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Let R be a Dedekind domain and ~ a central simple K-algebra, 
where K is the quotient field of R. 

M. Auslander and O. Goldman have considered maximal orders in 
~ from point of view of homological method in [1] and introduced the 
notion of hereditary orders in ~. Recently, A. Brumer, H. Hijikata, S. 
Williamson and the author have studies structures and applications of 
hereditary orders in [2], [2'], [8], [9], [4], [5], [6] and [7]. 

In this paper we shall give sorne relations between Brumer's work 
[2], [2'] and the author's [4], [5] and [6] by the method mentioned 
in [3]. 

W e shall call briefly a hereditary order an h-order. 
Let Â be a division K-algebra and ~=Ân, ~1 =Âm. Then there exists 

a left ~ and right ~~ module V such that ~ = Homi'( V, V) and ~' = 

HomH V, V). Let E be a sub R-module of V such that EK =V, then we 
call E an R-lattice (in V). If there exists an R-lattice E which is A-A' 
module for orders A, A' in ~. ~~ respectively, we · call A, A' are dual with 
respect to E. 

We shaH show that if h-orders A and A' are dual then there exists 
a unique one-to-one correspondence between orders r and r' containing 
A and A' respectivety, which are dual with respect to special lattice 
(Theorem 1). Next, we show a relation between R-lattices E which is 
A'~module and right ideals of A (Theorem 2), which gives a bridge 
between [2] and [5], and we give an isomorphism of normal two-sided 
ideals1 ) of A to those of A' through E as a corollary. In Theorem 3, 
we shall show that A and A' are dual if and only if they belong to the 
same block2). Finally we give an isomorphism of the groupoid3) of two­
sided ideals of A to the groupoid of those of A' through E (Theorem 4). 

Let A, A' be dual with A-A' module E which is an R-lattice. If 

1) See [6], § 1. 
2) See [7], § 3. 
3) See [4], § 6. 
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A is an h-order, then E is A-projective by [4], Lemma 3.6 and '1"1,.'(E)4)= 

A' by [1], Proposition A.3. Furthermore, by [2'], Appendix Theorem 
5 or [6], Theorem 1.1 we know that A' is an h-order in 2/. 

LEMMA 1. Let A' be an arder in "'i.' and E a torsion-jree finitely 

generated R-module and right A' -module such that '1" Ar(E) =A'. Let ID1 be 
a two-sided ideal in A' and I'' be the right arder of ID1 in "'i.'. If r'Wè= 
I'', 'rr'(EID'è)=I''. 

Proof. By the assumption and [4], Lemma 1.2 we have an exact 

sequence 0 ..... Homj/(Effiè, A') ! Hom';,:(EID'è, I'') = RomHEIDè, r'). Further­
more, from an exact sequence 0->-EID'è->-E->-E/EID'è->-0 we obtain the 
monomorphism rp: RomAr(E, A') ..... RomAr(EID'è, A'). Since 'T"A'(E)=A', 1= 
"'i.f;(e;), f, E RomA.r(E, A') and e; E E. Renee m="'i.f;(e;m) for any mE ID'è. 

Since "fl'rpf, E Hom~r(E\.m, I'') and "'i.'o/rp f,(e;m) =m, 'rr'(EID'è)~ ffiè. Renee 
'rr'(EID'è)~I''\JJèi''=I''. Therefore, 'rr1(E9Jè)=I''. 

LEMMA 2. Let A2~A,~A be a tower of h-orders in "'i.. Then CA(A2)= 
CA1(A2)CA(A,), where CA(A;)= {xl E "'i., A;xCA}. 

Proof. It is clear that CA(A2)~CA1(A2)CA(A,). We denote CA(A2), 

c"l(Az), CA(A,) by Œ, Œ2, Œ" respective:y. Let SD=ŒzŒ,. Then SD2 =Œ2ŒlŒ2Œl = 
Œ2Œ,A,Œ2Œ, =Œ2Œ, =SD by [4], Propositions 1.6 and 3.1. It is clear that 

RomA.(SD, SD)~RomA.(Œ2 , Œ2)=A2. Furthermore, SDA, =Œ2Œ,A, =Gf2A1 =Œ2 • 

Renee A2 = RomA.(Œ2, Œ2)~ Rom';-.(SD, SD). Therefore, RomA.(SD, SD) = 

RomA.(Œ, Œ), which means SD=Œ by [4] Theorem 1.7. 

