k, R2 and R3 intersecta transversely at only one point,
for 2� k � n� 2, and thatR4 and R5,i intersectb transversely at only one point, for
2� i � n�1 with i ¤ 4. Loops R1,k, R2, R3, R4 and R5,i can be described in�1(65),
up to conjugation, as follows
• R1,kDb�1

5 (b2b3b4)�1ak
2(b3b4)b�1

5 (b3b4)�1a�k
2 (b2b3b4)b5a�2k

4 (b�1
3 )a�k

2 b�1
1 ak

2a2k
4 , where

2�k�n� 2,
• R2D b1a2(b3b4)b�1

5 (b3b4)�1a�1
2 (b3b4)b�1

5 (b2b3b4)�1a2(b3b4)b5(b3b4)�1a�1
2 (b2b3b4)�

b5a2(b3b4)b5(b3b4)�1a�1
2 ,

• R3 D (b1(b2)a2)n�1(b1(b2b3b4)b5)anC2
4 a2

2,
• R4 D a3

2b1(b2)a3
4a�1

5 a�3
4 (b�1

2 )b1(b2)a3
4a5a�3

4 (b�1
2 )b�1

1 (b2)a3
4a5(a3b3b4)�1,

• R5,i D a1ai�1
2 (b4)b�1

5 (b4)a1�i
2 a�1

1 (b1(b2b4)b5)a1�i
4 (a3b4)b5(a2�i

4 a2�i
2 (b2))a�1

2 ai�2
4 �

(b1(b2b3b4)b5)�1, where 2� i � n� 1 with i ¤ 4.
Let V5 be the following:

V5 D W Wtb2 Wtb3 Wtb4

 

Y

2�k�n�2

WtR1,k

!

WtR2 WtR3 WtR4

 

Y

2�i�n�1,i¤4

WtR5,i

!

.

Then, from Proposition 2.2 and (2) of Proposition 3.1, the fundamental group�1(XV5)
can be presented with generatorsb1, a2, a1 and with relations
• b1ak

2b1a�k
2 b�1

1 ak
2b�1

1 a�k
2 D 1, where 2� k � n� 2,

• b1a2b1a�1
2 b1a2b�1

1 a�1
2 b�1

1 a2b�1
1 a�1

2 D 1,
• (b1a2)n�1a�n

2 D 1,
• (a3

2b1a�3
2 )a1(a3

2b1a�3
2 )a�1

1 (a3
2b�1

1 a�3
2 )a�1

1 D 1,
• a1(ai�1

2 b1a1�i
2 )a�1

1 (ai�1
2 b�1

1 a1�i
2 ) D 1, where 2� i � n� 1 with i ¤ 4,

• a1b1a�1
1 b�1

1 .
Let b1 D x, a2 D y and a1 D z. Then �1(XV5) is isomorphic toAn. Therefore, for
n � 6 we haveg(An) � 5.

Thus, the proof of (5) of Theorem 1.2 is completed.
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4.6. Proof of (6) of Theorem 1.2.

Proof of (6) of Theorem 1.2. Letn, k � 0 be integers withnC k � 3.
At first, we consider the casenC k is even. We putnC k D 2r . Let Ai , j and Bi , j

be simple closed curves on6nCkC1 as shown in (a) and (b) of Fig. 11, respectively,
where 1� i < j � r , and let Ci , j be the simple closed curve on6nCkC1 as shown
in (c), (d) and (e) of Fig. 11, where 1� i , j � r . Note that each ofAi , j , Bi , j and
Ci , j intersectsarC1 transversely at only one point. LoopsAi , j , Bi , j and Ci , j can be
described in�1(6nCkC1), up to conjugation, as follows
• Ai , j D ai a�1

j a2r�iC2a�1
2r� jC2(c�1

rC1b�1
rC1), where 1� i < j � r ,

• Bi , j D bi b j b�1
i a2r� jC2b2r� jC2a�1

2r� jC2(b�1
rC1cr ), where 1� i < j � r ,

• Ci , j D ai b�1
j a�1

i a2r� jC2b�1
2r� jC2a

�1
2r� jC2(arC1b�1

rC1), where 1� i , j � r and i ¤ j ,

• Ci ,i D b�1
i ai bi a�1

i (b�1
rC1), where 1� i � r .

Let V6 be the following:

V6 D W

 

Y

1�i< j�r

WtAi , j

! 

Y

1�i< j�r

WtBi , j

! 

Y

1�i , j�r

WtCi , j

!

.