LEMMA 3. Let A and A' be h-orders in "'i. and "'i.' which are dual with 
E. Let ~ be a right A-ideal in "'i.. Then ~=RomJ.,.r(E, ~E). 

Proof. Since ~ is A-projective, Rom'f-r(E, ~E) = RomJ.,.r(E, ~@E). 
A 

Since E is A'-projective, Rom'f-r(E, ~@E)=~@Rom'f-r(E, E)=~ by setting 
A A 

(a@f) e=a@f(e), a E ~ and fE Rom'f-r(E, E). 

THEOREM 1. Let A and A' be h-orders in "'i. and ~~ which are dual 

with an R-lattice E. Let r be an arder containing A. Then there exists 

a unique arder I'' containing A' such that ŒE=ESD' and r and I'' are 

dual with respect to ŒE, where Œ=CA(I') and SD=DAr(I'')= {xl Er', xi''C 

A'}. 

Proof. Let ID1 be a maximal two-sided ideal in A. Since E is a 

4) See [1], Appendix. 
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finitely generated A-projective, we have an exact sequence O~<p-\0) ~ 

Romh(E, E)~Romh;ID~(E/'mE, E/'mE)~O. Since RomA/~Jl(E/IJJŒ, E/'mE) 

is a simple ring, <p- 1(0) is a maximal two-sided ideal in A'= Romh(E, E) 
and E<p-l(O)C'mE. Similarly we obtain E<p- 1(0)C'43E for sorne maximal 
two-sided ideal '43 in A. If 1_m=F'43, A='43+lJJè. Renee E=lJJèE+'43E='>JJŒ, 

which implies lJJè=A by Lemma 3. Renee, lJJèE=E<p-1(0). First we 
assume that r is an order containing A such that there are no orders 
between A and r, then Aq=rq for any prime ideal q expect one prime 
p by [4], §7. Let Œ=CA(r), then rŒr=r by [4], Proposition 3.1. 
Renee '~"r(ŒE)=r by Lemma 1. Therefore, RomHŒE, ŒE)=r' and r 
are dual with respect to ŒE. Furthermore, r' is an order containing A' 
such that there are no orders between r' and A' by the above remark. 
lt is clear that Œ is a maximal two-sided ideal by [5], Lemma 2.3. Renee, 
ŒE=E~' for a maximal two-sided ideal ~' in A'. Since, r'~Romh'(~', 
~')~A', r'=Romh'(~', ~'). ~~ is uniquely determined by Lemma 3. 
We assume the theorem is true for orders contained in r. There exists 
AoC-:::> A) contained in r such that there are no orders between r and A0 

by [4], Theorem 7.2. By the assumption there exists an order such 
that A0 and A0' are dual with respect to ŒA(A0)E=E~' A'(Ao'). Renee there 
exists an order r'-:::>Ao' such that r and r' are dual with respect to 
Cr0(r)CA(A0)E=ED'r/(A~)D't..0'(r'). Renee CA(r)E=EDj..,(r') by Lemma 2, 
r' is uniquely determined by Lemma 3. 

CoROLLARY 1. Let A, A' and E be as above. Then every chain of 
h-orders containing A corresponds uniquely to the chain of h-orders con­
taining A' in ~'. 

THEOREM 2. Let A and A' be h-orders in ~ and ~~ which are dual 
with respect to E. Then the set of E of R-lattic in V which is a N­
module corresponds to the set R of right A-ideal in ~ as follows: 1). For 
E' E E, m: E R, E' =SltE, Slt = Rom';,.(E, E'). This correspondence preserves 
the inclusion relation. 2) The le ft or der A'(Slt) of Slt = Rom~t(E', E'). 3) 
The right order Ar(Slt) of Slt=A (Slt is a normal right ideal) if and only 
if '~"A'(E')=A'. 4) The number of ideal classes of normal right A-ideals 
is equal to the number of N-isomorphic classes of the R-lattice E' in E 
such that '~"A'(E')=A'. 

Proof. 1) Let E' be in E. Then Slt=Rom~'(E, E') is a right A­
ideal in ~. and SllE=Sll@E=Rom~~(E, E')@E=Rom~:/(RomHE, E), E')= 

A A 

E'. Conversely, if SltER, then SllEEE, and Rom~(E, SllE)=Sll by Lemma 
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3. 2) Let ~'=Rom';,l(E', E). Then ~~'=Rom~t(E, E')Q<JRom;;.,~(E', E)= 
A 

Rom~'(Romj,(Rom~'(E', E),E), E') = RomA.,(E'Q~lHom~(E, E), E') =RomA.' 
A 

(E', E'). Therefore, N(~)CRomA.,(E', E'). Rowever, it is clear that 
Rom~(E', E')CN(~). 3) If A=Ar(~), then ~ is inversible by [4], §2. 
Renee ~ExC~E implies Ex CE. Renee Rom~(~E, ~E)=A'. Therefore, 

rrA'(~E)=A'. Conversely, if rrA'(E')=A', then we can prove similarly as 
above that ~'~=Rom';,/(E, E)=A. Renee ~ is an inversible A-ideal and 

N(~)=A. 4) Let ~. ~~ be normal right A-ideals in ~- If /\,~=~' for 
sorne /\, in ~. th en ~ER;;~~ E as a right A' -module. Conversely if ~E is 

isomorphic by f, then /E Rom~,(~E, ~'E)=~, /- 1 E Rom~(~'E, ~E)=~-", 

and ~'E=f~E by 1). Since jr=j~-lff~//- 1~=~-:::>Jr, tr=~, where 
r=Rom~,(~E, ~E). Therefore, ~'E=j~E. Renee ~'= j~. 

COROLLARY 2. (cf. [3], Theorem 4, [4], Theorem 7. 6). Let A and 
A' be h-orders as in Theorem 2. Then the group G of normal two-sided 
ideals ~ of A and the group of G' of those ~~ of A' are isomorphic by 
the correspondence ~E=E~'. Bence they are abelian groups. 

lt is clear that ~?SE=~E?S' =E~'?B' =E?B~'. Renee ~'?S' =?S'~'. 

CoROLLARY 3. Let R be local and A and A' be as above. A is 
principal") if and only if any two R-lattice E, E' in V which are A-N 

module with rrA'(E)=rr1/(E')=A' are isomorphic as a A'-module. 
lt is clear from the theorem and [4], Corollary 4. 5. 

Let R be local and 91, in' the radicals of A and A'. We assume that 

Ajsn=Â;..1 EEJÂ;..2 EEl···EElLl;',r and ffi is a right ideal with rrA(ffi)=A in A 
which contains sn. Let A and A' be dual with E. Then rrA'(ffiE) =A' 
and ffŒ=:>Ein'. Let F=lRE. Since E is A'-projective, o~lft=Rom~(E, 
F)~A=Rom~(E, E)-'>Hom~~(E, E/F)= Rom~'l>.n'(EjEsn, EjF)~O is exact. 
Similarly we know AjinR:;Hom~'J'.JI'(EjEsn', E/Ein'). Renee EjEsn'=t~mt 
EElt~mzEEJ···EEJr;mr, where the ri's are the set of simple components of A'jsn'. 

On the other hand E/Ein'=E/FEEJF/Ein' and we assume E/F=tftEEJt~zEEJ 
·· · EEJr;r. Then ffi/SJè=r;'1-t1 EEl · · · E9 t;'r-tr, where the t;'s are the set of 

simple right ideals of Aj'Jè. Especially, if we take m;sn = Â;,1 EEl· · · EEJLl;,;_ 1 

EEJr~;EEJLl;',;+IEEl···EElLl;',r, then E/ffiEis a direct sum of one simple corn­
panent of A ;sn. 

Thus, we have from [5], Theorem 5. 3 the following corollary, which 
is a generalization of [2]. 

CoROLLARY 4. Let R be local and h-orders A, A' be dual with E. 

5) See [5], § 2. 
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r,s(i) 

Then every h-order contained in A is unique! y written as (\ A,j, where 
i,j=1 

A 1j, A' are dual with Fii which satisfies the conditions for al! i: 1) F;0 

=E'";:;F;1'";:;··· '";:;F;sciJ'";:JEW-' and 2) E/F;sw is a direct sum of one simple 
component of A' jW-'. 