Note that we have relationsarC1 D 1, brC1 D 1, cr D 1 and crC1 D 1 in �1(XW). In
addition, we have the relationa2r� jC2b2r� jC2a�1

2r� jC2 D b�1
j in �1(XW) (see the pres-

entation of�1(XW) in the proof of Proposition 3.1). Then, from Proposition 2.2, the
fundamental group�1(XV6) can be presented with generatorsa1, b1, : : : , ar , br and
with relations
• ai a�1

j a�1
i a j , where 1� i < j � r ,

• bi b j b�1
i b�1

j , where 1� i < j � r ,

• ai b�1
j a�1

i b j , where 1� i , j � r and i ¤ j ,

• b�1
i ai bi a�1

i , where 1� i � r .
Namely,�1(XV6) is isomorphic toZ2r . We next consider the simple closed curveRmi

i

on 6nCkC1 as shown in Fig. 12, where 1� i � 2r andmi � 2. Note thatRmi
i intersects

arC1 transversely at only one point. LoopsRmi
i can be described in�1(6nCkC1), up to

conjugation, as follows
• Rmi

i D ami
i (a2r�iC2b�1

2r�iC2a
�1
2r�iC2arC1b�1

rC1b�1
i ), where 1� i � r ,

• RmrCi

rCi D bmrCi

i (a�1
i a�1

2r�iC2arC1b�1
rC1), where 1� i � r .

Let V7 be the following:

V7 D V6

 

Y

1�i�k

W
t
R

mi
i

!

.

Then, from Proposition 2.2, the fundamental group�1(XV7) is isomorphic toZn
�

Zm1 � � � � � Zmk . Therefore, ifn C k is even, we haveg(Zn
� Zm1 � � � � � Zmk ) �

nC kC 1.
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Fig. 11.
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Fig. 12.

Next, we consider the casenCk is odd. We putnCk D 2r C1. Let Ai , j and Bi , j

be simple closed curves on6nCkC1 as shown in (a) and (b) of Fig. 13, respectively,
where 1� i < j � r , and letCi , j be the simple closed curve on6nCkC1 as shown in
(c), (d) and (e) of Fig. 13, where 1� i , j � r . In addition, let Ai ,rC1 and CrC1,i be
simple closed curves on6nCkC1 as shown in (a) and (b) of Fig. 14, where 1� i � r .
Note that each ofAi , j , Bi , j and Ci , j intersectsB2rC2 transversely at only one point.
Loops Ai , j , Bi , j andCi , j can be described in�1(6nCkC1), up to conjugation, as follows
• Ai , j D ai a�1

j a2r�iC3a�1
2r� jC3(c�1

rC1b�1
rC1), where 1� i < j � r ,

• Ai ,rC1 D ai a�1
rC1(brC2)a2r�iC3(crC2)arC1, where 1� i � r ,

• Bi , j D bi b j b�1
i (brC2)a2r� jC3b2r� jC3a�1

2r� jC3(b�1
rC2brC1crC1), where 1� i < j � r ,

• Ci , j D ai b j a�1
i (brC2)a2r� jC3b2r� jC3a�1

2r� jC3(b�1
rC2brC1crC1), where 1� i , j � r and

i ¤ j ,
• Ci ,i D b�1

i ai bi a�1
i (b�1

rC1), where 1� i � r ,
• CrC1,i D arC1bi a�1

rC1(brC2)a2r�iC3b2r�iC3a�1
2r�iC3(crC2), where 1� i � r .

Let V8 be the following:

V8 D W WtbrC1

 

Y

1�i< j�rC1

WtAi , j

! 

Y

1�i< j�r

WtBi , j

! 

Y

1�i�rC1,1� j�r

WtCi , j

!

.

SincebrC1 intersectsB2rC2 transversely at only one point, we have the relationbrC1 D 1



LEFSCHETZ FIBRATIONS AND FINITELY PRESENTED GROUPS 373

Fig. 13.
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Fig. 14.

in �1(XW W
tbrC1 ) from Proposition 2.2. Hence we have relationsbrC2D 1 andcrC2D 1 in

�1(XW W
tbrC1 ). Then, from Proposition 2.2 and the presentation of�1(XW) in the proof

of Proposition 3.1, the fundamental group�1(XV8) is isomorphic to an abelian gener-
ated bya1, b1, : : : , ar , br and arC1. We next consider the simple closed curveRmi

i on
6nCkC1 as shown in Fig. 15, where 1� i � 2r C1 andmi � 2. Note thatRmi

i intersects
B2rC2 transversely at only one point. LoopsRmi

i can be described in�1(6nCkC1), up to
conjugation, as follows
• Rmi

i D ami
i (a2r�iC3b�1

2r�iC3a
�1
2r�iC3c�1

rC1b�1
rC1b�1

i ), where 1� i � r ,
• RmrCi

rCi D bmrCi

i (a�1
i a�1

2r�iC3c�1
rC1b�1

rC1), where 1� i � r ,
• Rm2rC1

2rC1 D am2rC1

rC1 (b�1
rC1).

Let V9 be the following:

V9 D V8

 

Y

1�i�k

W
t
R

mi
i

!

.

Then, from Proposition 2.2, the fundamental group�1(XV9) is isomorphic toZn
�

Zm1�� � ��Zmk . Therefore, ifnCk is odd, we haveg(Zn
�Zm1�� � ��Zmk ) � nCkC1.

Moreover, it is immediately follows from Theorem 2.3 (2) or (5) (cf. [8]) that
g(Zn

� Zm1 � � � � � Zmk ) � (n C k C 1)=2. Thus, the proof of (6) of Theorem 1.2
is completed.
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Fig. 15.
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