Furthermore, from [6], Theorem 2. 5 we have 

CoROLLARY 5. Let R, A and A' be as above and E' be a sub R-lattice 
in E such that <r~'/(E)=A'. Then there exists a sub R-lattice E* between 
E and E' such that E*=E' as a right A'-module and there exists a com­
position series E'";:;E1'";:;E2 '";:; ... '";:;Em=E* and <r~',.'{E,)=A' for al! i. 

REMARK. Brumer considers in [2] the (A, A~)-chain where A~ is a 
maximal order in À=~' and A is an h-order in Ân. From the above 

observation we know that it is nothing but studying the inclusion relations 

of distance ideals6) between maximal orders containing A. Since A~ is 

maximal, r=l in Corollary 4, and {F1Jj~i is the set of distance ideals 
of Hom~0,(E, E) =f2 to a maximal order containing A. Hence the set of 

R-lattice in V which is A-A~ module is linearly ordered with period s(1), 
(cf. [2]). 

Thus, we shall insert here one proposition related to distance ideals. 

LEMMA 4. Let R be local and D'";:JA be h-orders of rank r1 and r 2
7). 

Let il1 =il, n., ... , nt> üt-1-1 =f21 be a sequence of h-orders containing A 

such that ni+1 =Ar(Gr,), Gr,=CA(n,). Then Grt"'Œ1 =W-k for k';;;::t-ru where 

W- is the radical of n. Furthermore, k=r2 -rt if and only if t=r2 • 

Proof. Let {IJJC1, IJJèz, ... , IJJèr2} be the normal sequence•J of A and 
Ajlm,=L\.'m,1• Then we obtain Gri+l =W-!è:,W--1 by [5], Theorem 5.1. We 

shall use the same notations as in [5], §2. S, = {IJJèt., IJJèt;+u .. · , ffièt;+P;-t} 
and t1=1, t,+p,+1=ti+1, and tr1+Pr1+1=t1. We shall assume Gr1=/(Su 
52 , ... , SrJ Then we know the composition length l(f21/Gr1) of f21/Gr1 is 

r1 Pi- 1 r1 

equal to 2J 2J m 1.+k=n-2J mt;+P; by [5], Theorem 2. 3 and the same 
i=l k=O 1 i=l 

argument as the remark bef ore Corollary 4, where n = 2J m1 • Since Gr,= 
'1 

; 

W-Gr,_1w_-t, we obtain similarly /(f2/Gr1)=n-~mtj+Pj-i+1 . Therefore, /(f2/Gr1 
;=1 

... Grt)';;;::(t-r1)n. Since Gr1Gr2 ... Œt is a normal two-sided ideal in f21 by 
[4], §6, (r1 .. ·Gr1 =W-k. Furthermore, since /(il1/W-)=n by [6], Proposition 

6) See [6], § 2. 
7) See [ 4], § 3. 
8) See [5], § 2. 
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t r1 

2. 6, nk"">(t-r,)n. Renee k"">t-r,. It is clear that ~ ~ mtj+Pj-i+r = r,n 
i=l j=l 

if and only if t=r2. 

PROPOSITION 19\ Let R be local and A an h-arder of rank r. We 
assume thal n is either a maximal arder or a minimal order10) containing 

A. Then the sequence in Lemma 4 gives the complete set of maximal or 
minimal orders containing A. û ~ 912- 7 Œ:1 ·· · Œ:7 _ 1 ~ 913 - 7 Œ:1 · · · Œ:r- 2 ~ ·· · 
~91- 1Œ:1 Œ:2 ~Œ:1 is the set of distance ideals of n to n, if n is maximal, 
and ü~(:11~Œ:,Œ:2~ ··· ~(:11(:12 ··· Œ:r-1 is the set of distance ideals of n to 
n, if n is minimal over A, where ln is the radical of n. 

Proof. The first part is clear from [5], Theorem 5. 1 and [ 4], 
Theo rem 1. 7. If n is minimal, th en Œ:1 · · · Œ:r = 91 by Lemma 4. Œ:1 · · · Œ:t-1 
is a normal Ü·Ü0 ideal which is not contained in 91. Renee Œ:, · · ·Œ:t-1 
is the distance ideal of n to nt. If n is maximal then /(n;/Œ:,)=n-

1 r-Ct-1) 
mr-Ci-2)• Renee l(ü/Œ:1···(S;t)=tn-~mr-Ci-2)=(t-1)n+ ~ m,. Let 2t-1 

i=l i=2 

be the distance ideal of n to Dr-1· Then Œ:1 ••· Œ:r=91s2r-1 and /(ü/91s2,_1) 
r-Ct-1) 

=ns+a=(t-1)n+ ~ m, where a=l(ü-2t+r). Renee, \n(t-1-s)! = 
i=2 r-Ct-1) 

1 ~ m;-a\<n, because a<n since 21+1~91. Therefore, s=t-1 and 
i=2 

2r+1 =91-ct- 1)Œ:1 ••• Œ:t. We have proved the proposition from Remark. 

CoROLLARY 6. Let R be local and A, A' be h-orders in ~ and ~'. 

We asssume that the rank r of A is larger than that of A' by one, then 
the set of R-lattices E in V such that E is a A-A' module with rrA'(E)= 
A' is linearly ordered with period r. 

LEMMA 5. Let A and A' be h-orders in ~ and ~' which are dual with 
E. Orders r and r' are dual then r P and r~ are of the same rank for 
al! p. Converse/y, if jurthermore, the rank of r P and r~ is equal to or 
tess than rank of AP and A~ for ali p, then r and r' are dual. 

Proof. If r and r' are dual with respect to E, then so are r P and 
r~ with EP for any p. Hence r P and r~ are of the same rank by [1], 
Theorem A. 5. Conversely, we assume that r P and r~ are of the same 
rank. We obtain an order r" containing A' such that r and r" are 
dual with E' by Theorem 1. Renee r;: and r~ are of the same rank 
for any p. Therefore, there exists by [5], Theorem 6.1 a normal r"-r' 
ideal Œ:'. It is clear that r and r' are dual with E'Œ:'. 

9) This proposition was pointed out to the author by Mr. Takeuchi. 
10) See [ 4], § 3. 
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THEOREM 3. Let ~ and ~' be the central simple K-algebras and let 
A and A' be h-orders in ~ and ~'. A and A' are dual if and only if AP 

and A~ are of the same rank for al! p. 

Proof. We assume ~=~n and ~'=~m' n>m. Let A' be an h-order 
in ~' which belongs to <l>= {Pu ... , Pr}-block. Then there exists an h­

arder A~ in ~ such that the A~P; is a minimal h-order over RP; in~ for 
p, E <I>, and A~ is a maximal order over Rq for q ~ <I> by [5], Theorem 1.2. 
Furthermore, we can find the two-sided ideal Sl(~ in A~ such that Sl(~P; is 
the radical of A~P; for p. E <I> and Sl(~q =A~q for q ~ <I>, cf. [5], Lemma 1.3. 
Let 

A~ Slr~ m~ .. . Slr~ 

A~ A~ m~ Sl(~ Slr~ 

At = A~ A~ A~ ........ · ; m . 

..................... A~ 

Then A~ is an h-order in ~', such that A~v; is a minimal order for p, E <I> 

and A~q is maximal for q ~ <I> by [5], Lemma 1. 2. Let E=l/fJf2 .. ·Œlm, 
where 

m~ }i-1 
m~ 

I, = Sl(~ n. 

A~ 

We can define naturally the operation of elements of A~ from the right 
side, namely first we consider the Ij as a right A~-module and (xu)e,m = 

(xij) E lm if i =1 and =0 if i =t= 1, where the eVs are matrix units in ~'. 
Let 

i 
a,, a,1 

a;z a; ;-1 : 

f au 0 au 0 EA~ for ( aij) E I,, 

b; Hl b; Hl : 
b;k 

b;n b;m 

where a,j E Slr~ b;j E A~. Th en it is clear that fE Hom~~(E, A~) and f(E) 

=A~. Therefore rA~(E)=A~. Since E is an R-lattice in V, Hom~~(E, 

E)=Ao(C~) and A~ are dual. Renee A~P and A~P are of the same rank 
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for all p. Let r, r' be h-orders in k and k' such that r P and r~ are of 
the same rank for all p. We assume r and r' belong to <l>= {Pu···, Pr}. 
Since Atp; is minimal, the rank of r~; is equal to or larger thau that of 
Atp for ali i. Renee, r and r' are dual by Lemma 5. 

COROLLARY 7. Let k=.:1n and k 1 =.:1m. If n>m, for every h-order 
r' in k' there exists an h-order r in k such that r and r' are dual. 

CoROLLARY 8. The relation of duality is an equivalent relation. 
We shall generalize Corollary 2 by using the method of [1], Theorem 

A.5. 

THEOREM 4. Let A and A' be h-orders in k and k 1 which are dual 
with respect to E. Then the groupoid G of two-sided A-ideals is isomorphic 
to the groupoid G' of two-sided A'-ideals and the units r of G correspond 
to the units Hom~(~E, ~E) of G', where ~'=DA(r). 

Proof. Let ~' be a two-sided ideal of A'. Then 

F(~') = E 1?9 ~~ 1?9 Hom~(E, A) 
A' A' 

is a two-sided ideal of A since r~'CA' for rER and O--rF(~')_...EQ9A' 
A' 

Q9Hom~(E, A)=EQ9Hom~(E, A)=rA(E)=A. F(~')F(~')=F(~')Q9F(~')= 
A' A 1 A 

EQ9 ~~ 1?9 HomA(E, A)Q9 EQ9?S' 1?9 Hom~(E, A)=EQ9 ~~ 1?9~' 1?9 Hom~(E, A)= 
A' A' A n/ A/ A.1 A' A' 

F(~'?S') by [1], Proposition A.l. Let~ be a two-sided ideal of A. Then 

G(~) = Hom~(E, ~ 1?9 E) 
A 

is a two-sided ideal of A' since if r~CA, G(r~)CHom~(E, E)=A'. 

Furthermore, FG(~)=EQ9 Hom"(E, ~Q9E)Q9 HomA(E, A)=Hom~(Hom';,.t(E, 
A 1 A A 

E), ~0E)Q9Hom~(E, A)=~0E0Hom~(E, A)=~. GF(~') =Hom~(E, E 
A A 1 A A 1 

0~')0 HomA(E, A)Q9E)=HomA(E, EQ9~'Q9HomA(E, E))=HomA(E, EQ9~') 
~ A ~ ~ 

=Hom(E, E)Q9~'=~' by Lemma 3. Finally, let r be an order contain-

ing A, and SD=SDA(r). Then r=Hom~(SD, SD). G(r)=HomA(E, rQ9E)= 
A 

HomA(E, Hom~(SD, SD)0E)=HomA(E, Hom~(SD, SD0E))=Hom~(SDQ9E, ~1?9 
A A A A 

E)=r'. 

Bibliography 

1. M. Auslander and O. Goldman, Maximal orders, Trans. Amer. Math. Soc., 
97 (1960), 1-24. 

2. A. Brumer, Structure of herediatry orders, Bull. Amer. Math. Soc., 69 (1963), 



HEREDITARY ORDERS WHICH ARE DUAL 115 

721-724. 
2'. -----, Structure of herediatry orders, Ph. D. thesis, Princeton Univ. 

1963. 
3. C. Chevalley, Dans Les Algebres de Matrices, Act. Sei. Ind., No. 323, Paris, 

1936. 
4. M. Harada, Hereditary orders, Trans. Amer. Math. Soc., 109 (1963) 273-290. 
5. , Structure of hereditary orders over local rings, ]. Math. Osaka 

City Univ., 14 (1963), 1-22. 
6. , Multiplicative ideal theory on hereditary order, ibid, 14 (1963), 83-106. 
7. , Hereditary orders in generalized quaternions, ibid, 14 (1963), 71-81. 
8. H. Hijikata, Maximal compact subgroups in p-adic classical groups, Sugaku 

no A.yumi (in Japanese), 10 (1963), 66-67. 
9. S. Williamson, Crossed products over tamely ramijied extensions, to appear in 

Nagoya ]. Math., 1963. 


